Chapter 3

A moving boundary problem with
space-fractional diffusion logistic pop-
ulation model and density-dependent

dispersal rate

3.1 Introduction

A diffusion logistic population model including a moving boundary is one of the
interesting moving boundary problems (Stefan problem) which deals with the study
of spreading and vanishing of the species. In our ecological system, the case of
spreading or vanishing of the species is a remarkable topic and several studies have
been performed by many researchers to understand this natural phenomenon. Some
of them are deliberated in [126, 127, 128]. In ecology, most of the mathematical
models are based on presumption and usually, only a few empirical data are avail-
able to verify the models. In most of the cases, it is difficult and costly to collect
useful field data by covering the vast areas. Due to these facts, the mathematical
formulations of ecological problems are complicated. But, the mathematical formu-
lation of a diffusion logistic population problem attracts many researchers and some
notable achievement has been received to understand spreading and vanishing of

the species through the model analogous to the classical moving boundary problem
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[129, 130, 131, 132, 133]. The basic assumptions of these models are a thin tailed

period of inactivity and thin tailed space for spreading/vanishing of the species.

Besides the classical problems, some processes occurring in nature that cannot be
modelled with the aid of Fick’s and Fourier’s laws. Therefore, many models including
fractional derivatives have been received in recent years for the different physical
phenomenon like sediment transport problem [134], melting and freezing problem
[135], the problem of drug release from polymer matrix [136], etc. The assumption
of the formulation of these models is that the flux for some moment at a certain
point depends on the distribution of the physical quantities at that point as well
as the other points and their history. Gao et al. [136] discussed a problem with a
moving boundary including space-fractional derivative in drug release devices and
discussed a numerical solution of the problem by finite difference method. Some
remarkable research associated with logistic model including fraction derivatives
are also available in the literature [137, 138]. In this study, these facts inspire
us to consider the space-fractional diffusion logistic population model. Recently,
moving boundary problems with variable diffusivity have attracted many researchers
[46, 111]. Kumar et al. [88] and Singh et al. [112] also discussed the models of moving

boundary problems with variable thermal conductivity and heat capacity.

Motivated by the previous observations, the diffusive logistic population model with
space derivative of fractional order is considered here to understand the spreading as
well as the vanishing of invasive species. Moreover, it is assumed that the dispersal
rate is of variable type, which depends on population density, and the expression
of the dispersal rate is considered with the aid of Ims and Andreassen [139]. In
this study, a numerical solution to the proposed model is presented with the help
of the finite difference scheme with its stability and consistency criteria. In moving

boundary problem, the presence of moving front and nonlinear nature makes it
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difficult to establish its exact solution in many complex cases. Therefore, many
approaches have been developed to find numerical solutions of such mathematical
models and some of them are given in [99, 118, 123, 140]. In 2015, Lee et al. [141]
discussed a numerical approach to a moving boundary problem which is a velocity-
based moving mesh method. But, the numerical approaches also need a special
caution to handle moving boundary problems. For some cases, very small mesh
size and/or time step size are required to get a desired accuracy of the solutions
[67]. Recently, Piqueras et al. [125] presented a numerical solution to a moving
boundary problem associated with diffusion logistic population model. Liu et al.
[142] discussed some numerical solutions of a class of reaction—diffusion equations
including Stefan conditions. Zheng et al. [143] also presented a numerical solution
to a time fractional reaction-diffusion model including a moving boundary. The
numerical solution of fractional differential equation by finite difference scheme can

also be seen in [144].

3.2 Mathematical Model

Motivated by [136, 125], the diffusive logistic population model with space derivative
of fractional order and density-dependent dispersal rate is considered to understand
the spreading as well as the vanishing of invasive species. The formulation of the

problem is given below:

(Z)—U—F(U) EDU(z,7)=Ula—bU), 7>0, 0<z<H(1), 1<a<2, (3.1)
-
Tom=o 32
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U(H(T),7) =0, (3.3)
dH _

d_ = _:ugD? 1U(H(7—)7 7_)7 (34)
-
H(0) = Hy, U(2,0)=Us(z) >0, 0<z< Hy, (3.5)

where U is the population density, 7 is time, F is density dependent dispersal rate,
H(7) is moving boundary, p is a non-negative parameter, a and b are positive con-

stants. Here, the density-dependent dispersal rate [139] is considered as

exp(c+ dU)
U =
FU) 1+ exp(c+dU)’

where ¢ and d are constants.

