Chapter 2

Analysis of infinite buffer M /M"/1 queue

with system size based balking

2.1 Introduction

Numerous studies on queueing model with impatience phenomena of the customers have been
found in literature, where server serves single customer at a time. A comprehensive review
till 2010 on the study of queuing models with impatient customer is discussed by Wang et al.
(2010). For recent development in queueing models with impatient customers, the readers
are suggested to go through the papers, Laxmi and Jyothsna (2014), Singh et al. (2014a),
Laxmi and Jyothsna (2015), Goswami (2015), Saffer and Yue (2015), Guha et al. (2016) and
the references therein. In the mentioned papers the impatient behavior of the customers has
been studied for M/G/1 or GI/M /1 queues with finite or infinite buffer and with or without
vacation.

The bulk service queueing system is an important phenomenon in our day to day life
and hence gained huge importance amongst researchers. The bulk service queues have wide

range of applications in telecommunication network, computer communication network (see,
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Banerjee et al. (2015, 2014)), group testing (see, Bar-Lev et al. (2007), Claeys et al. (2010))
etc. Literature survey on bulk service queues reveals the fact that the system size based balking
phenomena of the joining customers has not been explored much with the bulk service queues

in literature (Jain and Pandey (2009), Wang et al. (2014), Islam et al. (2014)).

In this chapter, we consider a single server queueing system where customers, who join the
system, are served in batches of fixed batch size ‘b’, i.e., server remains idle till queue length
reaches to ‘b’, and as soon as the queue length attains the limit ‘b’ server initiates service. If
queue length is greater than the threshold value ‘b’ then server initiates server with a batch
of first ‘b’ customers and rest will wait for next round of service. The customers are arriving
to the system according to the Poisson process. An arriving customer on arrival will decide
whether to join the system or not, upon looking at the system length. That is an arriving
customer will join the system with probability 8, or balk with probability 1 — 3, where n is
the number of customers present in the system ahead of him. The capacity of the system is

considered to be infinite.

The queueing model considered in this chapter has potential application in practical sys-
tem, viz., production line systems, machine operating or repairing systems, inventory systems
etc. For example, let us consider a machine repairing facility system where each machine
requires service from efficient and high skilled repairman (server). In such situations the shop
keeper may decide to provide the services in groups/batches due to the high wages of the effi-
cient server and will not be ready to provide services unless otherwise a minimum number of
service request is accumulated to the service desk. As a result the order fulfillment time (the
time between the service orders is placed and the service is actually received) or the waiting
time of a customer may increase. Due to the increasing order fulfillment time the customers
will become impatient and decide not to join this system and will go to the competitor and
will never come back (i.e., the customers will balk). Hence, this may results in a loss to the
shopkeeper. Therefore to optimize the cost effectiveness of such system (e.g. profit of the

shopkeeper), the study of this chapter will be beneficial to the system analyst.

The rest of the chapter is organized as follows. In section 2.2, the model description

and steady state analysis, using probability generating function method, is described for three
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different cases. The key performance measures are presented in section 2.3. The numerical
results are discussed in section 2.4 and the chapter ends with concluding remarks in section

2.5.

2.2 Model description

We consider an infinite buffer single server bulk service queue where customers are served
in batches of fixed size ‘b’, i.e., server remains idle if queue length is less than the threshold
limit ‘b’, and as soon as, the queue length attains the limit ‘b’ server initiates service with a
batch of size ‘b’ and if queue length is greater than the threshold limit ‘b’ then server serves

first ‘b’ customers and rest will wait for next round of service. The service time distribution

1

is considered to be exponentially distributed with mean m

. The customers are arriving to the
system according to the Poisson process with arrival rate A. On arrival a customer either
decide to join the system with probability ‘B,’, 0 < B, < 1, or balk with probability (1 — f3,)
where ‘n’ (n > 0), is the number of customers present in the system ahead of him. Therefore,

on arrival if a customer finds that the server is idle and queue length is b — 1, then he certainly

join the system, i.e., B, = 1.

