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a b s t r a c t 

Analysis of thermoelastic damping (TED) of micro and nano-beam resonators plays a very important role in 

designing the resonator with high-quality factors. TED of micro and nano-beam resonators has therefore been 

an interesting and challenging area of research in recent years. Prediction of TED is more challenging under the 

effect of non-Fourier heat conduction. In the past, several works have been dedicated to TED modeling with the 

influence of non-Fourier heat conduction in view of the fact that non-Fourier heat conduction model is more 

relevant for analysis of TED for small scale devices. The present work aims to investigate TED in micro and 

nano-mechanical resonators utilizing non-Fourier heat conduction model with a single delay term introduced by 

Quintanilla in 2011. We derive an explicit formula of the quality factor for TED based on the entropy generation 

approach. With the help of numerical results, we present the influence of TED in the context of normalized 

frequency as well as beam thickness. Further, the effects of the time delay parameter and the material constants 

on TED have been discussed in detail. The results of the present model are compared to those obtained for GN-III 

model. It has been observed that the current model offers a high-quality factor as compared to GN-III model. 
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. Introduction 

Thermoelastic damping (TED) is a major source of internal

amping in micro-electromechanical systems (MEMS) and nano-

lectromechanical systems (NEMS) working under vacuum condition.

EMS/NEMS are widely used in engineering and science due to their

pplications such as signal processing filters, sensors, micro-actuators,

icroscopes, etc., where the high-quality factors are required [1,2] . One

f the popular applications of MEMS/NEMS devices is micro/nano-beam

esonators. The quality factor (Q-factor) is used to measure the quality

erformance of the resonators. The Q-factor is defined as the ratio of

he stored energy in the system to the energy dissipated by the system

or various damping mechanisms per cycle of vibrations. The dissipa-

ion effects are generally measured by Q-factor during the vibrations.

he high Q-factor of a resonator indicates the lower rate of energy dissi-

ation and implying its higher sensitivity. Generally, the dissipation of

nergy of the systems can be classified into two groups, internal loss and

xternal loss. Among energy dissipation mechanisms for a large range

f micro and nano-mechanical resonators, TED is considered more im-

ortant than other damping factors [3,4] . The accurate Q-factor predic-

ion is important to design the high-performance of micro and nano-

echanical devices. There are some methods developed for Q-factor
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rediction due to TED. One of these methods, the most adopted one

s complex-frequency approach method [5] , where the Q-factor is given

y 𝑄 

−1 = 2 |𝐼𝑚 ( 𝜔 ) ∕ 𝑅𝑒 ( 𝜔 ) |, where 𝜔 is in general considered as complex-

requency. Here, Im ( 𝜔 ) and Re ( 𝜔 ) indicate the imaginary and real part

f 𝜔 , which gives the attenuation of the vibration and the new eigen-

requencies in the presence of TED, respectively. Other methods are

hermal-energy method (entropy generation approach) [6] , the finite

lement-based method [7] , and molecular dynamics simulation method

8,9] . 

In 1937 and 1938, Zener [10,11] first developed an analytical model

or TED in a vibrating beam. Here, the heat conduction was considered

nly along the cross-section of the beam. In 1990, Green and Naghdi

12–14] established different thermoelastic models, which are known as

N-I, GN-II, and GN-III models. The work of Zener had been improved

y Lifshitz and Roukes [5] in 2000, developing precise and closed-form

xpression for TED. The flexural vibrations in a thermoelastic body pro-

uce an oscillating stress gradient and an oscillating temperature gra-

ient, which is caused by the coupling of the strain field and the tem-

erature field. The temperature gradient essentially increases the flow

f heat from the higher temperature to the lower temperature regimes.

his energy dissipation process is termed as TED. Due to the effects

f irreversible heat flow, the thermal strain field result in fluctuating

emperature is out of phase with the applied stress field for the vi-
er 2019 
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rating resonators. This phase difference accounts for the conversion

f mechanical energy into heat. As per the second law of thermodynam-

cs, this heat flow can produce entropy, which appears as conservation

f useful mechanical energy into heat. This process of entropy genera-

ion is used in the analysis of TED by the entropy generation method.

