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Abstract

In this paper, we introduce the concept of the a-fractal function and fractal approxi-
mation for a set-valued continuous map defined on a closed and bounded interval of
real numbers. Also, we study some properties of such fractal functions. Further, we
estimate the perturbation error between the given continuous function and its a-fractal
function. Additionally, we define a new graph of a set-valued function different from
the standard graph introduced in the literature and establish some bounds on the fractal
dimension of the newly defined graph of some special classes of set-valued functions.
Also, we explain the need to define this new graph with examples. In the sequel, we
prove that this new graph of an «-fractal function is an attractor of an iterated function
system.
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Constructive Approximation

1 Introduction

Approximation theory has gained appreciable attention in the literature. Fractal the-
ory embraced the approximation theory in 1986 by Barnsley [6] through his paper
“Fractal functions and interpolations”. Following this pioneering work of Barnsley,
Navascués [22, 24] studied a parameterized class of fractal interpolation function,
known as «-fractal function, associated with the continuous function defined on a real
compact interval. After that, several theories have been developed concerning fractal
interpolation functions. For example, in [17, 36] concept of a-fractal function has been
studied, and in [7, 11, 20, 25], a generalized C" fractal interpolation function has been
studied.

In this paper, we have extended the notion of «-fractal function in the case of set-
valued maps. The significance of set-valued maps can be found in many essential
areas, such as optimization theory, game theory, control theory, etc. One may refer
[3] to understand the properties and nature of set-valued maps. The algebra of sets
is different from this of numbers. There are different types of sums have been given
for sets. For instance, in [2], the binary metric average of sets is defined. In [13], the
Minkowski sum of two sets is used, and in [9], the notion of the sum specified in
[2] has been extended, which is known as a metric linear combination of sets. In this
paper, we have taken the Minkowski sum of sets.

Approximation of set-valued maps is one of the celebrated topics in the literature.
Several theories have been given regarding the classical approximation of set-valued
maps. See, for instance, [18] where the notion of univariate data interpolation func-
tion has been given. Initially, approximation theory mainly focused on set-valued
maps with convex images, known as convex set-valued maps. For example, in [37],
Vitale explored the approximation of convex set-valued maps with set-valued Bern-
stein polynomials. One may refer [4, 10, 13] for more research on the approximation
of convex set-valued maps. The Minkowski sum of the two sets has been taken in all
those researches. In [2], Arstein studied the approximation of set-valued maps having
compact images, known as compact set-valued maps. Instead of Minkowski’s sum of
sets, he used the set of a sum of special pairs of elements, later known as “metric pairs”.
One may refer [9, 14] for more research on the approximation of compact set-valued
maps. In this paper, we have studied the fractal approximation of set-valued maps.

Like fractal approximation, estimating the fractal dimension is also a fascinating
area in fractal theory. It provides the statistical ratio of complexity with the details
of how a fractal pattern changes with the scale it is measured. Several notions of
fractal dimension have been introduced so far in the literature. For example, Hausdorff
dimension, box dimension, packing dimension [7, 15, 20], etc. In this paper, we have
worked on Hausdorff and box dimensions.

1.1 Motivation and Work Done
The concept of a-fractal function, fractal approximation, and fractal dimension have

been studied for different types of single-valued maps. For instance, in [17, 24] -
fractal function for univariate single-valued maps and fractal dimension of the graph of
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some classes of univariate single-valued maps have been discussed. In [36], a-fractal
function and dimensional results for bivariate single-valued maps have been explored.
In[27, 28], the existence of a-fractal function corresponding to continuous multivariate
functions is given. Agrawal et al.,[1] worked on the L, approximation using fractal
functions on the Sierpinski gasket. Sahu and Priyadarshi [30] have studied the box
dimension of the graph of a harmonic function on the Sierpifiski gasket. Persuaded
by these researches, we have extended the classical approximation of set-valued maps
to the fractal approximation of set-valued maps. We have introduced the notion of
a-fractal function for set-valued maps. Still, unlike in the case of single-valued maps,
we noticed that, in general, the set-valued «-fractal function is not interpolatory in
nature. Further, we have worked on estimating the fractal dimension of the graph of
some special classes of set-valued maps.

1.2 Delineation

The proposed paper is assembled as follows. The next section is reserved for notations
and preliminaries required for our study. Section 3 is devoted to the development of
fractal functions and to explore their properties. In Sect. 4, we have studied the fractal
approximations and constrained approximations of the set-valued map. Further, in
Sect. 5, we have defined a new definition of the graph of set-valued maps and provided
some dimensional results for this new graph. Also, we have explained the need to
define this new graph. Moreover, we proved that there exists an iterated function
system whose attractor is this new graph of the set-valued «-fractal function. We have
concluded our paper in Sect. 6.

2 Notations and Preliminaries

The following are the notations that we have used in our paper:

N: Collection of all natural numbers

R: Collection of all real numbers

I: Closed and bounded interval of R

K@) ={A Cc R: A is acompact subset of R}
K:(R) ={A € K(R) : A is a convex subset of R}

H;(A, B) = max {supinf la — b|, supinf |b — a|} be the metric defined on
acAbPE beBAcA
K(R). It is broadly known as the Hausdorff metric

C(I, L(R)): Collection of all the continuous maps from I to C(R)

Lip(1, K(R)): Collection of all the Lipschitz maps from I to K(R)

o -HC: Collection of all the Holder continuous maps from 7 to IC(R) with exponent
o.

Definition 1 [15] Let V C R be a subset of R, then the diameter of V is defined as
V| =sup{lu —w|:u,weV}.
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Let E C R be a subset of R. A countable collection (or finite) of sets, V; is said to be
n-cover of E if it satisfies

EC UVi such that | V;| < n for all i.

l
Definition 2 [15] For a non-negative number ¢ and n > 0, define
o
H/(E) = inf Z|Vi|’ :{V;}isan-cover of E | .
i=1
Then, t-dimensional Hausdorff measure of E is defined as

HY(E) = g% H,’](E).

Definition 3 [15] Consider E € R and ¢ > 0. The Hausdorff dimension of E is
defined as,

dimy (E) = sup{t : H'(E) = oo} = inf {r : H'(E) = 0}.

Definition 4 [15] Assume E be a non-empty and bounded subset of R and N,,(E) be
the lowest count of sets having at most n diameter, which can cover E. The upper box
dimension and lower box dimension of E are defined as
I — log N, (E
Tim s (E) = Tim 22 M(E)
n

-0 —logn

log N, (E
and dimy(E) = lim &5
n—0

, respectively .

If dimp(E) = dim p(E), then it is called as the box dimension of E, and it is defined
log N, (E)

as, dimp (E) = lim,¢ —Togy

Definition 5 [3] Let X and Y be metric spaces and F : X =2 Y be a set-valued map
from X to Y, then the graph of F is defined as,

Gr={u,w)e X xY:we F(u)}. (1)
F(u) is the image (or) the value of F at u. If there is at least one element u € X such

that F'(«) is non-empty, then F is considered nontrivial. If F' () is non-empty for each
u € X, then F is known to be strict. The domain and range of F' are defined as

Dom(F) :={u € X : F(u) # ¢} and Im(F) := UF(u), respectively.
ueX

Definition6 Let F, G : I = R be set-valued maps. Then, F < G if and only if
F(u) € G(u) forallu € 1.
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Remark 1 1If F(u) is closed (convex, compact, bounded), then F is said to be closed
(convex, compact, bounded).

