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Abstract.In the present study, the effects of crack tip shape on near tip deformation and fields 

are numerically investigated for a mode I crack under plane strain and small scale yielding 

conditions. The material is characterized by finite strain elastic-viscoplastic constitutive relation 

with bi-linear hardening and hardening-softening-hardening hardness functions. Both plastically 

incompressible and compressible solids have been considered for analyses. It has been observed 

that the combination of crack tip profile and plastic compressibility has significant effect on the 

near tip deformation and plastic fields. 

1.  Introduction 

In several numerical simulations based on initially sharp crack tip it has been observed that severe 

blunting takes place in the very early stages of crack tip plasticity and consequently it leads to a highly 

distorted mesh. Therefore, in numerical simulation, people mostly use originally blunted crack having 

a circular arc tip [1]. However, in practical situation it is observed that the crack tip is neither exactly 

circular nor completely sharp, but of arbitrary shape with a finite amount of curvature. In recent times, 

in the study of fracture in solids, the effect of crack-tip shape has attracted notable research attention.The 

notch root radius effect on fracture toughness was examined for a variety of brittle and ceramic materials 

in [2-4] and it was noticed that the root radius can have impact on the fracture toughness significantly. 

Further, experimentation of notch tip radius on fatigue crack growth for two different alloys was 

performed in [5] and it was concluded that for blunter notch the fatigue crack growth rate is more. Also, 

it is reported in literature that with increase in the crack-tip curvature radius, near crack-tip plastic strain 

as well as stresses increase considerably in glassy polymer [6].For elastomers, some studies on crack 

growth and the associated changes in crack-tip shapes have been reported in [7]. 

Some of the results obtained from the experimentation analysis on the behavior of materials like 

metallic foams, transformation toughened ceramics and plastics suggest that the constitutive equations 

of these materials comprise pressure-sensitive yielding. Due to some impressive mechanical properties, 

these materials have attracted numerous researchers over the past several years. For understanding the 

deformation and stress-strain fields near a crack tip in pressure sensitive and/or plastically compressible 

solids, a large amount of research works has been done, in recent times, for both monotonic and fatigue 

loadings. It should be mentioned here that most of these studies are based on small deformation and only 

a few studies are founded on large deformation formulation [8-13]. Considering potential applications 

of the above mentioned materials, it appears that it is required to look into the influence of notch or 

crack-tip shape on near tip deformation and fields for the above mentioned materials. Plastic normality; 

plane strain and small scale yielding conditions have been assumed in the present computations. 
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2.  Constitutive equation 

The material model used here is same as that given in [8-13].The elastic part of the deformation is 

expressed as 

𝐝𝑒 = 𝐋−1: �̂� =
1 + 𝜈

𝐸
�̂� −

𝜈

𝐸
tr(�̂�)𝐈 (1) 

Where, 𝐋 is the elastic moduli tensor,�̂� is the Jaumann rate of Kirchhoff stress, E and v are the Young’s 

modulus and Poisson’s ratio, respectively, tr(. )indicates the trace and I the identity tensor, 𝐀: 𝐁=𝐴𝑖𝑗𝐵𝑖𝑗. 

The plastic part of the deformation is expressed as 

𝐝𝑝 =
3

2

휀�̇�

𝜎𝑒
𝐩 (2) 

Where, 𝜖ṗ is plastic strain rate and 𝜎e is effective stress corresponding to the instantaneous 𝜖ṗ and 𝐩 is 

deviatoric part of Kirchhoff stress tensor. The 𝐩 is given by 

𝐩 = 𝝉 − 𝛼tr(𝝉)𝐈 (3) 

When 𝛼 = 1/3,  the equation (3) is reduced to constitutive relation for isotropic hardening viscoplastic 

Mises solid. In this work,we use the following viscoplastic strain rate relation 

𝜖ṗ = 𝜖0̇ (
𝜎e

g
)

1/𝑚

 (4) 

Where, ε̇0  and m represent the reference strain rate and the hardening exponent, respectively; the 

hardening function g is written as 

g(𝜖p) = 𝜎0 {

1 + ℎ1𝜖p,                                                           𝜖p < 𝜖1

1 + ℎ1𝜖1 + ℎ2(𝜖p − 𝜖1),                            𝜖1 < 𝜖p <

1 + ℎ1𝜖1 + ℎ2(𝜖2 − 𝜖1) + ℎ3(𝜖p − 𝜖2),      𝜖p > 𝜖2

𝜖2 (5) 

Where, 𝜎0 is a reference stress. The effective stress, σe is defined by 

𝜎e
2 =

3

2
𝝉: 𝐩 =

3

2
[𝝉: 𝝉 − 𝛼(tr(𝝉))

2
] (6) 

3.  Problem formulation 

The field equations, used in this work, are functions of convected coordinates, 𝑦iand time (t) [8-13]. 