n 1994, Kinra and Milligan [15] analyzed TED based on the second

aw of thermodynamics and established a general theory for calculating

ED from the entropy produced. Later on, there are many researchers

ho analyzed TED in MEMS resonators based on this concept of en-

ropy generation [16–18] . Khisaeva and Ostoja-Starzewski [19] studied

he associated TED in micro-beam resonators considering generalized

hermoelasticity theory with one relaxation time. They have used the

pproach of Kinra and Milligan [15] considering a starting point and

he difference between temperature distribution across the beam thick-

ess between classical and nonclassical theory for a broad frequency

ange. Bostani and Mohammadi [20] investigated the behavior of TED

n beam resonators using modified strain gradient elasticity as well as

eneralized thermoelasticity theories. Guo et al. [21] studied the nature

f vibrations of TED in micro-beam resonators at the nanoscale uti-

izing the generalized thermoelasticity theory with the dual-phase-lags

DPL) thermal conduction model. The DPL heat conduction model is

 modification of Fourier law proposed by Tzou [22] by defining two

ifferent phase lag parameters of the heat flux vector and the thermal

radient vector. Kumar et al. [23] estimated TED in micro-mechanical

esonators on the basis of the three-phase-lag (TPL) heat conduction

odel. This model modified by Roychoudhuri [24] is an extension of

zou’s heat conduction model containing one more relaxation time of

hermal displacement vector, which is different from the heat flux vec-

or and thermal gradient vector associated with DPL heat conduction

odel. 

In recent years, some investigations dealing with the TED in beams

nd plates have been reported (see Refs. [25–46] ). Analysis of TED con-

idering ring structures can be found in the articles [47–53] . We refer to

ome useful investigations [54–63] on thermoelastic vibration of beams

nd plates considering the modified couple stress theory. Recently, Ku-

ar et al. [64] analyzed TED in micro-beam resonator, considering ther-

oelasticity theory with a single delay term introduced by Quintanilla

65] . They adopted complex-frequency approach and derived a more

eneral formula of the inverse quality factor by considering the ther-

oelasticity theories of type TPL, LS, GN-III, and thermoelasticity the-

ry with a single delay term in a unified way. In their work, it is found

hat the quality factor under thermoelasticity theory with a single delay

erm is greater than that under TPL and LS theories while agrees with

he results by GN-III theory. 

The main contribution of the present work is to present a general-

zed model to accurately capture the TED in beam resonator at micro

nd nanoscale structures by employing the non-Fourier heat conduction

odel with a single delay term proposed by Quintanilla [65] . We present

he entropy-based method to estimate TED and give an explicit analyti-

al formula of the quality factor due to TED. The results of the present

odel are compared with those obtained for GN-III model. There is a

ack of the experimental value of some material constants associated

ith the non-Fourier heat conduction equation to accurately capture

he TED in MEMS/NEMS resonators, sometimes hypothetical values of

ome parameters are assumed by researchers. In this work, we obtain

he results by considering three different cases in the value of thermal

onductivity rate that is a material constant characteristic of the GN-III

odel and the present model. We analyze our results for the cases when

his material constant is greater than the thermal conductivity, equal

o the thermal conductivity, and less than the thermal conductivity by

ssuming the thermal conductivity of the material associated with the

eat conduction equation is known. We highlight the differences in pre-

ictions of the quality factor for all three cases. The obtained results

an help the researchers for calculating TED accurately in micro and

ano-beam resonators based on the present modified Fourier law. It is

lso believed that the present investigation will bring to light a detailed
nderstanding of TED analysis under the influence of the present model

nd GN-III model. 

. Problem formulation 

In this article, we consider a non-Fourier heat conduction equation

ith a single delay term suggested by Quintanilla [65] . This heat con-

uction equation is developed as a reformulation of TPL heat conduction

odel (Roychoudhuri [24] ) by introducing a delay term between heat

ux vector and thermal displacement vector with the assumption that

he phase lag of heat flux vector is equal to the phase lag of the thermal

radient vector (i.e., 𝜏 = 𝜏𝑞 − 𝜏𝜐 and 𝜏𝑞 = 𝜏𝑇 ). Here, the term 𝜏q that re-

ults the small scale effects of heat transport in space such as phonon

cattering or phonon-electron interaction, is called the phase lag of heat

ux. The term 𝜏T results from the rapid transient effects of thermal in-

rtia, is called the phase lag of thermal gradient [22] . The term 𝜏𝜐 is

ermed as the phase lag of the thermal displacement gradient [24] . The

on-Fourier heat conduction equation with a single delay term intro-

uced by Quintanilla [65] is given by 

 𝑖 ( 𝑟, 𝑡 ) = − 

[
𝑘𝑇 , 𝑖 ( 𝑟, 𝑡 ) + 𝑘 ∗ 𝜐, 𝑖 ( 𝑟, 𝑡 − 𝜏) 

]
(1)

here 𝜐̇ = 𝑇 . In the above equation, q indicates the heat flux vector, T

he temperature, r the position vector, k ∗ the material constant charac-

eristic of the theory, k the thermal conductivity of the material, and 𝜐

ndicates the thermal displacement vector. Expanding Eq. (1) upto sec-

nd order in 𝜏 by Taylor series expansion, one can obtain 

 𝑖 = − 

[ (
𝑘 − 𝑘 ∗ 𝜏

)
𝑇 , 𝑖 + 

𝜏2 𝑘 ∗ 

2 
𝑇̇ , 𝑖 + 𝑘 ∗ 𝜐, 𝑖 

] 
(2)

he heat flux, temperature, and dilatation strain due to the thermal ef-

ect of thermoelastic isotropic material is defined as [66] 

