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Abstract

In this paper, we attempt to propose Ekeland’s variational principle for interval-valued func-
tions (IVFs). To develop the variational principle, we study a concept of sequence of intervals.
In the sequel, the idea of g H-semicontinuity for IVFs is explored. A necessary and sufficient
condition for an IVF to be g H-continuous in terms of g H-lower and upper semicontinuity
is given. Moreover, we prove a characterization for g H-lower semicontinuity by the level
sets of the IVE. With the help of this characterization result, we ensure the existence of a
minimum for an extended g H-lower semicontinuous, level-bounded and proper IVF. To find
an approximate minima of a g H -lower semicontinuous and g H-Gateaux differentiable IVF,
the proposed Ekeland’s variational principle is used.

Keywords Interval-valued functions - g H-semicontinuity - g H-Géteaux differentiability -
Ekeland’s variational principle

Mathematics Subject Classification 26A24 - 90C30 - 65K05

1 Introduction

In real analysis, we deal with real-valued functions and their calculus. Similarly, interval anal-
ysis deals with interval-valued functions (IVFs), where uncertain variables are represented
by intervals. The analysis of IVFs enables one to effectively deal with the errors/uncertainties
that appear while modeling the real-life problems.

To identify characteristic of IVFs, calculus plays a significant role. Wu (2007) pro-
posed the concepts of limit, continuity, and H -differentiability for IVFs. The concept of
H-differentiability uses H-difference to find the difference between elements of I(R),
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and hence it is restrictive (Stefanini and Bede 2009). To overcome the shortcomings of
H-differentiability, Stefanini and Bede (2009) introduced gH -differentiability for IVFs.
Thereafter, using g H-differentiability, Chalco-Cano et al. (2013) developed the calculus
for IVFs. In the same article (Chalco-Cano et al. 2013), the fundamental theorem of calculus
for IVFs has been presented. With the help of the parametric representation of an IVF, the
notions of g H-gradient and g H-partial derivative of an IVF has been discussed in Ghosh
(2017). Recently, Ghosh et al. (2020) introduced the concepts of g H-Gateaux and Fréchet
derivatives for IVFs with the help of linear IVFs. Further, researchers have also discussed
concepts of differential equations with IVFs (Wu 2007; Ahmad et al. 2019; Chen et al. 2004;
Van Hoa 2015). In order to study the interval fractional differential equations, Lupulescu
(2015) developed the theory of fractional calculus for IVFs.

In developing mathematical theory for optimization with IVFs, apart from calculus of
IVFs, an appropriate choice for ordering of intervals is necessary since the set of intervals is
not linearly ordered (Ghosh et al. 2020) like the set of real numbers. Hence, the very definition
of optimality gets differed than that of conventional one. However, one can use some partial
ordering structures on the set of intervals. Some partial orderings of intervals are discussed by
Ishibuchi and Tanaka in their 1990 paper (Ishibuchi and Tanaka 1990). By making use of these
partial orderings and H -differentiability, Wu (2007) proposed KKT optimality conditions for
an IOP. In a set of two papers, Wu (2008a, b) solved four types of IOPs and presented weak and
strong duality theorems for IOPs using H -differentiability. Chalco-Cano et al. (2013) used
a more general concept of differentiability (g H -differentiability) and provided KKT type
optimality conditions for IOPs. Singh et al. (2016) investigated a class of interval-valued
multiobjective programming problems and proposed the concept of Pareto optimal solutions
for this class of optimization problems. Unlike the earlier approaches, in 2017, Osuna-Gémez
etal. (2017) provided efficiency conditions for an IOP without converting it into a real-valued
optimization problem. In 2018, Zhang et al. (2018) and Gong et al. (2016) proposed genetic
algorithms to solve IOPs. Ghosh et al. (2019) reported generalized KKT conditions to obtain
the solution of constrained IOPs. Recently, Van Su and Dinh (2020) presented duality results
for interval-valued pseudoconvex optimization problems with equilibrium constraints. Many
other authors have also proposed optimality conditions and solution concepts for IOP, for
instances, see Ghosh (2017), Ahmad et al. (2019), Ghosh et al. (2018), Wolfe (2000) and the
references therein.

1.1 Motivation and work done

So far, all the solution concepts in interval analysis to find minima of an IVF are for those
IVFs that are g H-continuous and g H -differentiable. However, while modeling the real-
world problems, we may get an objective function that is neither gH-differentiable nor
gH-continuous.! We thus, in this study, introduce the notions of g H-semicontinuity and
give results which guarantees the existence of a minima and an approximate minima for an
IVF which need not be g H-differentiable or g H-continuous.

For anonsmooth optimization problem, it is not always easy to find an exact optima (Facchinei
and Pang 2007). In such situations, one attempts to find approximate optima. It is a well-
known fact that Ekeland’s variational principle (Ekeland 1974) is helpful to give approximate
solutions (Facchinei and Pang 2007). Also, it is widely known that in the conventional and
vector optimization problems, the concept of weak sharp minima (Burke and Deng 2002)

1 Analytical models of some interesting real-world problems with neither differentiable nor continuous objec-
tive functions can be found in Clarke’s book Clarke (1990)
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plays an important role. It is closely related to sensitive analysis and convergence analysis
of optimization problems (Burke and Ferris 1993; Henrion and Outrata 2001). Ekeland’s
variational principle is a useful tool to show the existence of weak sharp minima for a
constrained optimization problem with nonsmooth objective function (Facchinei and Pang
2007). Moreover, Ekeland’s variational principle (Ekeland 1974) is one of the most powerful
tools for nonlinear analysis. It has applications in different areas including optimization
theory, fixed point theory, and global analysis, for instances, see Borwein et al. (1999),
Ekeland (1979), Fabian et al. (1996), Fabian and Mordukhovich (1998), Georgiev (1988),
Kruger (2003), Penot (1986). Due to all these wide applications of Ekeland’s variational
principle in different areas, especially in nonsmooth optimization and control theory, we
attempt to study this principle for g H-lower semicontinuous IVFs in this article. Further, we
also give Ekeland’s variational principle for g H-Gateaux differentiable IVFs.

1.2 Delineation

The proposed study is presented in the following manner. In Sect. 2, basic terminologies and
definitions on intervals and IVFs are provided. In Sect. 3, we define g H-semicontinuity for
IVFs and give a characterization for g H -continuity of an IVF in terms of g H-lower and upper
semicontinuity. Also, we give a characterization of g H-lower semicontinuity, and using this
we prove that an extended g H-lower semicontinuous, level-bounded and proper IVF attains
its minimum. Further, a characterization of the set argument minimum of an IVF is given.
After that, we present Ekeland’s variational principle for IVFs and its application in Sect. 4.
Lastly, the conclusion and future scopes are given in Sect. 5.

2 Preliminaries and terminologies

In this article, the following notations are used.

— R denotes the set of real numbers

— R denotes the set of nonnegative real numbers

I (R) represents the set of all closed and bounded intervals
Bold capital letters are used to represent the elements of 7 (RR)
I(R) = I(R) U {—00, +00}

0 represents the interval [0, 0]

X denotes a finite dimensional Banach space

B;(x) is an open ball of radius § centered at x.

Consider two intervals A = [a¢, a] and B = [Q, ﬂ The addition of A and B, denoted A & B,
is defined by

A®B=[a+b a+b].
The addition of A and a real number a, denoted A & a, is defined by
A®Da=A®|a,a] = [Q—i—a, E—i—a].
The subtraction of B from A, denoted A © B, is defined by

AoB=[a-b,a-b].
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The multiplication by a real number p to A, denoted © © A or A © p, is defined by

[ua, pal, ifu=>0

OA=A0Ou=
a a [ua, pal, ifp <O.

