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1. Introduction

Inview of [1, Theorem 4, p. 192], we have that not every holomorphic vector bundle on a compact Kahler
manifold admits a holomorphic connection. On the other hand, Atiyah [1]-Weil [9] criterion, says that
a holomorphic vector bundle over a compact Riemann surface admits a holomorphic connection if and
only if the degree of each of its indecomposable component is zero. This criterion over compact Riemann
surface has been generalized in the logarithmic set up [4], that is, a necessary and sufficient condition
is given for a holomorphic vector bundle on a compact Riemann surface X to admit a logarithmic
connection singular along a fixed reduced effective divisor D on X with prescribed rigid residues
along D.

More generally, one can ask when does a holomorphic vector bundle over a compact Kéhler manifold
admit a meromorphic connection?

Simplest case of meromorphic connection is logarithmic connection. So it is natural to ask when a
given holomorphic bundle on a admits a logarithmic connection singular along a given divisor with
prescribed residues. To the best of our knowledge, no such criterion for the existence of a logarithmic
connection on a holomorphic bundle on a compact Kihler manifold with prescribed residues along a
given reduced effective divisor is known. Moreover, this seems a difficult problem to answer. In this
article, we work in relative set up, that is, we consider a complex analytic family of compact Kahler
manifolds and study the relative logarithmic connections over it.

In [5], the relative holomorphic connections on a holomorphic vector bundle over a complex analytic
family has been introduced, and a sufficient condition is given for the existence of relative holomorphic
connections. Further, there is a well-studied notion of relative logarithmic connection on a holomorphic
vector bundle [6]. In this article, we reconsider the relative logarithmic connections over a complex
analytic family and explore it further. Our aim is to give a sufficient condition for the existence of it, and
establish a formula between relative Chern classes and relative residues.

Let m : X — S be a complex analytic family of compact connected complex manifolds of fixed
relative dimension I. Let dim (X) = m and dim(S) = n so that m = n+ . We fix simple normal crossing
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(SNC) divisors Y on X and T on S such that 7 ~!(T) C Y set-theoratically. We say Y/ T a relative SNC
divisor if the quotient sheaf

QL logY)
w*Qg(log T)
is locally free sheaf of rank I = m — n on X, where Q%(log Y) and Qé(log T) are defined in Section 2.1
(for more details see [3]).
In this article we try to answer the following question:

Question 1.1. Let 7 : X —> S be a surjective holomorphic proper submersion with connected fibers, and
letw : E —> X a holomorphic vector bundle. We fix a relative SNC divisor Y /T over X. Is there a good
criterion for existence of a relative logarithmic connection on E singular along Y /T?

For each fiber 7 71(s) = X;, s € S, weset s := X, N Y.
In order to answer the question, we have studied relative logarithmic connection and relative
logarithmic Atiyah bundle in Section 2, and we observe the following:

Proposition 1.2 (Proposition 2.1). Letw : X — S be a surjective holomorphic proper submersion with
connected fibers and w : E —> X a holomorphic vector bundle. Let Y /T is a relative SNC divisor over
X. Let V be a relative logarithmic connection on E. Then we have a family {V; | s € Se which consists of
logarithmic and holomorphic connections on the holomorphic family of vector bundles {E; —> X | s €
S} depending on Y 5 ¥ or not. In particular, for every s € T, we have a logarithmic connection V on the
holomorphic vector bundle E; —> X.

We also give a sufficient condition for existence of relative logarithmic connection on a holomorphic
vector bundle. More specifically we prove the following:

Theorem 1.3 (Theorem 3.2). Let w : X — S be a surjective holomorphic proper submersion of complex
manifolds with connected fibers and E be a holomorphic vector bundle on X. Let Y/T be a relative SNC
divisor over X. Suppose that the vector bundle E; := E|x, admits a logarithmic connection singular along
Y; for each s € S, and

H' (S, 74(Q /5 (log Y) ® Endoy (E))) = 0.

Then, E admits a relative logarithmic connection singular along Y.

In the final section, we introduce the notion of relative residue, and motivated by a result due to
Ohtsuki [8, Theorem 3], we prove the following result in the relative context. For the notations in the
following theorem see Section 4.