2.2.1 Steady State Analysis

In this section, we obtain the steady state probabilities of the system size at an arbitrary epoch.
By system size here we mean the total number of customers present in the queue and the

number with the server. To this end, let us define the following notations for use in sequel.
* N(t) = number of customers present in the queue, at time ¢.

 &(r) = state of the server, i.e., whether busy or idle, at time ¢, i.e.,

0, ifserverisidle,
§@) =

1, ifserverisbusyinserving ‘b’ customers.
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Clearly, {N(t),&(¢)} constitute a two dimensional continuous time Markov chain with state
space Q@ = {(n,0): 0<n<b—1}U{(n,1):n>0}. Let us further define the following state

possibilities, at time 7, as
* Boo(t)=prob{N(t) =n, §(1) =0}; 0<n<b-1,
* Bi(t)=prob{N(t)=n, §E(t) =1}; n>0,

It should be noted here that P,o(¢) represents the probability that, at time ¢, there are n
(0 <n<b—1) customers are present in the queue and server is idle, i.e., probability that
the system size n (0 <n <b—1) and P, ;(¢) represents the probability that, at time ¢, there
are n (n > 0) customers are in the queue and server is busy in serving b customers, i.e., prob-
ability that the system size isn+b (n > 0).

Now relating the state of the system at time ¢ and ¢ + df the Kolmogorov equations of the

model under consideration is given by

%Pop(l) = —ABoPoo(t)+uPo(t), (2.1)
CRiot) = —ABuPaol) FHP () F 2B 1B 10l 1Sn<h—1, Q)
SRAW) = —(MBy BB (1) + 1P, (1) + 2By 1Py 1000, @3
CRini0) = APyt P2 ()4 BB )+ AB APy 11(0), n> b 24)

In steady-state, as t — oo, we define

lim P, (1) = P, 0<n<b-1,
f—3o0

limP,Ll (t) = P1,n=>0.

f—o0

Therefore, the steady state governing equations of the queuing model under consideration are

obtained as

0 = —ABoPoo+ P, (2.5)
0 = _ABnPn,O‘F.uPn,l+Aﬁn—1Pn—1,0; 1 Snéb_la (2.6)

0 = —(ABp+1)Poi+uPyi+ABr—1Po—10, (2.7)
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0 = —(ABu+u)Pp1+uPyy+ABy 1P 1,1, n>b. (2.8)

Now the steady state probabilities, i.e., P, o and P, 1, will be obtained by solving the equations
(2.5) - (2.8) using probability generating function (pgf) method. Towards this end, we define

the pgf as follows:
b—1 oo
G(z)= Y Pod"+ Y P |z|< 1. (2.9)
n=0 n=0

Now multiplying equations (2.5) - (2.8) by appropriate power of z and summing over n, after

algebraic manipulations, we obtain

b—1 ) oo
0 = Alz—1) (Z BuProd"+ Y ﬁn+an,1z”+”> +uE -1 Y Pt 210
n=0 n=0 n=0

Now our main objective is to extract the unknown coefficients P, o and P, from equation
(2.10). However, right hand side (RHS) of equation (2.10) involves another unknown coef-
ficients B3, in its first part, whereas, second part is independent of f,. Without knowing the
exact expression for B, it is not possible to have an analytical expression for P, and P, ;.
Therefore, in the following sections we consider some special cases for 3, to obtain P, and

P, 1 analytically.

