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1. Introduction

Modeling strategies often result in dynamical systems of very high dimension. It is then desirable to find systems of the
same form but of lower complexity, whose input-output behavior approximates the behavior of the original system. From a
mathematical and system theoretical point of view, reduction using optimal Hankel norm approximation is among the most
important model reduction techniques today. It is one of the few model reduction algorithms that produce optimal approx-
imate models.

Adamjan et al. [1] introduced a closed-form optimal solution for model reduction with respect to Hankel norm criterion
for the scalar (single input-output) case. The relevance of [1] to model reduction was first mentioned by Kung [2] who later
presented closed-form optimal Hankel norm solution for multivariable systems [3] and developed minimal degree approx-
imation algorithm (MDA). The structure of linear dynamical systems with finite dimension is exploited in [4] to derive
explicit algorithms and simple expressions for the Hankel norm approximation of a high dimensional discrete-time stable
scalar system by a reduced model of any low order. The continuous-time scalar case is independently solved by Bettayeb
et al. [5]. Kung and Genin [6] used a two-variable polynomial approach to rederive the results of [1] and described many
significant properties of the MDA problems. Further Kung et al. [7] presented state space formulation of optimal Hankel
norm approximation problem. Subsequently, Glover [8] investigated characterization of all optimal Hankel norm approxima-
tions that minimize the Hankel norm for multivariable linear systems and derived the frequency response error bound. Char-
acterization of all solutions to the suboptimal Hankel problem using a different approach was also derived by Ball et al. [9,10]
continuous-time and discrete-time systems. Safonov and Chiang [11] suggested an improved representation of the equations
for minimal degree approximation Hankel norm model reduction which completely circumvents the need of balanced state
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space realization, permits the same simple formulas to be used for both the suboptimal and the optimal cases. Further, order
reduction for different class of systems using optimal Hankel norm approximation is investigated by several authors [12-18].

As far as reduction of unstable systems is concerned, several researchers adopted different approaches. The common
approach is to split the system into a stable subsystem and a unstable subsystem, and then apply an existing reduction tech-
nique to reduce the stable part while entirely retaining the unstable part. Hsu and Hou [19] considered the reduction of
continuous-time systems in which the transformed system is directly used for model reduction without complete decou-
pling of system into stable and unstable subsystems. By using bilinear transformation, Chen [20] suggested a method for
decomposition into three parts- stable, oscillatory and unstable subsystems.

In this paper extension of minimal degree optimal Hankel norm approximation (MDOHNA) technique for order reduction
of unstable systems using system decomposition algorithm is proposed. The algorithm used for system decomposition [21-
23] is based on real Schur transformation [24] and it is free from bilinear transformation in such a way that the original
unstable system is decomposed into stable and unstable subsystems. The reduced order model is obtained by simplifying
the stable subsystem and adding it to the unstable subsystem.

The organization of the paper is as follows: Section 2 describes the various steps of the MDOHNA algorithm for order
reduction of stable, minimal/non-minimal, continuous/discrete-time systems. Section 3 investigates the extension of the
algorithm for unstable systems using system decomposition. Finally, the comparative study of proposed method and conclu-
sions are made in Section 4 and 5, respectively.

2. Order reduction algorithm by minimal degree optimal Hankel norm approximation

The development of the optimal Hankel norm approximation [1-3] and the balanced truncation [25] changed the percep-
tion of model reduction techniques significantly. These two techniques ensured almost perfect characteristics as their
reduced order models are stable and also a priori frequency response error bounds. For the systems having uncontrollable
and unobservable states, the balancing transforms are generally singular. This creates practical difficulties while applying
standard Hankel norm approximation theory as balanced state space model is required to be computed first. The minimal
degree optimal Hankel norm approximation (MDOHNA) algorithm [11] completely alleviates the requirement of computing
balanced realized model for the system to be reduced, even when the original system is nearly uncontrollable and/or
unobservable.