Definition7 [3] Let F : X == Y be a set-valued mapping and u € Dom(F') such that
for every neighborhood 4 of F(u),

there exists n > 0 such that F(u") C Y forall u’ € By (u, n). 2)

Then, F is characterized as upper semicontinuous at u. If it satisfies (2) for each
u € Dom(F), then F is known as an upper semicontinuous function.

If for every w € F(u) and every sequence {u,} C Dom(F) converges to u, there
exists a sequence of elements w, € F(u,) converges to w, then F is characterized as
lower semicontinuous at u. If it is lower semicontinuous at each u € Dom(F), then
F is said to be the lower semicontinuous function.

Lemma 1 [3] A set-valued map F is said to be convex if and only if for all uy, uy €
Dom(F), ) € [0, 1], we have

A () + (1 —A)F(up) C F (Aup + (1 — Auy) .

Definition 8 [7] Consider (X, d) be a complete metric space and K (X) be the collec-
tion of all non-empty compact subsets of X and Hy be the Hausdorff metric defined
on [C(X) and m be a positive integer such that w; : X — X be a contraction map
foreachi € {1, ..., m}, then the system {(X, d) : wy, ..., wy,} is known as Iterated
Function System (IFS).

In the Definition 8, IFS satisfies the Banach contraction principle. One can construct
the fractal using those IFSs, which satisfies other contractions. For instance, in [29],
the construction of fractal using ¢-contraction has been introduced.

Definition 9 [5] An IFS, {(X, d):wi,... wm} is said to satisfy Open Set Condition
(OSC), if there exists a non-empty open set V C R such that

le-(V) C V suchthat w; (V) Nw;(V) =@ for i # j.

i=1

Moreover, if A is an attractor of IFS such that V. N A # @, then the IFS is said to
satisfy the Strong Open Set Condition (SOSC).

3 Fractal Functions in C(/, IC(R))

We know that space C(I, JC(R)) when endowed with metric d¢ is a complete metric
space, where
de(F,G) = |F — Gllc = sup Hq(F(u), G(u)).

uel
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Note 1 [16, Proposition 1.17] Recall some properties of the Hausdorff metric as fol-
lows.

1. Let X be a normed space. Then, For B, C, D, E € K(X), we have
Hy(B+C,D+E) < Hy(B, D)+ Hy(C, E),

where Y +Z :={y+z:yeY € K(X),z € Z € K(X)}is known as Minkowski
sum of ¥ and Z.
2. Forany L € R, H;(AB, D) = |A|Hy(B, D).

Theorem 1 Assume F € C(I, K(R)). Let A := {(uy,...,upn) :u; < --- < up} be
a given data point such that it forms a partition of I, and let I, = [uy, up+1]. Let
L, : I — I, be contractive homeomorphism such that L,,(u1) = u, and L,,(uy) =

Unt1 or Ly(uy) = uyyq and Ly (un) = uy,. Further, assume that the base function
S € C(I, K(R)) satisfies

Su1) — F(uy) = S(un) — F(un),
whereY—Z ={y—z:y€Y € KR) and z € Z € K(R)} and scaling factoro € R.

If la| < 1, then there exists a unique function FZ’S € C(I, K(R)) satisfying the
following self-referential equation

F§ su) = F(u) + a[F§ g(L, ) — S(L;, ' )] forevery u e I,,  (3)
wherene J ={1,...,N —1}.
Proof Let Cr(I, K(R)) = {G € C(I, K(R)) : G(uy) — S(u1) = Guy) — Sup)}.
It is elementary to observe that Cg (I, IC(R)) is a closed subset of C(1, K(R)), hence

(Cr (I, K(R)), dc) is a complete metric space. DefineRead-Bajraktarevi¢ (RB) oper-
ator @ : Cp(I, K(R)) — Cr(I, L(R)) by

(@G)(u) = F(u) +a[G(L, (u)) — S(L, ()]

for every u € I, and n € J. Well-definedness of @ can be observed using the
assumptions we have taken for F, S, and «. With the reference to Note 1, we get

Ha(@G) W), (@ H)(w) = Ha(F@) +o[G(Ly" @) = S(Ly @)l Fw
+alH (L ) = S(Ly" @)])
= Ha(aG(Ly W), aH (L )

= lalHa(G(L," @), H(L; @)
< lalsup Hy(G(w), H(w))

uel

= |IG = Hlco-
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Since |o|||G — H ||« is independent of #, hence we have

26 = PHllo < ||G = Hlco-

Because || < 1, @ is a contraction on C(/, IC(R)). Hence, @ has a fixed point
in C(1, K(R)). Let F ¢ be that fixed point, and then it satisfies the self-referential
equation,

F$ ) = F(u) + a[F§ g(Ly ) — S(L; )]
foreveryu € I, andn € J. O

Note 2 Throughout the paper,

— we denote F'§ ¢ as F if there is no ambiguity.
— we take A, S, and J as the same as it is in Theorem 1, unless specified.
— we have used the set difference as follows

Y—-Z={y—z:yeYeKR)andz € Z € L[R)}.

Remark 2 In the context of (3), we get

Fu;) = F(u;) + aF*(uy) —aSuy) = F(u;) + aF*(uy) — aS(uy) forevery u; € A,

where i = 1, ..., N. Further, if F® and S are single-valued at the end points such
that F¥(uy1) — S(u1) = Fuy) — S(uy) = {0}, then F*(u;) = F(u;) for each
i=1,..., N, this implies that F“ is a set-valued fractal interpolation function.

Note 3 The above remark hints at the following: in case F and S are single-valued at
the end points such that F(u1) — S(u1) = F(un) — S(un) = {0}, then the set

Cr(1, K(R) = {G € CU K®) : Gu) = Sw) = Glun) = Sun) = (03}

is a complete metric space, and the RB operator @ : Cr(I, C(R)) — Cr(I, K(R)) as
defined in Theorem 1 is well-defined and a contraction mapping. Therefore, we have
a unique fixed point F'¢ of @ satisfying F*(u;) = F(u;) foralli = 1,..., N, this
shows that F“ is a set-valued fractal interpolation function.

Here we give some examples of base functions S € C(I, IC(R)) satisfying S(u;) —
F(ui) =Sun) — Flun) :

(). Su) = F(t(u)+ u—ur)(F(u1) — F(u1)+(uy —u)(F(uy) — F(un)), where
t : I — I be a continuous function which satisfies #(u;) = uy, t(uy) = un.

(). Su) =t@)F @)+ @—u)(Fu)—F@)+@wny—u)(F(uy)—F(uy)), where
t : I — R be a continuous function which satisfies #(u;) = 1 and #(uy) = 1.
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The Holder space is defined as follows:
HC U, K:(R) :=={G: I - K.R): G € o-HC},
Let us recall [21] that if we endow the space HC? (I, K. (R)) with metric

HO (G H) = sup Ha(G ), Hw)) + sup 2G0T+ ﬁ(w)ﬁf(“) +Gw)
uel u,wel -

Then, by [21, Proposition 1], it forms a complete metric space.

