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Low multipoles (l) in cosmic microwave background (CMB) temperature anisotropies have shown some 
‘peculiarities’ when examined since the release of the full sky CMB maps, using a variety of tests. In 
this paper, we concern ourselves with the very first peculiarities seen in CMB data viz., a breakdown of 
statistical isotropy in the form of axiality and planarity of these low-l modes, and preferred alignments 
among them. We scrutinize the latest CMB data from ESA’s Planck mission, PR4, to evaluate the 
current status of these deviations. We employ the Power tensor method which allows an invariant 
characterization of the distribution of power in a given multipole, and apply it to probe the first sixty 
multipoles i.e., l = 2 to 61. We find that there are significant number of modes that are intrinsically 
anisotropic with a cumulative probability of 0.3%. However since the planarity study reveals that those 
modes that are unusually planar are subset of these anisotropic modes, we conclude that they may 
not be intrinsically planar. The quadrupole is still well aligned with the octopole. Besides, l = 3, higher 
multipoles aligned with quadrupole are found to be insignificant. Interestingly, the collective alignment 
axis of the first sixty multipoles is found to be broadly closer to the axis of dipole, quadrupole, octopole 
and other modes aligned with l = 2.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Cosmological principle which is the foundation of modern cos-
mology asserts that the universe is homogeneous and isotropic 
on very large scales. With the advent of precision cosmology as 
a result of full sky mapping of cosmic microwave background 
(CMB) anisotropies, particularly starting from NASA’s Wilkinson 
Microwave Anisotropy Probe’s (WMAP) first year data release, 
these implications, specifically the isotropy of CMB, was subjected 
to a plethora of tests. This exercise by the cosmology community 
resulted in identifying some peculiarities of CMB low multipoles 
that have come to be called anomalies (for an overview of these 
anomalies see, for example, [1–3]). These were found to be present 
in the CMB data from the latest ESA’s Planck full sky mission also, 
that succeeded the WMAP mission [4–8].

One of the first few anomalies that received significant atten-
tion is the existence of preferred alignments among low multipoles 
[9–17]. These large angular scale modes were found to be anoma-
lously aligned or highly planar. In this paper, we assess the status 
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of these alignments using the latest CMB temperature anisotropies 
map from Planck public release 4 (PR4) obtained using the Com-
mander cleaning procedure [18,19].

Planck PR4 maps were produced using the NPIPE map mak-
ing pipeline [20]. Some of the statistical tools to examine such 
preferred alignments proposed in the literature thus far are, for 
example, the angular momentum maximization method [9,17], 
Maxwell’s multipole vectors [10,11], and the Power tensor method 
[12,21]. In this paper, we will be using the Power tensor method. 
More details on the relationship between our chosen method and 
the other methods can be found in Ref. [12,21].

Rest of the paper is organized as follows. First, the Power ten-
sor method and associated statistics are briefly reviewed. Then the 
data and simulations used in the current study to assess the sig-
nificance of our statistics are described. Thereafter, our results and 
analysis are presented, followed by discussion and conclusions.

2. Statistics used

In this section, we describe the statistics used for the analy-
sis of CMB maps viz., the Power tensor (PT) and the Alignment 
tensor (AT) developed in Ref. [12,21]. However in what follows 
we will be presenting their slightly altered definitions as used in 
Ref. [22]. This methodology was also applied to E-mode polar-
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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ization of CMB from Planck 2015 full mission data in Ref. [23], 
however with inconclusive results owing to its low signal to noise 
ratio and foreground residual biases.

2.1. Power tensor

CMB anisotropies are conventionally expanded in terms of 
spherical harmonics, Ylm(n̂), as

�T (n̂) = T (n̂) − T0 =
∞∑

l=1

+l∑

m=−l

almYlm(n̂) , (1)

where �T (n̂) are the temperature fluctuations, around the mean 
sky temperature T0 ≈ 2.7255 K [24], in some direction n̂ = (θ, φ)

on the celestial sphere. The Power tensor is a quadratic estimator 
in terms of spherical harmonic coefficients, alm , and is defined as,

Aij(l) = 1

l(l + 1)(2l + 1)

∑

mm′m′′
a∗

lm J i
mm′ J j

m′m′′alm′′ , (2)

where J i
mm′ , for i = x, y, z, are the (2l + 1) × (2l + 1) angular mo-

mentum matrices for a particular ‘l’. Thus, the Power tensor is a 
3 × 3 matrix, and the prefactor ensures that the ensemble aver-
age of the Power tensor 〈Aij〉 = δi j Cl/3 and it’s trace given by ∑

i〈Aii〉 = Cl . This follows from the fact that the two point angu-
lar correlation function of CMB anisotropies is given by 〈alma∗

l′m′ 〉 =
Clδll′δmm′ , when statistical isotropy holds.

