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in Caputo sense (ABC). A difference scheme with the help of Taylor series is applied to deal with frac-
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based on quasi wavelet for discretization of unknown function and their spatial derivatives. A formu-
lation to deal with Dirichlet boundary condition is also included. To demonstrate the effectiveness and
validity of our proposed method some numerical examples are also presented. We compare our obtained
numerical results with the analytical results and we conclude that quasi wavelet method achieve accurate
results and this method has a distinctive local property. On the other hand the method is easy to apply
on higher order fractional partial differential equation and integro differential equation.
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1. Introduction

Fractional calculus is an ancient topic of mathematics with
history as ordinary or integer calculus [1]. It is developing pro-
gressively now. Theory of fractional calculus is developed by N.
H. Abel and ]. Liouville. The details can be found in [2]. Fractional
calculus allows to generalize derivatives and integrals of integer
order to real or variable order. It also can be considered as a
branch of mathematical analysis that allows to investigate with
real differential operators and equations where types of integral
are convolution or weakly singular. It has a widely applications in
control theory, stochastic process and special functions. Fractional
calculus was considered as a esoteric theory without applications
but in the last few years there has been a boost of research on its
applications to economics, control system to finance. Many differ-
ent forms of fractional order differential operators were introduced
as the Hadamard, Caputo, Grunwald-Letnikov, Riemann-Liouville,
Riesz and variable order operators. Due to its increasing applica-
tions, the researchers have paid their attention to find numerical
and exact solutions of the fractional order differential equations.
As there are many difficulties to solve a fractional order differ-
ential equation by analytic method so there is a need of seeking
numerical solutions. There are many numerical methods available
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in literature viz., eigen-vector expansion, Adomain decomposition
method [3], fractional differential transform method [4], homo-
topy perturbation method [5], predictor-corrector method [6] and
generalized block pulse operational matrix method [7] etc. Some
numerical methods based upon operational matrices of fractional
order differentiation and integration with Legendre wavelets [8],
Chebyshev wavelets [9], sine wavelets, Haar wavelets [10] have
been developed to find the solutions of fractional order differential
and integro-differential equations. The functions which are com-
monly used include Legendre polynomial [11], Laguerre polynomial
[12], Chebyshev polynomial and semi-orthogonal polynomial as
Genocchi polynomial [13]. The modeling and simulations of real
life problem is described by PDEs, integral and integro-differential
equations. These equations have a lot of applications such as
heat conduction in materials with memory, population dynamics,
nuclear reactor dynamics, fluid dynamics, and compression of
viscoelastic media. In many fields like as thermo elasticity and
dynamics of nuclear reactor we have to depict the memory effect
of the systems. When we modeled these systems using PDE,
which included function at a given point of time and space, we
ignored the effect of history. Therefore to include the memory
effect of these systems an term of integration is added to this PDE.
Partial integro differential equations have a widely applications in
aerospace systems, chemical Kinetics, biological models, control
theory of financial mathematics and industrial mathematics. Apart
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of it many phenomena in physics like as viscoelastic mechanics,
fluid dynamics, control theory and thermoelastic.

Reaction-diffusion process has been investigated from a long
time. In the process of reaction- diffusion, reacting molecules are
used to move through space due to diffusion. This definition ex-
cludes other modes of transports as convection, drift those may
arise due to presence of externally imposed fields.

When a reaction occurs within an element of space, molecules
can be created or consumed. These events are added to the diffu-
sion equation and lead to reaction-diffusion equation of the form

%:szc-l—R(C,t), (1)
at

where R(c, t) denotes reaction term at time t. The extension of the
reaction-diffusion equation in fractional order system can be found
in the articles [14]. In nature many of the beautiful systems in bi-
ology, physics,chemistry, and physiology can be described by reac-
tion diffusion equations. For example, the distribution and organi-
zation of vegetation-like bushes in arid ecosystems [15], the stripes
and spots on fish [16], snakes [17] and the skin or fur of mammals
[18] have been studied by the standing waves which are produced
by reaction-diffusion equations. Now we will discussed the moti-
vation behind using ABC derivative. We know that interchange of
operators is an important concept of mathematical analysis aris-
ing in physics, biology and engineering. Considering two operators
P and Q such that PQ = QP, then we say both of operators com-
mute. But this expression is always specially in physics, statistics
and mathematics. Some examples of operator which follows non-
commutative property are as follows:

e In quantum mechanics, linear operators like y and % does
not commute on wave function ¥(y) in the formulation of
Schrodinger equation.

o Lie bracket of a Lie algebra.

e Lie bracket of Lie ring.