Note 4 Throughout the paper, unless specified, take L, : I — I, as affine maps, such
that L, (u) = a,u + b, forall n € J, where a,, = H and b, = ”””2’;#
Theorem 2 Consider F, S € HC® (I, K.(R)) such that S(u1) — F(u1) = S(uy) —
Fuy), and let « € (—1,1). Then, F* € o-HC provided W < 1, where
a:=min{a; : j € J}.

Proof Consider HC%(I, K.(R)) = {G € HC° (I, K:(R)) : G(u1)—S(u1) = G(uy)—
S(un)}. Itis easy to notice that HC%. (I, IC-(R)) is a closed subset of HC? (I, K. (R)),

and hence complete with respect to the metric Hg(l). Define amap @ : HC% (I, K (R))
— HCT U, K:(R)) as

(@G)(u) = F(u) +a (G — S)(L]I(u))

for each u € I;, where j € J. Clearly, @ is well-defined. Now for G, H €
HCS (I, Ko (R)), we have

HV(@(G), @(H)) < sup Hy(P(G)(u), ®(H)(u))

uel
N = Dmax  sup Hq(@(G)(u) + ¢ (H)(w), @(H)(u) + P(G)(w))
T utw,u,wel; lu —wl®
< el SUI[) Ha(G(u), H(u))

Ha(@G(LT @) + o« H (LT (), aH (L' () + @G (L] )

+(N —1)max  sup
= uFw,u,wel; |u - wl(r

=< || sup Hy(G(u), H(u))

uel

Ha(GLT @) + HLT ), HLT @) + G(L] )
+(N — D|o|max  sup — =)
jeJ uFw,u,wel; |aj|a|Lj (u) — Lj (w)|”
< le| Sllll) Hy(G(u), H(u))

(N = Dla| Ha(GOLT @) + HLT ), HLT @) + G(L] )
+———— max sup

a® jed uFw,u,wel; |L;1 () — L;I (w)|”
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< (N = D]

a uw,u,wel [ — wl|®

{ Hd(G(u) +H(w),H(u)+G(w))i|
sup Hy;(G(u), H(u)) +  sup
uel

(N — D] (1)
STHU (G, H).

Since W < 1, which implies @ is a contraction map on HC% (I, K.(R)). Now,

the Banach contraction principle ensures that a unique fixed point of @ exists. This
completes the proof. O

Definition 10 Assume F : I — K(R) be a set-valued map. For every partition P :=
{(to, ..., ty) 1 tg < --- <t} of I, define

V(F,I)=sup ) Hy(F(t), F(ti-1),
i=1

where the supremum runs over all partitions, P of /.
We set | Fligy := | Flloo + V(F, I), where || F |0 := Sup £ @)l = sup Ha(F(u),

uel
{0}). Then, F will be characterized as a bounded Varlatlon function if || F||gy < oo.

BY (I, K(R)) will be denoted as the collection of all bounded variation functions on
1.

Remark 3 1t is interesting to write the following small observation: define functions
sin (}C) , whenx #0
0, otherwise
[—1, 1]. Here F(x) C T(x) for each x € [0, 1], such that T € BV(I, I(R)) while
F ¢ BV(I, K(R)). This example shows that for set-valued mappings satisfying F < T
does not imply [[Fllgy < [IT|[5y-

T :[0,1] - K@) as follows F(x) = and T(x) =

As a prelude to our next result, we note the following lemma.
Lemma 2 Consider {F,} is a sequence of set-valued continuous maps which uniformly

converges to F : I — KC(R). Then, for a given partition P = {(yo, ..., Ym) : Yo <
- < ym}of I, we have

> Ha(Fo(3i), Fa(yie1)) = Y Ha(F (), F(3i-1)).

i=1 i=1

Moreover,

@mewmmvmmWZWMWme
i=1 i=1
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Proof Let P = {(30,---»Ym) : Yo < --+ < Yy} be a partition of /. The uniform
convergence of {F},} implies

Tim Y Ha(Fa () Faim1) = ) Ha(F (i), F(yi-1))-
i=l1

i=1

Now for a given partition P = {(yo, ..., Ym) : Yo < --- < ym} of I, we get

> Ha(F(i). (i) = ) Ha( lim Fy(y). lim Fy(yi1)

i=1 i=1

m
= lim > Hy(Fa (). Fa(i-1))
i=1

m
< liminf sup Z Hy(Fy(yi), Fu(yi-1)),

1=
completing the proof. O

Theorem 3 The space (BV(I , K:(R)), HBV) is a complete metric space, where

Hpy(G. H) = G = Hlloo +sup Y Ha(G() + H(yi—). HOp) + Gvin)).

i=1

Proof Assume that {F;,} is a Cauchy sequence in BV(I, IC.(R)) with respect to Hgy.
Equivalently, for € > 0, there exists ng € N such that

Hpy(F,, Fy) < e foralln, k > ny.

Using the definition of Hgy, we obtain ||F,, — Fi|lcc < € forall n, k > ng. Since
(CU, K:(R)), lI-loo) is a complete metric space, there exists a continuous function
F with ||F, — Flloo — 0 as n — oo0. We claim that F € BV(I, K.(R)) and
Hpy(F,,F) - 0asn — oo.Let P = {(3o, ..., Ym) : Yo < --- < ym} bea
partition of I and n > ng. From the reference to Lemma 2, we get

Hisy(Fa, F) = |1Fy = Flloo + Y Ha(Fa () + FGi-0), FOD + FaGi-1))
i=1

m

= Jim <||Fn — Filloo + ) Hd(Fn(yi) + Fi(yi-1), Fr(yi) + Fn(yi—l))>

i=1

m
< lim (nFn — Filloo +sup Y Ha(Fy ) + R i), Fe) + Fn(y,-_o))
k—o00

i=l1
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m

< sup <||F = Filloo 5up 3~ Ha(En ) + Fe (i), F () + Faloi 1>)>

k>ng i=1

< sup Hpy(Fy, Fy) < e.

k>ngo

Since P was arbitrary, therefore we have Hgy (F),, F) < € for all n > ny.
It remains to show that F € BV(I, K.(R)). Now by using H;(B + D,C + D) =
Hy(B, C) forevery B, C, D € K.(R) (see, for instance, [16]), we have

Y Ha(F (i), Fyio) = Y Ha(F (i) + Fa(yi1), FOic1) + Fa(yi-1)
i=1 i=1

Z d(F i) + Fa(im1). F(iz1) + Fa(3)

Z d(Fa (i) + F (i), Fio1) + Fa(yi-1))

<Y Ha(Fi) + Fayi1), F(ie1) + Fa(yi)

i=1

Z Hq(Fp(yi), Fa(i-1)) = Hpy(Fu, F) + |[Fal By

Since Hpy(F,, F) < € and F, € BV, K.(R)), the above inequality yields that
F € BV(I, K:(R)). This completes the proof. O

Theorem 4 Consider F € BV(,K.([R)), A as defined in Theorem 1, S €
BY(I, K:(R)) such that S(uy) — F(u1) = S(uny) — F(uy), and a € (—1, 1) with
la] < ﬁ Then, a-fractal function, F* corresponding to F is of bounded variation
onl.

