Chapter 4

Superpower Graphs of Some

non-Abelian Finite Groups

In this chapter, we first explore the undirected superpower graphs S(Dy,,) and S(7},)
of the dihedral group Ds, and dicyclic group T},. Among the class of non-Abelian
groups, these groups have their own importance as they hold a fundamental place
and that they also appear as a subgroup of many groups. Our motive is to explore
the structural properties of superpower graph of these groups and see how they differ
from its corresponding power graph. In Section 4.1 we delve into the superpower
graph of dihedral groups and determine the tight bounds for the vertex connectivity
of S(Dsgy,) in Subsection 4.1.1. In addition, we also study the edge connectivity of
S(Da,) in Subsection 4.1.2, and compute their exact value with the help of minimum
degree for some special values of n. In Subsection 4.1.3, we give Hamiltonian-like
properties for S(Ds,). Similarly, in Section 4.2, we examine the superpower graphs
of dicyclic groups and give bounds for the vertex connectivity and Hamiltonian-like

properties for S(T},), respectively in Subsections 4.2.1 and 4.2.2.
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4.1 Superpower Graphs of Dihedral Groups

Before going further, observe that finding the size and number of equivalence classes
in arbitrary group G is difficult. With this in our mind, we consider the Dihedral
group Dy, of order 2n (Recall that D, = {{a,b)|a" = b? = e,aba = b}) and study
about the superpower graph of the same. To do this, we first identify the equivalence
classes of Dy, with the following notation. Let w,(G) = [a] = {a’ | ged(i,n) =
1,1 <i<n}, wao(G) = [b] = [az] = Lnj {a'b} U {az}, wi(G) = [a"] = {e} and
for each non-trivial divisor d(# 2) of nl,ﬂwd(G) = [ad] = {a'! | @' € [a]}. Note
that P = {[a’] | j is a divisor of n} forms a partition of Dy, such that the induced
subgraph corresponding to each part [a/] in P forms a clique in S(Dy,). If n is an

odd positive integer, then for each positive divisor d of n, [a4] is an equivalence class

in Dy, of cardinality ¢(d) and [b] is an equivalence class of cardinality n. Thus,
S(Dan) = Ap,, [Kn, Kogar), -+ Ko(a))

If n is an even integer, for every positive divisor d # 2 of n, [a4] is an equivalence
class of cardinality ¢(d) and [a2] is an equivalence class of cardinality n + 1. Hence,

for even integer n,

S(DQH) - ADQn [Kn+17 K¢(d1)7 D) Kgi)(dm)]J

where dy,dy, ..., d,, (d; # 2 for each i,1 < i < m) are all the positive divisors of n.

On the other hand, to understand the structure of S(D,,), Hamzeh and Ashrafi
[15] also described it as follows: Note that, in Dy, a'b for every i, 1 < i < n, all
are involution of D, which forms an n-vertex clique K,, in S(Ds,). Thus, S(Dy,)

contains two blocks, namely K, and S(({a)). For an odd integer n, S(Ds,) is formed
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by adding edges from every vertex of K, to the identity element of D,, in the block
of S({a)) and for even integer n # 2% S(D,,) can be obtained by joining every
vertex of K, to every even order element of (a) and the identity element e in the

block S({a)); see Figure 4.1. For n = 2%, S(D,,) forms a complete graph Ko,.

In this chapter, we follow both the structural representations and use it wherever it
is convenient and/or applicable to achieve the goals. Also, we will use the notations
Hp; for the subgraph of S(Da,) induced by D3, = Dy, \ {e} and Hp, for the
subgraph of S(Dy,) induced by Dy, = D3, \ {z € Dy, : o(z) = n}.

V‘ a’ a?
Ve .
(a) S(Di2) (b) S(D1o)

FIGURE 4.1: The superpower graphs of D2 and Djg[bold line between a vertex
and a clique indicates that the vertex is adjacent to every vertex in the clique].