Consider the transfer function matrix G(s) = C(sI — A)"'B+ D and the associated standard realization of a linear time
invariant (LTI) dynamical system as,

x(t) = Ax(t) + Bu(t), (1a)

y(t) = Cx(t) + Du(t), (1b)

where A ¢ R"", B R4, C € RP*" and D € RP*9. The number of state variables n is known as the order of the system. We
are interested in computing a reduced-order LTI system,

X(t) = AX(t) + Bii(t), (2a)

J(t) = Cx(t) + Dil(t), (2b)

of order r, r << n, such that the transfer function matrix G(s) = C(sI — A) ' B + D, approximates original system G(s).
The Hankel norm represents the energy transferred from past inputs to the future outputs through the system
G={A,B,C,D} € H,.. If the input u(t) = 0 for t > 0, and the output is y(t), then Hankel norm [8] is defined as:
Y1122 (0.0
IGGs)lly = sup 2

uel?(~,0) HuHLZ(—oc,O) .

3)
The associated Hankel operator [11] can be represented as,
0
Hg : Ly(—00,0] — Ly(0, 00] : (Hgu)(t) :/ G(t — tu(r)dr. (4)

Bettayeb et al. [5] showed that H¢ has singular value decomposition which can be determined directly from state space
realization of G(s) with any order n > m, where m is the McMillan degree of G(s). Further, m non-zero Hankel singular values
(HSV) of the system can be obtained by finding the square root of the eigenvalues of product of P and Q.

HSV =+/%(PQ) suchas 1 > 03 > .... = 0, >0, (5)

where /;(M) denotes the ith eigenvalue of M and P and Q are controllability and observability Gramians which can be defined
as,

p— / e™BB"e™ dr, (6)
JOo
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and
Q= /O e™ C*Ce™dr, (7)

By considering the corresponding matrix differential equations it is easily verified that P and Q satisfy the following
Lyapunov equations:

AP +PA" + BB =0, (8a)

AQ+QA+CC=0, (8b)

where ‘x’ indicates the conjugate transpose of a matrix.

For a given positive number o > 0, the minimal degree optimal hankel norm approximation (MDOHNA) problem is to
compute a state space model of minimal degree G(s) [11] such that largest Hankel singular value of the modeling error
system H_ ¢, is at most «. Any rational G(s), the approximant by minimal degree optimal hankel norm approximation
G(s) is called minimal degree approximant G(s), Minimal degree [1] is precisely equal to the number of Hankel singular
values greater than o, i.e. the minimum degree is given by,

k= \w{ﬂa,— > o} 9)

1

Further, for the optimal case o = g, 1, [8, Theorem 9.7] every k™ order minimal degree approximant of G(s) can be defined
for a constant matrix Dy as

HG*C*DOHw = supo = (G(jw)—C(jcu)fDo) < ijo-i (10)

i=k+1

For computation of minimal degree optimal Hankel norm approximant of k™ order, a basis free descriptor system repre-
sentation is used. The steps for computing MDOHNA reduced model for G(s) consist of following steps:

Step 1. For oy > o > 0,1, form the descriptor I', such that:

I=QP— o2l (11)
and

Is-A B| |[o02A" +QAP QB (12)

C D cP D

Step 2. Take singular value decomposition of descriptor I" and partition the result by applying the appropriate permutation
such that Gramians [8] become:

))
o) ’
or1l) (13)
where o,,; has multiplicity [ with,
012022 ... 20k 2 Ok 2 Olyip1 = .0n >0, 1 >1 (14)
and
T 01|V
I'=[Ug UEZ]{ 0 O} {V; . (15)
Step 3. Apply the transformation to the descriptor state-space system above we have
A An Ugy 24T T T
= A AP )|V Vi, 16a
[Azl Azz} |:U£2 (a +Q ) [ Bl Ez]’ (16a)
B U; T
= B -C 16b
[BJ [U; [Q } (16b)
cpP
€ Cl=| o |VE VEL (160)