 𝑞 𝑖,𝑖 = 𝜌𝐶 𝑣 
𝜕𝑇 

𝜕𝑡 
+ 

𝑇 𝐸𝛼𝑇 

( 1 − 2 𝜈) 
𝜕𝑒 

𝜕𝑡 
(3)

here 𝜌 indicates the mass density, C v the specific heat capacity at con-

tant volume, 𝜈 the Poisson’s ratio, 𝛼T the thermal expansion coefficient,

nd e indicates the dilatation strain. By using Eqs. (2) and (3) in view

f 𝜐̇ = 𝑇 , we get 

 

∗ 𝑇 , 𝑖𝑖 + 

(
𝑘 − 𝑘 ∗ 𝜏

)
𝑇̇ , 𝑖𝑖 + 

𝜏2 𝑘 ∗ 

2 
𝑇̈ , 𝑖 = 𝜌𝐶 𝑣 𝑇̈ + 

𝑇 𝐸𝛼𝑇 

( 1 − 2 𝜈) 
𝑒 (4)

he above equation further can be rewritten in the following form: 

 

∗ 𝜃, ii + 

(
𝑘 − 𝑘 ∗ 𝜏

)
𝜃̇, ii + 

𝜏2 𝑘 ∗ 

2 
𝜃̈, 𝑖 = 𝜌𝐶 𝑣 𝜃̈ + 

𝑇 0 𝐸𝛼𝑇 
( 1 − 2 𝜈) 

𝑒 (5) 

here 𝜃 = 𝑇 − 𝑇 0 is change in temperature from the reference tempera-

ure T 0 . It is worth noting that when 𝜏 = 0 , the present thermoelasticity

odel recovers the thermoelasticity theory of type GN-III. 

. TED in micro and nano-beam resonators 

In this section, we consider a thin elastic beam (Euler–Bernoulli

eam) with small flexural deflection of length L with a rectangular cross-

ection of dimension h × b as shown in Fig. 1 , assuming the 𝑥 − axis along

he axis of the beam, 𝑦 − axis along the thickness of the beam, and 𝑧 − axis

long the width of the beam. In the equilibrium, it is considered that the

eam is unstrained, unstressed, and kept at uniform temperature T 0 ev-

rywhere. Therefore, the strain tensor and dilatation strain are given by

5,66] 

 11 = − 𝑦 
𝜕 2 𝑤 

𝜕𝑥 2 
, 𝜀 22 = 𝜀 33 = 𝜈𝑦 

𝜕 2 𝑤 

𝜕𝑥 2 
+ ( 1 + 𝜈) 𝛼𝑇 𝜃

 = 𝜀 11 + 𝜀 22 + 𝜀 33 = ( 2 𝜈 − 1 ) 𝑦 𝜕 
2 𝑤 

𝜕𝑥 2 
+ 2 ( 1 + 𝜈) 𝛼𝑇 𝜃 (6)

here w represents the deflection of the beam. Inserting Eq. (6) into

q. (5) , one can obtain 
 

𝑘 ∗ 

𝑘 

( 

1 − 𝜏
𝜕 

𝜕𝑡 
+ 

𝜏2 

2 
𝜕 2 

𝜕𝑡 2 

) 

+ 

𝜕 

𝜕𝑡 

] 
𝜃, 𝑖𝑖 = 

1 
𝜒

( 

𝛺𝜃̈ − 

Δ𝐸 𝑦 
𝛼

𝜕 4 𝑤 

𝜕 𝑡 2 𝜕 𝑥 2 

) 

(7)

𝑇 
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Fig. 1. Deformation of an Euler–Bernoulli beam. 
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here 𝛺 = 

( 1−2 𝜈) +2Δ𝐸 ( 1+ 𝜈) 
( 1−2 𝜈) , 𝜒 = 

𝑘 

𝜌𝐶 𝑣 
indicates the thermal diffusivity of

he material, and Δ𝐸 = 

𝐸𝛼2 
𝑇 
𝑇 0 

𝜌𝐶 𝑣 
represents the relaxation strength of

oung’s modulus (the relative difference between the adiabatic and

sothermal values of Young’s modulus). It can be noted that ΔE is di-

ensionless and ΔE ≪ 1. It is further worth noting that thermal gradi-

nts in the cross-section of the plane along the 𝑦 − direction are much

arger than the gradients along the axis of beam and no gradient exists

n the direction of 𝑧 − axis. Therefore replacing 𝜃, ii by 𝜕 
2 𝜃
𝜕𝑦 2 

in Eq. (7) , we

btain 
 

𝑘 ∗ 

𝑘 

( 

1 − 𝜏
𝜕 

𝜕𝑡 
+ 

𝜏2 

2 
𝜕 2 

𝜕𝑡 2 

) 

