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Abstract: The article aims to study the reduced-order anti-synchronization between projections of fractional order
hyperchaotic and chaotic systems using active control method. The technique is successfully applied for
the pair of systems viz., fractional order hyperchaotic Lorenz system and fractional order chaotic Genesio-
Tesi system. The sufficient conditions for achieving anti-synchronization between these two systems are
derived via the Laplace transformation theory. The fractional derivative is described in Caputo sense.
Applying the fractional calculus theory and computer simulation technique, it is found that hyperchaos and
chaos exists in the fractional order Lorenz system and fractional order Genesio-Tesi system with order
less than 4 and 3 respectively. The lowest fractional orders of hyperchaotic Lorenz system and chaotic
Genesio-Tesi system are 3.92 and 2.79 respectively. Numerical simulation results which are carried out
using Adams-Bashforth-Moulton method, shows that the method is reliable and effective for reduced order
anti-synchronization.
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1. Introduction

Nowadays the fractional order derivative has become apopular field of research in nonlinear dynamics since frac-tional order system response ultimately converges to theinteger order system, also for high accuracy it can be usedto describe the dynamics of systems. Fractional differen-
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tial equations have garnered a lot of attention and appre-ciation recently due to their ability to provide an exactdescription of different nonlinear phenomena.The benefitof fractional order systems is that they allow increaseddegrees of flexibility in the model. Other advantages offractional order systems are that they possess memoryand display much more sophisticated dynamics comparedto their integral order counterpart, which is of great signif-icance in secure communication and control process. Dur-ing last few years, the applications of fractional calculuscan be found in vatious fields of science and engineer-ing [1–9]. Analysis of fractional order dynamical systemsinvolving Riemann-Liouville as well as Caputo derivativeshave been found in [2, 10–12]. The field of chaos in nonlin-ear dynamics has grabbed the attention of the researchersand this contributes to a significant amount of the ongoingresearch these days.
The applications of dynamical systems have nowadaysspread to a wide spectrum of disciplines including sci-ence, engineering, biology, sociology etc. The study andanalysis of nonlinear dynamics have gained immense pop-ularity during the last few decades due to its importantfeature of real time dynamics system. In nonlinear sys-tems, a small change in a parameter can lead to suddenand dramatic changes in both the qualitative and quan-titative behavior of the system. Chaos is an interestingphenomenon of nonlinear systems. Chaotic systems re-sults from deterministic systems which are aperiodic andexhibit sensitive dependence on initial conditions and pa-rameter variations.
In a chaotic synchronization process, the aim is to forcea chaotic system known as response system to synchro-nize another identical (or different) chaotic system calleda drive system. The idea of synchronizing chaotic systemswas introduced by Pecora and Carroll [13] in 1990, wherethey showed that it is possible to synchronize chaoticsystems through a simple coupling. Synchronization ofchaotic dynamical systems has been intensively studiedby many researchers due to its important applicationsin various fields viz., ecological system, physical system,chemical system, secure communications, neuron systemsand laser dynamics etc. [14–20]. Different approaches ofsynchronization phenomena such as active control, adap-tive control, back-stepping design method, sliding modecontrol etc. have been successfully applied to investigatechaos synchronization [21–24]. The concept of varioustypes of synchronization viz., complete synchronization,anti-synchronization, lag synchronization, projective syn-chronization, function projective synchronization etc. areused in identical and non-identical chaotic systems [25–29].