The Power tensor essentially maps a multipole onto an ellip-
soid, with the three orthogonal axes given by its three eigenvec-
tors defining an invariant frame. It’s three eigenvalues indicate the 
amount of power directed along each axis. Let �α , α = 1, 2, 3
be the eigenvalues, and eα

k be the corresponding eigenvectors, eα , 
with components indexed by ‘k’. Further, let the normalized eigen-
values be denoted by λα = �α/(

∑
β �β). Using these (normalized) 

eigenvalues, one can define what is called a Power entropy as,

S(l) = −
3∑

α=1

λα log(λα) , (3)

where ‘log’ in the above equation is the natural logarithm of the 
normalized eigenvalues.

Depending on how much power (λα ) is distributed along each 
eigenvector, one can characterize the nature of a multipole. If all 
the power is contained in one of the eigenvalues of Aij , say �3, 
then λ3 → 1, while λ1, λ2 → 0, and the Power entropy, S → 0. 
Thus the ellipsoid represented by the Power tensor for a particular 
multipole is maximally deformed along an axis. In the case of sta-
tistical isotropy, the three eigenvalues will be equal i.e., λα = 1/3, 
for α = 1, 2, 3, and the Power entropy S = log(3) ≈ 1.0986 repre-
sents maximal isotropy of a multipole ‘l’. Note that, the eigenvec-
tors of the Power tensor are headless, meaning they only represent 
axes and not directed vectors. We can now associate a preferred axis
with a multipole ‘l’, as the one along which more power is directed 
(i.e., eigenvector corresponding to the largest eigenvalue). We refer 
to this axis as principal eigenvector (PEV).

The eigenvalues and eigenvectors, and thus PEVs, provide in-
dependent information about the nature of the multipole. The 
eigenvalues can be invariantly combined using Power entropy to 
test the level of isotropy violation in a particular multipole. In-
dependent of the Power entropy, the principal eigenvectors can 
be used to compare alignments among various multipoles. Let us 
denote the PEV of a multipole as ẽl . In the case of statistical 
isotropy, the orientation of PEVs are equi-spaced with respect to 
each other.
2

To characterize the same i.e., the level of alignment between 
any two multipoles, let us define the statistic 1 −cos θll′ = 1 − ẽl · ẽl′ , 
where θll′ is the angle between the two PEVs ẽl and ẽl′ corre-
sponding to l and l′ . For isotropically distributed axes, the statistic 
“x = 1 − cos θll′ ” has a probability density, P (x), that is uniform 
in the interval x = [0, 1]. Since the PEVs are headless, the range 
of alignments possible between them are θll′ = [0◦, 90◦] (degrees). 
Thus, “cos θll′ ” and correspondingly “1 − cos θll′ ” fall in the interval 
[0,1].

2.2. Alignment tensor

In order to probe the nature of alignments among a set of 
multipoles or over a chosen range of multipoles i.e., to extract a 
common alignment axis for those modes of our interest, we use 
what is called an Alignment tensor that is defined as

Xij = 1

Nl

∑

l

ẽi
l ẽ

j
l , (4)

where ẽl is the principal eigenvector (PEV) of a multipole ‘l’. There 
is a trivial multiplicative factor that we get as a result of the sum-
mation in calculating this Alignment tensor which is the number of 
multipoles used, Nl , that can be removed. Thus, let ζα (α = 1, 2, 3) 
be the normalized eigenvalues, and fα be the normalized eigen-
vectors of the Alignment tensor. Further, let f̃ be the eigenvector 
corresponding to the largest eigenvalue, say, ζ3, after sorting ζα
in ascending order. Similar to the Power tensor, these normalized 
eigenvalues, ζα , can be used to compute what is called Alignment 
entropy that is defined as,

S X = −
3∑

α=1

ζα log(ζα) , (5)

that also varies in the range [0, log(3)], where the lower and 
higher ends of this interval represent perfectly aligned axes (PEVs) 
and perfectly isotropically distributed PEVs, respectively.

The eigenvector corresponding to the largest eigenvalue of the 
Alignment tensor can be taken to represent a ‘preferred’ axis for 
the set of multipole PEVs used to compute the Alignment tensor. 
However, it will be meaningful only when the largest eigenvalue of 
the Alignment tensor has high significance as inferred from com-
plementary simulations. On the other hand, if the smallest eigen-
value is anomalously small, then it would indicate that the PEVs 
are predominantly lying in a plane defined by the corresponding 
eigenvector, which is normal to that plane.

For more details on the Power tensor, the Alignment tensor and 
related statistics described here, the reader may refer to Ref. [12,
21,25].