2.2.1.1 Special cases

Case 1:
In this case, we consider f3, = p, forn > 0, n # b — 1 (where p is a constant probability with
0 < p<1) and B,_; = 1. Under this consideration, using (2.9), one can obtain G(z) from

(2.10) as follows:

b1
A(1=p)(1—2)2 1P g— (P —1) ) Pio2"
n=0

ApPt! — (U +Ap)zh +u

G(z) = ]z IS L (2.11)

Now our main objective is to obtain the closed form expression for the steady state probabili-
ties P, o (0<n<b—1)and P, (n>0), from (2.11). However, this is not straight forward as

RHS of (2.11) contains b unknown terms B, o (0 <n<b-1). Toresolve this, let us denote the
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numerator of G(z) by f(z) and denominator by g(z) as follows which will be used in sequel.

b—1
f2) = A1=p)(1 =22 'Pio—p( = 1)} Poo?", (2.12)
n=0
g(z) = Ap —(u+Ap)d+u. (2.13)
Case 2:
In this case, we consider 3, = pifor0 <n <b—2;B,_1 =1 and B, = p, for n > b (where

p1 and p are constant probabilities with 0 < p1, p < 1). Under this consideration, using (2.9),

from (2.10) we obtain

b—2

A(1=2)2" | (p1—§) Y Prod" + (1= p)Ppy 0!
n=0

b—1
—u( 1) Y P2
n=0
_ <1 2.14
G(Z) lﬁzb+1—(u+lﬁ)zb+,u ’ |Z|— ’ ( )

which again contain b unknown terms P, (0 <n < b —1). Now by denoting the numerator

of G(z) by f(z) and denominator by g(z), we have

b—2
f@) = A1=22 |(p1—p) Y. Prod"+ (1= )Py 2"
n=0
b—1
—H(Z=1) Y Pood", (2.15)
n=0
gz) = ApT—(u+Ap) +u. (2.16)

One may note here that the denominator of G(z) is exactly same as that of Case 1, however,
the numerator is of different form. But for both the cases numerator of G(z) is a polynomial

of degree 2b and denominator is of degree (b+ 1).

Case 3:

In this case, we consider B, = p, for 0<n<b—-2,8,_ 1 =1 and B, = p for n > b (where

Pn, and p are constant probabilities with O < p,,, p < 1). Under this consideration, using (2.9),
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from (2.10) we obtain G(z), with b unknown terms P, o (0 <n < b—1), as follows

b2
A(1—2)2 [Z (Pn—P)Pno?"+(1— ﬁ)PbLoZb_l]
n=0
b1

_.u(zb - 1) E Pn,OZn
n=0
= <1 2.17
G(Z) lﬁzb""] . (‘LL _}_Aﬁ)zb _'_u bl | Z |— 9 ( )

where the numerator f(z) and denominator g(z) of G(z) is given by

b—2
fa) = A(1-2)2 [Z(ﬁn—ﬁ)Pn,OZ"+(1—ﬁ)Pb—l,ozb_1]
n=0
b—1
—pu -1y P, (2.18)
n=0
g(z) = ApT —(u+Ap)L+u. (2.19)

Again in Case 3 also one can observe that g(z) is a polynomial of degree (b+ 1) as obtained
in Case I and Case 2, and f(z) is a polynomial of degree 2b, however, of different form.

Remark : Using the results given in Neuts (1967) one can conclude here that the states of the
Markov chain of the considered model will be positive recurrent if and only if /;—5 < 1, which

ensures the existence of steady state solution, i.e., P, (0 <n <b—1)and B, (n > 0).

Analysis

It should be noted here that for all the three cases as discussed above g(z) is the same poly-
nomial of degree (b -+ 1) where as f(z) is a polynomial of degree 2b and z = 1 is an obvious
zero for both f(z) and g(z). Therefore, analysis can be carried out with similar argument for
all three cases.

Let C be a closed contour defined by | z |= 1+ &, where J is small positive real number.
Now assuming g1(z) = —(u+ A ;)Zb and g>(z) = (l p b+ +/.L), so that, g| + g» = g, one

can obtain

A
| 61(2) |>| g2(2) | onC ifandonlyif, ﬁ <1. (2.20)

Henceforth, by using Rouche’s theorem, we conclude that g(z) must have b zeros within the
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contour C. Now since z = 1 is one zero of g(z), the remaining (b — 1) zeros must lie within
the unit disk | z |= 1. Therefore, g(z) has only one zero outside the unit disk | z |= 1 and let us

denote it by zp.

