CHAPTER 2

AN INVESTIGATION ON THERMOELASTIC INTERACTIONS
UNDER TWO-TEMPERATURE THERMOELASTICITY WITH
TWO RELAXATION PARAMETERS!

2.1 Introduction

A thermoelasticity theory, called as two-temperature thermoelasticity the-
ory is proposed by Chen and Gurtin (1968), Chen and William (1968),
and Chen et al. (1969). This two-temperature thermoelasticity theory
proposes that the heat conduction on a deformable body depends on two
different temperatures- the conductive temperature, and the thermody-
namic temperature ( see Gurtin and Williams (1966), Chen and Gurtin
(1968), Chen and William (1968), and Chen et al. (1969)). Here, the
entropy contribution due to heat conduction is governed by thermody-
namic temperature and that of the heat supply by the conductive tem-
perature. The stress, energy, entropy, heat-flux and the thermodynamic
temperature at a given time depend on the histories up to that time of
the deformation gradient, the conductive temperature and the gradient
of this temperature. Further, the difference between these two tempera-

tures is proportional to the heat supply. In the case of the absence of a

I The content of this chapter is published in “Mathematics and Mechanics of Solids”, 21 (6) (2016),725-736.
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heat supply the two temperatures are equal for the time-independent sit-
uation. However, for time-dependent cases, the two temperatures are, in
general, different. Boley and Tolins (1962) discussed one transient cou-
pled thermo-plastic boundary value problem in half space by employing
this theory. Uniqueness and reciprocity theorems for the two-temperature
thermoelasticity theory in case of a homogeneous and isotropic solid have
been reported by lesan (1970). Later on, wave propagation in the two-
temperature theory was investigated by Warren and Chen (1973). An
analytical study of a one-dimensional conductive temperature equation in
the uncoupled context in a half space with the Heaviside boundary condi-
tion was studied by Amos (1969). Recently, this two-temperature model
of thermoelasticity has drawn the serious attention of researchers. Puri
and Jordan (2006) reported a detailed investigation on a plane harmonic
wave under this theory. Youssef (2006b) extended this theory in the frame
of the generalized theory of heat conduction and formulated two versions
of two-temperature theory with relaxation parameters by providing the
uniqueness theorem. Subsequently, some investigations (Youssef (2006a),
Youssef and Al-Lehaibi (2007) and Youssef and Al-Harby (2007)) are car-
ried out on the basis of this two-temperature thermoelastic model with
one relaxation time. Recently, the same model has been investigated in a
detailed manner by considering two aspects by Mukhopadhyay and Kumar
(2009) and Kumar and Mukhopadhyay (2010a).

The present chapter aims at investigating the thermoelastic interactions
in an isotropic homogeneous elastic medium with a cylindrical cavity in
the context of the two-temperature theory of thermoelasticity with two re-
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laxation time parameters. Chandrasekharaiah and Keshavan (1992) have
studied axisymmetric thermoelastic interactions in an unbounded body
with a cylindrical cavity by using the classical coupled thermoelastic model,
the Lord-Shulman model and Green-Lindsay (GL) model in a unified way.
The results of the present work are compared with the corresponding re-
sults reported in Chandrasekharaiah and Keshavan (1992) and Mukhopad-
hyay and Kumar (2009). Some distinct predictions of the two-temperature
model as compared to the conventional one-temperature model are inves-
tigated through this study, which indicate some significant features of the

two-temperature thermoelastic models.

2.2 Problem Formulation: The basic governing equations

In the absence of body forces and heat sources, the basic governing equa-
tions for thermoelastic interactions in a homogeneous isotropic solid in the
contexts of the GL theory and the two-temperature Green-Lindsay (TGL)

theory can be written in a unified way as follows (Youssef (2006b)):

stress—strain temperature relation

00
0ij = )\652']’ + 2ueij - (9 + 7'1§> (Sij (21)
strain-displacement relation
1
ij = 5 (Ui + ;i) (2.2)

and heat conduction equation
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00 020 Oe
Ko = — — To— 2.3
Gii = per <8t+ﬁ’at2>+7 Vot (23)
where the dilatation e is given by
€ = €Lk (24)

The conductive temperature is related to thermodynamic temperature

as

¢ —0=agp, (2.5)

where a > 0, the two-temperature parameter, is a scalar parameter and
called the temperature discrepancy (Chen et al. (1969)).

The corresponding equations in the cases of the GL model and the TGL
model correspond to the cases of @ = 0 and @ > 0 in equation (2.5)
respectively.