+ 

𝜕 

𝜕𝑡 

] 
𝜕 2 𝜃

𝜕𝑦 2 
= 

1 
𝜒

( 

𝛺𝜃̈ − 

Δ𝐸 𝑦 
𝛼𝑇 

𝜕 4 𝑤 

𝜕 𝑡 2 𝜕 𝑥 2 

) 

(8) 

. Solution for harmonic vibration 

To find the influence of thermoelastic coupling on harmonic vibra-

ions of the beam resonator, the heat conduction equation Eq. (8) is

olved for the case of harmonic vibrations. Firstly, it is assumed that 

 ( 𝑥, 𝑡 ) = 𝑊 ( 𝑥 ) 𝑒 𝑖𝜔𝑡 , 𝜃( 𝑥, 𝑦, 𝑡 ) = 𝜃0 ( 𝑥, 𝑦 ) 𝑒 𝑖𝜔𝑡 (9)

here W ( x ) denotes the displacement function, 𝜃0 ( x, y ) denotes a

omplex-valued function indicating that the temperature field is out of

hase with the applied stress, and 𝜔 represents the angular frequency of

ibration. Substituting Eq. (9) into Eq. (8) , we get 
 

𝑘 ∗ 

𝑘 

( 

1 − 𝑖𝜔 − 

𝜏2 

2 
𝜔 2 
) 

+ 𝑖𝜔 

] 
𝜕 2 𝜃0 

𝜕𝑦 2 
= 

𝜔 2 

𝜒

( 

− 𝛺𝜃0 + 

Δ𝐸 𝑦 
𝛼𝑇 

𝜕 2 𝑊 

𝜕𝑥 2 

) 

𝜕 2 𝜃0 

𝜕𝑦 2 
= − 

𝜔 2 

𝜒

[
𝑘 ∗ 

𝑘 

(
1 − 

𝜏2 

2 𝜔 
2 
)
+ 𝑖𝜔 

(
1 − 

𝑘 ∗ 𝜏
𝑘 

)]( 

𝛺𝜃0 − 

Δ𝐸 𝑦 
𝛼𝑇 

𝜕 2 𝑊 

𝜕𝑥 2 

) 

(10)

he general solution of the above equation can be obtained in the fol-

owing form: 

0 ( 𝑥, 𝑦 ) = 𝐷 1 𝑠𝑖𝑛 ( 𝑝𝑦 ) + 𝐷 2 𝑐𝑜𝑠 ( 𝑝𝑦 ) + 

Δ𝐸 𝑦 
𝛺𝛼𝑇 

𝜕 2 𝑊 

𝜕𝑥 2 
(11)

here the unknown coefficients D 1 and D 2 are determined by applying

hermal boundary conditions, and p can be expressed as: 

 = 

√ 

𝜔 

𝜒

√
𝑎 1 − 𝑖𝑎 2 = 

𝜉𝜁

ℎ 
− 𝑖 

𝜉

ℎ𝜁
𝑎 2 , 𝜉 = ℎ 

√ 

𝜔 

2 𝜒
, 𝜁 = 

√ 

𝑎 1 + 

√ 

𝑎 2 1 + 𝑎 2 2 

 1 = 

𝛺
𝑘 ∗ 

𝑘 

(
1 − 

𝜏2 

2 𝜔 
2 
)
𝜔 [

𝑘 ∗ 

𝑘 

(
1 − 

𝜏2 

2 𝜔 
2 
)]2 

+ 

[(
1 − 

𝑘 ∗ 𝜏
𝑘 

)
𝜔 

]2 
 2 = 

𝛺

(
1 − 

𝑘 ∗ 𝜏
𝑘 

)
𝜔 2 [

𝑘 ∗ 

𝑘 

(
1 − 

𝜏2 

2 𝜔 
2 
)]2 

+ 

[(
1 − 

𝑘 ∗ 𝜏
𝑘 

)
𝜔 

]2 
he thermal boundary conditions are taken such that the lower and up-

er surfaces of the beam are adiabatic. In this case, we have 

𝜕𝜃

𝜕𝑦 
= 0 𝑎𝑡 𝑦 = ± 

ℎ 

2 
(12)

inally, in view of Eqs. (11) and (12) , the temperature field function is

btained as: 

0 ( 𝑥, 𝑦 ) = 

Δ𝐸 
𝛺𝛼𝑇 

𝜕 2 𝑊 

𝜕𝑥 2 

⎡ ⎢ ⎢ ⎢ ⎣ 𝑦 − 

𝑠𝑖𝑛 ( 𝑝𝑦 ) 