Since G(z) is analytic within and on C, f(z) and g(z) must have b common zeros, say z;

(1 <i<b) with z;, = 1 within and on C. Hence,
fzi)=0;{zi 1|z |<1,8(zi) =0, 1 <i<b}. (2.21)

Equation (2.21) yields b linear algebraic equations in b unknowns,out of which one will be
zp = 1. Therefore, ultimately we will get (b — 1) equations in b unknowns, solving which we

will obtain the values of all P, (1 <n <b—1), in terms of only one unknown, i.e., Py 0.

It should be noted here that these common zeros (except z, = 1) of f(z) and g(z) may be
all distinct or some of them are repeated. Therefore, depending on the nature of the zeros we

discuss following two cases.
Case A: The common zeros of f(z) and g(z) inside the closed contour C are all distinct

Let us consider that z; # z; for all i # j and 1 <i,j <b—1 as appeared in (2.21). Then
one can derive (b — 1) equations in b unknowns, P, (0 <n < b — 1), which will results in

Pro=CuPoo, 1 <n<b—1, where {,’s are constants.

Case B: Some of the common zeros of f(z) and g(z) inside the closed contour C are

repeated

Let us suppose that some of z;’s as appeared in (2.21), are multiple roots. We denote
!

the multiple roots by x1,x3,...,x; with multiplicity r,rp,...,r;, so that, m = Zri. and the
i=1

remaining distinct roots by X, 41,X,+2, ...,Xp With x, = 1. Using the property of analiticity of

G(z) in | z |< 1 we obtain

fxi) = 0, i=m+1m+2,..,b-1,

where f()(x) denotes the i’ derivative of f(z) at z = x, which results in total (b — 1) system

of linearly independent equations in b unknowns P, (0 <n < b—1). Solving we obtain
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Pro=CuPoo, 1 <n<b—1with {,’s as constants.

Now corresponding to each zero z;, both f(z) and g(z) have a common factor of the form
(z—zi). On canceling the common factors from f(z) and g(z), and using Case A or Case B,
G(z) can be rewritten as

_ NPoA(R)

G(z) 2—2)

. zI<1, (2.22)

where Py is the only unknown term in G(z), 1 is a constant and A(z) is a monic polynomial

of degree b, and can be written as
b
AR) =[]Gz—m), |zI<1, (2.23)
i=1

where @;’s, are those zeros of f(z) which are not a zero of g(z). As A(z) is a monic polynomial,

(2.23) can be rewritten as

b

AR =Y (-1)"7"s,  [zI<], (2.24)
r=0
b r
where So =1 and S, = Z Haik ,1 < r <b;and o, is obtained by using
i17i27i37“7ik7'7ir:1 k=1

1<ip<iz<...<pp<...<i,

f(aik) =0and g(aik) # 0.

Lemma 2.1. The constant 1 as appeared in (2.22) is given by

<0

= . 2.25
=, 2.25)
Proof: Using Binomial expansion, (2.22) can be rewritten as
G(z) = nPooA(z) ;) 7 |z|< 1. (2.26)

Using the result G(0) = Py in (2.26) and assuming that Py > O after little algebraic manip-

ulation we obtain the desired result (2.25) by using (2.24).

Theorem 2.1. The Steady state probabilities P, o(0 <n <b—1) and P, ; (n > 0) are given
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as follows
20— 1Y\ &
Py = Y xu-iyi, 0<n<b—1, (2.27)
Y Jiso
z0—1 b
Pn,l - ( y ) anerfi)’i, n= 05 (228)
i=0

b
where x,, = Z,%; n>0,y,=(—1)""8,_;0<n<bandy= Zyn.
0 n=0
Proof: Using the result G(1) = 1 and Lemma 2.1 in expression (2.26), we obtain

b
Pyo = <(_1) S”> (Zo_l). (2.29)
Y 20

Now using Lemma 2.1 and (2.29), in equation (2.26) after little algebraic manipulation we

obtain

v n—0i— 1—0i—0

a—1\ [6=! 2 w b )
G(z) = ( 2 ) [Z -y’ + Y Y Xugp iz (2.30)
0

Expression (2.30) will generate the all the steady state probabilities. Comparing the coeffi-
cients of the corresponding powers of 7" of RHS and LHS of the expression (2.30), we get the

steady state probabilities in our desired form (2.27) and (2.28).