Definition 2.1 (g H-difference of intervals Stefanini and Bede 2009). Let A and B be two
elements of /(R). The g H-difference between A and B is defined as the interval C such that

A=BoC
C=A06;y B jor
B=Ao6C.

For A = [a,a] and B = [b, b], A ©¢n B is given by (see Stefanini and Bede 2009)
A &,y B = [min{a — b, a — b}, max{a — b, a — b}].
Also, if A = [a, a] and a be any real number, then we have
ASgpa=A6,ya,a]l =[min{a —a,a —a}, max{a —a,a —a}l=[a —a,a —a].

Definition 2.2 (Dominance of intervals Wu 2008b). Let A = [a, a] and B = [b, b] be two
elements of /(R). Then,

(i) B is said to be dominated by A ifa < b anda < b, and then we write A < B;
(i) B is said to be strictly dominated by A if A < B and A # B, and then we write A < B.
Equivalently, A < B if and only if any of the following cases hold:

e Casel.a <banda <b,
e Case2.a <banda < b,
e Case3.a <banda < b;

(iii) if neither A < B nor B < A, we say that none of A and B dominates the other, or A
and B are not comparable. Equivalently, A and B are not comparable if either ‘a < b
anda > b or‘a>banda < b’;

(iv) B is said to be not dominated by A if either B < A or A and B are not comparable, and
then we write A £ B. Similarly, a real number « is said to be not dominated by A if
either [a, a] < A or A and [a, a] are not comparable, and then we write A 4 a.

Remark 2.1 By Definition 2.2, it is easy to see that for any A, B € I(R) either A < B or
A £ B.

Note 2.1 It is to be mentioned that dominance relation (Definition 2.2) and the interval arith-
metic used in this article are also proposed independently by Kulisch and Miranker (1981).

In the following two lemmas, we give a few inequalities about intervals and their norms.
The norm of an interval A = [g , Zz] is defined by (see Moore 1966)

ANl @) = max{|al, |al}.

It is noteworthy that the set /(R) equipped with the norm |.||; g, is a normed quasilinear
space with respect to the operations @, ©gy and © (see Lupulescu 2015).
Next, we recall the definition of quasilinear normed space.
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Definition 2.3 (See Markov 2000). I (R) equipped with the norm ||. || ;) With operations of
addition (@) and multiplication by real scalars (©), is called a quasilinear normed space if
the following laws hold:

i APB)aC=ApBaC) forallA,B,C e I(R),

(i) There exists an element E € I (R) suchthat AGE=E ® A = A forall A € I(R),
(iii) AB=BdAforall A,B € I(R),

(v) fA,B,Ce I(R)and A@ C=B & CimpliesA =B

V) AO(UOA) =0 ©Aforall A, u € Rand A € I(R),

(vi) 1A =Aforall A € I(R),

Vi) A\OADPB)=L0A®LOBforallA € Rand A, B € I(R), and
(viil) A+ ) OA=L0A®uOAforall A € I(R)and A, u € R with Ap > 0.

Lemma 2.1 Let A, B, C and D be elements of 1 (R). Then,

(i) 1A ®Bl;wr) < lAll1®r) + |Bll1(R) (triangle inequality for the elements of I(R)),
(ii) ifA <CandB <D, thenA @B < C&® D,

Proof See A. O

Lemma 2.2 (Properties of the elements of 7(R) under gH-difference). For all elements
A, B, C, D € I(R) and € > 0, we have

(i) |ASgu Blir) <€ <= BOgnle,e] <A <B® e, €],
(i) A Sy [e,€] #B = A £B.

Proof See B. O

Definition 2.4 (Infimum o_f a subset of I(R)).LetS C I(R). A_n interval A € I (R) is said to
be alower bound of Sif A < B forall Bin S. A_lower bound A of S is called an infimum of
S if for all lower bounds C of S in /(R), C < A. We denote infimum of S by inf S.

Example 2.1 Let S = {[%, 1] 'n e N}. The set of lower bounds of S is
{l, B] : —o0 < <0and — oo < B < 1}.

Therefore, the infimum of S is [0, 1] because [«, 8] < [0, 1]forall —oo < @ < 0and —oc0 <
B=<1

Definition 2.5 (Supremum of a subset of I(R)). Let S € I(R). An interval A eI is
said to be an upper bound of S if B < A for all B in S. An upper bound A of S is called a
supremum of S if for all upper bounds C of S in /(R), A < C. We denote supremum of S
by supS.

Example2.2 LetS = {[ni2 +1, 3] ‘n e N}. The set of upper bounds of S is
{l, Bl:2 < < +ooand 3 < B < +00}.

Therefore, the supremum of S is [2, 3] because [2, 3] < [«, ] forall2 <« < 4ooand 3 <
B < +o0.

Remark2.2 Let S = {[aa, bel € TM®) : & € A and A being an index set } Then, by Defi-

nition 2.4 and 2.5, it follows that inf S = |:inf ay, inf bai| andsupS = |:sup Ay, Sup bai| .
aEA A aEA aEA
It is evident that if inf S and sup S exist for an S, then they are unique.
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Note 2.2 Infimum and supremum of a subset of /(R) may not exist. For instance, con-
sider S = {[-2, —1],[-3, —1],[—4, —1],...}. Here, S has no lower bound in /(R) as
{—2, —3, —4, ...} has no lower bound in R. Therefore, infimum of S does not exist in 7 (R).

Remark 2.3 (i) It is noteworthy that infimum and supremum of a subset of I(R) always
existin / (R). For instance, consider S as in Note 2.2. Here, infimum of S does not exist
in I (R) but exists in /(R). Note that infimum of S is —oo.
(i) Infimum and supremum of a finite subset S of real numbers always belong to the set S but
this is not true for a finite subset of 7 (R). For instance, consider S = {[—2, 4], [—1, 3]}.
Then, inf S = [-2, 3] and supS = [—1, 4].

Definition 2.6 (Infimum of an IVF). Let S be a nonempty subset of X and F : S — I(R) be
an extended IVFE. Then infimum of F, denoted as ing F(x) or igf F, is equal to the infimum
xXe

of the range set of F, i.e.,
ing =inf{F(x) : x € S}.
Similarly, the supremum of an IVF is defined by
supF = sup{F(x) : x € S}.
S
Definition 2.7 (Sequence in I(R)). AnIVFF : N — I(R) is called a sequence in I (R).

The image of nth element, F(n), is said to be the nth element of the sequence F. We denote
a sequence F by {F(n)}.

Example2.3 (i) F: N — I(R) that is defined by F(n) = [n, n 4 1] is a sequence.
(i) F: N — I(R) that is defined by F(n) = [%, 5] is also a sequence.

Definition 2.8 (Convergence of a sequence in I (R)).

1. A sequence {F(n)} is said to converge to L. € I(R) if for each ¢ > 0, there exists an
integer m > 0 such that

IF(m) ©¢gn Llljw) < € foralln > m.

The interval L is called limit of the sequence {F(rn)} and is presented by lir_}_l F(n) =L
n——+0o0

or F(n) — L.
2. We say the limit of a sequence {F(n)} is o0 if for every real number @ > 0, there exists
an integer m > 0 such that

[a,a]l < F(n) forall n > m.

3. We say the limit of a sequence {F(n)} is —oo if for every real number a > 0, there exists
an integer m > 0 such that

F(n) < [—a, —a] foralln > m.

