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In this paper, we have introduced a generalized n-dimensional differential transform method to pro-
pose a user friendly algorithm to obtain the closed form analytic solution for n-dimensional fractional
heat- and wave-like equations. Three examples are given to establish the simplicity of the algorithm.
In Example 5.3, we show that ten terms of the series representing the solution, even in fractional

order, give a very accurate solution.
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2. Introduction

The idea of fractional-order derivatives initially
arose from a letter by Leibnitz to L’Hospital in 1695.
Fractional calculus has gained considerable popularity
and importance during the past three decades, mainly
due to its applications in numerous fields of science
and engineering. One of the main advantages of using
fractional-order differential equations in mathematical
modelling is their non-local property. It is a well known
fact that the integer-order differential operator is a local
operator whereas the fractional-order differential oper-
ator is non-local in the sense that the next state of the
system depends not only upon its current state but also
upon all of its proceeding states.

In the last decade, many authors have made notable
contributions to both theory and application of frac-
tional differential equations in areas as diverse as fi-
nance [1-3], physics [4—7], control theory [8], and
hydrology [9 - 13].

In this paper, we consider the following n-
dimensional fractional heat- and wave-like equations
which are the generalized form of the model in [14]:
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where o is a parameter describing the fractional
derivative. Fractional heat-like and wave-like equa-
tions are obtained from (1) by restricting the parameter
oin (0,1] and (1,2], respectively. The fractional wave-
like equation can be used to describe different models
in anomalous diffusive and sub diffusive systems, de-
scription of fractional random walk, unification of dif-
fusion and wave propagation phenomenon [15—18].
Several authors [14, 19, 20] applied the Adomian
decomposition method (ADM), the variational it-
eration method (VIM), and the homotopy analysis
method (HAM) successfully to solve two- and three-
dimensional fractional heat- and wave-like equations.
In 1986, a new powerful numerical technique named
differential transform method (DTM), was developed
by Zhao [21], to solve various scientific and engi-
neering problems. Originally, he developed DTM to
solve the electric circuit problems. DTM is based on
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the Taylor series expansion which constructs analyti-
cal solutions in the form of a polynomial. The tradi-
tional higher-order Taylor series method requires sym-
bolic computations, but the DTM does not require
high symbolic computations. However, the solution is
obtained by DTM in the form of polynomial series
through an iterative procedure. Various applications
of DTM are given in [22-26]. Recently Kurnaz et
al. [27] have applied DTM for solving partial differen-
tial equations. Arikoglu and Ozkol [28] developed the
fractional differential transform method which is based
on the classical differential transform method, on frac-
tional power series, and on Caputo fractional deriva-
tives. Odibat and Momani proposed the one- and two-
dimensional generalized differential transform method
(GDTM) to solve various ordinary/partial differential
equations of integer and fractional order [29 —31].

In this paper, we extend the two-dimensional
GDTM [29-31] to n-dimensions and apply it to solve
n-dimensional fractional heat- and wave-like equa-
tions. The accuracy and applicability of the above
method is established by means of several examples.

3. Fractional Calculus

We give some basic definitions and properties of
fractional calculus [32-35] that are prerequisite for
further development.

Definition 2.1. A real function f(x),x > 0, is said to
be in a space Cy, 1 € R if there exists a real number
p(< w)such that f(x) = x” fi (x)where fi(x) € C[0,00),
and is said to be in the space Chr if fim e Cy,meN.

Definition 2.2. The Riemann—Liouville fractional inte-
gral operator of order o« > 0 of a function f € Cy, u >
—1 is defined as

17 "
e / (x—0)*~ £(r)d,

a>0, x>0.

JY =
10 5

For o, > 0, a > 0, and y > —1, the operator J& has
the following properties:

(e Ny r(i+y 7t
1. J¥(x a)777F(1+y+a)(x a)’™ %,
2. JEIB £(x) = TEP £ (x), )
3. J2IP f(x) =B IS £ ().
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Definition 2.3. The fractional derivative of order o of
a function f(x) in the Caputo sense is defined as

Dy f(x) =J;"“Dg f(x)

X
1
= [ (=) (1) dr 5
Fon—ay ] B0 r0e©
form—1<a<m, meN, x>a, feC”.
The following properties of the operator D are well
known:

LAY

D¢(x—a)’ =S T'(1+y—a) (x—a)"™?%, fora<y

0, foro > v,

(6)

DgJg f(x) = f(x), o
k

JaDa Z f ) x>0 (8)

The following theorem involving generalized Taylor’s
formula is needed for the further development of the
theory.