Theorem 1.4 (Theorem 4.3). Let w : X — S be a surjective holomorphic proper submersion of complex
manifolds with connected fibers and E be a holomorphic vector bundle on X. Assume that X is compact. Let
Y/T be a relative SNC divisor over X. Let D be a relative logarithmic connection on E singular over Y/T.
Then, we have following relation in 'H(Zilfz X/9(S)

p
CUE) = (=DM > " Resxys(D, Y )" Co (v} [ | Cvas) ™, (1.1)

Iejk @ m=1

where C,f (E) denote the k-th relative Chern class of E.
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2. Preliminaries
2.1. Logarithmic forms

Let X be a connected smooth complex manifold of dimension at least 1. An effective divisor D on X is
said to be a simple normal crossing or SNC in short, if D is reduced, each irreducible component of D is
smooth, and for each point x € X, there exists a local system (U, 215225+« > z,,) around x € U C X such
that D N U is given by the equation z12; - - - z, = 0 for some integer r with 1 < r < n. This means that
the irreducible components of D passing through x are given by the equations z; = 0 fori = 1,2,...,r,
and the these components intersect each other transversally.

For an integer k > 0 and for an SNC divisor D on X, a section of

k(D) := @k ®0, Ox(D)

is called a meromorphic k-form on X. A meromorphic k-form o € Q’)‘((U) on an open set U C X is said
to have logarithmic pole along D if it satisfies the following conditions:

(1) « is holomorphic on U \ (U N D) and « has pole of order at most one along each irreducible
component of D.

(2) The condition (2.1) should also holds for do, where d is the holomorphic exterior differential
operator.

We denote the sheaf of meromorphic k-forms on X having logarithmic pole along D by Q2% (log D),
and call it sheaf of logarithmic k-forms on X singular over D.

2.2. Complex analytic families

Let (S, Os) be a complex manifold of dimension #. For each t € S, let there be given a compact connected
complex manifold X; of fixed dimension . We say that the set {X; : t € S} of compact connected complex
manifolds is called a complex analytic family of compact connected complex manifolds, if there is a complex
manifold (X, Ox) and a surjective holomorphic map 7 : X — § of complex manifolds such that the
followings hold;

(1) 771(t) = Xp, forall t € S,
(2) 7 ~1(¢) is a compact connected complex submanifold of X, for all ¢ € S,
(3) the rank of the Jacobian matrix of 7 is equal to n at each point of X.

Note that, if such a 7 exists, then 7 : X — S is a surjective holomorphic proper submersion such
that each fiber 7 ~1(s) = X is connected for everys € S.
Letdns : TX —> 7*Tg be the differential of . Then the sheaf of holomorphic sections of the subbundle
T(X/S) := Ker(dms) C TX is called the relative tangent sheaf of 77, denoted by Tx/s.

We have the following short exact sequence

d;

of locally free Ox-modules.
The dual 7y is called the relative cotangent sheaf of 7 and it is denoted by €2 I /s- Dualizing the above
short exact sequence we get

0 — 1" Q§ — Qf — Q)l(/s—>0.

Note that both the relative tangent sheaf 7x/s and the relative cotangent sheaf Q3 /s are locally free
Ox-modules of rank [.
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2.3. Relative logarithmic connection and Atiyah Bundle

The notion of relative logarithmic connection was introduced by P. Deligne in [6]. For more details on
logarithmic and meromorphic connections we refer [2, 6]. We recall the definition of relative logarithmic
connection on a holomorphic vector bundle.

Let E be a holomorphic vector bundle of rank r over X. A relative logarithmic connection on E
singular along Y is a first order holomorphic differential operator

D:E— EQ® Qy/s(logY)
which satifies the Leibniz property
D(fs) = fD(s) + dx/s(f) ®s

where s and f are local sections of E and Oy, respectively.

In [5, section 2], the notions of S-derivation, S-connection and S-differential operators have been
introduced in the relative set up.