Example 2.4 Consider the sequence F(n) = [1, 1], n € N,in I(R).
Let € > 0 be given. Note that
~[[o.3]
I(R) n

So, by taking m = Léj + 1, where |-] is the floor function, we have

1 1
= — < € whenevern > —.
€

1
[F(n) ©op [0, Il 1Ry = H [;, 1} Sgn [0, 1] o
I(R)

IF(n) ©gn [0, 1]ll1R) < € foralln > m.
Thus, lim F(n) =L =10, 1].
n—-+o00o
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Note 2.3 Let {F(n)} be a sequence in I (R) with F(n) = [i(n), 7(11)] , Where {i(n)} and

{f(n)} be two convergent sequences in R. Then, {F(n)} is convergent and

tim ¥y = tim_jo. i T

n

The reason is as follows.
Suppose f(n) and f(n) are convergent sequences with limits /; and I, respectively. Then,
for each € > 0, there exist positive integers m and my such that

’i(n) —11‘ < eforalln > mq, and ‘?(n) —12| < eforalln > my

— max ”i(n) —11( | Fo —12\} <eforalln>m,
where m = max{m, m>}
— ” [i(n),?(n)} Og¢H [ll’lz]Hl(R) <eforalln >m

ie. [F() &g [, b gy < € foralln = m.
Thus,
nljr}rlooF(n) =l bl = [nljrfooi(n), nijr}rlooﬁn)] :
Definition 2.9 (Bounded sequence in I (R)). A sequence {F(n)} is said to be bounded above
if there exists an interval K; € /(R) such that
F(n) <K foralln € N,

A sequence {F(n)} is said to be bounded below if there exists an interval K, € I(R) such
that
K; < F(n) foralln € N.

A sequence {F(n)} is said to be bounded if it is both bounded above and below.

Definition 2.10 A sequence {F(n)} is said to be monotonic increasing sequence if F(n) <
F(n+ 1) foralln € N.

Lemma 2.3 A bounded above monotonic increasing sequence of intervals is convergent and
converges to its supremum.

Proof Let {F(n)}be abounded above monotonic increasing sequence and M be its supremum.
Then, by Definition 2.5, we have

(i) F(n) <M forall n € N and
(ii) for a given € > 0, there exists an integer m > 0 such that M S,y [€, €] < F(m).

Since {F(n)} is a monotonic increasing sequence,
MOSep[e,e] <F(m) <Fm+1) <Fm+2)<--- <M.

That is, M S, [€, €] < F(m) < M @ [e, €] for all n > m. Thus, the sequence {F(n)} is
convergent and 11111 F(n) =M. ]
n——+0o0
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Definition 2.11 (Lower limit and upper limit of a sequence in I (R)). Let {F(n)} be a sequence.
The lower limit of {F(n)}, denoted lim inf F(n), is defined by

liminf F(n) = lim_inf{F(2), F(n + 1), F(n+2)....).
n——+00

Similarly, upper limit of {F(n)} is defined by
limsupF(n) = lim sup{F@#),F(n+1),F(n+2),...}.
n—+0o0o

Example 2.5 Consider the following sequence in I (R):

F(n) = I:n% niz + 1] if nisodd
[n.n®+1]  ifniseven.

It is easy to see that inf [% Ly 1] = [0, 1] and inf [n,n? + 1] = [1, 2]. Therefore,
neN L1 neN

11T inf{F(n), F(n +1),F(n +2),...} =[0, 1] and hence, liminf F(n) = [0, 1].
n—+00

Note that sup [iz Ly 1] = [1,2] and sup [n, n? + 1] = +oc. Thus,
neN neen neN

liI_P sup{F(n), F(n + 1), F(n + 2), ...} = 400 and hence, limsupF(n) = +o0.
n——+00

Next, we state the conventional Ekeland’s variational principle.

Theorem 2.1 (Ekeland’s variational principle for real-valued functions Ekeland (1974)).
Let f : X — R U {400} be a Isc extended real-valued function and € > 0. Assume that

inf £ is fini - inf .
1& f is finite and f(x) < 1& f+e

Then, for any § > O, there exists an xo € X such that

(i) llxo —*llx <5,
(ii) f(xo0) < f(x), and
(iii) argn;in{f(x) +68llx — xolla} = {xo0}.
xe

3 gH-continuity and gH-semicontinuity of interval-valued functions

In this section, we define g H-lower and g H-upper semicontinuity for extended IVFs and
show that g H-continuity of an IVF implies g H-lower and upper semicontinuity and vice-
versa. Further, we give a characterization of g H-lower semicontinuity in terms of the level
sets of the IVF (Theorem 3.6) and use this to prove that an extended g H-lower semicon-
tinuous, level-bounded and proper IVF attains its minimum (Theorem 3.7). We also give a
characterization of the set argument minimum of an IVF (Theorem 3.8).

Throughout this section, an extended IVF is an IVF with domain X and codomain I(R).

Definition 3.1 (g H-limit of an IVF). Let F : S — I(R) be an IVF on a nonempty subset
S of X. The function F is called tending to a limit L € I(R) as x tends to x, denoted by

lim F(x), if for each € > 0, there exists a § > 0 such that
X—>X

IF(x) ©¢gn Llljr) < € whenever 0 < |lx — X[y <.
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Definition 3.2 (g H-continuity). Let F : S — I (R) be an IVF on a nonempty subset S of X.
The function F is said to be g H-continuous at x € S if for each € > 0, there existsa§ > 0
such that

IF(x) ©¢n F(X) 1) < € whenever ||x — X[ x < 6.

Definition 3.3 (Lower limit and g H-lower semicontinuity of an extended IVF). The lower

limit of an extended IVF F at x € X, denoted lim inf F(x), is defined by

liminf F(x) = lim (inf{F(x) : x € Bs(x)})
x—X 810

= sup (inf{F(x) : x € Bs(x)}).
>0

F is called g H-lower semicontinuous (g H-Isc) at a point x if

F(x) < liminf F(x). (H
X—>X
Further, F is called g H-1sc on X if (1) holds for every x € X.
Example 3.1 Consider the following IVF F : R?2 — [ (R):

[1, 2]®s1n< )@cos xy ifxixo #0

F(xi, x) =
[—2,—1] 1fx1x2:0.
The lower limit of F at (0, 0) is given by

lim inf F(x1 X2) = llm (nf{F(x1, x2) : (x1,x2) € Bs(0,0)}).

(x1,x2)—(0,0
Note that as x; — 0, sin ( : ) oscillates between —1 and 1. Therefore, for any 6 > 0,

inf F(xi, x2) =[1,2]10 (-1) =[-2, —1].
(x1,x2)€B5(0,0)

Also, note that when (x, x2) = (0,0), F(x1, xo) = [-2, —1]. Thus,

liminf F(xy, xp) =[-2, —1].
(x1,x2)—(0,0)

Since F(0,0) = [-2, —1] <X [-2,—1] = ( hrr)l 111(%0 F(x1, x2), the function F is g H-Isc at
X1,X2)—>
0, 0).

Note3.1 Let F be an extended IVF with F(x) = [ (), f()], where f, f : ¥ —

R U {—o0, +°3} be two extended real-valued functions. Then, F is g H-Isc at x € X if and
only if f and f both are Isc at x. The reason is as follows.

fand farelscatx <= f(X) <liminf f(x) and f(X) <liminf f(x)
— [i(;z)j(x)] < [limir_lfi(x), 1imir_1f7(x)]
— [1()2),7()2)] < liminf [i(x),?(x)] . by Remark 2.2

ie., F(x) <liminf F(x).
X—>X
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Note 3.1 reduces our efforts to check g H-lower semicontinuity of extended IVFs that are
given in the form F(x) = [i(x), ?(x)]. For example, consider F : R? - I(R) as

lxpxal  elonival ] :
, if xjxo #0
F(xy, x2) = {([)ZX12+X22 x124x?

if xjxp =0

and take x = (0, 0). It is easy to see that both

lxixal
f(.X], )CQ) = {ZXIZIJ,»XZQ lfxl,)CZ # 0
B 0

ifx1x2 — O
and
eloxyxal .
flx1, xp) = { xP4x? if xjx2 #0
0 if xjx2 =0

are Isc at x. Thus, by Note 3.1, F is g H-Isc at x.