𝑝 𝑐𝑜𝑠 

(
𝑝ℎ 

2 

)⎤ ⎥ ⎥ ⎥ ⎦ (13) 

. Entropy based method for TED 

The inverse of the quality factor can be defined in terms of energy

oss and maximum stored energy per cycle of vibration as [11] 

 

−1 = 

1 
2 𝜋

Δ𝑊 

𝑊 𝑠𝑡𝑜𝑟𝑒𝑑 

(14) 

here ΔW denotes the energy loss and W stored denotes the maximum

tored energy, respectively during one period of oscillation. Now, we

im to calculate the lost energy and the maximum stored energy during

ne period of oscillation. Firstly, the solution of Eq. (8) can be rewritten

n the form of temperature field function as: 

( 𝑥, 𝑦, 𝑡 ) = 𝜃0 ( 𝑥, 𝑦 ) 𝑠𝑖𝑛 ( 𝜔𝑡 ) (15) 

ere, 𝜔 is a real valued involved in the forced harmonic vibration with

o attenuation during one period. From the second law of thermody-

amic, the rate of entropy generation per unit volume is expressed as

67] 

̇ = − 

1 
𝑇 2 
𝑞 𝑖 𝑇 , 𝑖 (16)

or simplification of this equation, when 𝜃≪ 1, the zeroth order term of

he Taylor series expansion of 𝑇 −2 around T 0 is considered as: 

1 
𝑇 2 

= 

1 
𝑇 2 

− 𝑂 

( 

2 
𝑇 3 
𝜃

) 

(17)
0 0 
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i  

p  
ence, substituting the values of q i from Eq. (16) into Eq. (1) and then

sing Eq. (17) , we arrive at the relation 

̈ + 

( 

2 ̇𝑇 
𝑇 0 

− 

𝑇̇ , 𝑖 

𝑇 , 𝑖 

) 

𝑠̇ = 

[ 
𝑘 ∗ + 

(
𝑘 − 𝑘 ∗ 𝜏

) 𝜕 
𝜕𝑡 

+ 

𝜏2 𝑘 ∗ 

2 
𝜕 2 

𝜕𝑡 2 

] (
𝑇 , 𝑖 

)2 
𝑇 2 0 

(18)

ince, the term 

2 ̇𝑇 
𝑇 0 

is small, hence for mathematical simplicity neglecting

his term in Eq. (18) , therefore the solution of Eq. (18) for 𝑠̇ is acquired

s: 

̇ = 

1 
𝑇 2 0 

( 

𝜕𝜃0 
𝜕𝑦 

) 2 [ ( 

𝑘 − 𝑘 ∗ 𝜏

𝜔 2 

) 

𝑠𝑖𝑛 2 ( 𝜔𝑡 ) − 

𝑘 ∗ 

2 𝜔 

( 

1 − 

𝜏2 

2 𝜔 2 

) 

𝑠𝑖𝑛 ( 2 𝜔𝑡 ) 
] 

(19)

nserting Eq. (13) into Eq. (19) , one can obtain 

̇ = 

1 
𝑇 2 0 

( 

Δ𝐸 
𝛺𝛼𝑇 

𝜕 2 𝑊 

𝜕𝑥 2 

) 2 ⎡ ⎢ ⎢ ⎢ ⎣ 1 − 

𝑐𝑜𝑠 ( 𝑝𝑦 ) 

𝑐𝑜𝑠 

(
𝑝ℎ 

2 

)⎤ ⎥ ⎥ ⎥ ⎦ 
2 { 

sin 2 ( 𝜔𝑡 ) − 

𝑘 ∗ 

𝑘 

𝑠𝑖𝑛 ( 2 𝜔𝑡 ) 
2 𝜔 

} 

(20)

he generation of entropy per unit volume over one cycle of vibration

s given by 

𝑠 = ∮ 𝑠̇ 𝑑𝑡 (21)

y using Eqs. (20) and (21) , we obtain 

𝑠 = 

𝜋

𝜔 3 
( 𝑘 − 𝑘 ∗ 𝜏) 
𝑇 2 0 

( 

Δ𝐸 
𝛺𝛼𝑇 

𝜕 2 𝑊 

𝜕𝑥 2 

) 2 ⎡ ⎢ ⎢ ⎢ ⎣ 1 − 

𝑐𝑜𝑠 ( 𝑝𝑦 ) 

𝑐𝑜𝑠 

(
𝑝ℎ 

2 

)⎤ ⎥ ⎥ ⎥ ⎦ 
2 

(22)

e can obtain the total entropy production over one cycle by integrating

q. (22) over the volume of the beam as follows: 