« Division operator as 1 # 2.

o Matrix product.

The general fractional derivatives in R-L and Caputo sense can
be defined as follows
Kxg,

RL? (t)—ift;c(t—;o wdx= L
o Ve 81 =g o g T dt

t d d
Cnv _ _ e .
oDr g(t) = /(; K(t —x) dxg(x)dx =K * —dtg,

We have two types of kernel « (t — x) = ﬁ(t —Xx)"% and « (t —

X) = %Ea(%(t—x)‘“). First type of kernel generates frac-

tional derivative with power kernel law and second type gener-
ates derivative with generalized Mittag-Leffler law with Dirac-Delta
properties known as A-B derivative [19]. The power law kernel
corresponds to the Pareto distribution describing the wealth in
society and fitting the shape of a large portion of wealth for a
small portion of the population. The ABC kernel corresponds to
the Mittag-Leffler distribution. The wider applicability and prop-
erties of this kernel to be known in Pareto and Poisson statistics.
If we apply ABC fractional derivative to chaotic problems it pro-
vides a infinite expectation. Since AB fractional derivative are non-
commutative, they are able to model the dynamical system tak-
ing place in the space of Penrose tilling which has several remark-
able properties including its non-periodicity. It is able to describe
the fractal model in the space of irreducible unitary representation
of a discrete group and the model in the space of leaves of foli-
ation. This derivative can be used as a powerful tool for handling
the brillouin zone in quantum hall effect and phase space in quan-
tum mechanics. This is useful to the situation when distribution of

a waiting time does not depend on elapsed time in a certain event
[20]. Some properties of AB derivative are

1. The A-B distribution is a Gaussian to non-Gaussian crossover.

2. The A-B fraction derivative mean square displacement is a usual
to sub-diffusion crossover.

3. The asymptotic behavior of A-B match the power law behav-
ior and relate the old ides of fading memory with non-singular
kernels [21].

4, The A-B derivative is stochastic as it is comparable to the Brow-
nian motion.

5. The asymptotic behavior of A-B match the power law behav-
ior and relate the old idea of fading memory with non-singular
kernels.

The C-F fractional operator attract the interest of researchers in
few last decades. The applications of this derivatives can be found
in flow of complex rheological media, Keller Segel equation, ground
water flow mass-spring damped system electric circuit and elas-
ticity [22]. The application of non-singular kernel to the Burger’s
equation is presented in article [23]. The series form of newly de-
rived fractional operator involving Mittag-Leffler operator is given
in [24].The application of these non-singular kernel to optimal con-
trol of tumor-immune surveillance is discussed in the article [25].

Our article is outlined as follows. In Section 1, we discussed
about Caputo, RL and ABC fractional derivative and presented
a short introduction to the numerical method based on quasi
wavelet and fractional calculus in Section 2. In Section 3, we de-
velop a detailed difference numerical algorithm based on Taylor se-
ries expansion to discretize the time derivative and quasi wavelet
based algorithm for spatial-temporal discretization. In Section 4,
some numerical examples and results are presents. The last sec-
tion includes the conclusion of all over work.

2. Preliminaries

Here, few definitions and important properties of fractional cal-
culus have been introduced. It is well known that the Riemann-
Liouville definition has disadvantages when it comes for modeling
of real world problems. But definition of fractional differentiation
given by M. Caputo is more reliable for application point of view.
Nowadays new general type of fractional operators have been dis-
covered. A brief description of Caputo-Fabrizio and ABC derivative
is discussed here.