Theorem 3.1 Let F be an extended IVF. Then, F is gH-lsc at X € X if and only if for each
€ > 0, there exists a § > 0 such that F(x) Ogp [€, €] < F(x) for all x € Bs(x).

Proof Let F be gH-lsc at x.
To the contrary, suppose there exists an €y > 0 such that for all § > 0, F(X) ©gp [€0, €0] A
F(x) for at least one x in Bgs(x).
Then,
F(x) ©4n €0, €0] A inf{F(x) : x € Bs(x)} forall§ > 0
= F(X) Ogn leo, €0] A %iﬁ}(inf{F(X) 1 x € Bs(x)})
= F(x) Ogn [€0, €0] A liminf F(x)
X—>X
— F(x) ﬁ liminf F(x), by (ii) of Lemma 2.2,
X—>X

which contradicts that F is g H-Isc at x. Thus, for each € > 0, there exists a § > 0 such that
F(x) ©gn [€, €] < F(x) forall x € Bs(X).

Conversely, suppose for a given € > 0, there exists a § > 0 such that F(x) ©¢py [€, €] <
F(x) for all x € Bs(x). Then,

F(x) O [€, €] < inf{F(x) : x € Bs(X)}
= F(¥) Sgn [€, €] = %iﬂ}(inf{F(x) 1x € Bs(x)})

= F(X) O, [€, €] < liminf F(x).

As F(x) ©gp €, €] < liminf F(x) for every € > 0, we have F(x) < liminf F(x). Thus,
X—>X X—>X
F is gH-Isc at x. O

Definition 3.4 (Upper limit and g H-upper semicontinuity of an extended IVF). The upper
limit of an extended IVF F at x € X, denoted lim sup F(x), is defined as

xX—Xx

limsupF(x) = lsiig (sup{F(x) : x € Bs(x)})

x—>X

= gmg (sup{F(x) : x € Bs(x)}).
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F is called g H-upper semicontinuous (g H-usc) at x if

limsupF(x) < F(x). ()

x—>X

Further, F is called g H-usc on X if (2) holds for every x € X.

Note3.2 Let F be an extended IVF with F(x) = [ f(), f()], where f, f : ¥ —

R U {—00, +00} be two extended real-valued functions. "ljlen, because of a similar reason
as in Note 3.1, Fis gH-usc at x € X if and only if f and f are usc at x.

Theorem 3.2 Let F be an extended IVF. Then, F is g H-usc at X € X if and only if for each
€ > 0, there exists a § > 0 such that F(x) < F(x) @ [¢, €] for all x € Bs(x).

Proof Similar to the proof of Theorem 3.1. O

Theorem 3.3 An extended IVF F is g H-continuous if and only if F is both g H-lower and
upper semicontinuous.

Proof Let F be g H-continuous at X € X. Then, for each ¢ > 0, there exists a § > 0 such
that

IF(x) ©gn F(X)|I1Rr) < € forall x € Bs(x)
< F(X) S [e,€] < F(x) < F(x) ® [e, €] forall x € Bs(x), by (ii) of Lemma 2.2
<= F(x)is gH-lsc and g H-usc at x, by Theorems 3.1 and 3.2.

[m}

Definition 3.5 (Proper IVF). An extended IVF F is called a proper function if there exists
an x € X such that F(x) < [+00, +00] and [—oc0, —o0] < F(x) forall x € X.

Example 3.2 Consider the IVFF : R? - I (R) that is given by F(x1, x2) = [xl, el + x22] .
Note that F(0, 0) = [0, 1] < [+00, +00]. Also, [—o0, —o0] < F(x1, x) for all (xq, x2) €
R?. Therefore, F is a proper function.

Lemma 3.1 Let Fy and Fy be two proper extended IVFs, and S be a nonempty subset of X.
Then,

(i) ngFl(x) ® ing Fa(x) < ing{Fl(x) ®F2(x)} and
(ii) sup{F(x) ® F2(x)} < sup F;(x) @ sup F»(x).

xe§ xes xeS§

Proof Let oy = inf Fj(x) and ey = inf F»(x). Then,
xes xeS

a; <Fi(x)forallx e Sanday < Fa(x) forallx € S
== a1 Doy <Fi(x) ®Fy(x) forallx € S, by (ii) of Lemma 2.1
= o1 ey < inf (F1(x) ©F2(x))
xXe

ie., inf F1(x) @ inf Fo(x) < inf {F1(x) @ Fa(x)}.
xeS xeS xeS
Part (ii) can be similarly proved. O

Theorem 3.4 Let F| and F; be two proper extended IVF's, and S be a nonempty subset of X.
Then,

@ Springer f DMAC



28 Page12o0f24 G. Kumar, D. Ghosh

(i) liminf F{(x) & liminf F»(x) < liminf(F; & F»)(x) and
X—>X X—>X X=X
(ii) limsup(F; @ F2)(x) < limsup F{(x) & lim sup F2(x).

xX—>X xX—X xX—>Xx

Proof

hm mf Fi(x)® hm 1an2(x) = hm 1nf( )Fl(x) ® hrn igf(_) F>(x), by Definition 3.3
Bs(x 5 (X

jlim( inf Fl(x)69 1nf Fz(x)>
510 \xeBs (%) 7

=< lim 1nf (F1 @Fz)(x) by (i) of Lemma 3.1
810 xeBs (%

= lim II_lf(F1 @ Fr)(x).
X—>X
This completes the proof of (i). Part (ii) can be similarly proved. O

Theorem 3.5 Let ¥y and ¥y be two proper and g H-Isc extended IVFs. Then, F| & F; is
gH-Isc.

Proof Take x € X. Since F; and F, are g H-Isc at x, we have

Fi(x) < liminf F{(x) and F»(x) < 11m msz(x)

xX—>X

= Fi(x)dFa(x) < ll)IcIl})IElfFl(x) ® ll)I;Il)lf_(lf F2(x), by (ii) of Lemma 2.1

= F1oF)(x) < li)rcrl)i);(lf(Fl @ F2)(x), by (i)of Theorem3.4

=— F1 ®Fyis gH-Isc at x.
Since x is arbitrarily chosen, so F; & F, is gH-Isc on X. O
Lemma 3.2 (Characterization of lower limits of IVFs). Let F be an extended IVF. Then,

liminf F(x) = inf {oc € I(R) : there exists a sequence xiy — x with F(xy) — oc} .
X—>X

Proof Let & = liminf F(x). Assume that sequence xy — x with F(x;) — «. In the below,

X—>X

we show that @ < o.
Since x; — X, for any 6 > 0, there exists ks € N such that x; € Bs(x) for every k > ks.
Therefore,

inf{F(x) : x € Bs(x)} < F(x¢) forany § > 0
— inf{F(x) : x € Bs(x)} < L lim F(xg) forany § > 0
—+00

— inf{F(x) : x € Bs(x)} < aforany § > 0
S %iilginf{F(x) xeBs(X)} <X«

= liminf F(x) =a < a.