D; =D. (16d)
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Step 4. From the parameters of above transformation of Eq. (16), the equivalent state-space model can be defined as:

[A B} _ {251(/\11 —AnAphn) Zp' (B — AnApB))

o (17)
cD C1 — GAL Ay, Dy — C,ALB,

where M* denotes pseudoinverse of M. Now, additive decomposition of above state-space realization G ={A,B,C,D} is
obtained, such that G = (G_ + G, ), where G_ is stable and G, is antistable. Then G, ;,, = G_ is minimal degree optimal Hankel
norm approximation with rth order of original system G, which can be defined as:

Gr_hna = Dhna + Chna (SI - Ahna)ilBhna- (18)
The reduced model by MDOHNA technique is represented by {Axna, Bina; Chna, Dhna} a8,
Ahnu ‘ Bhna:|
G = |l=—F| 19
r_hna [Chna | Dhnu ( )

3. Minimal degree optimal Hankel norm approximation for reduction of unstable systems

In this section extension of minimal degree optimal Hankel norm approximation technique for order reduction of unsta-
ble systems is proposed using system decomposition algorithm. System decomposition algorithm is originally developed by
Nagar & Singh [21] and they computed reduced model for a higher order unstable system using balanced truncation. Later
Kumar et al. [30,31] explored this algorithm using balanced singular perturbation approximation technique. MDOHNA based
order reduction algorithm can be used for reduction of unstable systems after decomposition of original unstable system as
below:

3.1. Unstable system decomposition

The decomposition algorithm developed in this section is inspired from [21,30,31] and contains two stages of transfor-
mations. In first stage, the block form of real Schur transformation is used whereas, in second stage of transformation,
the generalized Lyapunov equation has been solved for obtaining decomposed stable and unstable subsystems. The decom-
position algorithm consists of following steps:

Step 1. Consider the system represented by Eq. (2) be an unstable system. Transform this system using an unitary matrix U
in block diagonal upper Schur form [26], such that the eigenvalues of the transformed system are arranged in
increasing order of its real components in case of continuous-time systems (in increasing order of its absolute value
in case of discrete-time systems).

If x denotes the original system states, then the first stage transformation matrix U (the unitary matrix) and the trans-
formed system states x, may be related as x = Ux,. Thus, the first stage transformed system is,

m n—m
A A B . 11m
: : 11 12| “n
UAU | UB ‘
o - _ 4. | B, | Aoo| By |Tn-m (20)
tpcu | ¢, | o
t
G| D

where n denotes order of the system, m denotes the number of stable eigenvalues and n — m denotes the number of unstable

eigenvalues.

Step 2: The transformed system of step (1), contains a coupling term A;,. To bring transformed system into completely
decoupled form, solve the general form of Lyapunov equation:

A1S —SA2 + Az =0 (21)

Obtain the value of S and proceed for second stage of transformation using x, = WX, where X is the final stage transformed
state and W is the final stage transformation matrix. The second stage transformation matrix W is given as,
Im . S
W=1|.. . .. |, (22)
0 . Liim

where I, and I,,_,, are identity matrix of size m and n — m,, respectively. The important property of W is that W~! can be
obtained simply by replacing S with -S. i.e.,
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In . =S
wil=|. . . | (23)
0 . In—m

Thus, W-! always exists and hence never found ill-conditioned. Using W, completely decoupled system (Gg4) can be
obtained as,

m n—m
R —
. . All 0 Bl Tm
o _ woAW ‘ W= B, | o Ay B, Tn-m (24)
d cu | p
G C, ‘ D

where A; = U'AU, B; = U'B and C; = CU are obtained from step (1). This transformed model may be decomposed into stable
and unstable as,

- A]] ‘ Bl A22 ‘ BZ
G“*[cl | D}+{C2 0

} = G;(stable subsystem) + G,(Unstable subsystem) (25)