Here, Up(z) is taken as an initial function which satisfies the following condition:

oy

U0<Z) € C2<[0>H0])7 O

(0) = Us(Hy) =0, 0< z< Hy. (3.7)

3.3 Numerical solution of the problem

First, the moving domain [0, H(7)] is converted into the fixed domain [0 ,1] by
using the following Landau-type transformation [99] and Property 3 of Caputo

derivative:

s
H(r)’
oU oW  x dHOW

or ot H() dt ox (3.9)

Wiz, t) =U(z,7), == t=r, (3.8)
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(0% 1 (0%
EDU(z,7) = —Ha(t)gDIW(x,t), (3.10)
1
C na—1 o C na—1
o DY U(z,7) = FEEIOL DY W (x,t). (3.11)

Under the transformation (3.8) and by using (3.9)-(3.11), the Egs. (3.1)-(3.5) reduce

to the following system:

ow r dHOW  F(W),
= _ D + b L1 . 27

(3.12)
ow
W(l,t) =0, (3.14)
@ — H C na—1
& = Eee DL >0 (3.15)

The initial conditions (3.5), variable dispersal rate (3.6) and Eq. (3.7) are trans-

formed as
H(0) = Hy, W(x,0) =Wy(x) =Us(xHp), 0<x <1, (3.16)
- et
and
Wo(z) € C*([0,1]), %(0) =Wo(1)=0, 0<z <1, (3.18)
respectively.

Now, the step size of time discretization is considered as k = At and space dis-

cretization h = Ax = %, where N is positive integer. The mesh points are taken as
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(x;,t"), where x; = ih, 0 < i < N and " = nk, n > 0. The approximate value of
W (x,t) at mesh point (z;,t") is denoted as W, the approximate value of H(t) at
t™ is taken as H™ and also F'(W}*) = F".

)

Let us approximate the time derivative and space derivative as

OW (x;,t7) Wi —wp

~~ -1
dH(t")  H™'— H"
~ 2
oW (z;, t") Wi, =W,
~ . 21
ox 2h (3:21)

The first order approximation for the fractional order derivative [144] is considered

as

1 TP (o t) da’ 1
CDOCW i tn — / ) _
0 Dz W (i, 1) r'2-—a)/ oz2  (z;—a) ! T(2-a)
/Ii W (x; — !, t") da’ 1 — /sz OPW (x; — ! t") da
0 or'2 pla—1 F(2 _ a) /s, or'2 pla—1
i—1 , i—1
1 AR [T+ da! (h)~®
~ _ An 22
['(2—a) 4~ h? /x rel T(3-a) Z it (3.22)
Jj=0 J Jj=0
- 1 oW (o) dx’ 1
C no—1 n )
D W i,t — =
o D Wien ') = 55— /0 9r  (zi—2)l T(2-a)

/f”" oW (z; — 2/, t") da’ 1 i/%’“ oW (z; — o', t") da’
0 ox! -l T(2 - a) = e ox’ xlel

L By e d ()T
F2—a) 4 h / /a1 =r<3_a>Z€ij- (3:23)

—_

~
~

Il
=)

where e; = [(j 4+ 1)*7* — 57, A}, = W(ws — 241, t") — 2W (2 — 25, t") + W (2 —
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Z’j_l,tn), BZ = W(l’l — xj,t”) — W(ZL’Z — .Tj_l,tn), l<a<2.