3. Data and complementary simulations

In this work, we use the latest full sky CMB temperature 
anisotropy maps from European Space Agency’s (ESA) Planck mis-
sion,1 processed using the NPIPE pipeline [20] and cleaned us-
ing the Commander algorithm [18,19]. These are made available 
through the public data release 4 (PR4) of Planck mission at Planck 
legacy archive2 (PLA). This cleaned CMB map is provided at a
HEALPix3 pixel resolution of Nside = 4096 smoothed with a Gaus-
sian beam of F W H M = 5′ (arcmin).

1 https://sci .esa .int /web /planck.
2 https://www.cosmos .esa .int /web /planck.
3 https://healpix .sourceforge .io/.
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However, since we are interested in analyzing low multipoles, 
this map is downgraded to a resolution of HEALPix Nside = 256
smoothed to have an effective Gaussian beam of F W H M = 40′ . 
The NPIPE Commander CMB map is produced with the dipole 
mode (l = 1) retained, unlike the CMB maps from previous public 
data releases of Planck [20]. We proceed as follows to downgrade 
the cleaned CMB map. First, the l = 1 multipole is fitted out from 
the Commander CMB map outside the galactic mask with an ad-
ditional symmetric cut of cos(b) = ±0.1 about the galactic plane 
(where ‘b’ is the galactic co-latitude) using the remove_dipole 
functionality of HEALPix. Once the (monopole and) dipole are fit-
ted out, the spherical harmonic co-efficients are extracted from 
this higher Nside map, convolved with appropriate Gaussian beam 
(bl) and pixel window (pl) functions as

aout
lm = b40′

l p256
l

b5′
l p4096

l

ain
lm , (6)

and converted to an Nside = 256 map with a Gaussian beam resolu-
tion of F W H M = 40′ . Now the residual foregrounds are inpainted 
using the iSAP software4 package that fills potentially contami-
nated regions as defined by a foreground mask through a Sparse 
inpainting technique while still preserving the statistical properties 
with the rest of the unmasked sky. More details on the CMB maps 
and masks used in this analysis are given in Appendix A.

Complementary simulations to the Planck PR4 NPIPE Com-
mander CMB maps are also provided with this public release. 
These mock data, referred to as Full Focal Plane (FFP) simulations 
incorporating all the detector characteristics and processed using 
the same pipeline as the data, are made available on NERSC5

computing facility. Currently, 100 simulations complementary to 
the NPIPE Commander temperature anisotropy map are available. 
These are also provided at the same HEALPix Nside = 4096, as the 
data, with a Gaussian beam smoothing of F W H M = 5′ .

In addition to these 100 simulations, we also generated 5000 
ideal CMB realizations based on the theoretical temperature 
power spectrum (Cl) derived from CAMB6 using the latest Planck
estimated cosmological parameters [26]. These are generated 
at HEALPix Nside = 256 with a Gaussian beam resolution of 
F W H M = 40′ . Since, noise is negligible at low multipoles, no fur-
ther (random) noise component is added to these maps. The Power 
tensor statistic is also applied on these 5000 CMB realizations to 
get a better quantification of the statistics than we get when using 
only 100 NPIPE Commander simulations provided by Planck col-
laboration. The suitability of ideal CMB realizations for our present 
purpose is studied, for example, in Ref. [3,25].

In the analysis that is to follow, we show the significance of 
various statistics described earlier, as estimated from both the 100 
Planck 2020 FFP simulations and the 5000 ideal CMB realizations 
that we generated. We find that the estimates compare fairly well, 
despite the difference in the number of simulations used and the 
ideal nature of the second set of simulations we generated.

4. Analysis and results

4.1. Probing axial and planar modes with the Power tensor

Power entropy, S(l), allows for combining the eigenvalues of 
the Power tensor so as to characterize the breakdown of isotropy 
in a particular multipole ‘l’. If S → 0, for a multipole, then that 
mode is highly axial with a preferred axis given by the principal 

4 http://www.cosmostat .org /software /isap.
5 https://crd .lbl .gov /cmb -data.
6 https://camb .info/.
3

Fig. 1. Eigenvalues of the Power tensor for each ‘l’ in the CMB map from Planck PR4 
data obtained using Commander method. The horizontal red line is the expectation 
value of the eigenvalues when isotropy holds viz., 〈λi〉 = 1/3, and the two dashed 
lines denote the ±20% deviation around this expectation i.e., ±1/5th ×1/3 = ±1/15.

eigenvector (PEV) of the Power tensor. On the other hand, if S →
log(3), then statistical isotropy is preserved.