In the recent years, studying chaotic attractor in fractionalorder systems has become an active area of research.Chaotic synchronization between different fractional ordersystems has become one of the most interesting subjectsin chaos theory. From the literature survey it is seen thatthere are many investigations that have been devoted toachieve chaos synchronization in fractional order chaoticand hyperchaotic systems. Synchronization between frac-tional order chaotic systems is also being widely investi-gated by [21, 30–32]. Srivastava et al. [21] have studiedsynchronization between a pair of identical chaotic Lotka-Volterra systems of fractional order for different particularcases using the Pecora-Carroll method and the active con-trol method. Yan and Li [30] have a proposal on synchro-nization of fractional differential equations having chaos.Erjaee and Taghvafard [31] have designed phase and anti-phase synchronization of fractional order chaotic systemsvia active control. Synchronization of the fractional orderhyperchaos Lorenz systems with activation feedback con-trol is given by Wang and Song [32]. Recently Agrawal et.al. [33] performed synchronization between fractional or-der Ravinovich-Fabrikant and Lotka-Volterra systems us-ing the active control method.
The problems related to the synchronization of chaoticsystems with different order and with reduced order haveattracted the attention of the researchers and the evi-dence is found in the recent articles ([34]-[38]). Femat andPerales [34] investigated synchronization of chaotic sys-tems with different orders in 2002. Based on Lyapunovstability theory, Ho et al. [35] proposed the adaptive con-trol and parameters modulation techniques to synchro-nize two chaotic systems with different order though theirparameters are uncertain. Moreover, in many real sys-tems, the synchronization is carried out even though theoscillators have different order. Bowong [36] presenteda nonlinear approach for synchronizing chaotic systemswith different order and its application to secure commu-nication. Reduced order synchronization, having potentialapplications in various fields in engineering, is achievedthrough synchronization of slave system with projectionsof a master system, where the order of the slave system isless than the order of the master system, but during syn-chronization all states of the slave system will be synchro-nized. In 2010, Al-sawalha and Noorani [37] have inves-tigated the reduced-order anti-synchronization of uncer-tain chaotic systems. Based upon the parameters modula-tion and the adaptive control technique, they showed thatdynamical evolution of a third-order chaotic system canbe anti-synchronized with the canonical projection of afourth-order chaotic system even though their parametersare unknown. Recently, Al-sawalha and Noorani [38] dis-cussed the adaptive reduced-order anti-synchronization
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of uncertain chaotic systems with different order. In 2007,Lazzouni et al. [39] showed that the synchronization of areduced order oscillator can be done with the projectionsof canonical planes of a fourth-orders system. Thus it canbe shown that the synchronization of two different ordernonlinear systems can be achieved in reduced order.Synchronization of non identical chaotic systems meansthe study of two systems which exhibit similar but chaoticbehavior and analysis of the situation when the mutualsystem behaviors approach each other. Chaotic dynamicsis sensitive to initial conditions, during coupling the tra-jectories of the chaotic systems emerging from two initialconditions will spread exponentially with time. Thereforethe study of synchronization in coupled chaotic systems isextremely necessary. Since the synchronization is causeddue to transformation between dynamical variables ofdrive and response systems, it is challenging to detect theexistence of the transformation and also the synchronousbehavior. Anti-synchronization between two chaotic sys-tems is done where the respective states are same inmagnitude but opposite in sign. Hyperchaotic systemsare typically nonlinear systems having two or more posi-tive Lyapunov exponents which are useful in networking,data encryption, chemical processes and secure communi-cations etc. Therefore, keeping in mind the important ap-plications of reduced-order anti-synchronization and alsousefulness of hyperchaotic and chaotic systems in vari-ous fields of engineering, the authors are motivated tosolve a reduced-order anti-synchronization problem andhave taken an initiative to apply it to do coupling ofLorenz and Genesio-Tesi systems which have applicationsin lasers, electrical circuits, chemical reactions etc. Again,since fractional order models are naturally related to thesystems with memory and exhibit greater flexibilities forincorporating different types of information, the authorsmake a sincere drive to establish a good mathematicalmodel through coupling of fractional order chaotic sys-tems so that it is useful to the engineers and technologistsworking in the aforesaid areas of research.In the present article, the authors have described theformulation of anti-synchronization of fractional reduced-order chaotic systems and have studied the reduced-orderanti-synchronization between the projections of fractionalorder hyperchaotic Lorenz system and the fractional or-der Genesio-Tesi chaotic system using Laplace Transformmethod. The numerical simulation results obtained forthe state vectors with fractional order time derivative aredisplayed graphically for different particular cases. Thesalient feature of this article is the successful graphicalpresentation of the error dynamics due to memory effectduring anti-synchronization of a chaotic system with vari-ous combinations of state vectors of a hyperchaotic system.