From Egs.(3.19)-(3.22), the Eq.(3.12) is approximated as

Win—i-l _ Wln x; <H7L+1 _

H"><W¢’L—W¢” Fih—
k Hn k

2h 1) ~ (HM)T(3 — «)

~.
|
—

e (Wi = 2W,; + Wit 1)) = Wit(a — bWV),

j=0
n=>0 0<t<N -1, (3.24)
which can be rearranged as
EF7h= Ht — g
n+l __ B n 1 k — bW
Wi [(Hn)af(:ﬂ ot Hn< oh )W 1+ ko — o)
2kF7Th™ n EFTh= HHl — g™ "
- S [ - e (o
(H™)eT'(3 — o) (H")*T'(3 —«) H™ 2h
i "y
+ (H” O‘F Z 61 j+1 Wifj + Wifjfl)v
]*1
n=0 0<t<N-1, (3.25)

Egs. (3.13) and (3.14), respectively become

wr— Wy

=0 3.26
: , (3.26)

and

Wi = 0. (3.27)
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Using first order forward difference approximation for time derivative and Eq.(3.23)
for space discretization, the Stefan condition (3.15) becomes
Hntl _ gn — (h)faJrl

k 1T —a) 2o GWa-i = Wii)), n20, (3.28)

The Eq.(5.37) can be rewritten as

Hk (h)fo&l

Hn+1 — Hn
T HY T TE = a)

N-1
(Waoi =3 W =Wi_a))), n> 0. (3.29)
j=1

Now, using Eq.(3.29) in the Eq.(3.25), we have

kpx;h—® —
ntl _ Ry LRyt 4 R : (W W
M/’L a; Wz—l + [ VVz + ¢ Wz—H + 2(H")0‘I‘(3 . Oé) ]Zl 6](VVN—] WN—j—l)
Wity = Wiy + (HT(3 —a) Z e (Witj —2Wi, + Wik, ), (3.30)
j=1
where
g [ kFih— kpx;h= " ]
P L(HMer (3 —a)  2(HM)T(3—a) NP
(3.31)
2kFh™
Y= |1+ k(a — bIW™) — i .32
P= U R ) - e ) (3:32)

kF?*h=® k#xih—a .
‘= Z v >0, 1<i<N-—1. (3.
%= [yra—a * s V] 120 1< (3.33)

3.4 Consistency

The consistency of a numerical technique depends upon the problem [118, 125],

therefore, here the consistency of the numerical scheme for the considered problem is
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discussed. A finite difference method is consistent with a partial differential equation

when truncation error goes to zero as step-size approaches to zero.

The vector form of Eqs.(3.12)-(3.16) is denoted as

X(V(w,t), H(t)) = (X (V(x, 1), H(1), X(V(x, 1), H(1)), A3V (2, 1), Ht))), (3.34)

where

oy  x dHIY F()

MV H) =5 - HO dt 0 Ha(t)ocDﬁy(%t)

—Y@a@—-0bY)=0, t>0, 0<z<l,l<a<?2 (3.35)
XV, H) = %—Vf(o,t) =0, t>0, (3.36)
XV, H) = % + Haul(t)ng—ly(u), t>0. (3.37)

The vector form of the difference scheme Eqs. (3.24), (3.26) and (3.28) are denoted
and defined as

X(W, H) = (X2(W, H), X, (W, H), X5(W, H)), (3.38)

where X7, Xy & X3 are defined at mesh point (z;,t") as

Xl(VVin7 Hn) — 7

Wi W <H”“ — H”) (WZ‘H - WZH)

k -~ H» k 2h
Fohee s -
- (H™)*T'(3 — o) Z ei(Wiljp —2Wi; + Wiy )

J=0

— Wi a—bW}"), n>0, 0<i<N-—1, (3.39)
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wnr — Wn
. " Hn+1 — H" L (h)fa+1 N-1 " "
X3<Wz H ) = L (Hn)a—l F(?) — CY) Z ej(WN—j - WN—j—l))?
§=0
n > 0. (3.41)

According to [118] and [125], the local truncation error E™(),H) is defined as

BNV, H) = (EQ)}, EQ2)F, E@3)Y), (3.42)
where

E(1)} =XV HY) — 407 HY), (3.43)