We consider an infinite isotropic elastic medium with a cylindrical cavity
of radius a. The center of the cavity is taken to be the origin of the
cylindrical polar coordinate system (r, ¢, z). In the absence of body forces
and heat sources and considering the axisymmetric plane strain problem,
the displacement and temperature are taken to be functions of r and ¢ only.

Therefore, the equation of motion is given by

0o, n Orr — Ogp _ 0%u

or r P Ot2

(2.6)

The non-zero strain components are obtained from equation (2.2) as
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ou u
Crr — E, 63050 = ; (27)
and from equation (2.4), we get
ou u
_ e 2.8
e or + . ( )

Equations (2.1) and (2.7) then yield the non-zero stress components as

ou U 0
0 0
= ()\—|—2u);—|—)\8—:f— <1+7’1a>9 (2.10)

From equations (2.3) and (2.5), we get

0 0* 0 0* Oe
[K + apcg (815 + Toat2>:| Vi = <8—f + 70 815?> +Th— 5 (2.11)

2 _ 0?
where V= = #5 + 1 . ar

From equation (2.5),(2.6),(2.9) and (2.10) , we get

Pu  10u wu ¢ 0 (0% 10¢ 0%u
(A +2p) (Wﬁa—ﬁ) 7(”%) [ar By (W+FE>] =P

(2.12)

Now, in what follows we will use the following dimensionless terms and

variables:

C C
(rad, &) = ;0 (r,u,a), (7, 7)) = £ (t,70,71), (0,0) = = (0,0),w = acky’,

39



CHAPTER 2. AN INVESTIGATION ON THERMOELASTIC INTERACTIONS UNDER TWO...

OJ :—O-TT O', :—O-QDQD ! 2:—(>\+2,U) K K Al:#
TN 42u) P (A +2p) p T peg (A +2p)

Equations (2.9)-(2.12) then transform to the dimensionless forms (after

dropping the primes for convenience) as
PO (KAl | R Y (Aol DN (2.13)
ot Vo ot " o “or |

or2  ror r? ! Tl(?t or  “or\orz ' ror o2

(2.14)
ou U 0
Opr = (97“ + )\1— — <1 + 718t> 0 (215)
U ou 0
Opp = — . )\15—@1 <1+7’18t) 0 (216)
where we have used the notations
760 VK A
a1 = U = -, =
vk KT YT v+ 2p)

2.2.1 Boundary Conditions

To consider the thermoelastic interactions in the medium, we assume that
the surface of the cavity (r = &) is stress free and is subjected to a thermal
shock. The boundary conditions of the problem are therefore taken as
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Oy ‘r:§: 0 <217>
¢ |r=e= doH (1) (2.18)

where ¢ is a constant temperature and H (¢) is the Heaviside unit func-

tion.

2.3 Solution of the Problem

For the solution of the problem, we apply Laplace transform defined by

Fo) = [ s (2.19)

Therefore, by considering homogeneous initial conditions and applying

Laplace transform on equations (2.13)—(2.18), we obtain

¢  10¢ _ _
[1 + w (p + 7'0]92)] [w + ;E] = (p + Top2) ¢ + aspe <2-20>
o*u  1ou u D o (%0 10¢ )
<W+FE_E> o (1+7p) [a‘% (m*m)] = v
(2.21)
Y —@Jr)\@— (1+mp)0 (2.22)
Opr = or 17" a1 T1p .
_ U ou ~
Opp — —+>\1——CL1 (1—|—T1p)6 <223>

r or
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¢ —0=wV3ie (2.24)
Opr "r‘:f: 0 (225>
- b0

= — 2.26
¢ |r= . (2.26)
_ou_ @
<= or r

Then, by decoupling equations (2.20) and (2.21), we obtain

2 19 LN\ [(& 10 -
(w*za‘”“) (w*za”@ﬂs_o (2:27)

0> 10 1 D (07 10 1 2\ -
(W*W‘ﬁ‘”ﬁ)(w*za‘ﬁ‘%)“—“ (2.28)

where m;, (1 = 1,2) are the roots of the equation

[1 + wep + wﬁpﬂ m*— [pe + (6 + 1)p2 + wp® + w70p4] m2—|—(p3—|—70p4) =0
(2.29)
27,

In equation (2.29), ¢ = (1 + &), 8 = 10 + €971 Where g9 = ajay = chEgg

is the thermoelastic coupling constant.
Now, the solutions of equations (2.27) and (2.28) bounded at infinity are
given by
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where Ky(m;r) and Kj(m;r) are the modified Bessel functions of the
second kind of order zero and one, respectively and A; and B; are the

arbitrary constants.