3.2. Reduced order model by Hankel norm approximation for decomposed stable system

The rth order minimal degree optimal Hankel norm approximated (MDOHNA) reduced order model for stable subsystem
Gs can be obtained from the Section 2, using Egs. (11)-(18) and it can be represented as,

Ashna | Bshnu:|

G = . 26
s-hna |:Cshna | Dshna ( )

3.3. Overall reduced order model for original unstable system

The overall reduced model of original unstable system by proposed algorithm is obtained by adding the reduced model of
decomposed stable part obtained by Eq. (26) and decomposed unstable subsystem from Eq. (25) as,

Gr,lma = Gsr,hna + Gu- (27)

The reduced model by minimal degree optimal Hankel norm approximation (MDOHNA) technique is given by
Gr-mdohna = {Ahnm Bhnm Chanhna} as,

Ahna ‘ Bhnai|

Gr_mdohna: |:Chnu ‘ Dhna (28)

4. Numerical example

In this section an 8th order linear model of the longitudinal dynamics of a forward swept wing aircraft [19,27] is consid-
ered. The wings are swept forward at angle 30° and model flight velocity is 1000 ft/s at sea level. One pair of complex poles
are lightly damped phugoid mode, two real poles represent the divergent short period mode and two other sets of complex
poles correspond to the two second order structural modes: wing bending mode with natural frequency 60 rad/s and the
wing torsional mode with natural frequency 212 rad/s. The equations of motion [28] are developed in state variable form

Table 1
State variables of forward swept wing aircraft.
State variables v(t) Velocity ft/s
o(t) Angle of attack rad
o(t) Pitch attitude rad
q(t) Pitch rate rad/s
Ny (t) Wing tip deflection ft
Ny (t) Wing tip rate ft/s
Ny (t) Wing rotation rad
Ny (t) Wing rotation rate rad/s
Input control vector f(t) Flaperon deflection rad
c(t) Canard deflection rad
Output vector a(t) Angle of attack rad

o(t) Pitch attitude rad
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with body-fixed coordinate system. The state space equations of the model are of the form given in Eq. (1). The state vector
x(t), input control vector u(t) and output vector y(t) are tabulated in Table 1.

The A, B, C matrices of the model are

[ 526x10*  0.0928 —0.562 —0.254 -1.41x1072 0.00151 0.0479 3.46 x 1077 |
-369x10° -288 -467x10"% 1.01 437 —0.0469 ~1.49 ~1.08 x 107°
0 0 0 1 0 0 0 0
A 1.16 x 107 79.6 148 x 107  -0.831 —60.5 1.01 25 1.46 x 1073
0 0 0 0 0 1 0 0
—0.944 -544 -1.18x10°* 116 -362x10* -206 —490 6.73 x 107
0 0 0 0 0 0 0 1
0.192 751 x 10" —-1.56x107° —0.643 —4.37 —0.0466 -4.52 x10*  —0.0360
B:'O.102 -0463 0 -194 0 -108 O 1.34}T C:{o 1000000
100164 —-0511 0 613 0 492 0 65|’ 001000O0TO0OU O

The eigenvalues of the above system are —10.255 +j189.9, —-10.99, —2.84 x 10~ £j0.046, —0.018 +j212.6 (stable) and
7.1881 (unstable). Following the proposed algorithm, we obtain the stable subsystem G; = {A;, Bs, Cs, Ds} and unstable sub-
system G, = {Ay, By, Cy, D, } where

~10.99 4.944 —678.5 ~1715 73.22 14.84 66.46
6.998 x 10712 -212.2 3.486 x 10* 8793 587.88 —747.8 —3362
-8395x 1071 —-2.205 191.7 98.42 -1.105 x 10*  -4.843 —-20.99