Theorem 3.1. If u(x,y) = f(x)g(y), f(x)=x*g(x),
A > —1, and g(x) has the generalized power series ex-
pansion g(x) = X, g ay, - (x —x0)"* with the radius of
convergence R > 0, then for 0 < o < 1, x € (0,R),

DY DE f(x) = DI f(x), ©

X0 X0
when either of the two conditions hold:

(a) B < A+1and yis arbitrary or
(b) B > A +1, y is arbitrary, and a, = 0 for n =
0,1,...,m—l,where m—1 < <m.

Proof is given in [31].

4. Generalized n-Dimensional Differential
Transform Method

We have used the following symbolic notations for
convenience:

(1) (x17x27“';xn) = )n
i)  a,00,...,0, =(0),,
(i) (%, x2,...,X0) = (%, Xn)-

The generalized n-dimensional differential transform
of a function u(x), is defined as
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1
n
11 F(Otik,' + 1)
=1

i

Uta, (k)n =

(10)
The inversion of (10) is given by

oo

u(x), =

ki k=0 i=1

U(a)n(k),ln(xiii)ki“i]. (11)

For oo = 1,Vi the generalized n-dimensional differen-
tial transform reduces to the classical n-dimensional
differential transform. For the special case when u(x),

can be split as
Z FO‘L )k a,‘| )

n

x)ﬂ = Hﬁ (xi )7

then u(x H
i=1

where Fy, (k;) are the generalized one-dimensional dif-

ferential transforms of f;(x;),1 < i <n. From (11) and

(12) we deduce that Uy, (k)n = IT}- | Fo, (ki)

Now we give some theorems outlining the different
properties of u(x), and Uy, (k),. These theorems are
the n-dimensional generalisations of the corresponding
theorems of [29 -31].

12)

Theorem 4.1. If u(x), = v(x), £ w(x),,
U(oc),, (k)n = V(o) (k)n :tW(a)n (k)n

then

Theorem 4.2. If u(x), = cv(x),, then Ugy), (k)n =
cV(«), (k)n, where c is a scalar.

Theorem 4.3. For u(x ),, =v(x),

U(O‘)n<k)” - Za] Ozaz 0
W, (ki — ar,an).

X W (x)p,
Za 7()V(a),1 (alykn _an)

Proof. The theorem is proved by using induction on n.
The assertion follows trivially for n = 1, as

U, (ki) = Z Vo, (ki — a1)We, (a1). (13)
ay =0
Assuming the theorem holds for n = m,
Uy, (K)m =
ki ko
z Z Z V al, am)W(a)m(kl —al,ch).
a1=0ar,=0 am=0
(14)
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(ﬁ <D§§">kf> u<x>n] .
i=1 ()

The inverse of above follows from (11) and is given as

Wiy (k1 —alv%)H(’“"_ii)kiai]

S o . ko
'Ll kz W (D[] (3 =) ]’ 15)

ko ky=0 i=1

since u(x), = v(x), - w(x),. Replacing m by m+ 1, we

obtain
u(x)m-H =
oo m+1
[ m+1 m+l H k a,]
ky=kp=...kpy 11 =0
oo m+1
’ [ m+1 K)mt1 H kal‘| :
ki =kp=...kp11 0
(16)
Let Vg, (k)m =

(@m+1 (k)m+1 (.Xm+1 - ierl )

RE
km-H =0

km+lam+l‘| (]7)

(18)

z W(a)m+1(k)m+1(xm+1 _)?m+1)km+loCerl .
km+l 0

Using (14) —(18), we have

u(X)mt1 =
Lk

S oys.s

kl kz— km—0a| 0112 0 (lm—O

(x; —x)ka’]

|: (0)m al km — am)

:]§

'W<1 (kl _al7am)

)

S >

|: m+1
kl kz— k 70(1] ()a2 0 amf()km+1 0

‘ (ahkm *am;km+l)(xm+l *ierl)

= |l
D

km+ 1011
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Y Wy, (ki —ar,@m k1)
km41=0
m
(omer =Ty ot e T (g — )%, (19)
i=1
Using (14) in (19), we have
oo ki ky k1
Wia= T 355 v,
ky=ky=...kp11=0a1=0a=0  ay,11=0

(a1, kns1 — am )W, (ki —a1,@us1)

m+1
T = x84 . (20)

i=1
Substituting (13) into (20), the validity of the theorem
holds for n = m+ 1, thus proving the theorem by in-
duction.