4.1.1 Vertex connectivity

Next, we state and prove a theorem on the vertex connectivity and minimum sepa-

rating set of S(Ds,) where n # 2.

Theorem 4.1. Let n > 3 be an integer and n is not a power of 2. Then the ver-
tex connectivity of the superpower graph S(Dsy) of the Dihedral group Ds, can be
determined from the following:

(1) K(S(D2n)) =1 if and only if n is an odd integer;

(ii) For even integer n > 6, k(S(Day,)) > 1+ ¢(n);
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(iii) Any minimum separating set TT for S(Da,) does not contain elements of order

2.

Proof. (i) Assume that n is an odd integer and recall the structure of S(Dy,) for
an odd integer n, S(Dy,) is formed by adding edges from every vertex of K, to the
identity element of Dy, in the block of S({(a)). Consider the graph Hp; , it can be
seen that there is no edge between the blocks K,, and S({(a) \ {e}). Hence TT = {e}

is the minimum separating set of S(Ds,) and so k(S(Da,)) = 1.

Conversely, let £(S(Ds,)) = 1. Suppose n is even. Let x and y be two non-identity
arbitrary elements. Clearly, D, contains an element e # z of order n. Then
P := (z, z,y) is a path in the induced subgraph (S(D3,)) of S(Ds,) between = and

y. Thus, k(S(Da,)) > 1, which is a contradiction.

(ii) Assume that n is even. Note that e and a* with ged(n, k) = 1 are vertices of
degree 2n— 1 in S(Dy,) and so there are ¢(n)+ 1 vertices are of degree 2n — 1. Since

S(Dgn) = AD2n [Kl, Kd)(n)a H52n], we have R(S(Dgn)) = 1—|—¢(n)+/~£(H52n) Z ¢(n)+1

(iii) Let TT be a minimum separating set of S(Ds,). Assume that T contains an
element of order 2. Then the equivalence class [b] C TT. Note that e € TT and [b]
contains at least n elements. From this, x(S(Ds,)) = |T7| > |[b]] +1 > n + 1. Since
k(S({(a))) <n—1, removing at most n from S(Dy,) disconnects the same, which is

a contradiction to the minimality of 7. O

Theorem 4.2. Let n € N having the prime factorization n = 2°°p{'p3* - - - pfm,
where m € N and p1 < ps < -+ < pn are odd primes, a; € N0 < i < m. Then
there ezists a minimal separating set T of S(Day,) with

IT] = —— + ¢(n) + ¢~

50 5as )27t —2]. (4.1)
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and hence k(S(Day,)) < |T|. Also, this bound is tight.
Proof. Write I' = Hp, . Define

T = U {[aand] : d is a non-trivial divisor of 2—20} U {[azi] 1<i<ap— 1}

It can be seen that T is a separating set of I, since no element of [a%*] is adjacent
to any element of Dy, \ {T U [a*>*]}. Now we prove that T is a minimal separating
set of I' by showing that I'\ X is connected for any proper subset X of T. Without
2a0d]

for some non trivial divisor d of 2%

loss of generality assume that 7\ X = [a
Let x,y € '\ X be arbitrary. We have the following cases;
Case 1: When z € [aﬁ] and y € [aﬁ], where dy,d; are divisors of 7. Then

P =: (x,a?,y) is a path between z and y.

Case 2: When z € [a®™],y € [a?d], then P =: (x,a2"% a%, a?,y) is a path between

and .

Thus, T is a minimal separating set of I'. Take T' = T U [a] U [a"], then T is a

minimal separating set of S(D,,) and

7| =IT| + lla]| + [la"]

— Z 1[a2°°]| + Z ¢(2£7i) +o(n)+1

d| gy £, oy

n n
=+ 0(n) + B

)20t —2].