For a proper submersion 7 : X —> Sas above, and for a vector bundle E on X, we recall the following
symbol exact sequence from [5, Proposition 4.2],

0 — Endoy(E) —> Diff\(E,E) =5 Txs ® Endoy(E) —> 0,

where o7 is the symbol morphism, and Diff é (E, E) is the sheaf of first order S-differential operators on
E. Define a bundle

Ats(E) = o7 ' (Tx/s @ 1p),
which is known as relative Atiyah bundle of E and fits in to the following Atiyah exact sequence
0 — Endoy(E) —> Ats(E) 2> Tx/s —> 0. (2.1)
Further, we define
Ats(E)(—logY) := o7 ! (1 ® Tx/s ® Ox(—logY)).
So, we have the following short exact sequence
0 — Endoy(E) —> Ats(E)(—logY) =5 Tx/s(—logY) —> 0, (2.2)

which we call relative logarithmic Atiyah exact sequence.
The extension class of the logarithmic Atiyah exact sequence (2.2) of a holomorphic vector bundle E
over X is an element of cohomology group

H' (X, Homoy (Tx/s(—log Y), Endoy (E))).

This extension class is called the relative logarithmic Atiyah class of E, and it is denoted by
ats(E)(log Y). Note that

H' (X, Homoy (Tx/s(—log Y), Endog (B)) = H'(X, Qx/5(log Y) ® Endoy (E)),
therefore, we have

ats(E)(log Y) € H' (X, Q) /5(log V) ® Endo, (E)).

2.4. Family of logarithmic connections

Now, we describe that given a relative logarithmic connection gives a family of logarithmic connections.

Letw : E — X be a holomorphic vector bundle. For every s € S, the restriction of E to X; =
7~ 1(s) is denoted by E;. Let U be an open subset of X and @ : U —> E a holomorphic section. We
denote by r,(«) the restriction of o to X; N U, whenever U N X; # @. Clearly, rs(«) is a holomorphic
section of E; over U N X;. The map 7s : @ —— r(c) induces, therefore, a homomorphism of C-vector
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spaces from E to E,, which is denoted by the same symbol 7;. Also, X; is a complex submanifold of X, so
Oxlx, = Ox,. We also have the restriction map s : Endoy(E) —> Endoy (Ey).

Similarly, if P : E — F is a first order S-differential operator, where F is a holomorphic vector
bundle over X, then the restriction map r; : E; —> F; gives rise to a first order differential operator
Ps : E;, —> Fforeverys € S. Thus, we have the restriction map 7, : Dzﬁé(E, F) — Dzﬁ”(lc (Es, Fy).
In particular, for E = F, we have the restriction map r; : Dzﬁé (E,E) — Diff (E (Es, Es) for every
s € §. Since, the restriction of the relative tangent bundle T'(X/S) to each fiber X of 7 is the tangent
bundle T(X;) of the fiber X, we have the restriction map r; : Tx/s(—logY) — Tx,(—logYy).

Now, for every s € S, the restriction maps gives a commutative diagram

0 —— Endopy (E) — Ats(E)(—logY) LN Tx/s(—logY) —=0 (2.3)

0 —= Endo, (E) — At(Eg)(—log Yo) “2> Tx, (—log Y;) — 0

where the bottom sequence is the logarithmic Atiyah sequence of the holomorphic vector bundle E; over
X, singular along Y, and o7, is the restriction of the symbol map o7.

Suppose that E admits a relative logarithmic connection, which is equivalent to saying that the relative
logarithmic Atiyah sequence in (2.2) splits holomorphically. If

V i Txss(—logY) — Ats(E)(—logY)

is a holomorphic splitting of the relative logarithmic Atiyah sequence in (2.2), then for every s € T, the
restriction of V to Tx, (—log Y;) gives an Ox,-module homomorphism

Vs Tx,(—logYy) — At(E)(—logYy).

Now, V; is a holomorphic splitting of the logarithmic Atiyah sequence of the holomorphic vector bundle
E,, which follows from the fact that the restriction maps r, defined above are surjective. Note that if
Ys = @, then V; is nothing but the holomorphic connection in E;.