2.1. Definition of R-L order derivative and integration

Fractional order integration of Riemann-Liouville type of a given
order 9 of a function h(t) is given by|[26]

IPh(t) = ﬁfot(t — )" h(@)dw, t>0, ¥R  (2)

Fractional order derivative of the Riemann-Liouville type of order
9> 0 can be defined as

DYh(t) = (i)m(lm-ﬁh)(t), >0 m-1<9 <m). (3)

2.2. Definition of Caputo derivative
Fractional derivative of order 39> 0 in Caputo sense can be de-
fined as
d'h(t) —
ch?h(t) = { dfl t -9 =11l 4 LeN
Wfo(tfn) h'(n) dn I-1<9 <L

Here, | is an integer, t > 0.

(4)



S. Kumar and P. Pandey/Chaos, Solitons and Fractals 130 (2020) 109456 3

Basic properties of Caputo fractional derivative are:

DIC =0, (5)
where C is a constant.

0, oceNuOand o <[]
preo—) TOA*D ve o NUOamdo=[0]  (6)

ra-9+o)
oro¢Nand o > [¥],

where |9] is floor function.
The operator D? is linear, since

DY (ah(t) + bg(t)) = aD? h(t) + bD? g(t), (7)

where a and b are constants.
Caputo operator and Riemann-Liouville operator have a rela-
tion:
-1
(I’Dg)(t) = g(t) — > £“(0")

k=0

tk

g l-1<9 <L (8)

2.3. Definition of Caputo-Fabrizio derivative

Let g(t) be a function which belongs to Sobolev space H!(0, 1)
then Caputo-Fabrizio derivative in Caputo sense of order 9 is de-
fined by

B(®) [t ag(s) -9
n_v ), os xexp[n_ﬁ(t—s)}ds,

n-1<9<n, 9)

where B(9) is a normalization function such that B(0) =B(1) = 1.

6Dy g(t) =

2.4. Definition of ABC derivative [27-29]

Let g(t) be a function which belongs to Sobolev space H!(0, 1)
then Atangana-Baleanu Caputo derivative in Caputo sense of order
9 is defined by

B(¥) [*dg(s) - 9
n—-v Jy 0s XEﬂ[n—ﬂ(t_s) ]ds,

n-1<?9<n, (10)

where B(9) is a normalization function such that B(0) =B(1) =1
and Egy(z) is Mittag-Leffler function defined as

4D g(t) =

Ey (@) :g TG +1)

2.5. Introduction to the numerical method based on quasi-wavelets

This Quasi-wavelet based algorithm has been emerging as a
new local spectral collocation method for finding numerical solu-
tion of fractional PDEs and integro differential equation. Firstly, we
define the discrete singular convolution which is a special math-
ematical transformation having significant importance in science
and engineering. A singular convolution is defined in the distribu-
tion theory as

(W) = (G+h)() :/fo G(v — )h(x)dx, (11)

where G is a singular kernel and h(x) is a test function. A family of
wavelets can be constructed from a single function called mother
wavelet ¢ using operations of translation and dilation

wﬁ,y(X)=ﬂ’71¢(X73y>. (12)

Here B is used in dilation and y in translation. An arbitrary
wavelet subspace is generated by the help of orthonormal wavelet

bases, which can be constructed by the corresponding orthonor-
mal scaling functions. In this work, we shall used Shannon’s delta
sequence kernel which has the following form

8a (t) = %/0 cos(ty)dy = sin(at)

wt (13)
where limy .o, 8¢ (t) = 8(t). Dirac first discussed about & in his
text on quantum mechanics, so we called § as Dirac delta function.
Walter and Blum[30] gave the numerical use of delta sequences
as probability density estimators. Specially when o = 7, 85 (t) is
known as Shannon’s wavelet scaling function. For a given « >0,
Shannon’s delta sequence kernel generates a basis for the Paley-
Wiener reproducing kernel Hilbert space B§[31] that is a subspace
of L2(R). A function g(y) € B2 can be uniquely reproduced by

sin(a(y —t))

2
P T dt, Vge B,

g0 = [ ems.0-tde= [ g0

(14)