The three (normalized) eigenvalues of the Power tensor at each 
multipole for the downgraded NPIPE Commander 2020 CMB map 
are shown in Fig. 1, up to l = 100. However, we limit rest of the 
analysis presented in this study up to the first sixty multipoles 
only i.e., l = 2 to 61. The eigenvalues are sorted in ascending order 
and labeled λ1, λ2 and λ3 accordingly. The expectation value of 
these normalized eigenvalues i.e., 〈λi〉 = 1/3, when isotropy holds, 
is also plotted in the same figure as a horizontal red line, further il-
lustrating a ±20% (i.e., ±1/15) deviation from this expected value 
of 〈λi〉 = 1/3 as two dashed lines around it. One can readily see 
that the low multipoles show an apparent deviation from 1/3. But 
this visual discrepancy will be quantified later using the Power en-
tropy statistic using simulations.

In top panel of Fig. 2, the Power entropy, S(l), thus com-
puted using these normalized eigenvalues for different multipoles, 
is shown as yellow points for the NPIPE Commander cleaned 
CMB map synthesized at HEALPix Nside = 256 (that is obtained 
from the original map provided by Planck team at Nside = 4096
as described in the preceding section). The gray and black color 
curves in the top panel of Fig. 2 are the 95% confidence limits (CL) 
for the Power entropy at each l, as obtained from 100 Planck pro-
vided simulations and 5000 ideal CMB realizations based on best 
fit theoretical power spectrum corresponding to the latest cosmo-
logical parameter estimates from Planck. In spite of the different 
number of mock maps comprising the two sets of simulations, the 
two curves agree well with each other. Those multipoles whose 
Power entropy is outside the 95% confidence level (as defined by 
any of the two sets of simulations) are highlighted with a black 
dot inside the yellow dots. They are further listed in Table 1.

In the bottom panel of Fig. 2, the p-values for Power entropy of 
all the first sixty multipoles i.e., l = [2, 61] are shown as a function 
of ‘l’. The 2σ (95%) confidence level is also indicated. This is an 
alternate illustration of the top panel in the same figure, with p-
values more readily discernable corresponding to each multipole.

Now, in order to probe the planarity of a CMB mode, we com-
pare the smallest eigenvalue of the Power tensor of a multipole 
from data with the one that is obtained from the two sets of sim-
ulations being used. There are also other statistics, for example, 
based on the angular momentum maximization of a CMB mode 
[9], that can be used to probe the planarity of CMB multipoles. 
However, here we proceed with comparing the smallest eigenvalue 
of the Power tensor with the same from simulations. The p-value 
plot of the smallest eigenvalue of the Power tensor corresponding 
to a multipole from data in comparison to simulations is shown in 

http://www.cosmostat.org/software/isap
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Fig. 2. Top: Power entropy with 95% confidence level derived from 100 Planck PR4
Commander simulations and 5000 ideal CMB realizations based on the theoret-
ical power spectrum from Planck 2018 data release. Bottom: p-value plot of the 
Power entropy statistic obtained by comparing the data statistic from Planck PR4
Commander CMB map with the same from simulations. Here also the two curves 
correspond to p-values obtained using two sets of simulation ensembles.

Table 1
List of multipoles whose Power entropy p-value 
is anomalous with a random chance occurrence 
probability of ≤ 0.05. The p-values mentioned 
principally are estimated from 100 Planck pro-
vided FFP 2020 simulations, while those in the 
braces are obtained using 5000 ideal CMB real-
izations. The multipole, l, for which the p-value 
is indicated as ‘< 0.01’ corresponds to the case 
where none of the 100 Planck FFP simulations 
have a Power entropy, S(l), smaller than Sobs(l)
from data.

Multipole, l p-value of Sobs(l)

6 0.03 (0.0534)
13 0.01 (0.0060)
14 0.04 (0.0254)
16 0.02 (0.0354)
17 0.01 (0.0058)
30 < 0.01 (0.0010)
34 0.04 (0.0300)
40 0.03 (0.0218)
56 0.03 (0.0320)

Fig. 3 along with the 2σ level. Multipoles that are found to have a 
p-value ≤ 0.05 are l = 13, 14, 16, 30, 34, and 56. These multipoles 
and their corresponding p-values are listed in Table 2. However we 
note that, all these modes also have an anomalous Power entropy 
(see Table 1). Thus the anomalous nature of the smallest eigen-
value of the Power tensor of these modes is essentially due to the 
anomalously large largest eigenvalue of the Power tensor of the 
4

Fig. 3. p-value plot of the smallest eigenvalue of the Power tensor, λobs
1 , for the 

first sixty multipoles of the CMB map derived using the Planck NPIPE processing 
pipeline (PR4) and cleaned using the Commander method. The 2σ (95%) level is 
also indicated by a gray horizontal line. The curves correspond to the two different 
simulation sets used viz., 100 Planck like simulations provided by Planck collabora-
tion and 5000 mock CMB maps based on best fit theoretical power spectrum from 
Planck derived latest cosmological parameters.