Thus, we have the following:

Proposition 2.1. Letw : X —> S be a surjective holomorphic proper submersion with connected fibers
andw : E —> X a holomorphic vector bundle. Let Y /T be the relative SNC divisor over X. Let V be a
relative logarithmic connection on E. Then we have a family {V; | s € S} which consists of logarithmic and
holomorphic connections on the holomorphic family of vector bundles JES — X, | s € S} depending
on Ys # O or not. In particular, for every s € T, we have a logarithmic connection Vs on the holomorphic
vector bundle E; — X;.

3. A sufficient condition for existence of logarithmic connections

In this section, we prove the equivalent assertions for a holomorphic vector bundle to admit a relative
logarithmic connections. Further, we give a sufficient condition for existence of relative logarithmic
connections.

Theorem 3.1. Let w : X — S be a surjective holomorphic proper submersion of complex manifolds with
connected fibers and E be a holomorphic vector bundle on X. Let Y/ T be the relative SNC divisor over X.
Then the followings are equivalent:

(1) The exact sequence
0 — Endoy(E) —> Atg(E)(—logY) 2> Tx/s(—logY) —> 0,

splits holomorphically.
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(2) E admits a relative logarithmic connection singular along Y.
(3) The extension class ats(E)(log Y) € H (X, Q}(/S(log Y) ® Endoy (E)) is zero.

Proof. (iy <= (ii) Suppose the Atiyah exact sequence splits holomorphically, i.e. there exists an
Ox-module homomophism
V : Tx;s(—logY) — Ats(E)(—logY)

such thatoj oV = 1755~ log v)- For any open set U C X, for every & € Tx/s(—1log Y)(U) and for every
a € Ox(=Y)(U), we then have

o1(Vu(é)(a) = [Vu(§),al = §(a)1E,
see [5, Proposition 3.1] for the symbol map 0. This in particular implies that
Vu(§)(as) = aVy(§)(s) +&(a)s.
This shows that V satisfies the Leibniz condition. Since Ats(E)(—logY) is an Ox submodule of

Endog(E)(—log Y), we conclude that V indeed defines a relative logarithmic connection singular along
Y.

Conversely, any relative logarithmic connection singular along Y satisfies Leibniz property. In
particular, this will give a holomorphic splitting of the Atiyah exact sequence.
(i) < (iii) The splitting of the exact sequence

0 — Endoy(E) —> Ats(E)(—logY) > Tx/s(—logY) —> 0,
is given by the vanishing of the extension class
ats(E)(log Y) € Ext! (Tx/s(—log Y), Endoy (E)).
Note that
Ext' (Tx/s(—log Y), Endoy (B)) = H' (X, Qx 5(log Y) ® Endo, (E)).

This proves the theorem. O

Theorem 3.2. Let w : X — S be a surjective holomorphic proper submersion of complex manifolds with
connected fibers and E be a holomorphic vector bundle on X. Let Y/ T be the relative SNC divisor over X.
Suppose that the vector bundle E; := E|x, admits a logarithmic connection singular along Y for each s € §,
and

H' (S, 7. (R 5(log Y) ® Endoy (E))) = 0.

Then, E admits a relative logarithmic connection singular along Y.

Proof. Consider the relative logarithmic Atiyah exact sequence in (2.2). Now, tensoring it by Q% ss(log ¥)
gives the following exact sequence

0 — Q/s(logY) ® Endoy (E) —> Qy/s(logY) ® Ats(E)(—logY)

R Q/s(log ) ® Tx/s(—logY) —> 0. (3.1)
We have Ox - I1d C End(Tx/s(—logY)) = Q)l(/s(log Y) ® Tx/s(—logY). Define
Qy/s(log V) (At(E)) := q~'(Ox - 1d) C Qx/5(logY) ® Ats(E)(—logY),
where g is the projection in (3.1). So we have the short exact sequence of sheaves

0 — Qk/(log¥) ® Endoy (E) —> QY s(log V)(AL(E)) —> Ox —> 0 (3.2)
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on X, where Q} ss(log Y)(Atg(E)) is constructed above. Let

®: C C H'(X, Ox - 1d) — H'(X, Qx/5(log V) ® Endoy (E)) (3.3)

be the homomorphism in the long exact sequence of cohomologies associated to the exact sequence in