E(2)] = Xo(V HY) — B0 HY), (3.44)

E@)} = X5V HY) — G HY), (3.45)

In Eqgs. (3.43)-(3.45), V" = Y(x;,t"), and H™ = H(t") are taken as the exact values
at the mesh point (z;,¢") of the solutions of the Eqs.(3.12)-(3.16). It is clear that
when h — 0 and & — 0, the local truncation error E(Y,H) goes to 0 and hence,
our numerical solution X (), H) is consistent with X'(),#H). Next, it is assumed
that Y(z,t) is four times continuously partial differentiable with respect to x and
two times w.r.t. t. Moreover, it is considered that #(t) is continuously differentiable

two times w.r.t. t.
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Now, Taylor’s expansion of X;(Y,’H") about (z;,t") is used in Eq.(3.43) which

gives:
T x; 0Y
E() =T 1)k — —H (t"TM(2)h? — == = (z;, t"
(U = T (k= o H (TR = 2 (1)
X Fh3—
— L TMT(3)kh?: — ———T7(4
Hn l() () <Hn)a z()’
where
n 1823} n n+1
193y
T7(2) = 6@(‘1’17#), T < Vi < Ty,
n 1d2H n n+1
T(3>_§W(A)’ "< A<t
2y«
T < —2— 2,.,<T i1
’z()’ F(3—Oé>, xz 1< 2<x+1

Clearly, the local truncation error becomes

EQ)} (Y, H) = O(k) + O(h*™).

In the similar manner, the following can be written as

E2)7(Y,H) = O(h),

(3.46)

(3.47)
(3.48)
(3.49)

(3.50)

(3.51)

(3.52)

by substituting Eqs.(3.36) and (3.40) in the Eq.(3.44), and the following equation

can be obtained by using Eqs.(3.37), (3.41) in the Eq.(3.45):

E3)} (Y. H) = O(k) + O(h*™).

(3.53)
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3.5 Stability

3.5.1 Positiveness

When we work on the population density model, then we have to ensure that the
numerical solution of our model is non-negative. This section has two parts. In the
first part, the non-negative nature of the model is discussed, while in the second

part the stability of our solution has been discussed.

With the help of induction method on index n, the non-negative nature of our solu-
tion W (given in (3.30)) and monotonicity of H, (3.29) are shown. If n = 0 then

from Eq. (3.18), we have W? > 0, 0 < ¢ < N — 1. For small h, the difference

approximation (Wi *2741/;/5 HIWR) (R ”;:Wﬁ SUSN) by taking the left derivative

of Wj(17) at z =1 in Eq. (3.18).

Since, H° > 0 therefore from (3.29), we get:

H'> H° > 0.

Now, assume that WP > 0 and H? > HP™' > ... > H° > ( for 1 < p < n. In order
to prove the positivity and monotonicity of the solution, it is required to show that

W >0 and H™' > H™.

As given in [125], the Taylor’s expansion about zy = 1 give rise to

Wi o =2Wn_ +0O(h*), n>0. (3.54)
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From Eq. (3.29) and by using W _, = O(h), we get

kph-o N-1
n+1l __ n I;[rn ﬂrn ”rn
H =H" + (Hn)a_lr(g _ a) ( N—1"— ;1: ej( N—j — N—j—l)a
—H" 1+ O®k), n>0. (3.55)

which is similar to the results concluded from [125].

Now, let us come back to the positiveness of the solution. Taking i = N — 1 in Eqgs.