The solution for @ is now obtained from equations (2.24) and (2.30) as

7 222: Ai(1 — wm?)Ko(m,r) (2.32)

i=1
Using equations (2.20), (2.30) and (2.31), we obtain the relations be-

tween the constants A; and B; as follows:

(p+70p*) —mi [1+w (p+70p%)]
aop

B; = F;A;, where F; =

(2.33)

Now, using equations (2.22) and (2.23) and the recurrence relations

8

A
&

~—
I

Kn(aj) _ $Kn+1($)

K, (r) = —nK,(x) — 2K, 1(z)

we obtain the solutions for the radial and circumferential stresses as
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2
Orr =Y A (2.34)
i=1
2
oo =Y  BiK\S! (2.35)
i=1
where
ro__ (>‘1 _ 1) 2 .
SI = F; § —m;Ko(m;r) + Ki(mr) p—ay (1 + mip) (1—wmi) Ko(myr), i =1,2
r
¢ _ (1 B )‘1) 2 -
SP = F; ¢ —mi Ko(mr) + Ki(m;r) p—ay (1 + mip) (1—wmi) Ko(myr), i =1,2
r

The boundary conditions in equations (2.25) and (2.26) yield the con-

stants A; and As as

S50
A = — 2
p [SfKo(mzf) - SgKo(mlﬁ)}
Al — Sf¢0

p [SEKo(msg) — S§Ko(ma)]

where

(A1 —1)
£

Equations (2.30)—(2.32), (2.34) and (2.35) constitute the solution of the

Sf = E {—mZKo(mlﬁ) + Kl(mlﬁ)} — ay (1 + Tlp) (1 — wmf)Ko(mzﬁ), 1= 1, 2
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problem in the transformed domain (7, p).

2.4 Small-time Approximated Solutions

The solutions in the physical domain are determined by inverting the
Laplace transforms involved in the expressions of equation (2.30)—(2.35).
But because of the dependency of m; and ms on the Laplace transform pa-
rameter p, it is impossible to carry out this operation exactly for all values
of p. However, the present study is concerned with the thermoelasticity
theory with relaxation parameters which is more relevant for the problems
involving a short duration of time. Therefore, in this section, we will now
confine our attention on obtaining the short-time approximated solutions
of the field variables for which we assume p is very large.

Therefore, with the help of Maclaurin’s series expansions and neglecting
the higher powers of the small terms, we get the roots of equation (2.29)

for large values of p as follows:

1
m; ~ bjop + bi1 +bio—, 1=1,2 (for the GL model) (2.36)
p
my &~ Top + 1B—em0 _ 11
7 2 b/ P } (for the TGL model) (2.37)
ma ™ % n 27’04*1)\/517%
where
. B+ (—1)*1\ /B2 — 4z . :1 et (—1)! ef —2
20 9 3 11 9 52 — 47_0
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o (_1)it1 1 2_(5—570)
a2 = (=1) 4m<8 ﬁ2—470>

207 (210 4 ew) — B (41 — w) — 3e*Tgw

C
8% 1w/ BT
ith b = Jar. by — Laia p — 4aiai0—(ai)?
W1 0 = v/ @i0, ;1 = 2 Va ' 12 T 8(ai0)3/2

Now, we substitute m; and mqy from equations (2.36) and (2.37) into
equations (2.30)—(2.35) and use the following approximation formula for

the modified Bessel function of order v

/ -1 (47 =1) 4 -9
K,(z) = ;—Z[1+ VSZ —I—(V ) (4 )+

21 (82)

Therefore, after detailed calculations, we obtain the expressions for the
short-time approximated solutions of displacement, thermodynamic tem-
perature, conductive temperature and radial stress in the Laplace transform

domain (r,p) for two different models as follows:

For the TGL model:



- SESS ey []

=1 j5=1

where we have used the following notations

_ —aimVB b1 = aiazm18VB 0 __araemiVB  _r __a171£2<1287"2_16“/5+9“’)
UL = gm0 PIL T T a0 VLT T 0 O T 270 (166—9vw)wy/w
. [Salaerl,Bff 37'1ﬁ§7'0f+r{ 85{70f+71(1255\/7+5f(7 8\ 1)T0— 4E§T0\/7)}]