Finally, we show that this bound is tight when m = 2,a; = as = 1. That is, when

n = 2pips.
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Let n = 2p;ps where p; < p, are primes. Then the equivalence classes of Do, with
respect to ~ are precisely [a?P!], [a®P2], [a?], [aP*P?], [aP'], [aP?] with cardinality py —1,
p1— 1, (p1 — 1) (p2 — 1), 2p1pa + 1, po — 1 and p; — 1 respectively, and each of these

equivalence classes is a clique in Hp, . Thus,

['=Ap, [Kpy-1), K1) Kpr—1)2-1)> Kopipat1; Kpa—1), K1),

as given in Figure 4.2. It is clear that deletion of any one of the cliques in I' does
not disconnect I'. However, deletion of any two cliques in I' that are not adjacent
disconnect I'. This along with Theorem 5.9 imply that a minimal separating set of

I is precisely the union of any two non adjacent cliques.

Also, we have the inequality |[aP'P2]| > |[a?]| > [[a®]| = |[a?*]| > [[a®P2]| = |[aF?]].
Consequently, {[a?*?] U [a*']} is a separating set with minimum cardinality among
all pairs of non adjacent of equivalence classes. Hence [a*?] U [a*!] is a minimum
separating set of I' and so x(Hp, ) = (p1 — 1)(p2 — 1). Thus £(S(D2,)) = ¢(n) +

o(p1) +¢(p2) +1 =15 0

FIGURE 4.2: Connectivity in Hp, for n = 2p1ps.

Theorem 4.3. For a positive integer n, k(S(Day,)) = ¢(n)+1 if and only if n = 2p,

where p is an odd prime number.
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Proof. Assume that n = 2p where p is an odd prime.
By Theorem 4.1 (ii), we have x(S(Da,)) > ¢(n) + 1. Since Hp, is disconnected, we
get that we have k(S(Day,)) < ¢(n) + 1 and hence we have k(S(D2y,)) = ¢(n) + 1.

Conversely, assume that, for any integer n, x(S(D2,)) = ¢(n) + 1. For m > 2, let
n = 2%p ... pom where oy > 2 and ayq,...,q, > 1. Without loss of generality,

one can take that m = 2 and so n = 2%°p{"'p5>.

Let z,y € V(Hp, ) be two arbitrary vertices with o(z) = 260p pl2 and o(y) =
20p' p)® where 1 < f;,v; < «; for each 4,5, 1 < 4,7 < 2. Let z = QT €
V(Hp,,). Then ged(o(z),0(2)) = p; and ged(o(y),0(2)) = p;. Let u,v be ver-
tices in V(Hp, ) be elements of order p; and p; respectively. This gives that

P :=(x,u,z,v,y) is a path between x and y which implies that Hz, is connected.
Similarly, one can prove that Hp, is connected when o(z) = 2% and o(y) = p]'p3*.

If n = 2¢p’ where ¢,k > 0 are integers and either £ > 2 or [ > 2. Then one can
choose an element of order 2p and applying arguments as above, we can see that

Hp, is connected.

In all the above cases, k(S(D2p)) > ¢(n) + 1, which is a contradiction.

If n = 2p1ps, then by Theorem 4.2, £(S(D2,)) = § > ¢(n)+1, again a contradiction.
Hence n = 2p where p is an odd prime integer. O
Corollary 4.4. Let n € N having the prime factorization n = 2%p{'pg? - - - pom,

where m € N and p1 < ps < -++ < py, are odd primes, o; € N,0 < i < m. Then

¢(n) +1 < K(S(Dan)) < [T,
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where |T'| denotes the cardinality of minimal separating set of the minimal separating

set obtained in Theorem 4.2.

Proof. Result follows from Theorems 4.1, 4.2 and 4.3. Further, if n = 2p{'p3? - - - p&m,

then for ap = 1 in equation (4.1), we have
é(n) + 1 <k(S(Dyn)) < IT| < 5.

]

Remark 4.5. For an even integer n, S(Ds,) contains two blocks H,, and S((a)),
where H,, is the clique containing all n involution in D,,. From this one may claim
that the connectivity of S(Da,) can be determined once the connectivity of S({a})
is known. In particular, one may claim that x(S(Ds,)) = k(S(Z,)) for every even
integer n. However, this claim is not true. For consider the graph S(Zj3). Then T' =
{e,a,a’ a® a”, a'} is a minimum separating set of S(Zs) and so, x(S(Z2)) = 6.