X—>X
Next, we show that there exists a sequence x; — X with F(x;) — a.
Consider a nonnegative sequence {8} with 8; | 0, and construct a sequence oy = inf{F(x) :
x € Bs, (%)}
As 8x | 0, by Definition 3.3 of lower limit, @y — a. Also, by definition of infimum,
for a given € > 0 and k € N, there exists x; € Bs,(x) such that F(x;) < oay. That is,
o < F(x;) < ay, where o) — a.
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Note that x; € Bs, (x) and §; | 0. Therefore, as k — 400, xy — x. Also, note that F(xy)
is a monotonic increasing bounded sequence and therefore, by Lemma 2.3, F(x;) converges
to o, and the proof is complete. O

Lemma 3.3 (Characterization of upper limits of IVFs). Let F be an extended IVF. Then,

lim sup F(x) = sup [oc € I (R) : there exists a sequence x; — x with F(xy) — oc} .
X—>X

Proof Similar to the proof of Lemma 3.2. O

Definition 3.6 (Level set of an IVF). Let F be an extended IVF. For an a € I (R), the level
set of F, denoted as levy 4F, is defined by

levg s)F={x e X: 4 F(x)}.

Example 3.3 Consider F : R2 — I(R) as F(x) = [1,2] © x12 ® [3.4] © e and @ =
[—1, 10]. Then,

levg 4F = {(xl,xz) €R2:[=1,10] A[1,2] 0 x> ® [3,4] O eX22}
— [(xl, x) € R [—1,10] £ [xlz 367 25,2 +4e"22]}
= {(xl,xg) cR?: [x12 + 3ex22, 2x12 +4ex22] < [—1,10] or
[—1, 10] and [x12 + 3€X22, 231 + 4€X22:| are not comparable]

= {(xl, x2) € R? : [—1, 10] and [x12 + 3ex22, 2+ 4ex22] are not comparable]

{(xl,xz) eR?: ‘x2 + 36"22 < —1 and 2x;2 —i—4e)‘22 > 10’ or
x> +3ex22 > —1 and 2x;2 —{—4(3"22 < 10’}
= {(xl,xz) e R?: x;? -|-3e)‘22 > —1 and 2x;2 +4e)‘22 < 10}
- I(xl,xg) e R?: 2x;2 4 467 < 10] .
Hence,
levy 4F = {(xl,xz) e R?: x;? +28)‘22 < 5} .

Definition 3.7 (Level-bounded IVF). An extended IVF F is said to be level-bounded if for
any & € I(R), levy 4F is bounded.

Lemma 3.4 Let F be an extended IVF and x € X. Then,
inf (lim inf F(x;)) 4 liminf F(x), 3)
{xx} X—X

where the infimum on the left-hand side is taken over all sequences x; — x.

Proof Let M = liminf F(x) and L = %nt; liminf F(xy).
Xk

X—>X
If M = —o0, there is nothing to prove.
Next, let M = +o0. Let {x;} be an arbitrary sequence converging to x. We show that
F(x;) — +o00. Since M = +o0, for any given o > 0, there exists a § > 0 such that
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[, @] < inf,epyx) F(x). Since x; — X, there exists an integer m > 0 such that x; €
Bs(x) for all n > m. Thus, [«, o] < F(xy) for all n > m, and hence F(x;) — +o0.
Finally, let [—00, —00] < M < [4o00, +0o0], i.e., M € I(R). Suppose that there exists
€0 > 0 such that for all § > 0, inf ,¢g;(z) F(x) < M O¢p [€0, €0]. Then,
lim inf_ F(x) X MS,q [0, €0l
810 x€Bs(¥)
= liminf F(x) X M ©,q €0, €]

X—>X

e, M <M©OS,p [€, €],

which is not true. Thus, for a given € > 0, there exists a § > 0 such that inf ¢ g;(z) F(x) ﬁ
M S, (€, €]. This implies F(x) 2 M O, [€, €] for all x € Bs(%).

Let {xx} be a sequence converging to x. Since x;x € Bs(x) for large enough k, we have
liminf F(xy) ﬁ M S,y [e, €] forany € > 0. Thus, liminf F(x;) A M for any sequence
converging to x, and hence L. 4 M. Therefore, (3) holds. m}

Theorem 3.6 Let F be an extended IVF. Then, F is gH-Isc on X if and only if the level set
levy 4F is closed for every a € I(R).

Proof Let F be gH-Isc on X. For a fixed & € /(R), suppose that {xx} € levy 4F such that
xx — x. Then,

a A Fx)
— «a A liminf F(x;)
= o A liminf F(x), by Lemma 3.4
X—>X

— a A F(x)since F is gH-Isc at x.

Thus, x € leva%F, and hence leva%F is closed.

Since a € I(R) is arbitrarily chosen, levy 4 F is closed for every € I(R).

Conversely, suppose the level set levy 4F is closed for every @ € I(R). Fixanx € X. To
prove that F is g H-Isc at x, we need to show that

F(¥) < liminf F(x).
X—X

Let @ = lim inf F(x). The case of @ = 400 is trivial; so assume & < [4-00, +00].
X—>X

By Lemma 3.2, there exists a sequence x; — x with F(x;) — a. For any & such thata < «,
it will eventually be true that @ A F(xx), or in other words, that x; € levy 4 F. Since levy 4F
is closed, X € levy 4F.

Thus, « £ F(x) for every o such that @ < o, then @ A F(x). Therefore, either F(x) < & or

a and F(x) are not comparable. But since & = lim inf F(x), so « is comparable with F(x),
X—>X

and hence F(x) < a.
Since x € X is arbitrarily chosen, F is g H-Isc on X'. This completes the proof. O

Definition 3.8 (Indicator function). Consider a subset S of X. The indicator function of
S,8s(s) : X = RU{+o00} is defined by

0 ifseS

S5(s) = {+oo ifs¢s.

Remark 3.1 (i) Itis easy to see that §s is proper if and only if S is nonempty.
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(i) By Theorem 3.6, s is g H-Isc if and only if S is closed.

Definition 3.9 (Argument minimum of an IVF). Let F be an extended IVF. Then, the argument

minimum of F, denoted as argminF (x), is defined by
xeX

xeX:F(x) = inf F(y)} if inf F(y) # 400
yex yex

argminF(x) = e
xeX Y if inf F(y) = 4o0.
yeX

Example 3.4 Consider F : R? — I(R) as F(x1, x2) =

SRS
[—‘;T,e Tl T2 :| ifx; #0
[ —o0,0] if x; = 0.
Then, inf F(x1,x) =[—00,0].

(x1,x2)€R?

argminF (x) = {(xl,xQ) € R? :F(x1, x2) = inf F(x,x2) = [—oo,O]}
xeR2 xeR2

={(0,x2) : xp € R}.
Therefore, argminF(x) = {(0, x2) : x € R}.

xeR?
Theorem 3.7 (Minimum attained by an extended IVF). Let F be g H-Isc, level-bounded and
proper extended IVF. Then, the set argmin » F is nonempty and compact.

Proof Let & = inf F. So, @ < [+00, +00] because F is proper.

Note that levy 4F # ¢ for any o that satisfies @ < a < [+00, +00]. Also, as F is
level-bounded, leva%F is bounded and by Theorem 3.6, it is also closed. Thus, levu%F is
nonempty compact for & < & < [+00, +00] and are nested as levy 4F C levg 4F when
o < B. Therefore,

m levy 4 F = levg 4F = argmin, F
a<o<+00

is nonempty and compact. O

Next, we present a theorem which gives a characterization of the argument minimum set
of an IVF in terms of g H-Gateaux differentiability. An IVF F : X — I(R) is said to be
g H-Gateaux differentiable (see Ghosh et al. 2020) at x € X’ if the limit

_ .1 _ _
Fy () = lim ~© (F(X + Ah) ©4n F(X))
exists for all 7 € X and Fg (X) is a g H-continuous linear IVF from X to /(R). Then, we

call Fy (x) as the g H-Gateaux derivative of F at x.