The principle of virtual work in absence of body force and for quasi-static deformation can be written 

as 

∫ 𝜏ij

V

𝛿𝐸ij𝑑𝑉 = ∫𝑇i

S

𝛿𝑢i𝑑𝑆 (7) 

Where, V and S represent the volume and surface of the body in the reference configuration, 𝜏ij are the 

Kirchhoff stress in the deformed convected coordinate, 𝐸ij the Lagrangian strain, 𝑇i the nominal traction 

and 𝑢i are the displacement components. 

From the above equation (7), the incremental equilibrium is obtained as 

∆𝑡 ∫ (�̇�ij𝛿𝐸ij + 𝜏ij�̇�,i
k𝛿𝑢k,j)

V

𝑑𝑉 = ∆𝑡 ∫�̇�i

S

𝛿𝑢i𝑑𝑆 − [∫ 𝜏ij

V

𝛿𝐸ij𝑑𝑉 − ∫𝑇i

S

𝛿𝑢i𝑑𝑆] (8) 

In equation (8), the term [∫ 𝜏ij
V

𝛿𝐸ij𝑑𝑉 − ∫ 𝑇i
S

𝛿𝑢i𝑑𝑆] stands for an equilibrium correction term. 

4.  Finite element model and some numerical results 
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In the present finite element simulation, the numerical results are generated for the geometry as shown 

in figure 1, where the outer radius (𝑅∞) is 2.0 in any arbitrary units. Motivated by the works of Li et al. 

[6], here, we use a similar type of elliptical arc to describe the crack tip profile. The semi-major and 

semi-minor axes of the ellipse are represented by a and b in the same arbitrary units, respectively and 

the ratio a/b specifies the crack shape as shown in figure 1. The constant loading rate is 𝐾𝐼/̇ 𝜎0ε0̇√𝑏 =

31.62, where 𝐾�̇� = 1 𝑀𝑃𝑎√𝑚𝑠−1. In order to calculate the deformation history, linear increments are 

used with time step size of 0.0002. 

Quadrilateral elements are used for grid generation and each quadrilateral is made of four crossed 

triangular elements with constant strain. To reproduce the localized deformation pattern at finite strains, 

such elements are widely used [10-13]. In the present analysis, after carrying out the mesh convergence 

study with meshes consisting of 28 x 64, 28 x 74 and 28 x 84 quadrilateral elements, the mesh density 

finally has been fixed at28 x 74 quadrilateral elements. The near tip plastic strain contours were 

compared and it was noticed that the results from 28 x 74 and 28 x 84 were in good agreement. 

 

 

 

Figure 1. Schematic view of the elliptical crack tip 

used for simulation in finite element analyses. 

Figure 2.Graph of hardness function g(εp)for 

materials B and E, [10]. 

 

In this study, materials B and E from [10] are considered and the hardness functions of those 

materials are shown in figure 2. Material B is a bilinear hardening material whereas material E is a 

trilinear hardening-softening-hardening solid. At ε1the material B starts re-hardening whereas at the 

same plastic strain softening takes place in material E. The value of ε2 defines the plastic strain at which 

material E starts again hardening after the softening. The values of ℎ1 and  ε1 are same for the two 

materials and those are 24 and 0.085, respectively; also ℎ2 and ℎ3 are same for material B and it is 5.0 

whereas for material E, ℎ2 is -3.90 and ℎ3 is 15.0. The other constant material parameters are E/𝜎0=100, 

ε̇0=1 and m = 0.02.  

At the remote outer boundary of the semi-circle, 𝐾I field displacements are imposed. Here, traction 

free crack surfaces are assumed and on line 𝑦2 = 0, symmetry boundary conditions are applied; in the 

present case 𝑦2 = 𝑦. For the constitutive update, rate tangent modulus method by Peirce et al [14] is 

considered here. 

4.1. Near-tip normal stress (𝜎𝑦𝑦) distributions 

Figures 3 – 4 illustrate the normal stress (𝜎𝑦𝑦) variations in front of the crack tip along the x-axis for 

materials B and E where the three crack shapes specified by a/b = 1 ,4 and 8 are considered. Both 

plastically incompressible and compressible solids have been considered for analyses. It is reflected 

from all the figures that near tip stresses vary with the crack tip distance and also the three crack tip 

shapes influence these stress fields differently. The stress quantities become almost constant as we move 

far from the crack tip. There is considerable amount of increase in the values of 𝜎𝑦𝑦 as we increase the 
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curvature radius at crack tip and also the far field stress from the tip becomes independent of the crack 

tip shape. For both the materials, when these are plastically compressible, the maximum stress is reduced 

than that of plastically incompressible solid. Also for plastically compressible solids, there are kinks, 

which are slightly away from the tip, and it may be due to the formation of shear band as would be 

shown in the subsequent figures. The location of these kinks depends on the crack tip shapes. For 

material E, because of the softening, the maximum stress is further reduced as compared to that of 

material B. 