2.3 Performance measures

In this section, we present some important performance measures of the model under consider-

b—1 oo
ation. The expected system length and queue length are given by L = Z nb, o+ Z (n+b)P,
=0 =0
bl - n n
and L, = Z nb, o+ Z”P’%l’ respectively. Now using Little’s law the expected waiting time
n=0 n=0
of a customer in the system as well as in the queue are obtained as W = % and W, = LK’], re-
b—1
spectively. Here, A is the effective arrival rate of the system and is given by A = Z ABnPno+
n=0

Z AB.+bPy1 (see, Ancker and Gafarian (1963a,b)). Therefore,
n=0

 for Case I, A = l(l —ﬁ)Pb_170—|—)Lﬁ;
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b—2
« for Case 2, A= A(p1—p) Y Puo+A(1—P)Poi o+ Ap:
n=0
b—2
* for Case 3, A=AY (pn—P)Pro+A(1 = P)Po1 o+ Ap.
n=0

Another important performance measure of the model is the average balking rate of the system

which is given as follows.

Balking Rate

The instantaneous balking rate of the system is given by A(1 — f3,), when an arriving
customer, upon his arrival, finds n (n > 0) customers in the system ahead of him. Hence,
the average balking rate (BR) of the system is given by BR = bzll(l —Bu)Puo+ i?t(l —

n=0 n=0
Bu+b)Pa1 (see, Ancker and Gafarian (1963a,b)). Therefore,

 for Case 1, BR = )L(l —ﬁ)(l _Pb—l,O)’

b—2
e for Case 2, BR:}L(ﬁ—ﬁl)ZPn7O+A<1—ﬁ)(l—Pb_L()),
n=0
b—2
e for Case 3, BR = AZ p— pn) n()-{-/l(l- )(I—Pb 10)
n=0

Lemma 2.2. The closed form expressions for L, L,, W and W, are given by

b
L = (zo—1)1+}/_12ryr]7 (2.31)
r=0
ZO_l b 1b—r—1
Ly = L—-b+——"—Y) Z z"+1’ (2.32)
r=0 n= 0
1 B B b
W= = (zo—1)""+7 IZryr], (2.33)
r=0
1 b(ZO_l)b—lb—r—l yr
W, = —|L—py 20" . (2.34)
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Proof: Differentiating (2.26) with respect to (w.r.t.) z and then letting z — 1 and using the

result G'(1) = L, we obtain

(=] [

n 1
L=nPyoA(1) Y, =g +NPRoA (1) Y, 57 (2.35)
n=0 Z0 n=0 ZO

The RHS of equation (2.35) contains two convergent infinite series Z z"% and Z ,%H, as

n=0"0 n=0 %0

| zo |> 1. Hence, using Lemma 2.1 and (2.29) in equation (2.35) we obtain

1 Al(2)
b= 50 %0

Using expression (2.24) in (2.36) we obtain the desired result (2.31). Now L, can be rewritten

as

o)

Ly=L—b)Y Pu1, (2.37)
n=0

Using Theorem 2.1 in equation (2.37), after algebraic manipulation, we obtain the result
(2.32). Now using Little’s Law, the expected waiting time of a customer in the system (W)

and in the queue (W,) is easily obtained in the desired form (2.33) and (2.34), respectively.

