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Abstract

In this article authors have studied the synchronization between non-autonomous hyperchaotic systems viz., Liu and 4D
hyperchaotic non-autonomous systems with parametric uncertainties using active control method. The numerical simulation and
graphical results shows that the considered method is effective to synchronize non-autonomous hyperchaotic systems with
parametric uncertain terms
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1. Introduction
The applications of non linear dynamical systems have nowadays spread to a wide spectrum of disciplines including

science, engineering, biology, sociology etc. Study and analysis of non-linear dynamics have gained immense
popularity during the last few decades due to its important feature of any real-time dynamical system. Sometimes
these may give rise to the complex behaviour called chaos. Chaos theory as a new branch of physics and
mathematics has provided a new way of viewing the universe and is an important tool to understand the behaviour
of the processes in the world. Chaotic behaviour have been observed in different areas of science and engineering

such as mechanics, electronics, physics, medicine, ecology, biology, economy, and so on. Chaos is an interesting
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phenomenon of nonlinear systems. Thus a chaotic system is a non linear deterministic system with unpredictable
complexity. In dynamical systems, the term chaos is applied to deterministic systems that are periodic and that
exhibit sensitive dependence on initial conditions and parameter variations. The field of chaos has grabbed the
attention of the researchers and this contributes to a significant amount of the ongoing research these days.The
synchronization of two identical autonomous chaotic systems was first observed by Pecora and Carrol in 1990 [1].
Chaos synchronization is an interesting topic of research in the area of non linear sciences, which has been widely
investigated in many different fields, such as chemical and ecological science [2-3], secure communication [4], etc.
The concept of synchronization of chaotic systems is taking two or more chaotic systems. There are severa types of
synchronization schemes which can be used to synchronize of chaotic systems such as active control [5], adaptive
control [6], nonlinear control [7], impulsive control [8], backstepping design [9] etc. The synchronization of non-
autonomous chaotic circuits by using a feedback device to correct the phase of the periodic forcing in the response
system was studied by Pecora and Carrol in 1993 [10]. Y. Lei et al. [11] studied robust synchronization of chaotic
non-autonomous systems using adaptive-feedback control in 2007. In 2012 T. Botmart et a. [12] studied
Synchronization of non-autonomous chaotic systems with time-varying delay via delayed feedback contral, in the
same year Z. Ye and C. Deng [13] studied Adaptive synchronization to a general non-autonomous chaotic system
and its applications.The synchronization between chaotic systems with uncertainties is not easy jobs for researchers
since there are always possibilities of destroying synchronization under the effects of those parameters. Jawaadaa et
al. [14] studied robust active sliding mode anti-synchronization of hyperchaotic systems with uncertainties and
external disturbances, in autonomous systems. In 2012, Chen et al. [15] have studied disturbance-observer-based
robust synchronization control of uncertain autonomous chaotic systems. But the synchronization between non-
autonomous Liu and 4D hyperchaotic systems with uncertainties using active control method isfirst of its kind.

In this article the authors have studied synchronization between non-autonomous Liu and 4D hyperchaotic systems
in the presence of uncertain parameters through active control method. The numerical simulation and graphical
results are carried out using Runge-kutta method with the help of Matlab.

2. Problem formulation and systems description

2.1 Problem formulation

Consider an uncertain non-autonomous chaotic system as a master system as

dx; .

= (A AR+t (x), i=12,...,n. @)
and another uncertain non-autonomous chaotic system as the response system as

D (ay+ 2}y, + () 010 i=12,..,n 2

where x =[x, X, ....... %] eR" and vy =[y1, Yoo y,]T eR" are the state vectors, A, A, e R™" are constant
matrices with proper dimensions, f,, f,:R" — R" are the nonlinear functions of the systems, AA, AA, e R™*" are

parametric uncertainties of chaotic systems with |AA| <3, |AA)|<6,, wWhere &, &, are positive congtants and



Mijay K. Yadav et al. / Procedia Computer Science 79 (2016) 963 — 970 965

u; (t) e R" isthe control input vector of the uncertain chaotic system (2).