A =|-2579x10""% 1633x10"" -2218x107° -198.4 4.383 x 10* 2.893 6.373
1.052x 1072 -3.198x10°* —-6.005x 10712 -1.929 198.3 0.01829  0.05224
—4413x1072 -3356x107"° 1921x10°"" 4.024x107?2 -1.05x10""" 0.01341 0.5663
| 2698 x10"® 2597 x 10" 3525x10"" 8539x10" 1.92x10" -0.004113 —0.01347 |

5| 4486 1082 1.033 -1277 -0.006218 03742 1.185 }T

7 |1-2994 -5954 1566 -62.97 -02829 -09131 -1.731]°

c_ [0.1242 0.002108 0.07722 0.01921 -2.143x10° —0.004816 —0.01862

*10.0899 0.001253 0.09037 0.02263 -4307 x 10~ 0.0206 0.9914
0 0 r 00

D, = P A, =7.188],B, = [-2.866 7.131],C, = [0.4466 0.623]" and D, = o ol

where the eigenvalues of stable subsystem (G;) are —10.255 +j189.9, —2.84 x 107> +j0.046, —10.99, —0.018 +j212.6 and
the eigenvalues of unstable system (G,) are 7.1881. Thus, the eigenvalues of the original system are retained in decomposed
subsystems. The reduction of unstable system is carried out as described in Section 3. The HSVs of decomposed stable
subsystem are 1.88 x 10*, 0.2125,7.236 x 107%, 0.022209, 0.022208, 1.883 x 10* and 7.975 x 10~ and the Bar chart of
HSVs is plotted in Fig. 1. From the HSVs and bar-chart it is clear that only the first two singular values are significant. Thus,
the 2nd order model is suitable for reduction of 7th order decomposed stable subsystem.

Reducing the stable part to 2nd order reduced model by minimal degree optimal Hankel norm approximation technique
as described in Section 2 and adding it to decomposed unstable part, the overall reduced model of the original unstable
system by proposed algorithm is computed using Eqs. (25) and (27) as

—2.84x107° 0.003822 0 6.071x10°  —1.506x107"
-0.5621 —2.84x107° 0 2.988x107° —4.386x107°
G = 0 0 7.188 -2.866 7.131
r_mdohna
-101.5 -0.5816  0.4466 0 0
4702 4.028x10*  0.623 0 0

For a comparison, if we reduce stable part by balanced truncation technique [25] and adding it to unstable part, we get
the reduced model of original unstable system as
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Fig. 1. Bar-chart of Hankel singular values of stable subsystem.
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Fig. 2. Step responses of original system and 3rd order reduced model.
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and if we reduce stable part by balanced singular perturbation approximation (BSPA) technique [29], the final reduced model is

—1.145%10°% 0.04635 0 0.0001675 —0.02076
—0.04635 —5.679%10° 0 0.8231 —1.209
G = 0 0 7.188 —2.866 7.131
r _bspa
—0.0003035 —4.093x107° 0.4466 | 0.07296 -0.3366
—0.02076 1.462 0.623 0.05269 -0.2435

Step Response

From: In(1) From: In(2)
10
Original System
MDOHNA Model

~ 5 —— — BSPA Model 1
k=1 — - — BT Model
© Reduced Model [19]
P oo
(0]
kel
2
é‘ 5 . . .
£ 10
8 3 ]
=
@]
o
[

0

0 0.1 0.2 0.3 04 o1 0.2 03 04
Time (sec)

Fig. 3. Step responses of original system and 3rd order reduced model (plot shown in lower range of time scale).
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E N N — ~ — Reduced Model [19]
s -6 : : ' ' ' ' ' ‘
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4 ] /
2 i - /
g - 7
g O————— S
g 2 . |
-4 : N
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Fig. 4. Step response of modeling error transfer function models.