However, an another form of this sampling scaling function in the
Paley-Wiener reproducing kernel,

sin((x — x,)a)
(x—x)7T

here {x,} is considered as a set of sampling points centered around

x. Using Eqgs. (11) and (12) every function Vg e Bé can be repre-
sented in discrete form

o0
gy) = > 808y —yi)- (16)
k=—00
The Shannnon sampling theorem states that the uniformly spatial
discrete samples for a given bandlimited signal in B3 can shown it
if we sample at the Nyquist frequency . Here & = % and A is the
grid size in the spatial direction. Now we have

o) e8] H T (Y—Yi)
= f00sa -y =3 gyt x )

A
k=—oc0

Ba,k = 801 (X - xk) = (15)

T (Y=Yk) (17)
k=—cc A
Wan proposed a method improve the localized asymptotic behav-
ior of Dirichlet’s delta sequence kernel. By introducing a regularizer

R (y) we increases its regularity such as

da(y) — 501,(7 =3¢ V)Rs (¥) (18)

where regularizer R, satisfies
Ulim Ro(y) =1
and

[ Jim R )82 0)dy = Ro (0) = 1.

However, there are many regularizers satisfying above two condi-
tions but a commonly used regularizer is the Gaussian type

42
Ry (y) = exp (ﬁ) o >0 (19)

where o denotes the width parameter of Gaussian envelope. The
relation between A and ois o =r x A, where r is parameter
which will be chosen in computation. Using the Gaussian regular-
izer Ry (x), gaussian regularized orthogonal sampling scaling func-
tion is defined as

sin(ZX) —x2
Sae(X) = %XA exp (Tﬂ) (20)
Here
in( X
lim 8a 0 (0 = 28D
0 —00 K

Gaussian regularized sampling scaling function is a quasi scaling
function as it does not follow the property of exact orthonormal
wavelet scaling function.
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2.6. Description of the proposed method

An arbitrary function ge B(ZX can be written as by using quasi
scaling function

g = D g8 —yi) = D E0)8 Y — V)R (Y = ¥i)
k=—00 k=—00

(21)

We can clearly see that the taking infinite sampling points is not
possible for computation. Thus we have to restrict our computa-
tional domain to finite sampling points close to x perform numer-
ical calculations. In practical numerical computation, we select the
(2W + 1) sampling points for this problem. Therefore Eq. (18) can
be simplified as

w
gV =Y gW)8ac Y —¥i). (22)

k=-W

for approximation of nt" order derivatives of f(x)

w
g = Z g(-yk)(sz,a(y_yk)7n=l,2,v-- (23)

k=—W

where computational bandwidth is equal to (2W + 1), centered
around x and superscript (n) denotes the nth-order derivative with
respect to x. For the calculation purpose, we give the following de-

tailed formulas of §, .81  and 82’0[32],
exp{—XTzz}sin("K”)
Spo)=1— 7 X#0 (24)
1 x=0.
5.0 (%)
) (_ sin”(%?) _ Asi%%) N cosg%))exp(— %) x#£0, (25)
0 x=0.
83,
2Asin§%) _ ZCOSS%) Axsin(q%’)
sjlrr:( zx CO: zx nsi:JXl 2 X # 0’
- +A7r0(2xA)72 U(ZA)i XgA))EXp(iﬁ) (26)
0 x=0.

3. Proposed method

We presented the quasi wavelet based numerical method for
solving ABC time fractional non-linear reaction-diffusion and inte-
gro integro-diffusion equation. We have taken the following type
of model
0%u
0x2

+ bu(t,x)ft/((tfs,x)u(s,x)dSJrf(x,t), 27)
0

ABCDu(t, x) = +au(t,x)(1 —u(t,x))

along with boundary conditions

u(0.t) = g1 (t),

u(l,t) = g(t), (28)
and the initial condition
u(x,0) = g3(x). (29)

Here «(x, t) is known as kernel of above integro fractional partial
differential equation and f(x, t) is known as forced term.

3.0.1. Approximation of time fractional ABC derivative

We shall take the help of Taylor series expansion to discretize
the Atangana-Baleanu time fractional derivative in the Caputo
sense. Let us assume step length in time is denoted by At and
th =n x At where n=0,1,...M. At point t, =n x At the values
of u(x, t) and f(x, t) are denoted by respectively u™ and f".