Theorem 3.8 (Characterization of the set argument minimum of an IVF). Let F be an extended
IVF and x € argmin, .y F(x). If the function F has a g H-Gdateaux derivative at X in every
direction h € X, then

Fy (%) (h) =0 forallh € X.

Proof Observe that any X € argmin,.» F(x), is also an efficient point. Then, the proof
follows from proof of the Theorem 4.2 in Ghosh et al. (2020). m}
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4 Ekeland’s variational principle and its applications

In this section, we present the main results—Ekeland’s variational principle for [VFs along
with its application for g H-Gateaux differentiable IVFs.

Lemma4.1 Letx € X andA € I(R). Then, {x € X : A £ ||x — X||x} is a bounded set.

Proof Let A = [a, a]. Then,

{(xeX:AA|x—xlx}
={xed:faalAllx—xlx}
={xeX:|x—X|x ZXla,a]or ‘[a,a] and | x — X|| x are not comparable’}
={reX:‘x—xllx <aand|x —xllx <@
or ‘[a,a] and ||x — X|| x are not comparable’}
=freX:‘x—Xllxy =d’ orlx —X||lx <aand |x —X[|lx >a
or ‘lx —xllx > aand [x — X|lx <a’}
={xreX:lx—Xllx <aora<|x—x|x <a},

which is a bounded set.
Hence, forany x € X and A € I(R), {x € X : A £ ||x — X|| x} is bounded. ]

Theorem 4.1 (Ekeland’s variational principle for IVFs). Let F : X — I(R) U {400} be a
gH-Isc extended IVF and € > 0. Assume that

ing is finite and F (x) < ing @D [e, €].

Then, for any § > 0, there exists an xo € X such that
(i) llxo — Xllx < §,
(ii) F(xo) = F(X), and
(iti) argmin{F(x) @ §|lx — xollx} = {xo}.
xeX

Proof Leta& = ing and F(x) = F(x) ® 6||x — X[ x.
Since F is the sum of two g H-lsc and proper [VFs, F is g H-lsc by Theorem 3.5. Also,
lev,x?(i = {x eX aA F(x)}
={xeX:aAFx) &dlx — x|}
CxeX :aALadd|x —x|x}

oS,y _
:{xex:+7<nx—xnx}
Oy @
2O

Therefore, by Lemma 4.1, F is level-bounded. Clearly, F is proper. Hence, by Theorem 3.7,
C = argmin y F is nonempty and compact.

Let us consider the function F = F @ 8¢ on X. Note that F is proper and level-bounded.
Since C is nonempty and compact, so by Remark 3.1, 6¢ is g H-Isc. Thus, by Theorem 3.5,
F is g H-lsc, and hence by Theorem 3.7, argmin X F is nonempty.

Let xp € argmin y F. Then, over the set C, F is minimum at xg.
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Since xg € C, F(xg) < F(x) for x ¢ C. This implies that for any x ¢ C,

F(x0) @ dllxo — x[lx < F(x) ®d|lx — xllx
= F(x0) < F(x) ®4|lx — xllx Ogn Sllxo — xllx-
Hence, F(x9) < F(x) ®d||x —xo||x forall x ¢ C with x # x¢, and thus argmin .. 5 {F(x) ®
Sllx — xolla} = {xo}. B
Also, as xg € C, we have F(xo) < F(x), which implies
F(xo) < F(%) because F(x) = F(¥)

= F(x0) ®dlxo — x[lx < F(x)

= F(x0) X F(x) ©gp dllxo — xllx

= F(x0) < @ @ [€, €] ©gpy 8]l x0 — X|| x because F(x) < i%fF D [e, €]

=

=

Sllxo — Xllx < x @ [€, €] ©gn Flxo)
Sllxo — Xllx < [€, €] because @ Sgpg F(xp) <0

_ €
= llxo —Xllx < 3
This completes the proof. O

Note 4.1 1t is to note that if the IVF F considered in Theorem 4.1 is degenerate IVF, i.e.,
F = f = f, then Theorem 4.1 reduces to the conventional Ekeland’s variational principle
(Theorem 2.1). Hence, Ekeland’s variational principle for IVFs (Theorem 4.1) is a true
generalization of conventional Ekeland’s variational principle (Theorem 2.1).

Example 4.1 In this example, we verify Theorem 4.1 for the IVEF : R2 — I(R) given by
F(x, x2) = [|X1x2|, e\xlle] :

It is easy to see that f and f are Isc, and hence by Note 3.1, F is g H-Isc. Note that F(0, 0) =
[0, 1] < F(x;, x2) for all x;, xo € R2. Therefore, by Definition 2.6, [0, 1] is the infimum of
F.Letx = (1,1) and € = 2. Note that F(x) = [1,e] < [0, 1] + [€, €] = [2, 3]. Thus, all
the hypotheses of Theorem 4.1 are satisfied. We verify Theorem 4.1, by taking § = 4. For
X0 = (%, %) observe the following.

= 2
Lollxo— X <5 =71,

2. F(xo) =[5, eT6] < [1,e] = F(&).
3. argmin(|x;xz], eM121] @ 4[x — xoll = {x0}.
xeR?

Similarly, Theorem 4.1 can be verified for other values of §.

Next, we give an application of Ekeland’s variational principle for [IVFs. In order to do that
we need the concept of norm of a bounded linear IVF. By a bounded linear IVF (see Ghosh
et al. 2020), we mean a linear IVF G : X — I(R) for which there exists a nonnegative real
number C such that

IGC) Iy r)< Cllx|lx forallx € X.

In the next lemma, we introduce norm for a bounded linear IVF.
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Lemma4.2 (Norm of a bounded linear IVF). Let G : X — I(R) be a bounded linear IVF.
Then,
Gl = sup [GC)1w)

xe
lIxlla=1

is a norm on the set of all bounded linear IVFs on X .

Proof Observe that |G| > 0 for any bounded linear IVF G and |G| = O if and only if
G = 0. Let y € R. We see that

ly © Gl
= sup [(y ©G)X)llrwy = sup [YIIGE)1w)
xeX xeX
xllx=1 Ixllx=1
=yl sup [GX)lrw) = IYIIGI.
xeX
lxll =1
Further,
G1 ® Gzll = sup [[(G1® G2)(X)l(w)
xeX
lxll =1
= sup [G1(x) ®G2(0) 1 w)
xeX
Xl x=1
< sup (IGIM)Il;w) + IG2(x)[l;®)), by (i) of Lemma 2.1
X
=t
= sup [G1®)ll;®r) + sup [IG2()l;w)
xeX xe
[lxllx=1 llxll =1
= [|G1] + IIGz.
Hence, the result follows. O

Theorem4.2 Let G : X — I(R) be a linear IVFE. If G is g H-continuous on X, then G is a
bounded linear IVF.

Proof By the hypothesis, G is g H-continuous at the zero vector of X'. Therefore, by Lemma
4.2 in Ghosh et al. (2020), G is a bounded linear IVF. ]

As an application of Theorem 4.1, we give a variational principle for g H-Gateaux differ-
entiable IVFs.