The authors hope that the article will be a useful contri-bution to the scientific literature on the methods of controlfor nonlinear dynamical system.
2. Systems description and prob-
lem formulation

2.1. System description

The hyperchaotic Lorenz system [40] is described by
dx
d t = a(y − x) + w

dy
d t = cx − y − xz

dz
d t = xy − bz

dw
d t = −yz + dw, (1)

where x, y, z and w are the state variables. When thereal constants a, b, c, d are taken as a = 10, b = 8/3, c =28 and d = −1, the positive Lyapunov exponents of thesystem (1) are λ1 = 0.3381, λ2 = 0.1586 and thus thesystem has a hyper-chaotic attractor. Here, we considerthe fractional-order hyperchaotic Lorenz system [32] as
dαx
d tα = a(y − x) + w

dαy
d tα = cx − y − xz

dαz
d tα = xy − bz

dαw
d tα = −yz + dw, (2)

where α(0 < α ≤ 1) is the fractional order time deriva-tive. The system (2) exhibits hyperchaotic attractors atthe lowest value of α as α = 0.98 for the same values ofparameters as for the standard order system. The orderof the system is sum of the orders of all the fractionalderivatives in system (2) i.e., the order of the system is3.92. Figs. 1(a)-1(d) display the projections of the hyper-chaotic Lorenz system for fractional order 0.98.The Genesio-Tesi chaotic system [41] is one of paradigmsof chaos since it captures many features of chaotic sys-tems. It includes a simple square part and three simpleordinary differential equations that depend on three pos-itive real parameters. The dynamical equations of the
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Figure 1. Phase portraits of fractional order hyperchaotic Lorenz system for α = 0.98 in (a) the x-y-z space; (b) the x-y-w space, (c) the x-z-w
space, and (d) the y-z-w space.

system is as follows
dx
d t = y

dy
d t = z

dz
d t = −px − qy − rz +mx2, (3)

when p = 6, q = 2.92, r = 1.2 and m = 1 there is achaotic trajectory. Here, we consider the fractional-orderGenesio-Tesi system [42] as
dαx
d tα = y

dαy
d tα = z

dαz
d tα = −px − qy − rz +mx2 (4)

The largest Lyapunov exponents of Genesio-Tesi systemis 0.0022. The lowest value of α for which the system

remains chaotic is 0.93. Here, the order of the system is2.79. The chaotic attractors in x−y−z space are depictedthrough Fig. 2 for α = 0.95.
2.2. Formulation of anti-synchronization of
fractional reduced-order chaotic systems
Let us consider the fractional order chaotic system

dαx(t)
d tα = K1h(x) + F (x(t), t), 0 < α ≤ 1, (5)

where x(t) ∈ Rn is the state vector and F : Rn → Rndefines a nonlinear term, h : Rn → Rn×l1 , and K1 ∈ R l1is the parameter vector of the system. We consider thesystem (5) as the master system.As the slave or response system, we consider the followingchaotic system described by the dynamics
dαy(t)
d tα = K2g(y) +H(y(t), t) + µ(t), 0 < α ≤ 1, (6)
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Figure 2. Phase portraits of fractional order chaotic Genesio-Tesi
system for α = 0.95.