Note that the set 7" = {e,a,a®, da”,a',a*,a®} is a minimum separating set of the

graph S(D24) and so K(S(D%L)) =7 7& K(S(Zm))

In Theorems 4.2 and 4.3, while calculating the vertex connectivity of S(Dsy,) for

i, Qa2

various values of n = 220p1ps? ... p2m  we noticed that the class [a*™]

is not fully
contained in any minimal separating set of S(Ds,). However, this is not the case
always. Motivated by this, we present the next two theorems where we find bounds
for the connectivity depending on the presence of the class [a?] in the minimal

separating set.

Theorem 4.6. Let n = 2p'p3* - --ptm, where m € N and py < ps < --- < p, are
odd primes, o; € N, 1 < i < m. If T is a minimal separating set of S(Ds,) such

that [a®] € T, then |T| >

0|3
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Proof. Let T be a minimal separating set of S(Dsy,). By Theorem 4.1 (ii), we have
T =T U[a] U [a"] where T is a minimal separating set of Hp, . Hence it is enough
to consider a minimal separating set T of Hp,,

Case 1. If [a2] C T, then we have |T| > |[a2]| =n+1> 2.

Case 2. Assume that [a?] ] € T. We claim that, for every non-trivial divisor d of
g = p{ps? - pm either [ad] C T or [a2d] C T. Suppose not assume that [ad] € T
and [a2d] € T for a non-trivial divisor d of ~. Let z,y € V(Hp, )\ T.

Case 2.1. If z € [a%], y € [a 2] for some non-trivial divisors dy,dy of %, then
P := (x,a% y) is a path between z and y in Hp, which is a contradiction to Tis a
separating set of Hp,

Case 2.2. If z € [a%], y € la %] then P := (z,a?,y) is a path between x and v,
again a contradiction.

Case 2.3. If x € [a%],y € [a%], then P := (x,a? ad,a%,a2,y) is a path between

x and y, again a contradiction.

n n — n
Thus, for every non-trivial divisor d of i pItps? - - pom either [ad] C T or [a2d] C
n
- [l
2

T which implies that |T| > Z o(d) = g — ¢(n) — 1 and so |T'| >
d| d#1,2

Corollary 4.7. Let n € N having the prime factorization n = 2p{*p5* - - - pim , where
m € N and py < py < -+ < pp, are odd primes, a; € N1 < i <m. IfT" is a

minimum separating set of S(Day) such that [a?] € T, then

n

Proof. Result follows from Corollary 4.2 and Theorem 4.6. O

Theorem 4.8. Let n = 2p7'p3* - - - pim where o; € N and 2 < p; < py--- < py, are
primes. For each 1,1 < i < m, there exists a minimal separating set T; of S(Dsy,)

such that [a*] C T; with |T;| = Z o(d) +2¢(n) and k(S(Day,)) < | Tl
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Proof. Consider the graph Hp,
Let T; = | {[an] :

there is no path between the vertices a®’ and a% yforj#kand 1 < g,k <min

nai } U [a?] U [a?"]. Observe that

i

Hp, \ T;. Hence, for each i, T; is a separating set of Hp, and |Tj| = > ¢(d) +
d|

¢(5) — 1. Next we show the minimality of T,. Let z,y be any two vertices from

Hp, \ X where X =T\ {z}, where z € [an/]

n
2p;
We show that x and y are connected in Hp, \ X. The following cases arises: Let

dy and ds be the divisors of g
Case 1. If x € [aQP?i] and y € [a®], then P := (x,adl’,aﬁ,a%,y) is a required path
between x and y.
Case 2. If z € [a®"] and y € [a®}], then P := (z,ad a2 ,a%,a%,y).
Case 3. If z € [a™],y € [a®],then P := (z,a%,y).
Case 4. If z € [a™],y € [a®®], then P := (z,a>,a%,y).
Case 5. If z € [a®*%],y € [a*®], then P := (x,a™, a2,a®,y).
Similarly, we can show that Hp, \ {T; \ {# € [a?]}} and Hp, \{T;\ {z € [a"']}}

is connected. Finally, take T; = T; U [a] U [a"], then for each i, 1 < i < m, T;

is minimal separating set of S(Ds,) such that [a*] C T; with |T;| = Z o(d) +

Hence

&(2) + o(n Z o(d ¢(n). Further, |T,,| < |Thm-1| < -+ < |T1).