 

  
(a) (b) 

Figure 3.Variation of normal stress (𝜎𝑦𝑦) just ahead of the tip, material B, under 𝐽𝑎𝑝𝑝/(𝜎0𝑏) =1.6; 

(a) plastically incompressible solid and (b) plastically compressible solid (𝛼 = 0.28). 

 

  
(a) (b) 

Figure 4.Variation of normal stress (𝜎𝑦𝑦) just ahead of the tip, material E, under 𝐽𝑎𝑝𝑝/(𝜎0𝑏) =1.6; 

(a) plastically incompressible solid and (b) plastically compressible solid (𝛼 = 0.28). 

4.2. Accumulated plastic strain distributions 

Figures 5 – 8 illustrate the distributions of plastic strain in materials B and E for the two crack shapes, 

i.e. with a/b= 1 and 8 and at same load level, i. e. 𝐽𝑎𝑝𝑝/(𝜎0𝑏) = 1.6. It is apparent that crack tip shape, 

plastic compressibility and material softening have significant effect on the near tip plastic deformation. 

In figure 5, the intense plastic deformation is limited to a very small region around the tip due to the 
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material strain hardening. As, the ratio of a/b increases, the zone of intense plastic deformation decreases 

along the vertical axis, and the stress concentration is increased on the crack tip. It is also to be noted 

here that with increase of the curvature radius at tip, the outer kidney shaped contour is tilted in a 

clockwise sense for the incompressible solid. For plastically compressible solid with 𝛼 = 0.28, it is 

observed from figure 6 that the extent of severe stain region increases at the crack tip when the curvature 

radius is more.  

 

  
(a) (b) 

Figure 5.Near tip plastic strain field, material B at 𝐽𝑎𝑝𝑝/(𝜎0𝑏)) = 1.6 for plastically incompressible 

solid; (a) a/b= 1and (b) a/b= 8. 

 

  
(a) (b) 

Figure 6.Near tip plastic strain field, material B at 𝐽𝑎𝑝𝑝/(𝜎0𝑏)) = 1.6 for plastically compressible 

solid (𝛼 = 0.28); (a) a/b= 1 and (b) a/b= 8. 

 

  
(a) (b) 

Figure 7.Near tip plastic strain field, material E at 𝐽𝑎𝑝𝑝/(𝜎0𝑏)) = 1.6 for plastically incompressible 

solid; (a) a/b= 1 and (b) a/b= 8. 
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(a) (b) 

Figure 8.Near tip plastic strain field, material E at 𝐽𝑎𝑝𝑝/(𝜎0𝑏)) = 1.6 for plastically compressible 

solid (𝛼 = 0.28); (a) a/b= 1 and (b) a/b= 8. 

 

While in figures 5, 6 and 7, the plastic strain is maximum on the blunting surface of the crack, 

however, the plastic compressibility, material softening and the shape of crack tip have a major 

consequence on the plastic strain distribution in material E. The zone of intense strain region in material 

E originates from the crack surface near the symmetry plane. Even though, in material E due to the 

material softening, localization of the shear band is common to both the two crack shapes, figures 7 and 

8, however, it is reflected that for the sharper crack tip, the plastic strain concentration near the tip is 

slightly more at the present load level. 

5.  Conclusions 

In the present study, the influence of the shape of a crack tip on the near tip deformation and stress-

strain fields has been examined. For the investigation purpose, finite element finite deformation study 

has been conducted where the material is characterized by an elastic viscoplastic constitutive relation 

with a hardening and hardening-softening-hardening hardness functions. In the analysis, plane strain 

deformation, mode I loading and small scale yielding conditions have been assumed. The combination 

of crack tip shape, plastic compressibility and material softening shows the way to main variations in 

the stress and deformation fields near the tip. The finite element results show that there is considerable 

amount of increase in the values of 𝜎𝑦𝑦 as we increase the curvature radius at crack tip. Also because of 

plastic compressibility as well as material softening, the maximum normal stress is reduced 

significantly. It is also revealed that as the curvature radius increases, the intense plastic deformation 

approaches to crack tip. Furthermore, the presence of plastic compressibility and material softening 

influences the localization near the crack tip differently depending on the crack tip shape. 
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