From now onwards 0 < o; < 1,andi=1,2,...,n

Theorem 4.4. For u(x), = Dgv(x),,U(g), (k)n =
I(oy(ki+1)+1
%V(a)n(kl,kz,...,k,‘_l,k,'—i-l,ki+1,...kn).
Proof. From (10) we have
1
-
I (ki +1)
i=1
T'(oi(ki+1)+1)
n
F(Oﬂi(ki-f—l)-i-l) HF(ociki—i—l)
i=1

(” (D) )DW I ]
= (D

o F(Oﬂi(kiJrl) + 1)
F(Otik[-‘r 1)
-V(a)n(kl,kz,...,ki_l,ki—i- Lkivt,.. kn).

Theorem 4.5. If u(x), = D' D2 ... Di"v(x),, then

Ui, (k)n =

n

]'[F(oc](k +1)+1)
Ula, (k)n ==

H F(Otjkj-l- 1)
j=1
Vi, (ki + 1Lk + 1, ky + 1).
Proof. From (10) we have
1

T'(oiki+1)

Uy, (K)n = —;
=1

i
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ﬁlr(a,(ijr )+1)
S

[(oy(k;+1)+1) 1}} I(oyki+1)

: H (Dj.jjf)ki> DYDY . .ngv(x)n]
= (#)n

Ig= — 13-
=

I'(oj(kj+1)+1)
= n
l;ll (ojkj+1)
Vi, (ki + 1Lk 1,k + 1),
Theorem 4.6. If u(x), = [1/, (x; —X;)™%, then

U, (k)n = TIi= O (ki —m;).

Proof. From (11) we have

n

u(x)n = [T (o — %)™,

i=1

i i Y (ﬁ 5(kimi)(xifi)k"a’)>-

=0ky=0  k;,=0

So, applying the inverse differential transform (10), we
get U( ( n =TTy 6 (ki —my).

Theorem 4.7. Let u(x), = [T., fi(x:),fi(x)) =
x}hi(x;), A > —1,hi(x;) has the generalized Taylor se-
ries expansion h;(x;) = Yo an(x; —%;)"%, and either
of the two conditions hold:

(a) B < A+1 and yis arbitrary or
(b) B > A +1, y is arbitrary, and a, = 0 for n =
0,1,....m—1,wherem—1< B <m.

Then the generalized n-dimensional differential
transform (10) becomes

1
Ul (k)n =—————
H I'(ajkj+1)

j=1
[T o)
(Dg/)Y "
LT 0% ),
Jj#i

(®)n

Proof. The proof follows immediately from the fact
that D}g D}g filxi) = Dg "% £(x;) under the conditions
given in Theorem 3.1.
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In Theorems 4.8 —4.10, the functions f;j(x;) satisfy
the conditions given in Theorem 3.1.

Theorem 4.8. Let u(x), = Dlv(x)p,m —1 <y <

m,v(x), =TT\, fi(x;), then
I'(ogki+y+1)
Yian (i = I"(oiki+1)

'V(oc)n (k],kz, e

Proof. From (10) we have

kit ki) o ki, k).

1
-
I1 I (0iki +1)
i=1
B I'oki+y+1)
- n

F(aiki+y+1)H1‘(o¢iki+l)
=

T] (0% )DY ©n ]
(B)n

i=1

U(oc),l (k)n =

_ I'(oki+y+1)
I'(ogki+1)
'V(a)n(kl,kz,...,kifl,ki—F')//OCi,kiJr],...kn).
Theorem 4.9. 1f u(x), = [1i; fi(x;), then Uy, (k)n =

et | (T D5 ) -

Theorem 4.10. Let u(x), = D;fi D}% o
1< Yi S miav(x)" = H?:lﬁ(xi)v then

.D}Cf:',v(x)n,m,'—

[T (oiki+y+1)
=1
U(a)n(k)" = n
[1 I (ki +1)
i=1
' [V(a)n(kl+71/O‘17k2+)/2/062,...

(ﬁ (Dgl)kl> ”(x)n]
= (®)n

]n'[ I'(oki+7y+1)

ket Y/ )] -
Proof. From (10) we have

1
Uy, (k)n = 57—
11 F(Oﬂ,’k,’ + 1)
i=1

I ' (cik; +%+1)HF(0¢,I<+1)

i=1 i=

) %Dﬂy2 .le:v(x)n]
(®)n
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HF(oc,-k,-—i—Y,-—i-l)

==L Ve, (ki +11/ o, ks
I1 F((xik,'+ 1)
i=1
+n/o,. . kgt Y/ o).