Table 2
Same as Table 1 but for multipoles whose p-value 
of the smallest eigenvalue of the Power tensor 
is anomalous with a random chance occurrence 
probability of ≤ 0.05.

Multipole, l p-value of λobs
1

13 0.02 (0.1252)
14 0.06 (0.1475)
16 0.01 (0.1788)
30 0.02 (0.3245)
34 0.02 (0.3254)
56 0.01 (0.3289)

same multipoles. Thus we deduce that there are no truly planar 
modes in the CMB map analyzed in this study.

4.2. Alignments of higher order multipoles with the quadrupole

In the cleaned CMB map obtained from first year data of 
WMAP’s observations, it was found that the l = 2, 3 modes are 
very well aligned along the direction of the CMB kinetic dipole 
[9,12]. It also persisted to be seen in the CMB maps from an en-
tirely different full sky CMB mission i.e., ESA’s Planck probe. This 
was interpreted to be the case for a preferred direction for our uni-
verse on large scales. Similar preferred alignments were also found 
using the Maxwell’s multipole vectors (MMVs) corresponding to 
the low-l’s [11,14]. Recall that for each multipole, l, there will be ‘l’ 
unit norm headless vectors from an MMV decomposition of spher-
ical harmonic co-efficients. Thus, various combinations of these ‘l’ 
MMVs for each multipole, and also by combining MMVs from dif-
ferent ‘l’, some preferred alignments were found in the data. But, 
for higher multipoles, these combinations become excessively large 
in number.

So, first, we test the status of anomalous alignment between the 
quadrupole (l = 2) and the octopole (l = 3) modes using the PEVs. 
As mentioned before, while the Power entropy calculated from the 
eigenvalues of the Power tensor sheds light on the axiality of a 
particular multipole, the eigenvectors contain independent infor-
mation along which the power (magnitude of eigenvalues of the 
Power tensor) is distributed which define an invariant orthonor-
mal frame. Thus the PEVs, viz., the eigenvector corresponding to 
the largest eigenvalue of the Power tensor of a multipole, can be 
used to test for any preferred alignments among various multi-
poles. Here we first look at the alignment between the l = 2, 3
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Fig. 4. Top: Alignment angle between CMB quadrupole (l = 2) and higher multipoles 
upto lmax = 61 in Planck PR4 Commander map. Bottom: p-values of the observed 
alignment statistic “1 − cos θ2l ” characterizing the alignment between quadrupole 
and rest of the multipoles l = 3 to 61.

multipoles, and later analyze alignments of higher multipoles with 
the quadrupole.

The p-values obtained using the two simulation ensembles 
viz., Planck like and ideal CMB realizations, are 0.08 and 0.035, 
respectively, for the observed level of alignment in the NPIPE
Commander derived CMB temperature anisotropies map between 
l = 2, 3 modes. They are aligned at a mere angular separation of 
θ23 = cos−1(ẽ2 · ẽ3) ≈ 14.8◦ (degrees). We recall that, using the 
Power tensor method on WMAP’s first year ILC map, this align-
ment was found to be ≈ 9.94◦ with a random chance occurrence
probability of p = 0.02 [12]. A more elaborate analysis using PT 
with realistic simulations revealed that these modes are aligned 
at a mere angular separation of ≈ 5.97◦ [21]. In WMAP fifth and 
seventh year ILC maps, the angular separation further reduced to 
≈ 1.95◦ and 0.6◦ respectively, with a corresponding increase in its 
statistical significance. It is important to note that a foreground 
bias correction map was subtracted from ILC maps after cleaning, 
using appropriate simulations [27]. This was also found to be the 
case with cleaned CMB maps obtained using harmonic space ILC 
technique as discussed in Ref. [25]. Thus, foreground residuals have 
a tendency to misalign the multipole PEVs. So this observed align-
ment between l = 2, 3 in Planck’s PR4 CMB map (and perhaps also 
between any two multipole PEVs) in which no such foreground 
residual bias correction was applied, may be treated as a conserva-
tive estimate of the level of alignment between them, and is likely 
to be more pronounced in light of these previous studies.

Next, we move on to probing alignments between quadrupole 
and higher multipoles, if any. The angular separation, θ2l , between 
l = 2 and any higher multipole l ≥ 3 upto lmax = 61 (i.e., the first 
sixty multipoles) are shown in the top panel of Fig. 4. Recall that 
the PEVs are headless vectors and the maximum angular separa-
tion possible between them is 90◦ (degrees). In the bottom panel 
5

Table 3
p-values of the observed Alignment en-
tropy (Sobs

X ) and the smallest eigenvalue 
(ζ obs

1 ), respectively, from the Alignment 
tensor are listed here. p-value of the 
data statistic on comparison with 100 
Planck like simulations is quoted prin-
cipally, while that computed from 5000 
pure CMB realizations is quoted in braces.

p-value

Sobs
X 0.21 (0.2258)

ζ obs
1 0.20 (0.2436)

of the Fig. 4, the p-value of the observed level of alignment be-
tween the quadrupole and rest of the multipoles up to lmax = 61
are shown. We find that the modes aligned with the quadrupole 
are l = 44, 59 and 61 (beside l = 3) with a probability of p ≤ 0.05, 
on comparison with simulations. The 2σ CL (p-value ≤ 0.05) is in-
dicated by a horizontal dashed gray line in the same bottom panel 
of Fig. 4.