2.4 Numerical results

In this section, we present some numerical results in the form of table and graphs to illustrate
the effect of different system parameters on key performance measures of the model under
consideration. Table 2.1 presents the steady state probabilities P, o (0 <n <b—1) and P,
(n > 0) for Case 1, Case 2 and Case 3, as discussed in section 2.2.1.1. (It should be noted here
that the 1st column of Table 2.1 represents the number of customers present in the queue ex-
cluding the customers with the server. The 2nd column of Table 2.1 represents the probability
that the system is in state (n,0), i.e., system size is n, (0 < n < a—1). The 3rd column of Table
2.1 represents the probability that the system is in state (n, 1), i.e., the system size is n + b,
(n > 0). Similar notation are carried out in column 4 to 7 of Table 2.1.) The input parameters

are taken as A = 13.5, u = 0.8, b = 15 for all three case, whereas, the joining probabilities
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are taken as p = 0.5 for Case 1, p; = 0.7 and p = 0.5 for Case 2, and p,, = (1 — (b —n)0.05)
(0 <n < b—-2)for Case 3. The performance measures for respective cases are presented at

the last row of the table.

Figures 2.1 to 2.4 present the sensitivity of some system parameters on important perfor-
mance measures of the model under consideration. The effect of serving batch size ‘b’ on the
performance measures, L, L,, W, W, and BR, for Case I are presented in Figure 2.1. In this
figure we consider A = 9.25, u = 2.5 and p = 0.5 and it is evident from the figure that as ‘b’

increases, all the performance measures are also increases.

The effect of BR on L, for Case 1, is displayed in Figure 2.2 for fixed values of A = 11.2,
u = 0.56 and b = 20. In this figure the values of BR varies by varying the values of p in such
a way that as p decreases BR increases linearly. Therefore, it is clearly evident from Figure
2.2 that, L decreases with the increase in the value of BR, eventually, with the decrease in
the value of p. This behavior is on the expected direction as decrease in the value of joining
probability (p) will obviously decreases the expected system length. The effect of service
rate (1) on expected system length (L) for Case I (Figure 2.3(a)), Case 2 (Figure 2.3(b)) and
Case 3 (Figure 2.3(c)) are presented in Figure 2.3, for three values of fixed serving batch size,
i.e., b =10,15,20, and for fixed values of the parameters A and f3,. We have considered
A =4.0, p = 0.45 for Figure 2.3(a); A = 4.0, p; = 0.7, p = 0.45 for Figure 2.3(b) and p,
O0O<n<b-2), p=0.45 for Figure 2.3(c). Now p, for Figure 2.3(c) are chosen in three
different ways depending on the values of b, i.e., when b = 10 then p, = (1.1 — (b —n)0.1);
when b = 15 then p, = (1.0 — (b —n)0.05) and when b = 20, then p,, = (1.05 — (b —n)0.05).
It is clearly observed from Figure 2.3 that, L decreases with the increases in the values of u,
for all three cases and all three values of b, and this behavior is also on expected direction as

increase in service rate will obviously decrease the expected system length.

It is also observed from Figure 2.3 that for fixed values of u (when u > 0.4 for Case I;
u > 0.5 for Case 2 and u > 0.8 for Case 3), as b increases L also increases and the similar
behavior is also observed in Figure 2.1 with u = 2.5 for Case 1. However, the reversed
behavior is observed in Figure 2.3 when pt < 0.4 for Case I; u < 0.5 for Case 2 and u < 0.8

Ap

for Case 3. In Figure 2.4 we present the effect of p, where p is a parameter defined as p = 1ib?
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on average system length (L) and average waiting time of a customer in the system (W) for
Case 1, and for the fixed values of 4t =4.5, b =15 and p = 0.7. In this figure, p varies from
0.3 to 0.77 by varying the values of A from 30 to 75 at a constant increment 2. It is clearly
evident from the figure that as p increases L increases slowly when p < 0.55, however, it is
increasing rapidly when p > 0.55. Now increase in p by increasing A will obviously increase
the average system length. From the figure it is also evident that, in comparison to L, the
value of W remain almost constant as A increases. However, a close view of the Figure 2.4
reveals that with the increase in the value of p, (by increasing A) W decreases initially, i.e.,
upto p = 0.55, and then starts increasing with the increase in the value of p. This behavior of
W is observed because A is strictly increasing function, which is calculated using the formulae
(=A(1=p)P,_10+Ap.