2930

D. Kumar, S.K. Nagar/Applied Mathematical Modelling 38 (2014) 2922-2933

and if we reduce decomposed stable part by Hsu and Hou’s method [19], then the final reduced order model is

r_hsu

—8.52x107"° 0.04635 0.007861 -0.005122 0.00713
—0.04635 —5.68x107° 2.393 -0.5587 1.794
0 0 7.188 —2.866 7.131
-0.0006328 -0.0001215 0.9889 0 0
-0.01177 3.043 —-2.52%10°° 0 0
Step Response
From: In(1) From: In(2)
1 7
/
05 ] ' ]
. /
I S ]
K ~ MDOHNA Model
05 N ] BSPA Model
° . —— — BT Model
i \ — - — Reduced Model [19]
%. -1 L L L L
g
/
0.5 1 / 1
. /
g ’
R =— — :
g —
-0.5 N ] ]
N\
-1 N . . .
0 0.2 0.4 060 0.2 0.4 0.6
Time (sec)

Fig. 5. Step response of modeling error transfer function models (plot shown in lower range of time scale).
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g. 6. Singular value plots of original system and 3rd order reduced model.
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The step responses of models and the modeling errors transfer functions are plotted in Figs. 2-5, respectively. The singu-
lar value plots of models and the modeling errors transfer functions are plotted in Fig. 6-8, respectively. Frequency domain
H., norm bounds of models and modeling error transfer functions are tabulated in Table 2.

The computed values of the error bounds in Table 2 may be directly read and verified from the plots of Fig. 8. Reduced
model by Hsu’s method [19] deviates much from the plot of original system whereas reduced model by proposed algorithm
preserves characteristics of original system which is observed from the plots of Fig 2-8 and Table 2. MDOHNA model
possesses lesser frequency domain error in high-frequency region as in case of BT model [25], on the other hand the case
is reverse in low-frequency region where BSPA model possess low-frequency error. From the Table 2 and Fig. 8, it is observed

Singular Values

O,
.50,
e~ B

g -100-
172
(]
=)
&
>
§ -150F 1
=)
(o]
£
wn

200~ MDOHNA Model

BSPA Model
/ —— — BT Model
-250 - — - — Reduced Model [19] |
-300 ‘ : : : ‘ ‘
107° 10°® 10° 10 10 10° 10°

Frequency (rad/sec)

Fig. 7. Singular value plots modeling error transfer function models of original system and 3rd order reduced model.
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g 0.4 .
©
>
ks
3 03 .
£
(7]
0.2 .
0.1 .
— = -
0 —  — - = - -

0 100 200 300 400 500 600 700 800 900 1000
Frequency (rad/sec)

Fig. 8. Singular value plots (absolute) of original system and 3rd order reduced model.
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Table 2
Frequency domain computations for models.
S.N. Frequency domain computations ||G(z)||. = 3.766125 x 10* Reduced model type Reduced model order, r=3
1. Hy norm (peak value of bode or singular value plot of frequency response) = ||G;(2)[,  (a) MDOHNA 3.76610119 x 10*
(b) BT [25] 3.76610119 x 10*
(c) BSPA [29] 3.7661251 x 10*
(d) Hsu [19] 3.7661457 x 10*
2. Actual norm error bound in modeling = ||G{z) — G(2)|| (a) MDOHNA 0.42505
(b) BT [25] 0.42505
() BSPA [29] 0.45739
(d) Hsu [19] 0.55927
3. Actual relative error bound = Acual_frror Bound (a) MDOHNA 1.12861 x 107>
(b) BT [25] 1.12861 x 107°
(c) BSPA [29] 1.21449 x 107°
(d) Hsu [19] 1.48501 x 107>

that reduced model by MDOHNA possesses least actual H,, norm error bound in modeling and thus least actual relative error
bound in comparison of other existing methods.