4.3. Nature of collective alignments among low multipoles

In this section, we analyze collective alignments among low 
multipoles, using PEVs of the CMB modes from l = 2 to 61. We 
do so using the Alignment tensor (AT) given by Eq. (4). For this 
collection of axes, the Alignment entropy (Eq. (5)) is shown in the 
left panel of Fig. 5 as a blue vertical line overlayed on the his-
tograms. The two histograms of Alignment entropy, S X , shown are 
derived from the two sets of simulations i.e., the 100 Planck like 
simulations and 5000 ideal CMB realizations consistent with Planck
estimated latest cosmological parameters. The observed Alignment 
entropy was found to have a chance occurrence probability of 
p = 0.21 and 0.2258, respectively when using the two - Planck
like and ideal CMB - simulation ensembles. These two values are 
fairly consistent with each other.

Now, we check for any preferred plane in which the PEVs may 
be lying, whose normal is given by the eigenvector corresponding 
to the lowest (normalized) eigenvalue of the Alignment tensor. The 
lowest eigenvalue of AT, denoted by ζ1, is represented by a vertical 
blue line in the right panel of Fig. 5. The corresponding histograms 
for ζ1 from the two sets of simulations are also plotted in the same 
figure, as vertical bars in different colors. We find that the ζ obs

1
from data has a probability of p = 0.20 and 0.2436, respectively, 
using 100 Planck like and 5000 pure CMB realizations, which again 
fairly agree with each other. These two results are summarized in 
Table 3.

Thus, using the Alignment tensor method, we find that there is 
no collective axial or planar alignment preferred in the orientation 
of PEVs of the CMB multipoles from the range l = 2 to 61 that we 
studied.

5. Discussion and conclusions

In this paper, we probed the status of statistical anisotropy of 
CMB low multipoles using the latest Planck data. The CMB map 
used is derived from Planck 2020 (PR4) data that is processed using 
the NPIPE pipeline and cleaned using the Commander method. 
We employed the Power tensor method to evaluate any deviation 
from isotropy of first sixty multipoles i.e., l = [2, 61]. Power en-
tropy defined using the eigenvalues of the Power tensor is used 
to understand any preferred axis associated with each multipole. 
Eigenvector corresponding to the largest eigenvalue of the Power 
tensor is taken to be that preferred axis and is referred to as 
principal eigenvector (PEV). Further, the smallest eigenvalue of the 
Power tensor corresponding to a multipole sheds light on planarity 
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Fig. 5. Left: Histogram of the Alignment entropy, S X , as obtained from 100 Planck PR4 Commander processed simulations and 5000 ideal CMB realizations generated based 
on best fit theoretical power spectrum from Planck 2018 data. The observed Alignment entropy, Sobs

X , as seen in Planck PR4 Commander CMB map for the range of multipole 
l = [2, 61] is indicated by the vertical blue line. Right: Same as the left figure, but for the smallest (normalized) eigenvalue of the Alignment tensor i.e. ζ1.
of that CMB mode, depending on its smallness compared to simu-
lations.

Then, collective alignment preferences were also probed in this 
range of CMB modes using the Alignment tensor statistic. Align-
ment tensor is constructed using the principal eigenvectors (PEVs) 
of the Power tensor. In order to quantify our statistics, 100 Planck
like simulations processed using the Commander method that 
were released as part of the final public data release (PR4) from 
Planck mission were used. Since this simulation ensemble is small 
in number, we also generated 5000 mock CMB maps using the best 
fit theoretical temperature power spectrum (Cth

l ) that is derived 
based on the latest cosmological parameters from Planck.

We find that the modes l = 6, 13, 14, 16, 17, 30, 34, 40, and 56 
(a total of 9 modes) have a Power entropy, S(l), whose p-value is ≤
0.05. Assuming that a threshold probability of P = 0.05 (2σ level) 
may be deemed as anomalous, the effective probability of finding 
k∗ = 9 modes or more below this threshold p-value out of n =
60 multipoles we analyzed can be estimated using the Binomial 
distribution as

Pcuml(k∗ = 9,n = 60,P = 0.05) =
n∑

k=k∗

nCkP
k (1 − P )n−k . (7)

This cumulative probability turns out to be Pcuml ≈ 0.0028 which 
is close to a 3σ significance. So the number of low multipoles 
having anomalous Power entropy i.e., modes that are intrinsically 
anisotropic is high.