Taylor series expansion of a function g(t) around the point t, in
the interval (tn, tp41)

N2
20 =gt +&' )~ ) +¢" ) I Lo - ).
(30

By using Taylor series we can easily find the following,

8(tny1) — &(ta1) _ g3 (tn)

— 2 4
gty = S S x (AD2+0(An (31)
and

ooy 8ltni1) —28(tn) +8(t1) g% (t) ) 4
g'(ty) = (AD? TR (At)” + O0(AD)™.
(32)

Using the value of g’(t) and g”(t,) in the Eq. (30) we get

_ 8(tni1) —8(tn1) | 8(tar1) —28(tn) +8(tn—1) _

g = s A (t-to)
G)(t @t
_& 3(! ") (At — & 4(! n) o (AD)?
t—ty)?
+ g7 I o -, (33)
Now by the definition of ABC derivative approximation of %

at grid point (x, t;) can be approximated by following quadrature
formula:

%u(x, ty)

ot

_ B(a) n —a o ou(x,s)
e TN E"[pa(t”’s) ]X 35 %

B B@) =Lt sux, tir1) —2u(x. t) +uX.tj 1)

= 71_‘(_“ ey jzoﬁ ( (AD)? (s —tn)ds
uX, i) —ux, tj_1) (tn — 9)* (—)

* 24t )e [ -« ]

Blo) w1 e —a »
_F(—a+1)§ 2AT /[ E“[1_a(t"_s) ]ds

. E ux, tipr) —2ux, tj) +u(x, tj_1)
< (Aty?

X

b1 —a(ty —5)*
/tv (s —ty)E, [T-H}js

J

B LS TIES RSTIES (tn — )% (~x)
= F(—a+1)]§ 2At [(t"_tf)E"’z[ T-a ]

e M)EM[MH

—a+1
B(a) 2wl —2u) 4
I—a+1) = (A)?

« /ft”' (sftn)Ea[ — (tnfs)“‘]ds.

) 1-«
J

+

Now on simplifying
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%u(x.t;)  B(w) ol il -t
ate T T'(-a+1) = 2At
(tn — t)* (—x)
Jo o]
tn — tj41)% (—
= (ta— fj+1)Ea,2|:(_]al4)_1(a):|:|
B(ar) X witt —2u) 4wl
T a+1) < (At)?
X |:—(tn— j+1)AtEa,2|:Wi|
e —rj)ZEa,a[WH PR (G4)
where
n-1 _t+.)2
Rn = F(Bl(ﬁ)a) Z[ £ (tn < (A2 420 (6) & z!t]) }
x Ea[l__a(tn fs)”‘]ds
Bla) - g% ()

ra-o) j=0_ 31
« (At)2<(tn s )EO,[
= (60 tj0)Ea|

“ o)

-
m (tn - tj+] )a]ds

B(Ot) n-1 tj g(3)(tn) )
+ m_m;/ B (A0 — t,1)
x Eq 2 [%(tn - tj+1)a]

-
— 2(At)(ty — tj+1)2Ea,2 I:m(tn - tj+1)a]
-
- 2(ty — i1 )3Ea Iim (tn — tjn )oz:|
-«
+ 2(tn — tj)3Ea[m(tn - tj)“])ds
After simplifying the value of R, we get
GiB()

7 (3)
Ry < T o) X g% ()AL,

where C; is a constant.
Now to approximate the another term fé K (t —s,x)u(s,x)ds we
use product trapezoidal technique

t o1 tn
/Hf k(t —s,x)u(x,s)ds = ;{/ Kk (t —s,x)u(x,s)ds
0 0

tn+1
+ / K(t—s,x)u(x, s)ds}.
0
If we take « (t —s,x) = exp{—(t —s)} then
tn
/ Kk (t —s,x)u(s,x)ds
0

n-1 ti
= Z/ exp{—(t, — $)}u(x, s)ds
j=0"Y

n-1 tiv1 s— tj ]+1 s
= Z/t, exp{—(ta = HHuX. tj41) —7= +u.t)) ——lds
e—tn n-1 )
= E Z{uﬁr] (e[ul At — etul + etj) + u](_etj At + etjwl _ etj)} (35)
=0
Similarly,

tn+] e_[ +1
/0 k(t —s,x)u(x,s)ds = T{u”+l (e At — efn+1 4-efn)