(3.30) - (3.33) and Eq. (3.54), we get

kax;puh=¢
(H™)°I'(3 — )

Wit = (1 + k(a —bWE_)) — Wi IWh  +0(h*®).  (3.56)

According to the assumption H" > H° and xy_; < 1, the (3.56) reduces to

kuh=®

Wt > (14 k(a — bWE_,) — TG

W;\lffl)WJT\l/fl = w]T\lf—ler\Lffl' (3-57)

for small h. To show the positivity of W} _,, we must show that ¢¥%_, > 0 by
bounding W _,. For small h, the Eq. (3.56) produces W& < W% _ (1 + ka) for

0 < p < n—1 and recursively we get
Wh  <Wh (1 +ka)P™ <e™Wy |, 0<p<n<M-—1, kM =T, (3.58)

for ' > 0.
By using Eq. (3.58) and expression of % _;, we have W}, _; > 0 when

hOé

W,%—Fha(bp—a),

k<

(3.59)
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where
P =Wy _,.
(3.60)

The positivity of Wx _; has been proved under the condition (3.59). Now, we have
to prove that W > 0 for 0 < ¢ < N —2 and this is possible when the assumption of
induction and all positive coefficients of Eq. (3.30) are considered. By considering
Eq. (3.31) and taking into account that 0 < x; < 1, every coefficients of a* > 0 if

2F"

Wy_y < =+ Inview of Eq. (3.60), we can say that i > 0 under the following

condition:

QF;nefaT

wo <
N—-1 'u

(3.61)

Again from Eq. (3.33), the coefficients ¢ > 0 for small h. As given in [125], let
us define K (n) as K(n) = maz{w} : 0 < i < n}. Now by using the assumption of
induction, we have H" > H° > 0. Hence, b > 0 for i > 0 if

hOé

k< . (3.62)

2F"
m + h“(bK(n) — a)

From the positivity of the coeflicients al, b7, ¢ and Eq. (3.30), we have

?» 1) T

W < (1 +k(a — W) K(n) < (1+ka)K(n) < (14 ka)?K(n —1)

<< (T+ka)"™MK0) < eK(0), 0<n<M-1, kM=T, (3.63)

where K(0) = max{W(z;,0),0 <i< N}, 0 < z; < 1. From (3.29) and (3.54), we

have H"™! > H" which proves the monotonicity of the moving boundary H".
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As given in [125], the following result is considered:

Theorem 3.1. Let us define kg as:

_ h® he
ko = mm{kl = P o s kz = SFT T }
_b(HU)D‘F(ii—a) + h (bP - CL) m + ha(bea K(O) - CL)

(3.64)

Ifk < ko and h is sufficiently small then the solution {W}*, H"} given in Eqgs. (3.26),

(3.27), (3.29) and (3.30) shows that H™ is a positive monotonically increasing and

0<W<eK(0), 0<i<N, 0<n<M, kM=T. (3.65)

(2

3.5.2 Stability

As given in [125], the infinity norm (||.||«) is assumed to define stability criteria

which is given below.

Definition 3.2. In the domain [0, 1]x[0, 7], the numerical technique (3.28)-(3.30)

is ||.||co-stable for each partition with A and k if

Wloo S LIW |, 0<n< M, (3.66)

where ||W"||co=max(|W|, [WT|,...,|WRX|) and L is independent from h, k and n.

By considering Eq. (3.65), Theorem 3.1 and taking into account that K(n) =
|W™]| s, we have

W™l < LIWloc,

where L = e%T. Thus, we have the following result:
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Theorem 3.3. In the domain [0,1] x [0,T], the numerical technique (3.28)-(3.30)
is conditionally ||.||so-stable for sufficiently small h and k < kg, where ko is given in

Eq. (3.64)

3.6 Convergence

The convergence of the proposed numerical technique is discussed here.

Theorem 3.4. If k < ko, then the numerical technique (3.24) is convergent for the
space-fractional diffusion logistic population model (3.12)-(3.17), and the order of

convergence is O(k + h372).

Proof Let W = Y — EI" and H™ = H(t"),
where W is approximate solution, Y = Y(x;,t") is the exact solution and E!" is

7

the error.