2

R(S(Dan)) < 1Tl H
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4.1.2 Edge connectivity

In [44], it is shown that x'(T') = 6(T) for any graph I" whose diameter is at most 2.
For any finite group G, the vertex e is adjacent to all the other vertices in S(G) and
so diam(S(G)) < 2. From this, we have &' (S(G)) = 6(S(G)) for any group G. Hence,
to find the edge connectivity of S(Dsy,), it is enough to find its minimum degree.
With this observation, let us find the minimum degree for special values of n. Note
that any two elements of the group G having same order has the same degree in the
corresponding graph S(G). However, converse is not true. For example, when n is
even, degs(p,,)(€) = degs(p,,)(a) = 2n — 1 in S(D,,) where as e,a € D,, are not
of the same order. In the following theorem, we obtain sharp upper bounds for the

minimum degree of S(Dsy,) for some special values of n.

Theorem 4.9. Let n be a positive integer and n # 2 k € N. Then §(S(Ds,)) <

n — 1. Also, equality holds if and only if n = p* for some odd prime p and k € N.

Proof. Since n # 2, there exists a non-negative integer / and an odd integer m such
that n = 2¢m. Let = a2, Then o(z) = m and so degs(p,,y(®) < n —11in S(Dsy,)

and so 0(S(Day)) < degs(p,,)(x) < n—1.

To prove the other part of the statement, let n = p* for some odd prime p and
k € N. Then degs(p,,)(av) = n — 1 for every positive divisor r(1 < r < n) of n
and so 0(S(D2,)) = n — 1. Conversely, assume that 6(S(Ds,)) = n — 1. Suppose
n has at least two odd distinct prime divisors say p; and p,. Then n = pi*p5*m
where m > 1 is an integer and relatively prime to both p; and p,. Let ny = p3*m,
ne = pi'm, x = a™ and y = a™ are non-adjacent vertices in S(Ds,) having odd

orders, implying that 6(S(D2,)) < n — 1, a contradiction. Thus n has at most one

odd prime divisor.
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If n = 2p' and p is an odd prime, then it should be noted that degg(p,,)(z) <
n — 1 for every element x # e of odd order and for every element y of even order,
degs(p,,)(y) > n in S(Dsy,). Consequently, 6(S(Ds,)) is attained by the vertex of
odd order. Thus, it is enough to show that degS(DQn)(kapl_a) —degs(p,,) (22777 >0

forany a < 8,0<a,8 <.

=1 =1 j>« =1 i=1 j>6
k p-1
=> ) 62p) >0
i=1 j=a

Hence z2* is of minimum degree among all the vertices of S(Ds,) and
! k
k i i -
degs(p,,) (%) = 8(S(Dan)) = Y o) + > 6(2'p) = 2"0(p') +p' " =1 #n -1,

i=1 i=1

a contradiction. Hence n is a power of odd prime. O

In the following theorem, we present a lower bound for the edge connectivity of

S(Day,) for any integer n € N.

Theorem 4.10. Let n € N and p be the largest prime divisor of n. Then

K/ (S(Dan)) = 0(S(Dan)) =

TS

Proof. Let x € S(Ds,) be a non-identity element of odd order m. Then degg(p,,)(x)

in S(Ds,) is given by
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degs(py,)(T) =m + Z
km|n,k#1

Thus, we have,

degs(p,, () > m + ¢(n) —

Recall that, if n is a natural number and p is the greatest prime divisor of n, then
o(n) > L [45, Lemma C]. Hence degg(p,,)(z) > m — 1+ " Since m — 1 > 0, this
p p
gives 0(S(Dap)) > ~. O
p

Now we find an exact expression for §(S(Ds,)), for some special values of n.