(3.2). The relative Atiyah class atg(E)(logY) (see Theorem 3.1) coincides with ®(1) € H! (X, Q)l( /s

(logY) ® Endoy (E)). Therefore, from Theorem 3.1, it follows that E admits a relative logarithmic
connection if and only if

o(1) = 0. (3.4)
Note that H! (X, Q% /s (logY) ® Endoy (E)) fits in the following exact sequence
H'(S, 7 (@ s(log V) ® Endoy (B))) > H'(X, @k s(log V) ® Endoy (B)
s HO(S, Rl (2 5log Y) ® Endo, (B))), (3.5)

where 7 is the projection of X to S.
The given condition that for every s € S, there is a logarithmic connection on the holomorphic vector
bundle w|g, : E; — X, implies that

q1(@(1)) =0,
where ¢; is the homomorphism in (3.5). Therefore, from the exact sequence in (3.5) we conclude that
®(1) € Bi(H'(S, 74 (Q/5(og Y) ® Endoy (E)))).

Finally, the given condition that H! (S, 7, (R sslogY) ® Endoy (E))) = 0 implies that (1) = 0.
Since (3.4) holds, the vector bundle E admits a relative logarithmic connection. O

4. Relative Chern classes in terms of relative residue

In this section, we express the relative Chern classes in terms of relative residues which generalizes [8,
Theorem 3] due to Ohtsuki in the relative context.

4.1. Relative residue:
We define the relative residues of a relative logarithmic connection D on E. Let
r={Jy,
el
be the decomposition of Y into it’s irreducible components, and
7:Y, — X

the inclusion map for every j € J. Since Y is a normal crossing divisor on X, we can choose a fine open
cover {U, : A € A} of X such that for each A € A, we have the following:

(1) each E|y, is trivial,

(2) for each irreducible component Y; of Y with Y; N U, # ¥, we can choose a local coordinate function
f1j € Ox(Uy) for alocal coordinate system on Uy, such that f;; is a defining equation of Y; N Uj,. If
Y; N U, = 0, then we take f,; = 1.

Letey = (e1x,- . -,er) bethelocal frame of E, and w, the relative connection matrix of D with respect
to a holomorphic local frame ey, for E on U, that is, we have

D(ey) = wy @ ey,



1224 (&) S.MISRA AND A. SINGH

where w;,_ is the r X r matrix whose entries are holomorphic sections of Q)l( /s (log Y) over U,. For each
Y}, the matrix w; can be written as

dfaj
W), = ij—J + Syj>

faj
where R;j is an r x r matrix with entries in Ox(U,) and Syj is a r x r matrix with entries in
(Q}lg/s(log Y))(Uy) with simple pole along g Y;.

7]
Then
Resx/s(wy, Yj) := Ryjlu,ny;

is an r x r matrix whose entries are holomorphic functions on U, N Y; and it is independent of choice
of local defning equation f;; for Y;. Then {Resy/s(wy, Yj)}i.ca defnes a holomorphic global section

Resy/s(D, Yj) € H (Y}, Endoy (B)ly,) (4.1)

called the relative residue of the relative connection D along ;.
For every s € T, we have the decomposition

Y.=YNr ') = U(Yj N (s)
j€l
of Y; into its irreducible components. We denote Y; N 77 1(s) by Y.
Recall that for a given relative logarithmic connection D on E singular over Y /T, we get a logarithmic
connections D; on E; := E|x, singular over Y for every s € T. Then we have residue (see [8]) of D over
each irreducible component Yj; of Y; denoted as

Resy, (Ds, Ys) € H'(Y;s, Endoy (Eo)lv,), (4.2)
for everys e T.

4.2. Relative Chern class

We recall the definition of the relative Chern classes of a holomorphic vector bundle over 7 : X — ,
for more details see [5, Section 4.6].

Let E be a hermitian holomorphic vector bundle on X, that is, E is a holomorphic vector bundle with
Hermitian metric on it. Then there exists canonical (smooth) connection V on E compatible with the
Hermitian metric.