From (3.24), we have

(yz'nH - V') — (EinH — E}) T (HnH - H") (( T — Vi) — (Bl — Ezn1)>
k H" k 2h
F?’Lh «
EDENE

63( z—j+1 o 2y;1j + yznfjfl) (EiL J+l QEZij T Eﬁjfl))

u T
=

= = EN)a—bf - EY), n=20, 0<i<N-—L (3.67)
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Now, the Taylor’s series expansion in Eq. (3.67) is used which gives

(B g BT (D D) o
(B — B F o n 3-a Frh=
) e (6 DYt + O ™)) = e

i—1

ej (B j+1 QE?—]‘ + Ezn—j—1> = ' = E)(a =0} — E})),

<
Il
=)

n>0, 0<i<N-—1 (3.68)

Thus, Eq. (3.12) and Eq. (3.68) produce

n mn n m n n a i—1
(Bf™ = EBp)  a; dH(t") (Bl — EEY) n Fih™ Ze
k H dt 2h (Hr)°T(3—a) g 7 S

2B 4+ E! ;) < Ela—0bE})+ O(k) + O(h*~*), n>0, 0<i< N -1,

or

ks AH (") (Er, —E™) kF™h—
@+1 . B n n_ 1+1 i—1 L
EM' < (1+k(a—bEM))E! Hn dt 2h + (H™)*T'(3 — )

—

11—

(Bl joy — 2B + By ) + k(O(k+1°7%)), n>0, 0<i<N -1

<
Il
o

Let £" = max{E! : 0 < i < N}, then

EM < (14 k(a—bEM)E™ + k(O(k +13%)) < (1+ka)E™ + k(O(k+h*~*)). (3.71)
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Hence,

1E™ |oo < (L4 ka)||E oo + K(O(k + B*~%)) < (1 + ka)*||€" oo + (1 + ka)k(O(k + h*~*)+
<< (T HEa)"™IEY oo + (1 + ka)"k(O(k 4+ R*79))

< LE(O(k + h*7)). (3.72)

Consequently, |E*'| — 0 as h — 0 and & — 0 which proves that W converges to
Y when k < kg. Moreover, it is seen from Eq. (3.72) that the global error of the
method is of order O(k + h3~%).

3.7 Results and Discussions

Theoretical results at o = 2 has been established for spreading as well as vanishing
cases in [128] and these results are also verified numerically [125]. In [128], it is
observed that spreading occurs when Hy > L, where L = g\/g . On the other hand
if Hy < L, the spreading occurs when g > p*, where p* is unknown threshold which
depends on Wy (see Theorem 3.9 of [128]). As the time approaches infinity, the
population density in spreading case approaches to habitat carrying capacity a/b
(see Lemma 3.2 of [128]). In the case of Hy < L and p < p* the population density

starts vanishing when H(t) < L for ¢ > 0.

In this study, the above conditions are assumed and solve the problem (3.1)-(3.5)
for different values of a. In our knowledge, the exact solution of the problem
(3.1)-(3.5) is not available in the literature, therefore a numerical solution of the
problem is discussed and obtained results are presented through figures. For all
computations, the stability of the technique is achieve by taking grid size h = 0.05
(N =20 or Az = 5) and the time step k& = 0.0001.
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In Figs. 3.1 - 3.12, the dependence of population density and moving boundary on
various time 7 are shown for different density-dependent dispersal rate F (U) and «.
Figs 3.1 - 3.6 represent the variation of population of species with time for different
values of a while dispersal rate is density-dependent. Figs. 3.1 - 3.3 depict the case
of spreading of population density for three different values of a (a=1.4, 1.6, 1.8)
at the parameters a = 3, b = 2, ¢ = 1, d = 1, p=1 and Hy=2 by taking initial
function Uy = cos(mz/4). From these figures, it is observed that the population
density reaches to habitat carrying capacity when we increase the time. Moreover,
it is seen that the population density covers small space domain to reach the habitat
carrying capacity when « increases for a fixed time (¢ > 2). Figs. 3.4 - 3.6 represent
the the case of vanishing of the species for three different values of o (a=1.4, 1.6,
1.8) for the parameters a = 0.02, b6 = 0.02, c =1, d = 1, u=0.2, Hy=2 by considering
initial function Uy = cos(mz/4). Figs 3.4 - 3.6 show that the process of vanishing of

population density becomes slow when we increase the value of a as time proceeds.