y(t) ∈ Rm is the state vector and H : Rm → Rm definesa nonlinear term, g : Rm → Rm×l2 and K2 ∈ R l2 is theparameter vector of system and µ(t) ∈ Rm is the activecontrol parameter of the slave system.If order n = m, l1 = l2 and the functions h = g, F = H ,then the slave system is identical with the master system.If order m < n, and the functions h 6= g, F 6= H , theorder of slave oscillator is lower than that of the mas-ter system. The anti-synchronization is attained only forreduced-order. The reduced-order anti-synchronization isthe problem of controlling a slave system to be the pro-jection of the master system. Therefore, we can divide themaster system into two parts.The projection is
dαxi
d tα = K1hi(x) + Fi(x(t), t), (7)

where xi(t) ∈ Rm, Fi : Rn → Rm, hi : Rn → Rm×l1 and
i = 1, 2, ..., m.Remaining part of the systems is

dαxj
d tα = K1hj (x) + Fj (x(t), t), (8)

where xj (t) ∈ Ru, Fj : Rn → Ru, j = m + 1, ..., n, and
hj : Rn → Ru×l1 and orders m, u satisfy m+ u = n.The reduced-order anti-synchronization problem betweentwo different systems is to design with a suitablechoice of a controller µ(t), which anti-synchronizes thestates of both the drive and response systems. i.e.,lim
t→∞

∥∥y+ xi
∥∥ = 0.We add equation (6) to equation (7) and get

dαe(t)
d tα =K2g(y) +H(y(t), t)+µ(t) + K1hi(x) + Fi(x(t), t),(9)

where e = y+xi is the error state. Choosing the nonlinearcontrol function as
µ(t)=−K2g(y)−H(y(t), t)− K1hi(x)− Fi(x(t), t) + V (t),(10)
where V (t) is the linear control input chosen such that thesystem (9) becomes stable.Let, V (t) = Ke(t), where K ∈ Rm×m is the control param-eter matrix. Then equation (9) reduces to

dαe(t)
d tα = Ke(t), (11)

According to the proper choice of matrix K , all theeigenvalues of the error systems should have negativereal parts for achieving the anti-synchronization betweenmaster and slave systems.

Theorem 1.
If E(s) is bounded then the drive and response systems (7)
and (6) will be anti-synchronized under a suitable choice
of control matrix K .

Proof. Taking Laplace transformation on both thesides of equation (11), we get
sαE(s)− sα−1e(0) = KE(s)
E(s)(sα − K ) = sα−1e(0)
E(s) = sα−1e(0)

sα−K , where E(s) = L(e(t)).Taking Mittag-Leffler function of one parameter [43] as
Eα (z) = ∞∑

n=0 znΓ(αn+1) ,the Laplace transform of which is given by
L[Eα (Ktα )] = sα−1

sα−K .Thus we have e(t) = e(0)Eα (Kt−α ) and hence we mayconclude using the property of Mittag-Leffler function that
e(t)→ 0 as t → ∞, if K < 0.Using the final-value theorem of Laplace transformation,we getlim
t→∞

e(t) = lim
s→ 0 sE(s) = lim

s→ 0 sαe(0)
sα−K = 0.Since E(s) is bounded, due to the attractiveness of theattractors of systems (2) and (4), there exists l > 0, suchthat |x(t)| ≤ l < ∞ and |y(t)| ≤ l < ∞ . Therefore,lim

t→∞
e(t) = 0. Thus the anti-synchronization between sys-tems (7) and (6) is implemented.
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3. Anti-synchronization between
the projection of fractional order
hyperchaotic Lorenz and fractional
order chaotic Genesio-Tesi systems
In this section, the reduced-order anti-synchronization be-tween three combinations of projection of fractional or-der Lorenz system as drive systems and fractional orderGenesio-Tesi system as response system is studied. It isto be noted that during projection x −y− z of the Lorenzsystem (2), the governing equation with other variable wwill not be considered. The other cases are self explana-tory.
Case-I: In this case, we consider that the projection x−y−
z of the hyperchaotic Lorenz system drives the Genesio-Tesi system. Therefore, we define the projection x −y−zof the hyperchaotic Lorenz system as a drive system andGenesio-Tesi system as a response system as follows.Here the drive system is described by

dαx1
d tα = a(y1 − x1) + w1
dαy1
d tα = cx1 − y1 − x1z1
dαz1
d tα = x1y1 − bz1 (12)