𝑆 = ∫
𝑉 

Δ𝑠𝑑𝑉 (23)

ubstituting Eq. (22) into Eq. (23) , we find the following expression 

𝑆 = 

𝜋

𝜔 3 

( 𝑘 − 𝑘 ∗ 𝜏) Δ2 
𝐸 
ℎ 

𝛼2 
𝑇 
𝑇 2 0 𝛺

2 
𝐴.𝐵 = 

𝜋

(
1 − 

𝑘 ∗ 𝜏
𝑘 

)
ℎ 3 𝐸Δ𝐸 

2 𝛺2 𝑇 0 𝜉
2 𝐴.𝐵 (24)

here A and B are the complex functions given by 

= ∫
+ ℎ 2 

− ℎ 2 

⎡ ⎢ ⎢ ⎢ ⎣ 1 + 

cos 2 ( py ) 

cos 2 
(

ph 

2 

)− 

2 cos ( py ) 

cos 
(

ph 

2 

)⎤ ⎥ ⎥ ⎥ ⎦ dy = 1+ 

1 
1 + cos 

(
ph 
) − 

3 
ph 

tan 

( 

ph 

2 

) 

(25)

 = ∫
𝐿 

0 ∫
+ 𝑏 2 

− 𝑏 

( 

𝜕 2 𝑊 

𝜕𝑥 2 

) 2 
dzdx = 𝑏 ∫

𝐿 

0 

( 

𝜕 2 𝑊 

𝜕𝑥 2 

) 2 
dx (26)
2 

Fig. 2. Variation of 𝑄 −1 ∕Δ𝐸 versus non-dimensional frequency 𝜉 for
he real and imaginary parts of Eq. (25) can be separated in view of

 = 

𝜉𝜁

ℎ 
− 𝑖 

𝜉

ℎ𝜁
𝑎 2 as follows: 

𝑒 ( 𝐴 ) = 1 + 

1 + 𝑐 𝑜𝑠 ( 𝜉𝜁 ) 𝑐 𝑜𝑠ℎ 
(
𝜉𝑎 2 
𝜁

)
[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]2 − 

3 𝜁
(
𝜁2 𝑠𝑖𝑛 ( 𝜉𝜁 ) + 𝑎 2 𝑠𝑖𝑛ℎ 

(
𝜉𝑎 2 
𝜁

))
𝜉
(
𝜁4 + 𝑎 2 2 

)[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]

𝑚 ( 𝐴 ) = − 

𝑠𝑖𝑛 ( 𝜉𝜁 ) 𝑠𝑖𝑛ℎ 
(
𝜉𝑎 2 
𝜁

)
[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]2 − 

3 𝜁
(
𝑎 2 𝑠𝑖𝑛 ( 𝜉𝜁 ) − 𝜁2 𝑠𝑖𝑛ℎ 

(
𝜉𝑎 2 
𝜁

))
𝜉
(
𝜁4 + 𝑎 2 2 

)[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]
herefore, the total dissipated energy ΔW can be calculated as: 

𝑊 = 𝑇 0 |Δ𝑆 | = 

𝜋

(
1 − 

𝑘 ∗ 𝜏
𝑘 

)
ℎ 3 𝐸Δ𝐸 𝐵 

2 𝛺2 𝜉2 

√ 

𝑅𝑒 ( 𝐴 ) 2 + 𝐼𝑚 ( 𝐴 ) 2 (27)

urther, the maximum stored energy W stored over entire beam per cycle

s given by 

 𝑠𝑡𝑜𝑟𝑒𝑑 = 

1 
2 ∫
𝑉 

𝜎𝑥𝑥 𝜀 𝑥𝑥 𝑑𝑉 (28)

here 𝜎𝑥𝑥 = 𝐸𝜀 𝑥𝑥 . Therefore, the maximum stored energy from above

quation is obtained as: 

 𝑠𝑡𝑜𝑟𝑒𝑑 = 

𝐸𝑏ℎ 3 

24 ∫
𝐿 

0 

( 

𝜕 2 𝑊 

𝜕𝑥 2 

) 2 
𝑑 𝑥 = 

𝐸 ℎ 3 𝐵 

24 
(29)

ow, using Eqs. (27) and (29) into Eq. (14) , the expression for the in-

erse quality factor to calculate TED in beam resonators is finally de-

ived as: 

 

−1 = 

6 
(
1 − 

𝑘 ∗ 𝜏
𝑘 

)
Δ𝐸 

𝛺2 𝜉2 

×
⎡ ⎢ ⎢ ⎢ ⎣ 
⎧ ⎪ ⎨ ⎪ ⎩ 1 + 

1 + 𝑐 𝑜𝑠 ( 𝜉𝜁 ) 𝑐 𝑜𝑠ℎ 
(
𝜉𝑎 2 
𝜁

)
[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]2 − 

3 𝜁
(
𝜁2 𝑠𝑖𝑛 ( 𝜉𝜁 ) + 𝑎 2 𝑠𝑖𝑛ℎ 

(
𝜉𝑎 2 
𝜁

))
𝜉
(
𝜁4 + 𝑎 2 2 

)[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]⎫⎪⎬⎪⎭
+ 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝑠𝑖𝑛 ( 𝜉𝜁 ) 𝑠𝑖𝑛ℎ 