Proof Consider BV, (I, K. (R)) ={G € BV(,K.(R)) : G(u1)—Su1) = G(uy)—
S(up)}. It is easy to prove that BV, (I, K. (R)) is a closed subset of BV (I, K.(R)),
hence complete with respect to metric Hgy). Define RB operator @ : BV,.(I, K.(R)) —
BV.(I, K:(R)) by

(@G)(w) = Fu) +e[G(L;' W) — S(L;' w)]

foreachu € Ijand j € J.Itis easy to observe the well-definedness of @. Form € N,
assume P/ = {(to,.. tm) < e < tm} is a partition of /; and j € J. For

i €{l,...,m}, we have
Ha(2G) ) + ()], 2 (D)) + 2(G)1])))
= Ha(oG(L} () + el (L] (] ). el (L7 (1)) +aG(L7 0] )
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< lalHa(G(L7' @) + H(L7 @] p) H(LT @) + G(L7 (] ).

Summing over i = 1 to m, we have
> Ha(@G) ) + @G, 2H)E) + (G ))
i=1
< lal Yo Ha(G(L7 D) + H(LT @] ). H(LT @) + G(L7 ¢l )))
i=1

< lafsup Y Ha (Gt + H(tin), H) + Gaim) ),

i=1

since P := {(L;l(té), e L;l(t,il)) : L;l(té) < e < L;l(t,{q)} is a partition of
I (without loss of generality), and the supremum is taken over all partitions P =
{(t0, ..., tm) : 1o < --- < tp,} of I. The above inequality is true for any partition PJ
of 1;. Hence, we get

Hpy(®(G), ®(H)) = sup Hy(P(G)(u), P(H)(u))

uel

+5up Y Ha(@G ) + PH@-1). ®HE) + PG
Pizi

< || sup Hq (G (u), H (u))

uel

+maxsup Y Hy (@G &)) + (H). ).
P7 =

JE

SH)) + PG ()
< lal sup Ha (G (w), H ()

uel

+ (N = Dlefsup ) Hd(G(ti) + H(ti-1), H(%) + G(h’—l))

i=1

= (N = Dla|Hpy(G, H).

As |a| < ﬁ, @ is a contraction map. Then, the Banach fixed point theorem ensures

that @ has a unique fixed point, say F“. Further, this fixed point will satisfy the
following self-referential equation,

FYu) = F(u) +a[F“(L;1(u)) — S(L;l(u))] for each u € I;, where j € J.
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Notice that function F¢ is a parametric function depending on parameters, the
base function S, scaling function «, partition A, and the function F itself. To observe
collective behavior of F* depending on some such parameters, we define a set-valued
map, F¢ : C(1, K(R)) — C(I, K(R)) such that

FU(F) = FY, wherea € (—1, 1). )

This map is known as a fractal operator.

Remark 4 The notion of the fractal operator has already been studied extensively for
single-valued maps. See, for instance, in [22, 24] fractal operator has been defined
for univariate single-valued maps. In [35], the fractal operator for bivariate single-
valued maps has been studied. Here, we have given the notion of the set-valued fractal
operator.

Theorem 5 7§ defined in (4) is a continuous map.

Proof Let { Fi} be a sequence in C(1, K(R)) such that Fy — F, then to prove F¢ is a
continuous function, it is sufficient to prove that F,¥ — Fy. Since F,, — F, then for
each € > 0 there exists ng € N such that,

I1Fy — Flloo < €(1 — |]) forall n > ny,

equivalently, supHy (Fy, (1), F (u)) < €(l — |a]) for all n > nyg.

uel

Now, we have
Ha(Fy (), F (1)) = Hd<Fn(x> +a FELy @) = S@ o], Fo

+a [ FULT 0) - S(Lj1<x>)])
< Ha(F,(x), F(0)) + la| Ha(F (L7 (x)), F(L7 ' ().

This implies,

sup Hy(Fy (x), F¥(x)) < sup Hy(Fy(x), F(x)),
xel 1 - |O‘| xel
that is || F¥ (x) — F*(x)]leo < € forall n > ny.

This completes the proof. O

Theorem 6 For a fixed partition A, the mapping TSA 1 CUL,KMR) = €U, K[R))
defined as,

TL(F) = {F*:a e (-1, 1)}
is lower semi-continuous.
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Proof Let F € C(I, K(R)) and let F* € TSA(F) and a sequence F; € C(I, KC(R))
such that F, — F.Using Theorem 5, we have F,f‘ — F“, then clearly F,f‘ € TSA(Fk),
establishing the result. O

4 Approximation of Set-Valued Functions

In Sect. 3, we observe that F* satisfies the following self-referential equation:
FeU) = F(u) + [F"‘ (L;‘(u)) —S (L;l(u))]

forevery u € I;, where j € J.
The following proposition will give the perturbation error between the map F and its
a-fractal function F*. We shall use this proposition as a prelude to our next theorem.

Proposition 1 Between F and F%, the following perturbation error will be obtained.:

|| 2|
[F = Slleo + 77—l Fllco-

| F¥ — Fllos <
© =T g 1— |of

Proof Using the self-referential equation and Note 1, we get

=|oz|Hd<F°‘< —‘(u)) S(
s|a|Hd(F“( ') - s (
(15 w) - (15'w) )
+ || Hy (F (L;‘(u)) — (L : 1(u)) : {0})

= (7 (1) 7 (15 ) )
ot = s (17'w). - (1) )
+ 2|a|Hd<F (L7'w). {0}>

<l ma(F (17). 7 (15'w) )

uelj,jel

: {0})
Li'w),

)
;1<u>)
'w)
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+la| sup Hy (S (L;‘(u)) F (L;‘ (u)) )

uel;,jeJ

+2la| sup Hy (F (L;l(u)> , {0}>

uelj,jel

< lal|F* = Flloo + ||l F = Slloo + 2le| | F [loc-

This in turn yields | F* — F|los < |e||F* = Flloo + ||| F — S|lso + 2lct||| F ]l so. This

establishes the proof. O

Remark 5 Perturbation error between single-valued maps and its corresponding o-
fractal function have already been studied in the literature. For instance, in [23], a
perturbation error between a univariate single-valued map and its corresponding o-
fractal function has been given. In [35], a perturbation error between a bivariate single-
valued map and its corresponding «-fractal function has been studied. Here, we have
studied the perturbation error between a set-valued map and its corresponding «-fractal
function.

Definition 11 LetP € C(I, K(R)) be a set-valued polynomial function, then «-fractal
function P* corresponding to P is defined as set-valued fractal polynomial.