5. Numerical Examples
Let x = (x1,X2,...,X%,) € R™ 1 & =

oy 1) € (0,11 and k = (ki,ka,...,
where N7~! = NU{0}. We use the following standard
notations: x;x‘kl,xgzkz, X l'k" ' = x% _In the fol-
lowing examples u(x,?) denotes the exact solution of

the problem under consideration and is given as

(oq,00,...,
ky) € Ng~1,

uwn=2 X - 2 2, Utay, o plk e,
k1=0kr=0 T 1=0h=0
(21
Further, we define the error by
Er?f = |u(x7t) 7ﬂm(x7t)| ) (22)

where i, (x,t) is the approximate solution containing
m terms obtained by truncating the solution series (21).

Example 5.1. Consider the following n-dimensional
heat-like equation:

% "2l 9%

—=7)) —, 0<x <gcj,

ot Z;axg ' (23)
i=1,2,....(n—-1), 0<a<l1, >0,

subject to the initial condition

n—1
0) = [ sinx;,
i=1

(24)

having u(x,t) = e~"=D7 [T"_ | sinx; as the exact solu-
tion for oo = 1.

Takingoy =1, =1,...,0,,—1 =1, B = &, and ap-
plying the generalized n-dimensional transform to both
sides of (23) and (24), we get

T(a(h+1)+1)

k,h+1
I'(oth+1) Uii,talk 1) =
Yiki + 1) (ki +2)Ur 1, 1,0(kt +2,ko, .. ky—1,h)
+(k2+1)(k2+2)U1,17...,1,a(k17k2+2»k3a-~~7kn717h)
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+ooiA (ko1 + D) (k1 +2)Un 0

'(khkzw..,knfz,kn—l+2,/’l)} (25)
and

(71)(k1+k2+...+kn,17(n71))/2
Uii,..1,a(k,0) = ol k] (20
respectively.

Substituting 7 = 0,1,2,3,... in the recurrence rela-
tion (25) and using (26), we obtain the different com-
ponents of Uy 1,1 o(k,h) as follows:

(=(n=1p)"

I'(oh+1)
(_1)(k1+k2+...+kn,1—(n—l))/Z
' ki kot k!
The solution u(x,?) of (23) is given as

7

Ui, 1ok h) =

27)

where Eq(z) is the Mittag-Leffler function defined by
Ea(z)zifzom,.a>0,zec. .

For o = 1, the solution (27) of the fractional-order
partial differential equation (PDE) reduces to the exact
solution of the integer-order PDE

n—1 © (—(n— h
HSinxiZ( ( h!l)yt)

h=0

n—1
= (=Dnt H sinx;.
=1

Taking n = 3,c; = c; =2rm, and y =1 in (23) and
Pu g
2

82,0<x1,x2<2n O<a<l,t>0, asu(xt)
sinx; sinxy Eq (—2t%), [14, 19].
Similarly, Example 1 in [27] follows as a special

case of our general solution (27) by substituting n = 4
and o = 1.

u(x;1)

(27), we obtain the analytical solution of % =

Example 5.2. Next, we apply our algorithm to the fol-
lowing n- dimensional heat-like equation:

5 =Tt i 2[5

i=12,....(n=1), 0<a<l1, t>0,

(28)

O<)C,‘<17

Analytic Solution of Fractional-Order Heat- and Wave-Like Equations

subject to the initial condition

u(x,0) =0, 29)

having u(x,t) = IT/= x}(e’ — 1) as the exact solution

fora =1.

Taking oy = 1,00 =1,...,04,_1 =1, B = &, and ap-
plying the generalized n-dimensional transform to both
sides of (28) and (29), we obtain

C(a(h+1)+1)

T T(ah+1) 1) =
Fang1)  Uitetalkhsl)

n—1

[16ki—4)8(h)

SAr Y

al 0a2 0

$ (0w

ap— 1—017 0

(kl—a1—|—2 HSk —aj h b)
U, ekl —ar +2,a2,a3,. anlab)}

+ {(a2+ 1)(a2+2)5(a1)5(k2 —a —2)
n—1
=3

~(k1 —al,a2—|—2,a3,...,an1,b)}

+ {(aj,Jr 1)((13 +2)8(a1)5(k3 —aj 72)

H O(kj—a;)o(h—

1#3

D)Uii,. 10

~(k1—al,ag,a3+2,a4,...,an_1,b)}+...
—l—{(an_l+1)(an_1+2)3(a1)3(kn_1—an_1—2)
n—2

-Hé(kj—aj) h b)Ull....,La

(30)
€29}

Substituting 7 = 0,1,2,3,... in the recurrence rela-
tion (30) and using (31), the different components of

. (kl —ap,az,as,...,ay—2,0,_1 +2,b)}}

and U; 1. 1,a(k,0) = 0, respectively.
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Ui 1...1,0(k,h) are obtained as
1
- = k = ...
Clah+1) 77
Uii,...1,alkh) = =ky—1=4
0, otherwise.