Let Ay ¢ denote the sheaf of complex valued smooth relative r-form on X over S. Then we have relative
de Rham complex

d d
0 — n_lCSOO — CY alN A%(/S Nl O g{l/s — 0

of C3°-module and $-linear maps, which we denote by the pair (A% g, dx/s).

Moreover, because of the following short exact sequence

0 — m*A§ — Ay — A}(/s — 0,

we get a relative smooth connection D on E induced from V.

Given a relative smooth connection D on E. Let (U, h,) be a trivialization of E over U, C X. Let
R be the S-curvature (relative curvature) form for D, and let 2, = (£2;j) be the curvature matrix of D
over Uy, 50 Qjjy € .Af(/s(Ua). We have Qg = g;ﬁlszagaﬂ, where g : Uy N Ug —> GL,(C) is the
change of frame matrix (transition function), which is a smooth map.

Consider the adjoint action of GL,(C) on it Lie algebra gl,(C) = M,(C). Let f be a GL,(C)-
invariant homogeneous polynomial on gl,(C) of degree p. Then, we can associate a unique p-multilinear
symmetric map f on gl,(C) such that f(X) = f(X,...,X), forall X € gl,(C). Define

Yo = F(Qu> > Q) = f(Q) € AL 5(Ua).
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Since f is GL,(C)-invariant, it follows that y,, is independent of the choice of frame, and hence it defines
a global smooth relative differential form of degree 2p, which we denote by the symbol y € Aip/s X).

Theorem 4.1. [5, Theorem 4.9] Let @ : X — S be a surjective holomorphic proper submersion of
complex manifolds with connected fibers and w : E —> X a differentiable family of complex vector
bundle. Let D be a relative smooth connection on E. Suppose that f is a GL,(C)-invariant polynomial
function on gl.(C) of degree p. Then the following hold:

(1) y = f(Qq) is dx/s-closed, that is, dx;s(y) = 0.
(2) The image [y] of y in the relative de Rham cohomology group
H?(D(X, Ay /5) = HP (X, 77'CS°)

is independent of the relative smooth connection D on E.

Define homogeneous polynomials f, on gl,(C), of degree p = 1, 2, ..., r, to be the coefficient of A?
in the following expression:

V-1 V-1

—1 U

where fo(gA) = 1 while fr(gA) is the coefficient of A’. These polynomials fi, . . ., f, are GL,(C)-
invariant, and they generate the algebra of GL,(C)-invariant polynomials on gl,(C). We now define the
p-th cohomology class as follows:

=

—1
G(B) = [fp(— D] € HP(T(X, A3 9))

forp =0,1,...,r

The relative de Rham cohomology sheaf ’HSR(X /S) = RPrm, (n—lch) on S is by definition the
sheafification of the presheaf V > HP (7 ~1(V), n—lcgo lz-1(v), for open subset V' C S. Therefore,
we have a natural homomorphism

p: HP(X,n71C) — HAX/S)(S) (4.4)
which maps cf,(E) to p(cf,(E)) c Hz‘z(X/S)(S).
Define Cg (E) = p(cg(E)). We call Cg (E) the p-th relative Chern class of E over S. Let
C3(E) = Y CHE) € Hir(X/S)(S) = @r=oHlR(X/9)(S)
p=0
be the total relative Chern class of E.

4.3. Relative Chern classes in terms of relative residue

We follow the notations as above. Let J* := J x - - - x J be the k-fold productof].Let] = (i1,...,i) € Ji
If there are p-different indices among i1, . . ., ix, we denote them by ij, . . ., iy, tuple is denoted by I* =
(i1>- .., ip). Let ay, be the number of iy, appearing in I, then we have

p
Z am = k.
m=1

For given I € J¥, we define

p
Y = ﬂ Yis . (4.5)
m=1
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Then either Y7+ = @ or a submanifold of X of codimension p. Further, Y7« need not be connected. Let

Y = J g (4.6)
o

be the disjoint union of connected components of Y«. Then each Y} is a submanifold of
codimension p.
Let fi be the unique k-multilinear symmetric map on gl,(C) such that

fid) = fulA, -, A),
for all A € gl,(C), where f is defined in (4.3) for every k = 0, ..., r. Now onwards we assume that X is
compact.