and the response system is given by
dαx2
d tα = y2 + µ1(t)
dαy2
d tα = z2 + µ2(t)
dαz2
d tα = −px2 − qy2 − rz2 +mx22 + µ3(t), (13)

where µ(t)=[µ1(t), µ2(t), µ3(t)]T is the controller to be de-signed. To investigate the anti-synchronization of systems(12) and (13), we define the error states as e1 = x2 + x1,
e2 = y2 + y1, e3 = z2 + z1.The corresponding error dynamics system is

dαe1
d tα =e2 + (a − 1)y1 − ax1 + w1 + µ1(t)
dαe2
d tα =e3 − z1 + cx1 − y1 − x1z1 + µ2(t)
dαe3
d tα =− pe1 − qe2 − re3 + px1 + qy1 + rz1+mx22 + x1y1 − bz1 + µ3(t) (14)

Choosing the control functions as
µ1(t) = −k1e1 − e2 − (a − 1)y1 + ax1 − w1
µ2(t) = −k2e2 − e3 + z1 − cx1 + y1 + x1z1
µ3(t) = pe1 + qe2 − px1 − qy1 − rz1 −mx22 − x1y1 + bz1,(15)
where k1, k2 > 0, then the error system (14) is reduced to

dαe1
d tα = −k1e1
dαe2
d tα = −k2e2
dαe3
d tα = −re3 (16)

Here all the three eigenvalues of the error system (16) arenegative.Using theorem 1, we can conclude ei(t) → 0 as t → ∞for k1, k2, r > 0. Thus the anti-synchronization betweensystems (12) and (13) is achieved.
Case-II: Here we assume that the projection x −y−w ofthe hyperchaotic Lorenz system drives the Genesio-Tesisystem.Here the drive system is described by

dαx1
d tα =a(y1 − x1) + w1
dαy1
d tα =cx1 − y1 − x1z1
dαw1
d tα =− y1z1 + dw1 (17)

and the response system is given by (13).To investigate the anti-synchronization of systems (17)and (13), we define the error states as e1 = x2 + x1, e2 =
y2 + y1, e3 = z2 + w1.Then the corresponding error dynamics system is

dαe1
d tα =e2 + (a − 1)y1 − ax1 + w1 + µ1(t)
dαe2
d tα =e3 − w1 + cx1 − y1 − x1z1 + µ2(t)
dαe3
d tα =− pe1 − qe2 − re3 + px1 + qy1 + rw1+mx22 − y1z1 + dw1 + µ3(t) (18)

Choosing the control functions as
µ1(t) = −k1e1 − e2 − (a − 1)y1 + ax1 − w1
µ2(t) = −k2e2 − e3 + w1 − cx1 + y1 + x1z1
µ3(t) = pe1 + qe2 − px1 − qy1 − rw1 −mx22 + y1z1 − dw1,(19)
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where k1, k2 > 0, the error system (18) becomes
dαe1
d tα = −k1e1
dαe2
d tα = −k2e2
dαe3
d tα = −re3 (20)

As the previous case here all the three eigenvalues of theerror system (20) are negative. So the error system (20)is stable and we can easily find the anti-synchronizationbetween the systems (17) and (13).
Case-III: In this case projection x − z − w of hyper-chaotic Lorenz system is considered as the drive systemand Genesio-Tesi system as response system.Here the drive system is described by

dαx1
d tα = a(y1 − x1) + w1
dαz1
d tα = x1y1 − bz1
dαw1
d tα = −y1z1 + dw1 (21)

and the response system is given by (13).Now for the investigation of the anti-synchronizationof systems (21) and (13), defining the error statesas e1 = x2 + x1, e2 = y2 + z1, e3 = z2 + w1 and pro-ceeding as the previous cases, we get the error systems as
dαe1
d tα = −k1e1
dαe2
d tα = −k2e2
dαe3
d tα = −re3, (22)

where the control functions are chosen as
µ1(t) =− k1e1 − e2 + z1 − a(y1 − x1)− w1
µ2(t) =− k2e2 − e3 + w1 − x1y1 + bz1
µ3(t) =pe1 + qe2 − px1 − qy1 − (r + d)w1 −mx22 + y1z1(23)
Thus the error system (22) is stable and the anti-synchronization between the systems (21) and (13) isachieved.