Theorem 7 Consider F € C(I, K.(R)). For any € > 0, there is a set-valued fractal
polynomial P* such that

IF =Pl <€

Proof For € > 0 using [37], there is a set-valued polynomial function P such that

€
1= Pllec < 3-
Choose a partition Ap = {yg, ..., yu} of I and a continuous function Sp satisfying
Sp(yo) — P(yo) = Sp(ym) — P(ym),and @ € (—1, 1) such that
£ €
|| < min { - 3 VT 3 } .
3+H1IP =Splloc 53 +2IPlle

Then, we get

IF—P%loo < |F —Plloo + |P — P*|loo (using triangle inequality)
lex| 2|

P —8Plloc + —— IPllec (using Proposition 1)
1 — o I —af

S IF =Plloo +

e+e+e
< -4 4 -
3 33

= €.
O
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Remark 6 We took o € R in the above proof, such that

€

€ €
lo <min{ 3 , 3 }
S+1P = Spleo § +2IPlls

In this situation, @ may be “close” to 0, P* may not be self-referential, and it may
behave as a classical polynomial. In alter, if we fix « € (—1, 1) such that |¢| < 1,
but otherwise arbitrary and choose a polynomial PP and a function Sp € C(I, K. (R))
satisfying Sp(y0) — P(yo) = Sp(ym) — P(ym) and

1-— 1-—
P = Spl < ﬂ and || Ploo < ﬂ
3| 6|a|

This forces F to be a zero set function. Hence, the analog of [35, Remark 5.2] cannot
be established in set-valued mappings. In particular, the recently developed notion of
Bernstein fractal functions will not be useful in approximating set-valued functions.

With the reference to Theorem 7, we have

Theorem 8 The set of set-valued fractal polynomials with a non-zero scale vector is

dense in C(I1, K:(R)).

4.1 Constrained Approximation

Here we target to study some constrained approximation aspects of fractal functions.
Before proving the next theorem, let us recall a result and prove a lemma as a prelude.

Result 1 Consider X, Y are topological spaces, f : X — Y is a continuous function,
and S is a dense subset in X. If f(u) <0 (f(u) > 0) foreachu € S, then f(u) <
0(f(u) >0)foreachu € X.

Lemma3 The set C = | U Li, i, ( {ug, ..., uN}) is dense in interval
neN \1<ij,...i,<N

I =10, 1], where L;,. ;,(u) = L;; (L, (...(L;,(u)))) andn € N.

Proof Let u € I be any point. Observe that for some w € {uy,...,uy}, we have
lu — w| < max {u’f—g”‘ } Since each L; is a contraction mapping with contraction
iel
coefficient @;. Choose a = majx{a,-}, then for each u € I and for each € > 0 we can
e

choose w € L;, _, ( {uy, ..., uN}) for some n € N such that,

Ui — Uuj—1
lu —w| <a"max { ———} < e.
iel 2

This completes the proof. O
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Theorem9 Let F, G € C(I1, K(R)) and A as definedin Theorem 1, and F (uy), F(uy),
G(uy1), G(uy) are single-valued. If F < G, then F* < G* provided Sr, Sg €
C, KR)) satisfying Sp < S and Sp(u1) = F(u1), Sr(un) = F(un), S¢(u1) =
G(u1), Sg(un) = G(uy).

Proof Let Sp, Sg € C(I, K(R)) suchthat Sp < Sg and Sp(u1) = F(u1), Sp(uy) =
F(uyn), Sg(u1) = G(u1), Sg(uny) = G(uy). Using Note 3, we have

F%u;) = F(u;), G*(u;) = G(u;) foreachi =1,..., N.
From the self-referential equation,

F*(Ljw) = F (Ljw)) +a[F*u) — Spw)], and G* (L (u))
=G (Ljw)+a[G*u) — Scw)]

foreach u € I;, where j € J. Foru € A, we deduce
F“(Lj(u)) C G“(Lj(u)) forany j € J.
Applying the process repeatedly, we get
F*(Liy..i, ) C G¥(Li,..i,(w)) forany iy, ..., iy € J, u € {uy, ..., un},

where L;, . ;,(u) = L;; (Li,(...(L;,(u)))) andn € N.

This implies that F* (1) C G*(u) foreachu e U U Lil,‘,in({ul,...,uN})>.
neN \ I<iy,...,in<N
Now using Lemma 3 and Result 1, we are done. O

5 Dimensional Results

To move further in this section, we shall first observe some examples to understand
the motivation behind this section.

Example 1 Let F; : [0,1] = R be a set-valued map defined as F;(u) = {0}, then
according to (1) graph of this function will be a line segment in R?, and hence
dimy(GF) = L.

Example2 Let F; : [0, 1] = R be a set-valued map defined as F,(u) = [—1, 1], then
by (1), we have G, = [0, 1] x [—1, 1], and hence dimy (G f,) = 2.

Example 3 Let F3 : [0, 1] = R be a set-valued map defined as F3(u) = C, where C is

Cantor set. Then, by (1) we have G, = [0, 1] x C, and hence dimy (G F,) = 1+%.

Notice that Fy, F», and F3 are constant maps. Therefore, these are Lipschitz and
bounded variation maps as well. Unlike the case of a single-valued map, here we
witness that the Hausdorff dimension of the graph of a set-valued Lipschitz map is
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other than 1, and the same observation holds for the graph of a set-valued bounded
variation map also. One can always find a set-valued Lipschitz map or set-valued
bounded variation map whose graph has dimension § for any 1 < 8 < 2. We observe
that with the definition of the graph as in (1), we could not find any fascinating
dimensional result. Therefore, we give a new definition of the graph of a set-valued
map and study some dimensional results for this new definition of the graph.

Definition 12 Let F : [0, 1] — KC(R) be a set-valued map, then a graph of F is defined
as;

G(F) ={(u, F(w)) : Fu) € KR)} C [0, 1] x L(R). (&)

Define a metric on this graph,
Dg((u, F(u)), (w, F(w))) = |u — w| 4+ Hy(F(u), F(w)).

Next, we prove the graph of F* defined in (5) is an attractor of an IFS defined on
I x K.(R).

Let us note the following lemma as a prelude. The motivation for this following
lemma comes from [8, Proposition 1].

Lemma4 Let F be a set-valued continuous map and F¢ be its corresponding a-fractal
function. Define a functiond : I x KC.(R) — [0, c0) as

o((u, A), (w, B)) = |u — w| + Hg(A + F*(w), B+ F*(u)).

Then, I x KC.(R) with respect to 0 is a complete metric space.

Proof Clearly, d((u, A), (w, B)) = ?((w, B), (u, A)) > 0. Suppose that d((u, A),
(w, B)) = 0, then

lu—w|+ Hg(A+ F*(w), B+ F*(u)) =0
ie.,|u—w|=0and Hy(A + F*(w), B+ F*(w)) =0
ie.,u=wand Hy(A+ F*(w), B+ F*(u)) = Hy(A, B) =0
ie,u=wand A =B
ie., (u, A) = (w, B).