5. Conclusion

In this paper minimal degree optimal Hankel norm approximation (MDOHNA) technique is discussed for order reduction
of minimal/non-minimal systems using a basis free descriptor which eliminates the requirement of computing balancing
transform of original system for reduction. Further, extension of MDOHNA technique is proposed for reduction of unstable
systems using system decomposition algorithm. The reduced order model is obtained by reducing the stable subsystem
using MDOHNA algorithm and adding it to decomposed unstable subsystem. With the help of numerical examples, it has
been observed that (1) reduced order model obtained by minimal degree optimal Hankel norm approximation technique
preserves characteristics of original system almost in time and frequency domains both. (2) The proposed algorithm is free
from two fold error generally occurring in bilinear transformation-based methods in discrete to continuous and then back
conversions. (3) The reduced model obtained by proposed algorithm generate better results than Hsu [19], Deepak et al.
[22]. (4) Proposed algorithm produce least actual H,, norm error bound in modeling.

Appendix A. Supplementary data

Supplementary data associated with this article can be found, in the online version, at http://dx.doi.org/10.1016/
j.apm.2013.11.012.

References

[1] V.M. Adamjan, D. Arov, M.G. Krein, Analytic properties of Schmidt pairs for a Hankel operator and the generalized Schur-Takagi problem, Math. Sbornik
15 (1971) 31-73.
[2] S. Kung, A new identification and model reduction algorithm via singular value decompositions, in: Proc. Twelveth Asilomar Con & Circuits, Syst.,
Comput., Pacific Grove, CA (1978) 705-714.
[3] S. Kung, W.D. Lin, Optimal Hankel-norm model reductions: multivariable systems, IEEE Trans. Autom. Control 26 (1981) 832-852.
[4] Silverman L. M., Bettayeb M., Optimal Approximation of Linear Systems, in: Proc. Joint Automatic Control Conference, San Francisco, CA, Paper FA8.A.
(1980).
[5] M. Bettayeb, L.M. Silverman, M.G. Safonov, Optimal Approximation of Continuous-time Systems, Proc CDC, Albuquerque, New Mexico, 1980.
[6] Sun Yuan Kung, Yves V. Genin, A two-variable approach to the model reduction problem with Hankel norm criterion, IEEE Trans. Circuits Syst. 28
(1981) 912-924.
[7] Sun Yuan Kung, D.W. Lin, IEEE Trans. Autom. Control 26 (1981) 942-946.
[8] K. Glover, All optimal Hankel norm approximation of linear multivariable systems and their L., error bounds, Int. J. Control 39 (1984) 1115-1193.
[9] J.A. Ball, A.C.M. Ran, Hankel norm approximation of a rational matrix function in terms of its realization, in: C.L. Byrnes A. Lindquist (Eds.), Modelling,
Identification and Robust Control, North-Holland (1986).
[10] J.A. Ball, A.C.M. Ran, Optimal Hankel norm model reductions and Wiener-Hopf factorization I: the canonical case, SIAM ]. Cont. Opt. 25 (1987) 362-382.
[11] M.G. Safonov, R.Y. Chiang, D.J.N. Limebeer, Optimal Hankel model reduction for nonminimal systems, IEEE Trans. Autom. Control 35 (1990) 496-502.
[12] Ciann.-Dong. Yang, Fang.-Bo. Yeh, One-step extension approach to optimal Hankel norm approximation and Hinf optimization problems, IEEE Trans.
Autom. Control 38 (1993) 674-688.
[13] Tatsushi. Auba, Yasuyuki. Funahashi, Interpolation approach to Hankel norm model reduction for rational muti-input multi-output systems, IEEE
Trans. Circuits Syst. I: Fundam. theory Appl. 43 (1996) 987-995.
[14] Ruth F. Curtaina, Amol ]. Sasane, Hankel norm approximation for well-posed linear systems, Syst. Control Lett. 48 (2003) 407-414.
[15] Orest V. Iftime, Amol J. Sasane, Sub-optimal Hankel norm approximation problem: a frequency-domain approach, Systems Control Letters 52 (2004)
75-83.
[16] Peter Benner, Enrique S. Quintana-Orfl, Gregorio Quintana-Orf, Computing Optimal Hankel Norm approximations of large scale systems, 43rd IEEE
Conference on Decision Control, Bahamas (2004).