Uiz = 8rw§T3\f
_&2(128r24+48r fw—15w ) (—3ro+4w)
t21 = dazr272 (166-9v@)w? Vi
_€2(128r%+48r w—15w ) [~ 2Trow-+E{ —4870 (VBro— v ) +64wy/Bro }]
U2 = das7278 (1669w )w?
aazy/B[8a1azrtEBv/BE+T1 BETov/B+r{ —88¢70v/B471 (2886 To+BVB(T—8)1)T0—12¢670y/70) }]
¢12 = 8rw2§7—g )
o €2(128r2 167wt 9w) _16p2(128r2— 167w +9w)
Pn = — r2 (166y/w—9w) ) 22 = r2/Bro(166-9vw)w
alag[Salazrrlﬁ\ff-l—ﬁﬂgrgf—l—r{ 86{70f+rl(20,3&/7'»0—1—5\/3(7—8/\1)70—4557()@)}]
912 = 8rwéTi/B )
0o — €2(128r2—-16r\/w+9w) 0o — e2[-168(v/Bro—vw) —9w|(128r2—16r/w+9w)
2T 2 (166-9ve)wve 2T 7"27‘3(16579\/5)%12 ’
r__ aim ro_ a1[(778/\1)5\/570+T{8§T0+T1(78&4’(778/\1)\/57'0)}]
011 = wr 912 = Srwér? )
ot a182 16670 vw—9wro+71 { (VBTo— V@) +9w }| (128r2—16r+/w+9w)
22 =

r2T3(16§—9\/z;)2w2
For the GL model:

=2 §22:Z2: (—1)ie~m(r=¢) [ﬂ] (2.42)

n ¢ g < i_—m;(r— 02
= 301 . ZJZ (—1)le~mlr=¢) [—J] (2.43)
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CTTT

r

(2.44)

\[ X_:Z zmms)[ ]

where the corresponding notations of the TGL model reduce to the fol-

as Dy pi1

lowing expressions for this case

= 5§~ 85, Do =85 - S5+ (S - Sh) &,
Sip = —bioFin — arazm, Sj5 = bioFiz — b Fin — araz + G + (8’\18:)&1, (1=1,2),
S5, = Si (i,j =1,2),
r=¢§
Fi = (bﬁ; - % - bio), Fip = (ﬁ - bil);
uiy = F1185,, uia = F12S5, + F11S5, — %FUS + 35;},;9021,
Uzt = F1 85y, uzp = FaaS5y + Fa S5, — %Fms + %7

3
S51

D> ¢
S 8Tb1() )

011 = 5517 b12 = 552 — D, P21

01 = S5y, 012 = S§y — 8255,

8rb20

D
o1 = 5515{1a 01y = 5525{1 + 5515{2 - ﬁfsglsfl )

D-
oy = S5, S5y, 0by = 57,55, + 57,55, — 8255, 55,

2.5 Analytical Results

To invert the Laplace transforms involved in equations (2.38)—(2.44), we use
the convolution theorem of Laplace transform and the following formulas

(Oberhettinger and Badii, 1973)

1 e v (1 2

L pozsd (5) Jy (2\/&) , Re(v)>-1,a>0
1 [ v ] A 2

L przsd (g> I, (2\/&) , Re(v)>-1,a>0
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L [ei} — 5(t) + \/gll (2\/&) . a>0

L [e—Z} — §(t) — \/gh (2\/@ . a>0

where J, and I, are the Bessel function and the modified Bessel function
respectively. Since it can be shown that bjs < 0 and by; > 0 for the GL
model and C' > 0 for the TGL model, the solutions of all field variables in

the physical domain (7, ¢) are obtained as follows:

For the TGL model:

e g 2 ( m ) 2 : L) o { 2 }
1) = S 28708 . T H Ned .
u(r,t) ¢°\/; e T 2y (op—g s lm)H(m) o +e 2 "2y

E| —L=0 (g 2
O(r,t) = ¢oy/ = |e 2PV70h
r

[ _ B—eTrg e 2 ’ — L (= —1 ]
o(r,t) :¢>0\/§ ¢ 2vmr Y > {¢1j (C(:l_ £)> Jj+4(771)H(771)} +eova > {‘1523'%}

_B=eT0 (_ 2 i , (e J
orr(r?) :¢0\/§ [e vror > {Ufj (c(:i 5)) ’ Jj(m)H(m)} fe Ve > {USJ'Z-.}}

where

m=t= /G- n12\/0<r—§) (1[50 -9)

and clearly the definitions of 8 and e imply

B — eT _ apa (71 - To)
BB BB
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For the GL model:

- ) jo1
_e—bui(r=9) ) 1 2y _
R I M L
" Diag Vo1 2 =
102 + Z _e—b21(7“—f) {UQJ' (m) Ij_l (2 —bgg(?" — f)’l’]g) H(T]Q)}
j=1
_ 9 %
Z _efbu(rff) {91]' (blg(n;—ﬁ)) Jj,1 (2 blg(’f’ — 5)771) H(?h)}
’ D 2 5
1 Vr s e—b21(r=%) {92j (%) Iy (2 —boa(r *5)772) H 772)}
j=1

e | o0 (= (2250) s (2vbat =) o |
+oizJo (2 bia(r — 5)771) H ()

o {ot) + (22te=9) " 1, (2Tl E) Hi) |
+05510 (2 —baa(r — 5)772) H{(ns2)

Opr(ryt) = in(;z\/g

4o bn(r=9) |:

where i =1 — bio(r — &), me =t — bao(r — §).

2.6 Discussions

The short-time approximated solutions obtained above reveal that in the
case of the TGL model, the solution for each field consists of two dif-
ferent parts. The first part, containing the term H(n;), represents the
contribution of a wave (predominantly an elastic wave) near the wave front
r = t\/TZi) + ¢ which propagates with finite velocity \/Tzi) and with an
exponential decay. It is observed that neither the speed nor the decay co-
efficient depends on the two-temperature parameter. The other part of the
solution does not represent the contribution of any wave but is distributed
throughout the medium decaying exponentially with radial distance . The
decaying exponent is clearly observed to depend on the two-temperature
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parameter, . The two-temperature model therefore does not indicate a
finite speed of the thermal signal or a predominantly thermal wave as a

contribution to the solution of the field variables.

On the contrary, in the case of the GL model, the solutions of all fields
consist of two coupled waves. The term containing H(7;) represents the
predominantly elastic wave near the wave front » = ﬁ + & with velocity %
(called V7). The second part represents the predominantly thermal wave
propagating with finite speed ﬁ (called V3). Both the waves are seen to

decay exponentially with radial distance.

The short-time approximated solutions further indicate a significant dis-
similarity between the GL and TGL models regarding the nature of differ-
ent filed variables at the wave fronts. In the case of the TGL model, all the
field variables are continuous in nature, where in the case of the GL model
the temperature and displacement fields have discontinuities with finite
jumps at both the wave fronts r = tV} 4+ £ and r = tV5 + £. Furthermore,
both the stress fields are observed to experience a d-function singularity
and infinite singularity near r = tV; + £ and r = tV5 4+ &. A discontinuity
in the displacement field is obviously an unrealistic feature of the GL model
for this particular problem. The magnitudes of finite discontinuity in the

case of the GL model are obtained as

ut —u”

¢0 é— |: 71)11# i| + —
= ——1/-|—¢€ 10 U1 Ut —u
a2D1 \/; ’

Po £ [ —biizt r } + —
= = |—e bro o Opn— 0
(12D1 \/; 12| » rr rr
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0F — 0~

_ QZ)O\/E [_e—bllﬁall , 9+ . 9* — gzs0\/E |:€—b21%021:|
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It must be mentioned here that the results for the GL model in the

present study agree with the corresponding results reported by Chan-
drasekharaiah and Keshavan (1992).

By comparing the results of the two-temperature Lord—Shulman (TLS)
model with one relaxation as reported by Mukhopadhyay and Kumar (2009)
we also observe a very significant dissimilarity between the TLS and TGL
models. In the case of the TLS model, unlike the TGL model, the predom-
inantly elastic wave propagates without any attenuation.

Therefore, it can be emphasized that the discontinuities of finite jump
for the temperature and displacement fields and the delta function singu-
larities experienced by the stress fields for the case of the GL model are
not observed in the case of the TGL model, which is a significant feature
of the two-temperature thermoelastic model with two relaxation parame-
ters. However, the two-temperature model does not predict a finite speed
of the thermal signal and a predominantly thermal wave is not found as a
contribution to the solution of the physical fields, although these theories
include the thermal relaxation parameters. This is obviously a significant
feature of the two-temperature model and these models therefore may not
be referred to as generalized thermoelastic models which have a significant

feature of admitting a finite speed of the thermal wave.

52