If we define the synchronization error as g =y; —x , i =12,...,n. then the corresponding error dynamics can be
. d
obtained as == (A + M%)y, +1fz(y) ~(A -+ AR ~ty(x) +14 (1)

=(Ap+ AR + ARG + Fi(X, ) + U (D), (©)
where Fi(x, %) =tfa(y) —thy(X) + (Ao + ARg) — A)% — AAY;
Now controller U (t) isto be designed in such away that the master and response systems are synchronized through
the proper definitions of errors.
2.2 Systems description

2.2.1 Non-autonomous hyper chaotic Liu system

The non-autonomous hyperchaotic Liu system [16] is given by

%(1 =a(% — %), dT:tZ =8 — X X3 + Xy, % = 89X — 8yXg, % =sin(ot) XX )
where @ is the angular frequency of the input signal. For the parametric values a =10,a, =50, a3=a, =4,a5=2
and we[3.02,3.13], [3.47,3.915] or [4.04, 5] the system (4) shows the hyperchaotic behaviour. Phase portraits of Liu
hyperchaotic system is depicted through Fig. 1 for considered values of the parameters and initial condition
(%4(0), %2(0), %3(0), %4(0)) = (05, 1, 2, 5) .

Let us define the uncertain non-autonomous Liu hyperchaotic system as

% =8y(X — %) + 0.1%3 — 0.03%4, % =¥ —agXXg + %4 +0.02x, % = a3x12 —au%3 +0.3%y,
dx, .
e Sin(@t) XoXg — 0.5%, (5)
0 0 01 0.03
002 0 O 0 . . . .
where AA = 0o 0 0 03 is the uncertain parameter. Fig. 2 shows the phase portraits of non-autonomous
0O 05 O 0

Liu hyper chaotic system with uncertain parameter.
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Fig.1. Phase portraits of non-autonomous Liu hyperchaotic system without uncertainties: (a) inX — X, — X3 space, (b) in X — Xy — X4 Space,
(€)in X — Xz — X4 space, (d) in X, — X3 — X4 Space.

Fig.2. Phase portraits of non-autonomous Liu hyperchaotic system with uncertainties: (a) in X — X, — X3 space, (b) in X — X, — X4 space, (C)
in X — X3 — X4 space, (d) in X — X3 — X4 space.
2.2.2 Non-autonomous 4D hyper chaotic system

The non-autonomous 4D hyperchaotic system [11] is given as

% =by (Y2 — Y1) + YaYaVa, % =0 (Y1+ Yo) — 1Y3Yas % =-{bz +bssin()]y3+ Y1YaYa, % =-b5Ys+ Y1YoYs
(6)

where by, b,, bs, by and by are the parameters. At the values of the parametersb, =30,b, =10,b;=95,b, =h; =40 and

initial condition (y;(0), y»(0), y5(0), y4(0)) =(3, -1, 8, 6) the 4D system shows hperchaotic behaviour. Phase portraits

of equation (6) are depicted through Fig. 3.
The 4D hyerchaotic system with uncertain parametersis defined as

b
dt

=0y (Y2 — Y1) + Y2YaYa +0.02y; + 0.4ys, % =by(Y1 + ¥2) — Y1Y3Ya — 0.1y, % =—{b; +bySNV)]y3 + Y1YoYa +0.05y,
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Fig.4. Phase portraits of non-autonomous 4D hyperchaotic system with uncertainties: (&) in Y4 — Y> — Y3 space, (b) in Y — Y, — Y4 space, (c)
in Y1 —Y3— Y4 space, (d)in Y, — Y3 — Y4 space.
3. Synchronization between non-autonomous Liu and 4D hyperchaotic systems with uncertainties through

active control method
The non-autonomous Liu hyperchaotic system with uncertainties (5) is considered as master system and 4D

hyperchaotic system with uncertainties (7) is taken as response system as
% = — 2 4 % = — ~0.1
q (V2= Ya)+ Y2¥aYa + 002y, +04yg + Uy (1), — = =01+ ¥2) = Y1¥aYa — 0.1ys + Up (1),