Lemma 4.2. Let w : X —> S be a surjective holomorphic proper submersion of complex manifolds with
connected fibers and E be a holomorphic vector bundle on X. Assume that X is compact. Let Y/T be the
relative SNC divisor over X. Let D be a relative logarithmic connection on E singular over Y/T. Then for
any I = (iy,...,ix) € J& the following polynomial

ka(ReSX/S(D) Yi,), Resy/s(D, Yiz),. .., Resx/s(D, Yy,))

is constant on each connected component Y7. of Y+ described in (4.6).

Proof. Since X is a compact complex manifold, each connected component Y7 is a compact complex

submanifold of X. Hence proof follows from the fact that ka is a polynomial function. O

For the simplicity of the notation, we denote the constant number
fr(Resx/s(D, Y;,), Resx/s(D, Yy,), . . ., Resx/s(D, Y;,))

on each Y7; in the above Lemma 4.2 by Resx/s(D, Y Yoo
Let W be a submanifold of X of codimension p. Then, we get a cohomology class [W] € H? (X, C).
Because of the following inclusion of sheaves

Ce n7'C,

we get a homomorphism

y : H?(X,C) — H?(X,n'C{) (4.7)
on cohomology groups. Further using the natural homomorphism

p i HP(X,771CF) — Hp(X/9)(S)
in (4.4), we define
Co(W) == p(y (WD) (4.8)

call it the p-th relative Chern classes associated to W.
Theorem 4.3. Let 7 : X —> S be a surjective holomorphic proper submersion of complex manifolds with
connected fibers and E be a holomorphic vector bundle on X. Assume that X is compact. Let Y/T be the

relative SNC divisor over X. Let D be a relative logarithmic connection on E singular over Y /T. Then, we
have following relation in Hﬁ’}‘z(X /S)(S)

p
Co(E) = (=¥ > " Resxs(D, YR Co(vi)} [ €l (v )™, (4.9)

Ie]k o m=1

where Ci (E) denote the k-th relative Chern class of E.
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Proof. It is enough to show the formula (4.9) stalkwise, and in particular stalks at s € T First note that
for every s € §, and inclusion morphism j : X; < X, we have a natural map (see [5, Corollary 4.11] )

7 HARX/8)(S) — HPF(X,,C)

which maps the k-th relative Chern class of E to the k-th Chern class of the vector bundle E;, — X,
that is, j*(C,f(E)) = cr(E;), where ci(E;) denote the k-th Chern class of E;.

Note that H%‘{(X /S) is a locally free Cg°-module, and using the topological proper base change
theorem given in [7, p. 202, Remark 4.17.1] and [6, p. 19, Corollary 2.25], we have a C-vector space
isomorphism

N+ Hip(X/S)s ®cge kis) — H¥(X,,C) (4.10)

for every s € S.In fact, we have the following commutative diagram;
HIRX/S)(S) ——————=HR(X/S)s ®cge k(s)
\ \L n
J
(X, ©)
Hence, we get
NGB ®1) = [(GE) = c(E). (4.11)
Let us fix the following notation for s € T;

Yo = Y= ﬁ?T_l(S) = U(Yloi N 7'[_1(5)),
o

Yo =YE N,
and
Ysi:‘n = Y"fn ﬂ?T_l(S).

Now, note that the germ at s € T of the right hand side of the formula (4.9) is associated to the
logarithmic connection Ds on E; —> X, that is, we get the following expression

p
(=DM D Resx, (D, Yo ) *“ep(Y5} [ | a1 (Yair )Y, (4.12)

IE]k o m=1
where Resy, (Ds, Ysl*)k’“ denote the constant function
fk(ReSXs (Ds, Ysil)’ ReSXS (Ds, Ysiz)a cees ReSXs (Ds, Ysik))

on each connected component Y, of Y.
From [8, Theorem 3], we have

p
ck(Ed) = (=DM ) " Resy, (Ds, Yr) (Y} [ ] e1 (Vg ) (4.13)
IE]k o m=1
In view of (4.11)-(4.13), proof of the theorem is complete. O
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