Further when probing the planar anisotropy of CMB modes us-
ing the smallest eigenvalue of the Power tensor, we find that the 
set of multipoles which are anomalous with a p-value ≤ 0.05 form 
a subset of the multipoles which have anomalously low Power 
entropy. Hence it may be inferred that there are no truly planar 
modes.

A spurious alignment found between the quadrupole (l = 2) and 
octopole (l = 3) modes of the CMB sky since the release of full 
sky high-resolution CMB maps from NASA’s WMAP probe has been 
studied using a variety of tests in the cosmology literature. Probing 
alignments among various multipoles, we find that the alignment 
between l = 2, 3 modes in Planck’s NPIPE Commander CMB map 
is marginally anomalous at about 2σ level with a p-value of 0.08 
and 0.035, respectively, using the two sets of simulation ensembles 
prepared for the present study. However, as mentioned, this is a 
6

Fig. 6. Various anisotropy axes (PEVs) corresponding to different multipoles ob-
tained using the Power tensor in the range l = [3, 61] that are aligned with the 
quadrupole (l = 2) at a significance of p ≤ 5% are indicated here (see section 4.2). 
Also indicated is the Alignment tensor PEV for the entire multipole range l = 2 to 
61. Interestingly it is in close proximity to the anomalous multipoles whose PEV is 
aligned with the CMB quadrupole PEV at a significance of p ≤ 0.05.

conservative estimate given the tendency of foreground residuals 
to misalign intrinsically aligned modes.

We also probed alignment of higher multipoles with the 
quadrupole using PEVs. The modes l = 44, 59 and 61 beside l = 3
(i.e., a total of 4 modes) were found to be aligned with l = 2 at 
a significance of 5% or less. Employing the same Binomial statis-
tics, we get a cumulative probability of Pcuml(k∗ = 4, n = 59, P =
0.05) ≈ 0.34 to find 4 or more number of modes out of the rest 
of 59 multipoles (l = [3, 61]) that are anomalously aligned with 
the quadrupole at a significance of 2σ or better. Hence the sig-
nificance of these (many number of) multipoles aligned with l = 2
collectively in the range studied is low.

Finally, in order to understand any preferred orientation along 
an axis or in a plane for the set of multipoles under study, we 
employed the Alignment tensor statistic. Recall that the PEVs fur-
nish independent information serving as an axis of anisotropy for 
that multipole, apart from what can be inferred from the (nor-
malized) eigenvalues of the Power tensor. However, neither of the 
anisotropic patterns - a preferred axial or planar orientation - were 
found in the data when collective alignments were probed.

Thus there is a hint for anomalous axial anisotropy of CMB 
modes at low multipoles in line with what was found in earlier 
studies using the Power tensor method. But no planar anisotropy 
of CMB modes individually or such orientation of modes collec-
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Table 4
Angular separation between collective alignment 
axis inferred from PEVs of all sixty multipoles l =
[2, 61] using the Alignment tensor statistic, and 
various low-l modes anomalously aligned with 
CMB quadrupole PEV.

Multipole ‘l’ Angular distance from AT-PEV

1 29.2◦
2 20.1◦
3 34.6◦
44 28.7◦
59 6.0◦
61 31.1◦

tively in a plane, of any significance, was seen in the data. Multi-
pole PEVs that are anomalously aligned with l = 2 with a p-value 
of 5% or less are shown in Fig. 6, along with the CMB kinetic dipole 
[24], and the Alignment tensor PEV (AT-PEV) for the full range of 
multipoles l = 2 to 61. This AT-PEV is, interestingly, also close to 
the cluster of PEVs anomalously aligned with the quadrupole at a 
significance of 5% or better. The angular separation between them 
and the AT-PEV are listed in Table 4.

With upcoming ground and space based CMB experiments such 
as, for example, CMB-S4 [28], Simons Observatory [29] and Lite-
BIRD [30] targeting precise measurement of CMB polarization sig-
nal on a large fraction or over full sky, it will be interesting to see 
how the many instances of isotropy violation seen in CMB tem-
perature sky such as axiality, planarity and preferred alignments 
among its low multipoles studied here will fare as they are sourced 
by the same primordial fluctuations. These may be confirmed or 
ruled out as statistical flukes both of which will help in building 
a robust model of our universe. In the future, we plan to perform
such a study with polarization data as is available now although 
its signal to noise ratio is low, and also using simulations assum-
ing the mission specifications of these future CMB experiments.
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Appendix A. CMB maps and masks used

In this section, we describe the CMB temperature anisotropy 
maps and galactic masks used in the present study. Cleaned CMB 
map obtained with the Commander method using Planck mis-
sion’s complete observational data that is processed using NPIPE
pipeline was released as part of its fourth and final public data 
release (PR4) [20].