Now to prove that 0 satisfies the triangle inequality. Take (u;, A;) € I x K (R) for
i = 1,2,3. Then, we have

o((u1, A1), (u2, A2)) = |uy — uz| + Ha(Ay + F¥(u), Az + F%(uy))
= luy —uz| + Hq (A1 + F*(u2) + A3 + F*(u3), Ay
+ F¥(u1) + Az 4+ F*(u3))
< {lur —u3| + |us —ua|} + {Ha (A1 + F*(u3), Az + F*(u1))
+ Hy(Az + F*(u2), As + F*(u3))}.
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Hence,

0((141, Ay), (uz, Az)) < D((Uh Ar), (u3, As)) + 0<(u3, A3), (uz, Az))-

To prove completeness, let {(u,, A,)} is a Cauchy sequence in I x IC.(R). Fore > 0
there is an integer N (¢€) such that

lun — um| + Ha(Ap + F*upn), A + F*(um)) < €, whenever m,n > N ().

This shows {u,} is a Cauchy sequence of /. Hence, it converges to, say, u* € I. Since
F?® is a uniformly continuous map, consequently {F“(u,)} will also be a Cauchy
sequence with respect to Hausdorff metric, and hence converges to F*(u*) € K (R).
Then,

Hy(An, Ap) = Hd(An + F%uy,), Ay + Fa(un))
< Hy(Ap 4+ F*(un), Ay + F*(um)) + Hy(An + F*(um) + Am + F*(un))

= Hy(F* (uy), Fa(”m)) + Hd(An + F*(um) + Ap + Fa(un))

€

<E+ = €.

N m

This implies, {A,} is a Cauchy sequence of /C.(R) and so it converges to, say A* €
K:(R). Hence, {(uy,, A,)} converges to (u™, A*) € I x K.(R). This completes the
proof. O

Proposition2 Let F € C(I,K:.(R)) be a set-valued continuous map and S €
C(, Kc(R)) be the base function. Define W; : I x K:(R) — I x K:(R) for each
j € J such that

Wiu, A) = (Lj(u), aA+ F(Lj(u)) — aS(u)) .

Then, each W; is a contraction map with respect to the metric defined in Lemma 4,
provided max{|a|, a;} < 1 for each j € J.

Proof Let (u, A), (w, B) € I x K.(R), then for each j € J, we have

o(Wju, A), Wj(w, B)) = a((Lj(u), aA+ F(Lju) —aSu)),
(L), @B + F(Lj(w) +aSw))
= L) = Lj@)| + Ha(@A + F(L;@) = aS@) + F*(L;(w)),
@B + F(L;(w) = aSw) + F*(L;w))
= [L;) — Lj(w)| + Hy (A

+ F(Lj(w) —aSu) + F(Lj(w)) +aF*(w) —aS(w),
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aB + F(Lj(w)) —aS(w) + F(L;j(u)) +aF%(u) — otS(u))
= aj‘u - w‘ + Hd(aA +aF*(w),aB +otF°‘(u))
= ajlu— w| + || Hy(A + F*w), B+ F*w))

< max{|«], aj}<|u - w| + Hd(A + F%w), B + F"‘(u)))
= max{]|«|, aj}b((u, A), (w, B)).

Since max{|a|, a;} < 1, each W; is a contraction mapping. O

Now, to prove the next theorem, we first note the following basic results. Their
proofs can be found in the literature, but we decided to include them here for the sake
of completeness.

Lemma5 The space (K.(R), Hy) is a complete metric space.

Proof Let {A,},cn be a Cauchy sequence in /. (R). This implies that {A,},cy is
Cauchy in IC(R). Then, by the completeness of the space (JC(R), Hy), there exists
A* € K(R) such that A, — A™ with respect to the Hausdorff metric Hy. It is well-
known that for x* € A*, there exists a sequence {x, },, where x,, € A, foreachn € N,
such that x,, — x* asn — oo.

Now it remains to prove that A* is a convex set. For this let x, y € A*, then there exist
sequences {X,}neN, {Vn}neN, Where x,, y, € A, for each n € N such that x,, — x
and y, — y. Since x,,, y, € A, and A, is convex, therefore Ax, + (1 — A)y, € A,
for all A € [0, 1]. This implies that nli)nolo(kx,, + A =My =rx+ (1 —21)ye A%

This completes the proof. O
Lemma 6 The space (C(I, K. (R)), dc is a complete metric space.

Proof To prove this, it is sufficient to show that C(Z, K;(R)) is a closed subset of
C(I, LM)). For this, let F* be a limit point of C(I, K;(R)). Then, there exists a
sequence {Fy }pen of C(1, K:(R)) such that F,, — F* with respect to the metric dc.
This implies that F,,(x) — F*(x) for all x € I with respect to the Hausdorff metric.
Since F,,(x) € K.(R) for each x € I, hence using Lemma 5, F*(x) € K (R) for each
x € I. This completes the proof. O

Theorem 10 Foreach j € J, let W; : I x K.(R) — I x K.(R) be the map defined
in Proposition 2. Then, by Definition 12, the graph of F* will be an attractor of the
IFS’ {(1 X ’CC(R)v a) 5 le st WN—I} .

Proof First we establish that F* € C(I, K.(R)). But this can be observed by using

Lemma 6 and Theorem 1. Now since I = |J L j(I). Then, from (3), we have
jedJ

UwiGFy) = J{wiw. FFw) :u e 1}

jelJ jeJ
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= U{(Lj(u),aF“(u) + F(Lj(u)) —aS(u)) ‘u € I}
jel

= U{ (Lj(u), F*(Lj))) :u eI}
jeJ

= | J{@. F*w) :u e LD}
jeJ

=G(F%).

This completes the proof. O

Schief [31] noted that the dimensional results for Euclidean spaces do not have
simple generalizations to complete metric spaces. Following his work, Nussbaum
et al. [26] proved a more general result in the setting of a complete metric space.
Answering a question raised in [26], Verma [33] has shown the Hausdorff dimension
of the invariant set under the SOSC. He explores several dimensional aspects of sets
in complete metric space. In his book [15], Falconer studied the dimensional results
of sets in Euclidean spaces. Given [33], we may assure the reader that some results,
which we will use, also hold in a general complete metric space.

Theorem 11 Let 7 = {I x K. (R); Wy, ... Wy_1} be the IFS defined in Theorem 10
such that

riDg((u, A), (w, B)) < Dg(Wi(u, A), Wi(w, B)) < R;Dg((u, A), (w, B))

for every (u, A), (w, B) € I x K.(R), where 0 < r; < R; < 1 foralli € J. Then,
N

ty < dimpy(G(F%)) < r*, where t, and t* are characterized by ) rl.’ = 1 and
i=1

N
Rf* = 1, respectively.
i=1

Proof For purposed upper bound one canrefer [15, Proposition 9.6]( see also, [33, The-
orem 2.12]). For the lower bound of the Hausdorff dimension of G(F%), we progress
as follows.
SetV = (uy,uy) x K.(R), an open setin I x . (R). Since foreach i, j € J withi #
J, we have

Lj((ul, MN)) = (uj,ujy1)and L,’((I/t], uN)) N Lj((ul, uN)) =0,
hence for each i, j € J and i # j, we have
Wi(V)=(uj,ujr1) x Kc(R) and Wi (V)N W;(V) =0.