In Figure 2.4 we have considered the values of A (p) is increasing, in such a way from
30 to 75 (corresponding p from 0.311 to 0.77) with a difference of 2. As a result A (=
A(1 = p)P,—1 0+ Ap ; for Case 1) is strictly increasing function. Also, L is increasing slowly
with the increase in the value of A when p < 0.55, However it is increasing very rapidly when
p > 0.55. As aresult W decreases initially when p < 0.55 however it starts increasing slowly

when p > 0.55, which is shown in the box of the figure.

Table 2.1: Steady state queue length distribution of M /M'> /1 queue with balking for Case 1, Case 2
and Case 3

Case 1 Case 2 Case 3
n B.o PBi1 P.o By PB.o By
0.0051929990 | 0.0219089100 | 0.0041885570 | 0.0247393000 | 0.0111536800 | 0.0235277900
0.0099909680 | 0.0202417900 | 0.0080583440 | 0.0228568100 | 0.0178821000 | 0.0217374900
0.0144239600 | 0.0187015300 | 0.0116336800 | 0.0211175600 | 0.0221282800 | 0.0200834100
0.0185196100 | 0.0172784800 | 0.0149370200 | 0.0195106600 | 0.0248600000 | 0.0185552100
0.0223039200 | 0.0159637000 | 0.0179890200 | 0.0180260400 | 0.0266125200 | 0.0171432800
0.0257998400 | 0.0147489800 | 0.0208089700 | 0.0166543800 | 0.0277057200 | 0.0158388000
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50 0.0004188250 0.0004729326 0.0004497726
70 0.0000860196 0.0000971324 0.0000923757
71 0.0000794741 0.0000897413 0.0000853466
72 0.0000734267 0.0000829126 0.0000788523
73 0.0000678394 0.0000766035 0.0000728522
74 0.0000626773 0.0000707745 0.0000673086
75 0.0000579080 0.0000653891 0.0000621869
76 0.0000535016 0.0000604134 0.0000574549
77 0.0000494305 0.0000558164 0.0000530830
78 0.0000456692 0.0000515691 0.0000490437
79 0.0000421941 0.0000476451 0.0000453119
90 0.0000176670 0.0000199494 0.0000189724
91 0.0000163226 0.0000184313 0.0000175287
92 0.0000150806 0.0000170289 0.0000161949
93 0.0000139331 0.0000157331 0.0000149626
94 0.0000128729 0.0000145359 0.0000138241
95 0.0000118933 0.0000134298 0.0000127721
96 0.0000109883 0.0000124079 0.0000118003
97 0.0000101522 0.0000114637 0.0000109024
98 0.0000093797 0.0000105914 0.0000100728
99 0.0000086660 0.0000097855 0.0000093063
100 0.0000080065 0.0000090409 0.0000085981

L=11.437, L,=7.11940
W=1.65510, W,=1.03030

BR=6.58990

L=11.849, L,=6.9736
W=1.5185, W,=0.89374

BR=5.6972

L=11.255, L,=6.6186
W=1.5167, W,=0.89191

BR=6.0793
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2.5 Concluding remarks

In this chapter, we studied the bulk service (with fixed batch size) queueing system with sys-
tem size based balking behavior of the arriving customers in M/M /1 queue. We employed
probability generating function method to obtain the steady state probability distribution of
the queue length. The inclusion of balking in M/M?/1 queueing model make it more com-
plex to analyze. Also, to the best of the author’s knowledge, the study of bulk service queue
with balking is not available in the literature. The study of this chapter may encourage the
researchers to study balking behavior of the customers in bulk service queueing model by
considering more general bulk service rules available in the literature. In the next chapter we
will discuss the analysis of system size based balking in bulk service queue with ‘general bulk
service’ rule. In future, it would be interesting and more complex to study the bulk service

queue with reneging behavior along with balking behavior of the customers.