Thus the solution u(x,?) of (28) is given by

22 S T

=0

&
]
Il
=
>

= (Ea(r) = ) [ ! (32)

For o = 1, the solution (32) reduces to
i % 1 h "
t) = — "1 =( -1 ;

which is the solution of the integer-order PDE.
The differential equation (28) and its solution (32)
become

g = g |5 g0

0<x1,x2,x3<1, 0<a§1, t>0,

LN 292“]

X
2
x5

and u(xy,x2,%3,1) = x{x3x5 (Eq (t%) — 1), respectively,

for n = 4, which is the same as the solution obtained
by other methods [14, 19].

Example 5.3. Now, we consider the following n-
dimensional wave-like equation with initial conditions:

2% ) 20U
W:?@*i? 5]

vy (n—=1),
Z.X n 1

(33)

l<a<2, t>0,

u(x,0) =0, u(x,0)= (34)

having u(x,t) = (X7-7x2) (e' — 1) +x2_ (e 7" —1) as
the exact solution for o = 2.

We solve (33) for various values of o.

@a=2

Taking o; = 1,1 <i<n-—1, B =1, applying the
generalized n-dimensional transform to both sides of

Analytic Solution of Fractional-Order Heat- and Wave-Like Equations

587
(33)—(34), and using theorem (17), we get
I'(h+3) B
mUl,l,...,l,l(k7h+z) =
n—1
n1| 8(ki—2) [ 6(kj)d(n)
>
= i#i
1 bk
dys. ¥ s {ta-a)
a1 0(12—0 ap—1 =0b=0
n—1
(ki —ay1+2)8(a; —2) [[ 8(kj —a;)8(h—b)
j=2
U,k —ai+2,az,a3,. anl,b)}
+{(a2+1)(a2+2)6(a1)6(k2a22)
n—1
~Ha(kj—aj)ﬁ(/’l—b)Ulyl_’._._’l?l
=3
'(kl—al,az+2,a3,---,an—1,b)}
+{(a3+1)(a3+2)5(a1)5(k3—a3—2)
H 5(k 0(h—Db)U,..1.1
j=2
j#3
~(k1al,a27a3+2,a4,...,an1,b)}+...
+ {(anl +1)(an-1+2)6(a1)d(kn—1 — an—1—2)
H6 O(h—b)Ur,.1.1
'(kl_a17a27a3a”-7an—27an—1+27b)}:|7 (35)
UlA,l,...,l,l(kvO =Y, (36)
Uig,..a1(k 1) =Vi(k,1)+Va(k, 1) +...+V,oi(k, 1),
where
Vitk1) = 1<j<n-2
0, otherwise, >Jjxn—s

—1, ki =k =
otherwise.

e = Kp-2 :Oaknfl :27
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Substituting # = 0,1,2,3,... in the recurrence relation

(35) and using (36), we get different components of

1.1(k,h) as follows:

ahgeees

Uii,...11(kh) =Vi(k,h) +Va(k,h) + ...+ Va1 (k,h),

where
! ki=2,k=0,i#j 1<i<n—1
3 Kj= 4, Ki=U, 1 1 n—
Vi(k,h) = A" - §
’ 1<j<n-2
0, otherwise, =/=nTs
)" k=k=..=k-=0,
Vn—l(k7h) = h' ’ kn—l :27
0, otherwise.

Hence the solution of (33) is given by

which is the exact solution.

(b)a=1.5

Taking o = 1,1 <i<n—1,  =0.5, and following
the same procedure as in case (a), the different compo-
nents of Uy ;... 1,0.5(k, k) can be computed as follows:

For h =3n+1,n € NU{0}, we have
Uig,..105(kh) =0.

For h =3n+2,n € NU {O},U1$17._.71,0,5(k,h) =
Vi (k,h) +V2(k,h) +...+Vi (k,/’l), where

1
—— k=2, k;=0,i#£]
h s g s M )
rG+1 1<i<n—1,
Vitks ) = 1<j<n-2,
0, otherwise,
1 ki=ky=...=ky—2=0,
Vari(k,h) =1 T(3+1) k1 =2,
0, otherwise.