In Fig. 7, Planck’s Commander 2020 CMB map is shown at the 
top of the figure. Note that this map is produced at a HEALPix
resolution of Nside = 4096, and contains the dipole (l = 1) com-
ponent also. In the second row, galactic mask used in the present 
analysis is shown in the left panel, and the mask on the right is the 
same one with additional azimuthal cut of cos(b) = ±0.1 along the 
galactic plane (where ‘b’ is the galactic co-latitude) that is used to 
fit-out the dipole. The galactic mask shown in the left panel of 
the second row has an available sky fraction of f sky ≈ 0.92, and 
is obtained by extending the WMAP’s nine year kp8 temperature 
cleaning mask8 which includes point sources as well [5].

We note the following, for choosing this custom mask. Since 
we are interested in the low multipoles, the mask used in the 
inpainting procedure with iSAP has to be chosen carefully with 
as much non-zero sky fraction as possible to avoid any bias in 
the reconstructed CMB map. We found that with an aggressive 
mask like the Planck 2018 Common mask with f sky ≈ 0.78, the 
inpainted map shows some visible discontinuities at the mask 
boundary. Planck’s Commander 2018 temperature mask has an 
f sky ≈ 0.88. Finally, the common inpainting mask used in Planck’s 
2018 analysis of temperature maps has an f sky ≈ 0.979, with very 
few point sources and a small contiguous portion in the Galactic 
plane. Thus we chose the extended WMAP’s nine year kp8 mask 
with f sky ≈ 0.9 that is intermediate between the aggressive Com-
mon mask on one hand and a highly conservative Planck common 
inpainting mask on the other hand. This mask is originally avail-
able at HEALPix Nside = 512. First, we upgraded it to Nside = 4096
and smoothed with a Gaussian beam of F W H M = 30′ (arcmin) to 
smooth the mask boundaries up on upgradation. Then a cutoff of 
0.8 was applied on the upgraded smoothed mask to get the ex-
tended mask. Few isolated regions were also excluded from the 
final mask that is shown in the left panel of second row in Fig. 7.

In the third row, displayed on the left is the NPIPE Comman-
der map (shown at the top of the figure) after fitting out the 
dipole using the azimuthally symmetric mask shown in the second 
row to the right. One can readily see the residual contamination in 
the galactic plane. Shown in the right panel of third row is the 
same map downgraded to Nside = 256, following Eq. (6).

In the fourth row, shown to the left is the downgraded WMAP’s 
nine year kp8 mask to Nside = 256. This downgraded mask is ap-
plied to the smoothed downgraded Planck Commander 2020 CMB 
temperature map shown in the third row to the right. The in-
painted map thus obtained is displayed in the right panel of fourth
row.

Simulations, totaling 100 maps, complementing the Planck’s
Commander 2020 CMB temperature map were also released as 
part of PR4. These are provided at the same resolution as data 

7 https://www.nersc .gov/.
8 https://lambda .gsfc .nasa .gov /product /wmap /dr5 /m _products .html.

http://www.esa.int/Planck
https://www.nersc.gov/
https://lambda.gsfc.nasa.gov/product/wmap/dr5/m_products.html
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Fig. 7. First row: Commander cleaned CMB temperature map from Planck’s public release 4. Second row: Galactic mask used in the present study with a sky fraction of 
f sky ≈ 0.92 is shown to the left and the same mask with additional azimuthal cut to fit out the dipole in the CMB map from top row is shown to the right. Third row:
Commander 2020 CMB map after fitting out the dipole is shown to the left and the same map after downgrading to HEALPix Nside = 256 is shown to the right. Fourth row:
The galactic mask from left of second row is originally available at Nside = 512. It’s appropriately extended to obtain a mask at Nside = 256 as described in the text and is 
displayed here on the left side. Finally, the CMB Commander 2020 temperature map at Nside = 256 after inpainting with iSAP using the mask on the left side is displayed 
in the right panel.
map. Hence we process viz., downgrade and inpaint the simula-
tions also in the same way as data map. Since, the number of 
Planck provided simulations are less in number, we also generated 
ideal CMB realizations at HEALPix Nside = 256 with 40′ Gaus-
sian beam smoothing. The histograms thus generated from the 
100 Planck like FFP realizations and 5000 pure CMB maps compare 
fairly well for the various statistics computed, as demonstrated in 
the paper. The larger set of ideal CMB maps provided only bet-
ter characterization of our statistics i.e., in assessing their signifi-
cances.
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