Therefore,

N—-1 N—-1
U wiv) = U {@i uiv) x Ke®)} € Vand Wi (V) 0 W (V) = 6.
i=1

i=1
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Then, by using Definition 9 IFS satisfies OSC. We have V N G(F%) # (J this implies

that IFS is satisfying SOSC. Since V N G(F%) # ¢, we have an i € J* such that

G(F%); C V, where J* = UN{I, ..., N — 1}, collection of all finite sequences
me

whose terms are in J and
G(F); = Wi(G(F")) :=W;; o Wi, 0--- 0 W, (G(F"))

fori € J" = J x -+ x J (m-times) and m € N. Observe that for any j € J” and
k € N, the sets, G(F'?);, are disjoint. Further, the IFS {W;, : j € JK} satisfies the
hypothesis of [15, Proposition 9.7] ( see also, [33, Theorem 2.35]). Therefore, with
the notation r; = rjrj, ---rj, we have fy < dimy(G™*), where G* is an attractor of
the IFS and ) r;f = 1. Since G* C G(FY), ty < dimyg(G*) < dimyg(G(F?%)). Let

i k

jeJ N
if possible dimg (G(F%)) < t,, where »_ rit* = 1. Then, #; < t.. Now, we have

i=1

H o H {3
ri—fk _ Z PN rc}lmH(Q(F ) _ r{*VQImH(Q(F )) =t
J J
jeJk jelJk jelJk
> Z ek (dimp (GF))—t)
7] max
jeJk

— phdimpy (G(F))—t)
max ’

1 o — . .
where rpax = max{ry, ra, ..., ry}.Since rmax < 1, r,lﬁl(;,i;m”(g(F D=1 tends to infinity

as k tends to infinity, and therefore rl._tk is unbounded, which is a contradiction. Hence,
dimyg (G(F%)) > t,, which is the required result. O

The following theorem is an immediate application of the Theorem 11.

Theorem 12 Consider F : I — K:(R) is a set-valued map. If |a| < min{a; : i € J},
then dimg (G(F%)) = 1.

Proof Using Proposition 2 for every pair (u, A), (w, B) € I x K.(R), we have

Dg(W;(u, A), Wi(w, B)) < a;Dg((u, A), (w, B)) fori € J.

N-1
Since >  a; = 1, then by Theorem 11, dimg (G(F%)) < 1. This concludes the proof.

=

' O
Theorem 13 If F : [0, 1] — K(R) is a set-valued Lipschitz map having Lipschitz
constant | and the graph of F is as defined in (5), then dimy (G(F)) = 1.

Proof To prove this theorem, it will be sufficient to define a bi-Lipschitz map between
[0, 1] and G(F). Define T : [0, 1] — G(F) such that T'(u#) = (u, F(u)). Then, we
have

Dg(Tu, Tw) = Dg((u, F(u)), (w, F(w)))

@ Springer



Constructive Approximation

=lu—w|+ Hy(Fu, Fw)
<lu—wl+Iu—wl
= +Dlu—wl,

thatis, Dg(Tu, Tw) < (1 +Du — w| (6)

and

Dg(Tu, Tw) = Dg((u, Fu), (w, Fw))
=|u—w|+ Hy(Fu, Fw)

1
thatis, Dg(Tu, Tw) > §|u —w. (7)

Equations (6) and (7) will prove the bi-Lipschitz nature of T'.
Hence, dimy (G(F)) = 1. O

Theorem14 Let F,S € C(I,K.(R)) are Lipschitz functions such that S(u;) —
F(uy) = S(uy) — F(uy), and let o € (—1, 1). Then, dimg (G(F%)) = 1 provided
that |a| < a :=minfa; : j € J}.

Proof In view of Theorems 13 and 2, the proof follows; hence we omit. O

Lemma7 Let F, T : [0,1] — K(R) be set-valued Lipschitz maps with Lipschitz
constantl, then dimy (G(F+T)) = dimyg (G(T)), where (F+T)(u) := F(u)+T (1)
and F (u) + T (u) denotes the Minkowski sum of F (u) and T (u).

Proof To establish the proof of this lemma, it will be sufficient to show the existence
of a Lipschitz map from G(T') to G(F + T). Define @ : G(T) — G(F + T) such
that @ (u, T (u)) = (u, F(u) + T (u)). Itis easy to see that @ is well defined and onto.
Now to get its Lipschitz behavior, we have

Dg(®(u, T (), ®(w, T(w))) = Dg((u, F(u) + T (u)), (w, F(w) + T (w)))
=|u—w|+ Hg(F(u) + T ), F(w) + T (w))
< |u—w|+ Hq(F(u), F(w)) + Ha(T (u), T (w))
< lu—w|+1u—wl+ Hy(T (), T(w))
< (A +D{lu—w|+ Hy(T(u), T(w))}.

Thatis, Dg(® (u, T (w)), ®(w, T (w))) = (1 + D Dg((u, T (u)), (w, T (w))). Hence,
@ being a Lipschitz map implies that

dimpg (G(F +T)) < dimg (G(T)) and dimp(G(F + 7)) < dimp(G(T)).

For another side of the inequality, let # > dim g (G(F + T)). Then, by definition of
the Hausdorff dimension, we have the following.
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For each € > 0 and for each n > 0, there is an open cover {U, : n € N} of G(F +T))
such that |U,| < nand ), n|Us|* < €. Note that

G(T) ={(u, T(w)) :uel}
Hw, Tw)+ Fw) — F(w) :u el
S, Tw)+ Fw) :uel}+{0,—Fu)):uecl}
=G(F+T)+{0,—F)) :uel}.

®)

Define V,, = U, + {(0, —F(u)) : u € I suchthat (u, T(u) + F(u)) € U,}.
Observe that each V,, is open and G(T) < UNV,,. Further, |V,| < (1 4+ 1)|U,| and
ne

Vil < (1 +Dn. Then,

DoVal = A+D Y UL < (14 De

neN neN

This gives Hﬁl (G(T)) = 0, that is, the ¢-dimensional Hausdorff measure, H(G(T)) =
0. Therefore, we have dimy (G(T)) < dimg(G(F + T)), proving dimy (G(T)) =
dimgy (G(F 4 T)). Next, using (8), we obtain

T _ fim 102 Na+n(G6()
dimp (G(T)) = Himy == e+ D)

e 0 Ny(G(F + 7)) _ o logNy(G(F +T)

= = dimp(G(F + 7)),
=0 —log((1+4Dn) 7—0 —log(n) img(G(F +T))

as desired. O

Remark 7 The above lemma holds for single-valued maps also (see, for instance, [34,
Lemma 3.2]), but proof of this is neither straightforward nor just a simple extension of
the single-valued map. Because Hausdorff metric does not satisfy the parallelogram
law while in [34, Lemma 3.2] metric is the usual metric defined on R” which satisfies
the parallelogram law and gives the privilege to enjoy the bi-Lipschitz property to T
defined in [34, Lemma 3.2] (@ in our case).

In view of the Lipschitz invariance property of dimension, one may conclude that
the upcoming theorem holds for all aforementioned dimensions.

Theorem 15 Consider 1 < B. Then, set Sg := {F € C({, K(R)) : dimy (G(F)) = B}
is dense in C(I1, C(R)).