+ u(—en At + efr1 — efn)}

tn+1 n-1
Z{uj+1 (etMAt elint etj)
+u1(—e1At+em —el)l. (36)

Using Egs. (34)-(36
semi-discrete form

), and into given model we get the temporal

Bla) L witl it
Fa+1) & 2A¢

[t s 7 (ta = 1%

— (tn— tj+1)Ea_2|:11aa (tn — fj+1)°‘]]

Be) 'O il —2ud 4 i

+ F(*C{ ¥ 1) = (At)2 [*(tn - t]+1)AtEa,2
—a

<[ g -]

-
- (tn - tj+1 )zEas [m (tn - tj+l )a] + (tn - tj)onz,3

-]

1
e*tn + e*tnﬂ n . )
- Z {ufr] (etj+1 At —

= bu"(x) FAL
j=0

elis1 4 eli)
+ ul(—ei At + el — )}

e_tnﬂ
+ bu" (x)m {u! (et At — efn1 4 efn)

+ ut(—e" At + e — et}

d%u"(x)

02 +au"(x)(1 -

u"(x)). (37)

3.1. Discretization in space using quasi wavelet based numerical
method

Now we apply quasi wavelet method given in Section 2 to
discretize the spatial derivative. Let Ax:% denote the spatial
step. We assume u! be the approximation of u(x, t) at point
(x;, tn) where n=0,1,---M and i=0,1,---N. According to the
quasi wavelet based numerical method to approximate the spatial
derivative the value of function at 2W neighboring points around
that point itself inside the computational domain or outside the
domain are applied. For example, n" order derivative u,((")(xi) of a
function u(x) at the point x; is approximated by

W
u(x;) = Z UXg, t) IR o (Xi — X)),
p=i-W
i—01,.- N-1,1=01,2, . (38)

Considering Eq. (37) at point x = x; and using Eq. (38)



B(Ol) n-1 u}+1 u}—l

r(foz+1)Z

sar— | = Eaa 1~ )" ]

= (tn— tj+1)£a.2|i%(tn - tm)a]]

w2l Ul
(At)?

B(a)

+
F(—a+1) =

—a
x [—(fn _tj-H)AtEa,ZI:l — —tj+1)a]

—a
— (tn — tj+1)2Ea.3[j(tn - tj+1)‘1] + (tn — t;)%Eq 3

1
—a
(o]
i+W —t —t
et +e n+1
=b Z U, tn)S 5 o (X —Xk)T
k=i-W
n-1 )
x Y {ut (e At —efiv +eb)
=0
+ ul(—eb At + el — )}
i o,
+b Y U ta)8, 5 (X —Xe) ZAt {u”“ (efr1 At — efr+1 4 efn)
p=i-W
i+W
Ful(—e At et — )} 4+ Y uXy, ta)8X , (X — Xp)
p=i-W
W i
+a Y U@ t)Sa, i —x) [ 1= Y u ta)d, o i —x0) |
p=i-W p=i-W
(39)

Let xp, — x; = X;,, then above equation can be re-written as

_t)]

n-1 u]+l u]—l

F(fg’l]) Z |- tDEea| 7
i%m—wmﬂ

— (ta —tj11)Eq 2 [1
Zu{ + u{’l

(At)?

B(@) n— 1u1+1
F( —a+1) 4 Z
xﬂﬁr%ﬂm@{g%m—mm]

—a
— (ta — j+1)2Ea,3|:m(tn - fj+1)°‘] + (ta —t))%Eq 3

o]

><|:1
W

=b Y up,b,,(—kAX)

k=—W

-1
e*tn + e*tnﬂ n it1
- Z{u{+ (etj+1 At —

2Ar &

eli+ + eli )

X

+ Ul (—e AL + el —elh)}
W

+b Y U8, (—kAX) x
k=—W

tn+1 + efn)