% =—bs + by SN()] Y3 + Y1Y2Y4 + 0.05y; +Us(t), % =—D5Ya + Y1Y2Y3 + 0-25Y5 + Uy(t) @)
where U, (t), U, (t), us(t), u,(t) are the control functions to be designed. From equation (5) and equation (8)

we get the following error systems as

d
Eel =Dy (e, — ) +0.026, + 0.465 + (I, — &) (X — %) + 0.02%5 + 0.3%3 + 0.03%4 + Yo Y34 + Uy (1),

d
2= Da(01+ €) ~0.18y — (8 +0.02)% ~L1x4 + A5 + b (% + %) ~ Yavaya + Up(1),

d .
% =0.05¢ —[b3 + by SN()] Y3 + Y1Y2Ya + 0.05% — g + g% — 0.3, + Us(t),

% =—hse, + 0.250; + Y1 Yo Y3 — bsXg + 0.25x%5 + 0.5X, — Sin(wt )XoXg + Uy (t) 9)

where g =y, - X, i=12,34. Hereour goal isto design the control functions U, (t), U, (t), us(t), u,(t) ([5])as
(1) = —(0, —8) 0% — %) — 0.02%; ~ 0.3x3 — 0.08%, — YoY3Ya +\ (1),

Up(t) = (82 +0.02) +1.1% —85%X3 — b (% +0) + Y1YaYa +Va(t)

Us(t) = [Ib3 + by, SIN(t)] Y3 — Y1YoYs — 0.05% + agx? — ayxg + 0.3%, +Va(t)

Uy (t) = —Y1YoYa +b5Xq — 0.25%3 — 0.5%; + Sin(at) XoXg + V4 (t)

which leads to error systems as

D~ ye,-a) + 0026, + 00y + (D), T2 = by(e1+8)~ 0.1y +V5(0), 2= 0.058 +Vs(1),

% = —bye, +0.250; + V(1) (10)
The error system (10) is a linear system with control inputsV;(t) , Vo(t) , Va(t) and V,(t) as the functions of
e, &, egand g, . Now design control inputs to stabilize the above error system.

Let us choose
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Vi(t) 8
Vo) |_ @
Va(t) &
V(1) €

Where A isthe 4x4 matrix. In order to make the closed loop system stable, matrix A should be selected in such
away that the feedback system will have the eigenvalues 4,i =1, 2,3 with negative real parts.
Choosing the matrix A as
b-1 -b-002 -04 0
a| 2 -1 0ol
-0.05 0 -1 0
0 0 025 bs-1

Thus the error system (10) reduced to

dg de, de; de;,
R T T
All the eigenvalues of the error systems (11) are negative and hence the systems are stable and required
synchronization between non-autonomous systems is obtained.

63, € (11)
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Fig.5. Statetrajectories of master system( ) and response system ( ): (a) between X; and Y, ; (b) between X, and Y, ; (c) between X, and

y3; (d) X, and Y,; () The evolution of the error functions g (t), &, (t) , &3(t) and ey(t) .
4. Numerical simulation and results
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In this section, we take the earlier considered values of the parameters of both the systems. The initial conditions of
drive and response systems are taken as (>4(0), %(0), x3(0), x4(0)) =(05, 1, 2, 5) and

(y4(0), ¥5(0), y3(0), y4(0))=(3, -1, 8, 6) respectively. Hence the initial conditions of error system are
(@(0), &(0), 5(0),&,(0)) =(25,-2,6,1) . The synchronization between x -y, , X -V, , X3—Yys and x,—y, are

depicted through Fig.5(a)-5(d). The error functions are depicted through Fig. 5(e). We can see that from Fig. 5(a)-
5(e) the considered non-autonomous hyperchaotic systems with uncertainties are synchronized after a small time of
duration.

5. Conclusion

The authors have successfully used the active control method to achieve synchronization between the non-
autonomous hyperchaotic systems with uncertainties along a desired trajectory, which clearly exhibits the reliability
and potential of the method. The graphical representation of the numerical results is clearly shows that non-
autonomous Liu and 4D hyperchaotic systems with uncertainties are synchronized when the error states tending to
zero astime becomes large.
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