(
𝜉𝑎 2 
𝜁

)
[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]2 + 

3 𝜁
(
𝑎 2 𝑠𝑖𝑛 ( 𝜉𝜁 ) − 𝜁2 𝑠𝑖𝑛ℎ 

(
𝜉𝑎 2 
𝜁

))
𝜉
(
𝜁4 + 𝑎 2 2 

)[
𝑐 𝑜𝑠 ( 𝜉𝜁 ) + 𝑐 𝑜𝑠ℎ 

(
𝜉𝑎 2 
𝜁

)]⎫ ⎪ ⎬ ⎪ ⎭ 
2 ⎤ ⎥ ⎥ ⎥ ⎦ 

1
2

(30) 

. Numerical results 

In the previous section, the explicit formula of the Q-factor for TED

s derived as 𝑄 

−1 ∕Δ𝐸 by applying the entropy generation approach. The

resent work aims to investigate the TED in beam resonators based on
 fixed 𝑘 ∗ = 90 and aspect ratio ( a ) 𝐿 ∕ ℎ = 25 and ( b ) 𝐿 ∕ ℎ = 30 . 
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Fig. 3. Variation of 𝑄 −1 ∕Δ𝐸 versus non-dimensional frequency 𝜉 for fixed 𝑘 ∗ = 156 and aspect ratio ( a ) 𝐿 ∕ ℎ = 25 and ( b ) 𝐿 ∕ ℎ = 30 . 

Fig. 4. Variation of 𝑄 −1 ∕Δ𝐸 versus non-dimensional frequency 𝜉 for fixed 𝑘 ∗ = 200 and aspect ratio ( a ) 𝐿 ∕ ℎ = 25 and ( b ) 𝐿 ∕ ℎ = 30 . 
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Fig. 5. Effects of time delay parameter on 𝑄 −1 ∕Δ𝐸 versus non-dimensional fre- 

quency 𝜉 for fixed 𝑘 ∗ = 90 and aspect ratio 𝐿 ∕ ℎ = 30 . 
he modified heat conduction equation with a single delay term pro-

osed by Quintanilla [65] . The results of the present model are com-

ared to the corresponding results of the thermoelasticity theory of type

N-III. The effects of some parameters on the TED such as aspect ratio,

eam thickness, and dimensionless frequency, are studied. Furthermore,

he effects of material constant k ∗ (conductivity rate) on the Q-factor for

ED is also discussed. Here, the material of the beam is selected as Sili-

on. The properties of Silicon material are listed below [46,64] : 

𝑇 0 = 293 K , 𝐸 = 169 GPa , 𝜌 = 2330 Kg/m 

3 , 𝜈 = 0 . 22 , 𝑘 = 156 W ∕ mK , 

𝐶 𝑣 = 1 . 64 × 10 6 J/m 

3 K , 𝛼𝑇 = 2 . 6 × 10 −6 K 

−1 and 𝜏 = 1 . 72 × 10 −12 s . 
Figs. 2 , 3 , 4 show the variation of thermoelastic damping 𝑄 

−1 ∕Δ𝐸 
scaled by the relaxation strength ΔE ) with dimensionless frequency, 𝜉

or various aspect ratios in the contexts of the present model and GN-III

odel. We show the results for the cases when the aspect ratio 𝐿 ∕ ℎ = 25
nd 𝐿 ∕ ℎ = 30 . Figs. 2 –4 also depict the effects of the material parameter

conductivity rate), k ∗ on TED. This parameter is the characteristic of

he present model and GN-III model. In the graphs, two curves show the

esults for TED associated with GN-III model and the present thermoelas-

icity model involving a single delay term parameter. As shown in these

igures, the method based on entropy generation is almost close to the

urve of the GN-III model for the high-frequencies range. In the case of

oth the models, the peak value of TED occurs nearly for 𝜉 ≃2.224. It has

een observed that TED increases to a maximum peak value as the fre-

uency increases and decreases after reaching the peak value. The peak

alue is for the configuration on which the lost energy is the highest. It

an be concluded that the difference between the prediction of Q-factor

y two models decreases as we increase the aspect ratio of the beam.

herefore, for large aspect ratio, the Q-factor is almost the same for

oth the models. Furthermore, for large frequencies with a fixed aspect

atio L / h , the errors are negligible. It is further observed that the present
odel offers the high-quality factor for small aspect ratio in comparison

o GN-III model. From the Figures, the effects of material constant k ∗ on

ED can be observed to be very much prominent, implying that there

s a significant difference in the prediction of Q-factor by the present

odel as compared to the GN-III model. When the material constant k ∗ 

s smaller than thermal conductivity k , the Q-factor decreases, and when

t is greater or equal to k , the Q-factor increases from GN-III model. In all

ases, the results of the Q-factor for TED obtained by the present model

re better than those shown by GN-III model. 