{un+1 (et"“ At —

W

—e)} + Z ul, 8% o (Xi — X))

k=—-W

+ ufl (—e" At + e

i+W

+a Z UL 8p o (— kAx)(l - Z up,; A_U(—kAx)). (40)
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Hence we get the full discrete form of our model when kernel
K (x,t) = e~t. Similarly, full discrete form of our model when ker-
nel k(x,t) =1 and k(x,t) = el is given by following equations
respectively

1 j—1
B(Ol) n-1 u]+ u]

FCasD & 280 [ = B[ =2 (0 - )]
i%m—ﬁmﬂ

- (tn - tj+1 )Eoz,z [1
20/ +ul!

(Atf)?

F(B((xaj- 1) 4 % ujH
XLﬁFﬁMNQ{ﬁ%W—%N]
~ (= )| T (= 600" | (60 = )
o]

( Z(u1+ uitty 4 A Z(u1+u1+1))

+W

X

Y U8R (X —Xp)
k=—-W
i+W +W
+a Y upba, (kA (1= > up 8, ,(—kAX) ). (41)
k=—-W k=—-W

not1 g+l el
u u» _a
= Eaa| 7 (- )7

B(a)
MN—a+1)“ Z
- (tn - tj+1 )Ea.Z[%(tn — Y+ )a]:l
Ba) w20 +ul!
F( o+1) ¢4 Z (At)?2
%aa(tn *tj+1)a]

X I:*(tn - tj+1)AtEoz,2|:1

o

- (fn - j+1)on¢,3|:1__7a(tn - tj+l )a] + (tn - tj)ont,3

“|=at-or]]

w _tn+l i

ka U i8a o (—kAX) x =5

- tiqX2 £ X2 tix?
. et 14 e i+1%i et it

Wt o AL+

— X Xi Xi

n-1

> >

j=0

i x? x4 x4
b}

X

+

i+W

uk+1 A o Xi—X) +a Z UZH(SA o (— kAX)
— kW

+

(42)
k=W

W
x (1= " up,8a,(—kAX) ).

Now for discretization of boundary condition we apply a technique
because function value u(x;) are undefined outside the domain
[0,1]. Since our boundary condition are Dirichlet type so we ap-
plied our zero boundary conditions and discretize as follows

u@i,n)=ul!=0,i<0,i>Mn=0,1,---N (43)
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Fig. 1. Plots of u(x, t) for M =20, « = 0.9, W =20, At = 0.00001 and r = 3.2 in case of numerical and exact solution.
In addition discretization of initial condition is as follows Table 1
variations of absolute error for different value
w = f3(x),i=0,1,---M. (44) of x at At =0.00001.
x At =0.00001
3.2. Theorem: [33]
0.2 1.2 x 1075
. . 0.4 59 x10°6
If fix) be a function which belongs to the space 0.6 7.0 x 10-7
Lo NL(2)NC(2) and band-limited to B, seZ", o = Ar, 0.8 4.8 x10°6
WeN, W = 5. Then we have 1 11x10°°
2
w —)/2
S — 8B x—x)fx)| < B xexp| =5 45 Table 2
f kZW O‘A( k)f( k) - '3 p ( 2r2 ) ( ) variations of absolute error for different value
= of x at At =0.00001.
where x| At = 0.00001
y = min(r*(wr — BA), W), 0.2 1.5 x 10-3
eT(s+ DIr 0.4 42 %1073
B = (V2B fllr @ + 27l fll @) % A A (46) 0.6 6.8x 107
ym 0.8 9.6 x 1073
1 1.1x1073
4. Results and discussion
In this section our aim is to show performances of our proposed 1
method. All numerical computations are done with Wolfram Math- u(0,x) = = (1 _ XZ),
ematica version-11.3. 2
cosh(t)
Example 1. Considering a=1, o =0.9 and b=0 we get the fol- u(t,0) = 2. o
A . . . o ) sinh”(t) + 2
lowing time fractional non-linear reaction-diffusion equation (t.1) =0 (50)
u =
5 , ,
ABCDOOu(t, x) = ZUED Ly (e, x) (1 —u(t,x)) + f(¢. %), (47)
with the aid of following initial and boundary conditions
u(x,0) =0,u(0,t) =0,u(1,t) =sint, (48)

The force function is f(x, t) is such that the exact analytical solution
of above problem is u(x,t) = xsint.