Forh=3n+3,n€ NU{0},wehave U, 1 105(k.h)=
Vi(k,h) +Va(k,h) + ...+ Vy_1(k,h), where

1
——  ki=2,ki=0,i#]
h s Ny s M ) 9
rG;+1) 1<i<n-—1,
Vi(kah): 1<j<n-2,
0, otherwise.

Hence the solution of (33) is given by

oo oo oo

u(x,t): 2 2 z iU171_’““’170_5(k,h)xka'Sh

K =0k=0  ky_1=04=0

- 1
=G +3+. o )| Y =5
! 0T +3)

2, 2 2 2
F T+t X X )

s L en
Y ot
o I'(5+2)

= (X%‘FX%“F .. .+X%71)l3/2E3/2,5/2(l‘3/2)
H G5+ A x s —x ) Es (i)

t(3h/2)+3/2>

(3%

where E, g(z) is the two parameter 1’\1/Iittag—Lefﬂer
function defined by Eq (2) = X720 Fanip) -
©a=15
Taking o; = 1,1 <i<n—1, =0.25, and following
the same procedure as in case (a), the different compo-
nents of Uy 1,...1,0.25(k,h) can be computed as follows:

Ui, 1025(k,0)=0.

For h=5n+1,5n+2,5n+3,n € NU{0}, we have
Ui, 1025(k,h) =0.

For h =5n+4,n € NU{0}, we have
Uii..a025(k,h) = Vi(k,h) + Va(k,h) + ... +
Va—1(k,h), where

1
akj:27 kI:07l7é.]

h
r@G+1) 1<i<n—1,
Vi(k,h) = l<j<n_2,
0, otherwise,
B 1 ki=ky=...=k,_»=0,
Vn_1(k,h) = F(%-l—l)’ kp_1 =2,
0, otherwise.

For h =5n+5,n € NU{0}, we have
Uii,..a025k,h) = Vilk,h) + Va(k,h) + ... +
Vau—1(k, k), where

1
——  kj=2,ki=0,i#]j
h 9 ] y ™M 9 9
r;+1) 1<i<n-—1,
Vilk,h) = 1<j<n-2,
0, otherwise.
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Fig. 3 (colour online). Error E120 atn=4,a=2.

Hence the solution of (33) is given by

u(x,t):z z Z zU1717m71‘0_25(k,h)xkl‘o'ZSh
o 1
B D SR (b S ST P
1 N&TED

+ (B4, X2 )

s L sy
2wt
mo I'(3f +2)

=(x+5+... +X3;71)f5/4E5/4,9/4(f5/4)
+ (3 B+ 2y — 22 )tEspa (). (39)

Taking n = 4, the differential equation (33) reduces to

0%u T S O 1 xzaﬂu +x282u +x282u
gre TR T T2 TR0 TR o2
O0<x,x,x3<], I<a<2 >0, 40)

and its closed form solutions at various values of o
becomes

. az,0) =56 = 1) +53(e = 1)+ a3(e - 1),
(=2

M(X1,xz,X3,l‘) = (x% —|—x% —|—X%)I3/2E3/275/2(l‘3/2)
+ (G435 =)t Ey pa(?),  (a=15)

u(x1,x2,x3,1) = (x% +x3 +x%)15/4E5/4,9/4(f5/4)
+ (55— x3)tEspan (%), (a=1.25)

which are the same as the solutions obtained by other
methods [14, 19].

Though the solution series in each example con-
verges to the exact closed form analytic solution of the
problem, we show that only few terms of the solution
series (21) are required to give a quite accurate solu-
tion. Let E%denote the absolute error between the exact
solution and the first m contributing terms of the solu-
tion series (21) as defined in (22). Figures 1, 2, and 3,
associated with Example 5.3, show that the errors are
appreciably small for m = 10 and oc = 1.25,1.5, and 2,
respectively. The error is monotonically decreasing as
oa— 2.
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6. Conclusion

We have extended the theory of one and two-
dimensional generalized differential transform method
to n-dimensions to propose a user friendly algo-
rithm to obtain closed form analytic solutions for n-
dimensional fractional heat- and wave-like equations.
Though the solution series in each example converges
to the exact closed form analytic solution of the prob-
lem, we show that only few terms of the solution series
(21) are required to give quite accurate solution. In Ex-
ample 5.3, we show that ten terms of the series repre-
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