Figs. 3.7 - 3.11 represent the effect of density-dependent dispersal rate over the
constant dispersal rate on U(z,7) and H (7). In order to show the effect of density-
dependent dispersal rate, here constant dispersal rate=1 is considered because for
the positive values of ¢ and d, F(U) ~ 1. Fig. 3.7 represent the comparison of
population density for density-dependent and constant dispersal rate for spreading
case at the parameters =2, a = 1, b =1, c =1,d = 1, y=2 and Hy=2 with
the initial function Uy = cos(mwz/4). This figure shows that the population density
curve is more near to the habitat carrying capacity in the case of density-dependent
dispersal rate than the constant dispersal rate. Fig. 3.8 is plotted for the comparison
of population density for density-dependent and constant dispersal rate for vanishing
case at the parameters a=2,a =1,b=1,c=1,d =1, pu=0.1 and Hy=2 with the

initial function Uy = cos(mz/4). In this figure, it is observed that the population
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density vanishes faster for the case of constant dispersal rate than density-dependent
dispersal rate. Figs. 3.9 and 3.10 show the trajectory of moving boundary for
different value of a (a=1.4, 1.7, 2.0) by considering density-dependent dispersal rate
and constant dispersal rate, respectively at parametersa =1,b=1,c=1,d =1,
p=0.5, Hy=2 and Uy = cos(mz/4). Figs. 3.9 and 3.10 demonstrate that the speed of
moving boundary becomes slow when we increase the value of a. But, the movement
of moving boundary is faster for the case of density-dependent dispersal rate than the
case of constant dispersal rate. Fig. 3.11 represents the comparison of tracking of the
moving boundary between density-dependent dispersal rate and constant dispersal
rate for different values of p (u=1.0, 1.5, 2.0) and it is plotted for parameters a=2,
a=1,b=1¢=1d =1, Hy=1 and initial function Uy = cos(mz/2). From this
figure, it is observed that the moving boundary in the case of density-dependent

dispersal rate moves faster than the case of constant dispersal rate.

Fig. 3.12 is plotted for the tracking of moving boundary by considering density-
dependent dispersal rate at =2 (standard case) for different values of i to estimate
p* (threshold). This figure is plotted for the parameters a =1, b=1,c=1,d =1,

Hy=1 and initial function Uy = cos(mz/2).

Fig. 3.13 is plotted to show the behaviour of [W"! — W"| = max|W"" — Wn|,
1 < i < N —1 with n for three different values of a (v = 1.4,1.6,2.0) at the
parameters a = 1, b =1, ¢c = 1,d = 1, Hy = 1, p = 0.5 and initial function
Uy = cos(mz/4). From this figure, it is clear that |[W"™! — W"| decreases as n

increases for all values of o, 1 < o < 2.
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FIGURE 3.2: Spreading of population density for a=1.6.
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FIGURE 3.13: Trend of [W™™! — W"| as n increases for different values of «.

3.8 Conclusion

In this chapter, a finite difference scheme is applied to present a numerical solution
of a population logistic diffusion model with fractional order space derivative and
density-dependent dispersal rate. From this study, it is observed that the numerical
approach is simple and efficient scheme for the solution of wide class of a nonlinear
diffusion model with moving boundary. It is found that the population density is
affected by the density-dependent dispersal rate (F (U)) and «. For spreading case,
it is observed that the population density reaches to the habitat carrying capacity
faster in case of density-dependent dispersal rate than the constant dispersal rate
and it is also seen that the population density covers small space domain to reach
the habitat carrying capacity when « increases. For the vanishing case, it is found
that the population density vanishes faster for the case of constant dispersal rate

in comparison to density-dependent dispersal rate and it is also observed that the
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process of the vanishing of the population density become slow with the increment in
the value of a. Density-dependent dispersal rate also affects the expanding front and
the expanding front moves faster when we consider the density-dependent dispersal
rate in our model. The parameter p* (threshold) is calculated in our case to confirm

the occurrence of spreading and vanishing cases.
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