Theorem 4.3 (Variational principle for g H-Géateaux differentiable IVFs). Let F : X —
1 (R) U{+o00} be a g H-Isc and g H-Gdteaux differentiable extended IVF, and € > 0. Suppose
that

ilefF is finite and F(X) < iflyfF @ [, €].
Then, for any § > O, there exists an xo € X such that
(i) llxo —*llx <5,

(ii) F(xo) < F(x), and
(iii) |[Fg (xo)|l < 6.
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Proof By Theorem 4.1, there exists an xo € X that satisfies (i) and (ii), and xo €
argmin, .y {F(x) @ §|lx — xoll x}. Therefore, F(xp) < F(x) ® §|lx — xo||x and hence

F(x0) ©gn 8llx — xollx = F(x). “
Take any h € X and set x = xo + th in Eq. (4) with # > 0. Then, we get
F(xo) ©gn Slithllx < F(xo + th).
Thus,
Sl = 1 © (Fexo + 1) Sgn Flx))
Letting t — 0+, we get
—8llhllx = Fy (x0)(h).
Taking the infimum on both sides over all 4 € X with ||| x = 1, we get
—8 = —[[Fg (xo)ll, or, [[Fy (xo)|l <.

This completes the proof. O

The importance of the Theorem 4.3 is that in the absence of points belonging to the set
argmin, ., F(x), we can capture a point xq that almost minimizes F. In other words, the
equations F(xg) = igl(f F and Fy (x¢) = 0 can be satisfied to any prescribed accuracy § > 0.

5 Discussion and conclusion

In this article, the concept of g H-semicontinuity (Definitions 3.3 and 3.4) has been intro-
duced for IVFs. Their interrelation with g H-continuity has been shown (Theorem 3.3). The
concept of sequence of intervals is used to give a characterization of lower and upper limits of
extended IVFs (Lemmas 3.2 and 3.3). By using a characterization of g H-lower semicontinu-
ity for IVFs (Theorem 3.6), it has been reported that an extended g H -sc, level-bounded and
proper IVF always attains its minimum (Theorem 3.7). A characterization of the set of argu-
ment minimum of an IVF has been provided with the help of g H-Gateaux differentiability
(Theorem 3.8). We have further presented Ekeland’s variational principle for IVFs (Theo-
rem 4.1). The proposed Ekeland’s variational principle has been applied to find variational
principle for g H-Gateaux differentiable IVFs (Theorem 4.3).
In this article, we have considered analyzing closed and bounded intervals and IVFs whose
values are closed and bounded intervals. A future study can be performed for other types of
intervals. The analysis for other types of intervals is important because if we do not restrict
the study for closed and bounded intervals the supremum of a set of closed and bounded
intervals may become an open interval. For instance, for S = {[1 — %, 2 — %] 'n € N},
supS = (1, 2).

Immediately in the next step, we shall consider to solve the following two problems as
the applications of the proposed study.

Problem 1. The applications of the proposed variational principles in control systems
in imprecise or uncertain environment will be shown shortly. Study of a
control system in imprecise environment eventually appears due to the incom-
plete information (e.g., demand for a product) or unpredictable changes (e.g.,
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Problem 2.

changes in the climate) in the system. The general control problem in an impre-
cise or uncertain environment that we shall consider to study is the following:

min G(x(T))
subject to c{% =F(t, x(t), u®)),
x(0) = x09 € Co, x(T) € Cy,

where Cy and C are closed subsets of R"; x : [0, T] — R"andu : [0, T] —
K are state and control variables, respectively, for some metrizable subset K of
R"™F: [0, T]xR"x K — I(R)isagH-continuous IVFand G : R" — I(R)
is a g H-Fréchet differentiable IVF. To solve this system, the procedure adopted
by Clarke in Clarke (1976) may be useful.

We shall attempt to give optimality conditions for the following IOP, where X’
and Y are finite dimensional Banach spaces, C is a nonempty closed subset of
X x ), and S is a closed convex subset of V:

min F(x, y)
subjectto g;(x,y) <0, i=1,2,...,m,
hj(x,y)=0, j=1,2,...,k,
(x,y)eC,
y €S, (F(x,y),y—z)gOforallzeS,
where F : X x )Y — IR), g : X xY — IR)U {400}, i =

L2,...,mh;j : XxY—>IR)U{+o0}, j=1,2,..., k, F: X x) —>
Y, and (F(x, y), y — z) denotes an inner product of F(x, y) and y — z.

Also, with the help of the proposed Ekeland’s variational principle, in future, we shall try to
investigate the concept of weak sharp minima (Burke and Deng 2002) for IVFs and use it for
sensitivity analysis of IOPs.

In parallel to the research proposed on IVFs, the research of fuzzy-valued functions (FVFs)
may be another interesting path for future study. We hope that some FVF results would be
similarly obtained to this article.
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A proof of Lemma 2.1

Proofof (i) Let A = [a, a] and B = [b, b]. Then,

IA @ Bll;®) = llla, @l @ (b, blll 1) = lla + b, @+ bl 1w = max{la + bl, [a + bl}.

We now have the following two possible cases.

e Casel.|A®B| ;) = la+b|.Since la+b| < |a|+|b| < max{|al, [a|}+max{|b], |b]} =
Al ®) + Bl Ry,
we get [A @ Bllj®) < Alli®) + IBllr®).
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e Case2. |A®B|;®) = [a+b|.Since|a+b| < [al+|b| < max{|al, |a|}+max({|b], [b]} =
Al ®) + Bl Ry,
therefore, [|[A @ Bl;®r) < All;®) + IBll/®)-

Hence, [|A ® Bll;®) < [All;®) + Bll;®) forall A, B € I(R). o
Proofof (ii) Let A = [a,a], B =[b,b], C =[c,c]and D = [d, d]. We note that
A=<XC = [a,a]lX[c,c] = a<canda <c. 5

Also,
B=<D = [b,b]<[d,d] = b<dandb <d. (6)

Thus, A®@B < Co@D. O

Proof of Lemma 2.2

Proofof (i). LetA = [a,al], B=[b,blande > 0.A©,yB =[a—b,a—blor[a—b,a—b].
Let us now consider the following four possible cases.

e Case . AS,yB=[a—b,a—bland |A Oyn Bl ;®) = la — b].
So, we have 3 B
a—b<a-bandla—b| <|a—Db| @)

Let |A ©¢p Bl ;®) < €. Then,
la — bl <e. (@)

By eq. (8), we have —¢ < a —b < €¢,and hence b — € < a. By egs. (7) and (8), we have
la—b| < e.Thisimpliesb—e < a. Therefore, BO,y (€, €] = [b—e, b—¢€] < [a,a] = A.
Note that by eq. (8), a < b + €. Also, by egs. (7) and (8), we have |a — b| < €. This
implies @ < b + €. Therefore, A = [a,a] < [b+ ¢, b+ €] =B @ [e, €].
e Case2. AO,y B=[a—b,a—b]and |A Sz Bl r) = |a — b|.
So, we have
a—b<a—band|a—b| <|a—b| ©

Consider
A ©en BlliRr) < €
= la—b|<e (10)
By eq. (10), we have

b—e<a.
Byegs. (9)and 10), we have |a—b| < €. Thisimplies b—e < a.Therefore, BO,yle, €] =
[b—¢€,b—€]<[a,al
Note that by eq. (10), a < b + €. Also, by egs. (9) and (10), we have |a — b| < €. This
implies @ < b + €. Therefore, A = [a,a] < [b+¢€,b+ €] =B @ [e, €].
e Case3.AS,y B=[a—b,a—bland |A Sgp Bl ;r) = la — b|.
This case can be proved by following the steps similar to Case 1.
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e Case 4. AO,yB=[a—b,a—bland |A Sgp Bl r) = |a — b|.
This case can be proved by following the steps similar to Case 2.