4. Numerical simulations and re-
sults
The parameters of fractional order hyperchaotic Lorenzsystem and fractional order chaotic Genesio-Tesi sys-tem are taken as (a, b, c, d) = (10, 8/3, 28, −1) and(p, q, r, m) = (6, 2.92, 1.2, 1) such that the systemsexhibit hyperchaotic and chaotic behaviours respec-tively. During the anti-synchronization between Lorenzsystem in x − y − z projected plane as drive sys-tem and Genesio-Tesi as response system, the ini-tial values are taken as (x1(0), y1(0), z1(0), w1(0)) =(2, −3, 4, 3) and (x2(0), y2(0), z2(0)) = (−7, −4, 5) suchthat the systems exhibit hyperchaotic and chaotic be-haviour respectively. Thus, the initial errors will be(e1(0), e2(0), e3(0)) = (−5, −7, 9). During the anti-synchronization between Lorenz system in x −y−w pro-jected plane and Genesio-Tesi system, the initial condi-tions are taken as (x1(0), y1(0), w1(0), z1(0)) = (2, −3, 3, 4)and (x2(0), y2(0), z2(0)) = (2, −3, 3). Thus the initial er-rors are (e1(0), e2(0), e3(0)) = (4, −6, 6). Again at thetime of anti-synchronization between Lorenz system in
x − z − w projected plane and Genesio-Tesi system, theinitial conditions are taken as (x1(0), z1(0), w1(0), y1(0)) =(2, 4, 3, −3) and (x2(0), y2(0), z2(0)) = (−7, −13, 6) withinitial errors (e1(0), e2(0), e3(0)) = (−5, −9, 9). In allthe three cases the Adams-Bashforth-Moulton method([44],[45]) is used to solve the systems with time step sizeis taken as 0.005. Figs. 3(a)-(c), 4(a)-(c) and 5 (a)-(c)show the state responses of the systems (12), (17) and(21) with the system (13) for k1 = k2 = 1. Figs. 3(d),4(d) and 5(d) respectively show the anti-synchronizationerror systems (16), (20) and (22) converge to zero as timebecomes large for the order of the derivative α = 0.98.
5. Conclusion
The present research work investigates the anti-synchronization between a fractional order chaoticGenesio-Tesi system and the projections of the fractionalorder hyperchaotic Lorenz systems for different combi-nations of state variables. The conditions for the anti-synchronization of considered pairs of projection of frac-tional order hyperchaotic and chaotic systems are derivedusing Laplace transforms. The simulation results showthat the states of the projections of the fractional ordersystems are anti-synchronized asymptotically. Numericalsimulations clearly exhibit the reliability and effectivenessof the proposed anti-synchronization scheme even for thefractional order derivative and generalizes previous theo-retical results.
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Figure 3. Anti-synchronization between the projection x − y− z of the fractional order hyperchaotic Lorenz and chaotic Genesio-Tesi systems for
signals (a) between x1 and x2 (b) between y1 and y2 (c) between z1 and z2 (d) the error functions of three state variables versus time t
for fractional order time derivative α = 0.98.

Figure 4. Anti-synchronization between the projection x −y−w of the fractional order hyperchaotic Lorenz and chaotic Genesio-Tesi systems for
signals (a) between x1 and x2 (b) between y1 and y2 (c) between w1 and z2 (d) the error functions of three state variables versus time t
for fractional order time derivative α = 0.98.
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Figure 5. The anti-synchronization between the projection x −z−w of the fractional order hyperchaotic Lorenz and chaotic Genesio-Tesi systems
for signals (a) between x1 and x2 (b) between z1 and y2 (c) between w1 and z2 (d) the error functions of three state variables versus time
t for fractional order α = 0.98.
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