http://dx.doi.org/10.1016/j.apm.2013.11.012
http://dx.doi.org/10.1016/j.apm.2013.11.012
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0005
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0005
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0015
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0025
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0025
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0030
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0030
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0035
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0040
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0040
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0050
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0055
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0060
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0060
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0065
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0065
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0070
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0075
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0075

D. Kumar, S.K. Nagar/Applied Mathematical Modelling 38 (2014) 2922-2933 2933

[17] Masaki Ogura, Yutaka Yamamoto, Hankel Norm Computation for Pseudorational transfer functions, Joint 48th IEEE Conference on Decision and Control
and 28th Chinese Control Conference, Shanghai, China, (2009).

[18] Tasha Fernandez, Seddik M. Djouadi, Jason Foster, Empirical Hankel norm model reduction with application to a prototype nonlinear convective flow,
American Control Conference, Baltimore, MD, USA (2010).

[19] C.S. Hsu, D. Hou, Reducing unstable linear control systems via real Schur transformation, Electr. Lett. 27 (1991) 984-986.

[20] B.M. Chen, A simple algorithm for stable/unstable decomposition of linear discrete time system, Int. J. Control 61 (1995) 255-260.

[21] S.K. Singh, S.K. Nagar, An algorithmic approach for system decomposition and balanced realized model reduction, J. Franklin Inst. 341 (2004) 615-630.

[22] Deepak Kumar, ]J.P. Tiwari, S.K. Nagar, Reduction of unstable discrete time systems by Hankel norm approximation, Int. J. Eng. Sci. Technol. 3 (2011)
2825-2831.

[23] Deepak Kumar, J.P. Tiwari, S.K. Nagar, Reduction of large scale systems by extended balanced truncation approach, Int. J. Eng. Sci. Technol. 3 (2011)
2746-2752.

[24] P.M. Van Dooren, M. Verhaegen, On the use of unitary state space transformations, Contemp. Math. 47 (1985) 447-463.

[25] B.C. Moore, Principal component analysis in linear systems: controllability, observability and model reduction, IEEE Trans. Autom. Control 26 (1981)
17-32.

[26] Robust control Toolbox, version R2009a, MATLAB.

[27] Hsi-Han Yeh, S.S. Banda, A.G. Sparks, D.B. Ridgely, Loop shaping in mixed H, and H,, optimal control, Am. Control Conf. (1991) 1165-1170.

[28] M. Gilbert, Dynamic modeling and active control of aeroelastic aircraft, Purdue University, Master thesis, 1982.

[29] K.V. Fernando, H. Nicholson, Singular perturbational model reduction of balanced systems, IEEE Trans. Autom. Control 27 (1982) 466-468.

[30] Kumar Deepak, J.P. Tiwari, S.K. Nagar, Controller reduction by balanced approach with guaranteed closed-loop performance, Int. J. Autom. Control 6
(2012) 105-119.

[31] Kumar Deepak, J.P. Tiwari, S.K. Nagar, Reducing order of large-scale systems by extended balanced singular perturbation approximation, Int. J. Autom.
Control 6 (2012) 21-38.


http://refhub.elsevier.com/S0307-904X(13)00748-8/h0095
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0100
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0105
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0110
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0110
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0115
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0115
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0120
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0125
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0125
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0140
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0140
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0140
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0145
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0145
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0150
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0160
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0160
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0165
http://refhub.elsevier.com/S0307-904X(13)00748-8/h0165

	Model reduction by extended minimal degree optimal Hankel norm approximation
	1 Introduction
	2 Order reduction algorithm by minimal degree optimal Hankel norm approximation
	3 Minimal degree optimal Hankel norm approximation for reduction of unstable systems
	3.1 Unstable system decomposition
	3.2 Reduced order model by Hankel norm approximation for decomposed stable system
	3.3 Overall reduced order model for original unstable system

	4 Numerical example
	5 Conclusion
	Appendix A Supplementary data
	References