We plot the graph of exact and numerical solution with N =
10, M = 20, At = 0.00001 which is depict by Fig. 1. The absolute
error between exact and numerical results for various M and At is
presented by Table 1.

Example 2. If we consider k (x,t) =1, a=0, « =05 and b=1 so
that our model (27) is reduced to

) t
%_/0 u(s, x)ds + f(x,t).

which under the prescribed initial and boundary conditions

ABCDOSy(t, x) = (49)

gives the exact solution of above the problem is u(x,t)=
(1-x?) cosh(t)

— with suitable force function f(x, t).
sinh” (t)+2

The graph of numerical and exact solution with N=10,M =
20, At = 0.00001 is depict by Fig. 2. The absolute error for vari-
ous M and At is presented by Table 2, which clearly predict that
our numerical results are in complete agreement with the existing
results.

Example 3. Consider the following integro reaction diffusion equa-
tion with a = 1, « = 0.9, b = 1and kernel « (¢, x) = e,

02u(t, x)
0x2

t
+ u(t, x)/ e Ey(s, x)ds + f(t, ).
0

GBCD?‘gu(t,X) — +u(t,x)(1 —u(t,x))

(51)
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Fig. 2. Plots of u(x, t) for M =20, o =1, W = 20, At = 0.00001 and r = 3.2 in case of numerical and exact solution.
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Fig. 3. Plots of u(x, t) for M =20, @ =1, W = 20, At =0.00001 and r = 3.2 in case of numerical and exact solution.

Table 3
variations of absolute error for different value
of x at At =0.00001.

x| At =0.00001
0.2 1.5 x 1077
0.4 3.1x 1077
0.6 43 x 1077
0.8 5.3 x 1077
1 6.7 x 107

The Eq. (51) with initial and boundary conditions

u(x.0) = 0,u(0.t) = sint. u(1,t) = %‘"

sint with suitable force function

(52)

gives the exact solution u(x,t) =
fix, t).

We plot the graph of exact and numerical solution with N =
10, M = 20, At = 0.00001 which is depicted by Fig. 3. The absolute
error for various M and At is presented in Table 3 which clearly
predict that our numerical results are in complete agreement with
the existing results.

Example 4. If we take «(t,x) =ef, a=1, « =0.9 and b =1 then
our model (27) is reduced to

02u(t, x)

ABCDYu(t, x) = 7

+u(t,x)(1 —u(t, x))

t
+ult.x) [ e~y (s, x)ds + f(x,t). (53)
0
The Eq. (53) with initial and boundary conditions
ux,0) =0,
u(0,t) =0,
u(l,t) =t, (54)

gives the exact solution u(x, t) = xt.

The graph of numerical and exact solution for N=10,M =
20, At =0.00001 is shown in Fig. 4 and the absolute error is
shown in Table 4. The results clearly predict that our numerical
results are in complete agreement with the existing results.
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Fig. 4. Plots of u(x, t) for M =20, @ = 0.9, W = 20, At =0.00001 and r = 3.2 in case of numerical and exact solution.

Table 4
variations of absolute error for different value
of x at At =0.00001.

x| At =0.00001
0.2 1.2 x 106
0.4 5.8 x 107
06 6.7 x 10-8
0.8 47 %1077
1 1.7 x 106

5. Conclusion

In this article, we developed a difference scheme for discretiza-
tion of time fractional derivative of Atangana-Baleanu type with
the help of Taylor series and quasi wavelet method for discretiza-
tion of spatial derivative and unknown function. This difference
scheme in combination with quasi-wavelet numerical method is
developed for solving time fractional with ABC derivative non-
linear reaction-diffusion and integro reaction-diffusion equation.
In the knowledge of author presented method is first time used
with this ABC fractional derivative. We easily conclude that quasi
wavelet method has good accuracy and also valid for time frac-
tional integro-reaction diffusion equation. It also has good ability
to analyze the local characteristic of functions.
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