In Fig. 5 , the effects of time delay parameter ( 𝜏) are depicted for fixed

spect ratio 𝐿 ∕ ℎ = 30 against the normalized frequency. It has been ob-
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Fig. 6. Variation of 𝑄 −1 ∕Δ𝐸 versus beam thickness h for ( a ) 𝑘 ∗ = 90 , ( b ) 𝑘 ∗ = 156 , and ( c ) 𝑘 ∗ = 200 . 
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T  
erved that with the increase in the values of delay time, the Q-factor in-

reases in comparison to the Q-factor predicted by GN-III model. Hence,

e can obtain the high Q-factor of the beam resonator. Moreover, TED

an occur for a longer time. 

Figs. 6 ( a,b,c ) display the variation of thermoelastic damping

 

−1 ∕Δ𝐸 (scale by the relaxation strength ΔE ) for different aspect ratios

 𝐿 ∕ ℎ = 25 and 𝐿 ∕ ℎ = 30 ) of the beam with respect to beam thickness

t nanometer scale. From these figures, one can also observe the effects

f material constant k ∗ on TED. Here, we have considered three cases

.e., when 𝑘 ∗ < 𝑘, 𝑘 ∗ = 𝑘, and k ∗ > k . It is noticed that the difference of

eak value in the Q-factor is larger for smaller aspect ratio associated

ith present and GN-III models. Also, with the increase of aspect ratio,
he peak value decreases. From these Figures, it is clear that when we

ncrease aspect ratio, the value of the Q-factor decreases. Furthermore,

t is found that the value of the Q-factor in present model is greater

han GN-III model and hence, a lower rate of energy loss relative to the

tored energy of the resonator can be achieved by applying the present

odel. Therefore, this resonator with high-quality factor has low damp-

ng so that they ring or vibrate for longer duration of time. As observed

rom Fig. 6 ( a,b,c ), when we increase the value of material constant k ∗ ,

ED decreases and hence, in this case, we can obtain high-value of the

-factor of the beam resonator. 

Fig. 7 depicts the influence of the thickness of the beam resonator on

ED for different values of time delay parameter and for aspect ratios
Fig. 7. Variation of 𝑄 −1 ∕Δ𝐸 versus beam thickness h for fixed 

𝑘 ∗ = 90 and for different aspect ratios 𝐿 ∕ ℎ = 25 and 𝐿 ∕ ℎ = 30 . 
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1 
 ∕ ℎ = 25 and 𝐿 ∕ ℎ = 30 . Here we consider 𝑘 ∗ = 90 . We note that there

s a prominent effect of the time delay parameter on TED, implying that

here is a significant difference in predictions of Q-factor by the present

odel as compared to GN-III model. It is observed that by increasing the

alue of delay time, the peak value diverges from GN-III model for the

mall thickness of beam resonator. In this case, TED decreases, which

ndicates that the value of the Q-factor increases. Also, it can be seen that

he results under the present model converge to the results under GN-III

odel only for the larger thickness of the beam. However, the present

odel offers high-quality factor at nanometer scale. This is believed to

e an important observation of the present study. It must be mentioned

hat our results for GN-III model matches with the corresponding results

eported by Kumar et al. [23] and Kumar et al. [64] . 

. Conclusion 

The present work demonstrates the prediction of the quality factor

f TED in micro and nano-beam resonators on the basis of the heat con-

uction model with a single delay term proposed by Quintanilla [65] .

o derive the expression of the inverse quality factor for TED, the en-

ropy generation approach method has been used. The quality factor is

btained by calculating the energy dissipated per cycle of vibration over

he volume of the beam resonator. The influences of beam thickness, as-

ect ratio, and dimensionless frequency on the quality factor for TED

re investigated in a detailed way. Furthermore, the effects of material

onstant k ∗ (conductivity rate) on TED is also discussed. The results of

he present model are compared to the corresponding results obtained

or GN-III model. The main highlights from the present investigation are

utlined as follows: 

• The prediction of the quality factor by the present model is higher

as compared to the prediction by GN-III model. 
• The higher value of the quality factor of the present model can be

observed only at the nanoscale, while the quality factor remains ap-

proximately the same as GN-III model at the microscale. 
• The high-quality factor can also be obtained for higher values of the

material constant, k ∗ . 
• Furthermore, higher is the value of relaxation time 𝜏, higher is the

quality factor, so that minimum is the energy dissipation. 
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