Proof Let F € C(I,K(R)) and € > 0. Using the density of Lip(I, C(R)) in
C(I, K(R)), there exists G in Lip(I, IC(R)) such that

€
1= Glloo < 5
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Further, we consider a non-vanishing function H € Sg. Let H, = G + mH ,
which immediately gives

”G - H*”oo =<

Y

This together with Lemma 7 implies that dim(Gr(H,)) = dim(Gr(H)) = B. Hence,
we have H, € Sg and

[ F = Hylloo < [I1F = Glloo + |G — Hylloo < €.

This completes the proof. O
Before proving our next result, let us note the following lemma as a prelude.

Lemma 8 Consider A, B, C are compact subsets of R. Then,

Hqy(AB, CB) < sup|b|Ha(A, C),
beB

whereYZ ={yz:yeY e KR), ze€ Z e KR)}.

Proof We have

Hy(AB,CB) =max{ sup inf |ab—cb’|, sup inf |cb’—ab|]

abeAB cb’'eCB cbh'eCB abeAB

x{ sup 1nf |ab —c¢h|, sup inf |cb’ —ab/|}
abeAB cbeC cb'eCB ab'eAb’

sup inf |blla—cl. sup inf |b||c—a|]
abeAB cbeC cb'eCB ab'eA

gmax{ sup (|b] 1nf la—c]), sup (|| 1nf |c—a|)}
acA,beB  cb'eCB ceC.b'eB ab

< sup|b| max { sup inf |a — c|, sup inf |c — a

beB acAce ceC acA
= sup|b|Hy(A, C),
beB
proving the assertion. O

Next we define the multiplication of set-valued maps F, L : W € R = R by
(FT)(w) = F(w)T (w).

Lemma9 Consider F,T : [0,1] — K(R) to be set-valued Lipschitz maps with
Lipschitz constant l. Then,

dimp (G(FT)) < dimp (G(T)).
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Proof Define @ : G(T) — G(FT) such that

@ ((u, T))) = (u, F)T ().

Choose M = max{l +[ sup |z|, sup |v|}.

ze U Tu ve U Fuw
uel0,1] wel0,1]

Notice that @ is well-defined and surjective. To prove our lemma, it is enough to prove
@ is a Lipschitz map. For this,

Dg(®(u, Tu), ®(w, Tw)) = Dg((u, FuTu), (w, FwTw))
=|u—w|+ Hy(FuTu, FwTw)
<l|lu—w|+ Hy(FuTu, FwTu)+ Hy(FwTu, FwT w)
< |u—w|+ sup|z|Hy(Fu, Fw) + sup |v|Hy(Tu, Tw)

zeTu veFw

< |u—w|+ sup|z|/lu —w|+ sup |v|Hi(Tu, Tw)

zeTu veFw

=M{lu—wl+ Hy(Tu, Tw)}.

Hence, Dg(® (u, Tu), @(w, Tw)) < MDg((u, Tu), (w, Tw)).
This completes the proof. O

Remark 8 In the Lemma 9, equality may not generally hold. For instance, consider
T to be a Weierstrass function whose Hausdorff dimension is strictly greater than 1
(refer [32]) and F to be the zero function. Then, we obtain 1 = dimy(G(FT)) <
dimpy (G(T)).

Definition 13 Consider W be a bounded and closed interval of R and F : W = Riis
a set-valued map. The maximum range of F over the rectangle W is defined as

Rp[W] = sup sup lw — z|.
X, yeW w,zeF(x)UF(y)

As indicated in the introductory section, next, we shall provide a set-valued analog
of [15, Proposition 11.1].

Proposition 3 Assume F : [w,u] = R be a set-valued continuous map, 0 < n <
u — w, and “;w <m < 1+ “=2 for some m € N. If Ny(GF) is the number of
n-boxes that intersect the graph ofZ F, then

1 & 1 &
ZZ Rr[Wil < Ny(Gp) <2m+— Y Rp[W;],

i=1 i=l
where W; = [in, (i + 1)n].

Proof The count of squares having 7 side length in the part above W; intersecting the

graph of F is at least RelWil and at most 2+ w, using the continuity of F. Taking
sum over all such parts yield the required bounds. O
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Example 4 Consider F : [0, 1] = R is a set-valued map defined as F(x) = [—1, 1].
By Proposition 3, we have

m
log <2m + %ZRF[Wi])
i=1

 log Ny(Gr) _

dimp(Gp) = lim ——1——=2 m
BOR) = 0 oet = 2 ~log(n)
m
log <2m + %ZZ)
< Tim =17 _»
n—0 —log(n)

because Rp[W;] =2 foreachi =1,...,mand W; = [in, (i + 1)n]. Similarly,

log (l 3 RF[W]) log (l 3 2)
l
di . logNy(Gp) _ .. i3 . i3
imgp(Gr) = lim ———— > 1i

> lim = lim —————— =
-0 —logm 50 —log(n) n—o —log(m)

Therefore, dimp(G ) = 2. This shows that Proposition 3 will be very useful in
estimating or finding box dimensions of set-valued functions.

6 Conclusion and Future Direction

In this paper, the term «-fractal function has been introduced (Theorem 1), corre-
sponding to set-valued maps. Next, we noticed that, unlike a single-valued «-fractal
function, a set-valued «-fractal function is generally not interpolatory. Still, under cer-
tain conditions, it is interpolatory in nature (Remark 2, Note 3). Also, some properties
of this fractal function have been observed (Theorems 2, 4). After that, the existence of
a fractal polynomial, which approximates the convex set-valued map, was established
(Theorem 7). Also, the concept of constrained approximation for set-valued maps is
introduced (Theorem 9). Further, we added the definition of a graph of a set-valued
map (Definition 12) and calculated the fractal dimension of this graph for some class
of set-valued maps (Theorem 13, Lemmas 7, and 9).

In this paper, we have taken Minkowski’s sum of two sets. In the future, we may study
the fractal functions using the metric linear sum of two sets introduced by Dyn and
her group [9]. Here most of the results are available for convex set-valued maps, but
using the metric linear sum of two sets, we may try to establish these results for the
compact set-valued map.

Further, fractional calculus for the single-valued map has been widely explored. See,
for instance, [12, 19]. In the future, we may try to extend this concept of fractional
calculus for set-valued maps and estimate some dimensional results for the graph of
the fractional integral and fractional differentiation of set-valued maps.

Another future direction of work is in the selection of set-valued maps. The following
remark can work as a motivation.

Remark 9 Consider F : I — K(R) to be a set-valued function, then a function
f I — R will be characterized as a selection of F if f(x) € F(x) forallx € I.Itis
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aninteresting fact tonote thatforany 1 < 8 < 2, weare gettingaselection fg : I — R
of the map F, of Example 2 such that dimg (Gr(fg)) = B. This motivates us to ask
a natural question of whether such a selection respecting dimension exists or not.

Moreover, we have worked in this paper by taking the same scaling factor o, =

for all n. One may also try to generalize the result for different scaling factors, and
also one may try to generalize the result for non-constant scaling factors.
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