Conversely, let BOgp [€, €] < A < B @ [€, €]. Note that

BSgnle,e]l <A = [b—€,b—¢€] <[a,al
— b—ec<aandb—€ <a. (11)

Also,

A<B®le,€] = [a,al<[b+e,b+el
= a<b+eanda <b+e. (12)

From egs. (11) and (12), we have

b—e<a<b+ecandb—e<a<b+e
= la—b|<eand|a—b| <€
= max{la —b|,|la—b|} <€
ie,|A ©gn BlliRr) < €.

This completes the proof of (i). O

Proofof (i) Let A = [a,a], B =[b,b]and € > 0.

Consider A O,y [€, €] A B. This implies [a — €,a@ — €] A [b, b]. Thus, ‘b <a—¢€ and b <
a—cor'b<a—ecandb>a—e or‘b>a—ecandb <a—e. Let us consider all these
three possibilities in the following three cases.

e Case l.b<a—ecandb <a —e.
So, we have

a>banda > b, because € > 0

° CaseZ.Q<g—6and§>E—f.SinceQ<g—e,sog>é,andthusAfB.
e Case3.b>a—candb <a—e€.Sinceb <a—e€,s0a > b, andthusAﬁB.

Hence, proof of (ii) is complete. O

References

Ahmad I, Jayswal A, Al-Homidan S, Banerjee J (2019) Sufficiency and duality in interval-valued variational
programming. Neural Comput Appl 31(8):4423-4433

Borwein JM, Mordukhovich BS, Shao Y (1999) On the equivalence of some basic principles in variational
analysis. J Math Anal Appl 229(1):228-257

Burke J, Deng S (2002) Weak sharp minima revisited part I: basic theory. Control Cybern 31:439-469

Burke JV, Ferris MC (1993) Weak sharp minima in mathematical programming. SIAM J Control Optim
31(5):1340-1359

Chalco-Cano Y, Lodwick WA, Rufidn-Lizana A (2013) Optimality conditions of type KKT for optimization
problem with interval-valued objective function via generalized derivative. Fuzzy Optim Decis Mak
12(3):305-322

Chalco-Cano Y, Rufidn-Lizana A, Roman-Flores H, Jiménez-Gamero MD (2013) Calculus for interval-valued
functions using generalized Hukuhara derivative and applications. Fuzzy Sets Syst 219:49-67

Chen SH, Wu J, Chen YD (2004) Interval optimization for uncertain structures. Finite Elem Anal Des
40(11):1379-1398

@ Springer f bMA



Ekeland's variational principle... Page230f24 28

Clarke FH (1990) Optimization and Nonsmooth Analysis. Classics in Applied Mathematics, vol. 5. SIAM

Clarke FH (1976) The maximum principle under minimal hypotheses. SIAM J Control Optim 14(6):1078—
1091

Ekeland I (1974) On the variational principle. ] Math Anal Appl 47(2):324-353

Ekeland I (1979) Nonconvex minimization problems. Bull Am Math Soc 1(3):443-474

Fabian M, Mordukhovich BS (1998) Nonsmooth characterizations of Asplund spaces and smooth variational
principles. Set-Valued Var Anal 6(4):381-406

Fabian M, Héjek P, Vanderwerff J (1996) On smooth variational principles in Banach spaces. J] Math Anal
Appl 197(1):153-172

Facchinei F, Pang JS (2007) Finite-Dimensional Variational Inequalities and Complementarity Problems.
Springer Series in Operations Research, vol. 1. Springer Science & Business Media

Georgiev PG (1988) The strong Ekeland variational principle, the strong drop theorem and applications. J
Math Anal Appl 131(1):1-21

Ghosh D (2017) Newton method to obtain efficient solutions of the optimization problems with interval-valued
objective functions. J Appl Math Comput 53(1-2):709-731

Ghosh D, Ghosh D, Bhuiya SK, Patra LK (2018) A saddle point characterization of efficient solutions for
interval optimization problems. J Appl Math Comput 58(1-2):193-217

Ghosh D, Singh A, Shukla KK, Manchanda K (2019) Extended Karush-Kuhn-Tucker condition for constrained
interval optimization problems and its application in support vector machines. Inform Sci 504:276-292

Ghosh D, Debnath AK, Pedrycz W (2020) A variable and a fixed ordering of intervals and their application
in optimization with interval-valued functions. Int J Approx Reason 121:187-205

Ghosh D, Chauhan RS, Mesiar R, Debnath AK (2020) Generalized Hukuhara Gateaux and Fréchet derivatives
of interval-valued functions and their application in optimization with interval-valued functions. Inform
Sci 510:317-340

Gong D, Sun J, Miao Z (2016) A set-based genetic algorithm for interval many-objective optimization prob-
lems. IEEE Trans Evol Comput 22(1):47-60

Henrion R, Outrata J (2001) A subdifferential condition for calmness of multifunctions. J] Math Anal Appl
258(1):110-130

Ishibuchi H, Tanaka H (1990) Multiobjective programming in optimization of the interval objective function.
Eur J Oper Res 48(2):219-225

Kruger AY (2003) On Fréchet subdifferentials. J Math Sci 116(3):3325-3358

Kulisch UW, Miranker WL (1981) Computer arithmetic in theory and practice

Lupulescu V (2015) Fractional calculus for interval-valued functions. Fuzzy Sets Syst 265:63-85

Markov S (2000) On the algebraic properties of convex bodies and some applications. J Convex Anal 7(1):129—
166

Moore RE (1966) Interval Analysis, vol 4. Prentice-Hall Englewood Cliffs, NJ

Osuna-G6émez R, Herndndez-Jiménez B, Chalco-Cano Y, Ruiz-Garzén G (2017) New efficiency conditions
for multiobjective interval-valued programming problems. Inform Sci 420:235-248

Penot JP (1986) The drop theorem, the petal theorem and Ekeland’s variational principle. Nonlinear Anal
10(9):813-822

Singh D, Dar BA, Kim D (2016) KKT optimality conditions in interval valued multiobjective programming
with generalized differentiable functions. Eur J Oper Res 254(1):29-39

Stefanini L, Bede B (2009) Generalized Hukuhara differentiability of interval-valued functions and interval
differential equations. Nonlinear Anal 71(3—4):1311-1328

Van Hoa N (2015) The initial value problem for interval-valued second-order differential equations under
generalized H-differentiability. Inform Sci 311:119-148

Van Su T, Dinh DH (2020) Duality results for interval-valued pseudoconvex optimization problem with
equilibrium constraints with applications. Comput Appl Math 39(2):1-24

Wolfe M (2000) Interval mathematics, algebraic equations and optimization. J Comput Appl Math 124(1—
2):263-280

Wu HC (2007) The Karush-Kuhn-Tucker optimality conditions in an optimization problem with interval-
valued objective function. Eur J Oper Res 176(1):46-59

‘Wu HC (2008) On interval-valued nonlinear programming problems. J Math Anal Appl 338(1):299-316

‘Wu HC (2008) Wolfe duality for interval-valued optimization. J Optim Theory Appl 138(3):497-509

Zhang Z, Wang X, Lu J (2018) Multi-objective immune genetic algorithm solving nonlinear interval-valued
programming. Eng Appl Artif Intell 67:235-245

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f DMAC



28 Page24of24 G. Kumar, D. Ghosh

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer f bMA



	Ekeland's variational principle for interval-valued functions
	Abstract
	1 Introduction
	1.1 Motivation and work done
	1.2 Delineation

	2 Preliminaries and terminologies
	3 gH-continuity and gH-semicontinuity of interval-valued functions
	4 Ekeland's variational principle and its applications
	5 Discussion and conclusion
	Acknowledgements
	A proof of Lemma 2.1
	Proof of Lemma 2.2
	References