Theorem 4.11. Let n = 2¥p{"p3? where p1 < po are odd prime numbers and the
integers k,oq > 0 and o > 0. Then 6(S(Day)) = p 11 — 28p52) 4 2Fp21ps? — 1

and it is attained by degs(p,,(a*72").

Proof. We will make the four claims about the degree of the vertices based on the

order of the element in D,,,.

a1—B81 «
Claim 1. Among all vertices of the form a2’ for 0 < B; < oy, the vertex
a272” has the minimum degree.
For 0 <~ < 81 < ay,

1=71,,92 ko1 =81, a2

degS(Dz )(a2kp(1l b2 ) degs Day )(a2 P b2 )

oSS S5 S 55

>y j=1 >y j=1 r=1 r=1 1>y

a1 Qg ap az ko
—{ 1) 0> (i) +ZZZ¢2’1)1P§)+ZZ¢(2%)}

i>061 j=1 i>p1 j=1 r=1 r=11i>p;
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p1—1 p1—1 B1—1
—Z¢p1 ZQsP% +Z¢ Z 2T+Z¢p1 Z¢ Z 2")
B1—1
=Z¢(pi)[(p§2—1)+(2’“—1)+(p§“2—1)(2’“—1)]
> 0.
a1 —fB1, ag

Thus, among all vertices of the form 71" '?2* | we find that a2?2" has the minimum

degree.

>

Claim 2. Similar to proof of Claim 1, one can show that degs(D%)(QQ Py tpy? T 72)

degS(DQn)(anp?lpgTBZ), for 0 < 9 < B3 < a5 and hence among all the vertices of the

@] oag—p (=3 . .
form a2P1'P2" " for 0 < By < s, the vertex a2'P'' has the minimum degree.
Now let us compare the minimum degree obtained for vertices in Claims 1 and 2.
Claim 3. degs(p,,)(a®?1") > degs(p,,)(a®72").

For,

k& koo
degS(D2n)(a2 pll) - alegswzn)(@2 p22)

k
:{ —1+Z¢p1p§“2 +) 62 +ZZ¢2TP’1PS‘2}

r=1 r=1 =1
k
ot =1 et + Lo+ 3o |
r=1 r=1 j5=1

=p5? — pi" + o(p3?) 2" (T — 1) + 28 — 1] — o(p") 2" (p3* — 1) + 2" — 1]

= {25192 (py — 1) + p52 7 — p 1) > 0.

Thus, among all the vertices of the form a?P1" and a2kp32, we get the minimum
degree is attained by degg(p,,(a??2").
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al1—a _ag—pf .
Finally, now we shall an any arbitrary element of the form a2’ "Pa" " with elements

of the form a2"72” for 0 < a < ay,0 < 8 < ao.
Claim 4. d€QS(D2n)(a2kp?liapgTB) > degs(p,,(a®72") for 0 < a < a1,0 < B < ay.
For,

a)—a _ag—f3

k (e
degsu)gn)(a L ) — degs D2n)(a2 p22)

{p1p2 -1+ Z Z 9( p1p2 + Z Z Z 9( 2rp1p2 (p?pg)}

i>a j>8 r=1 i>a j>8
k k
—{ —1+z¢pf;1p; +zz¢2rp?1p;}
r=1 r=1 j5=1
5-1
{ Z S(p S(p3)) + 1o + pips " — p?lpg_l}
7=0

{2’“p°“1p2 — 2 s +pi”_1}
= {Qk(pi“ — Py 5 — Py ) + Py s 4+ piph —p?‘lpg_l}
— {2Fpirps? — 2% p TIPSt + pi '}
{2’“ Ty T (L= )+ 20Ty (s — 1) + i)
+pips L=y =it 1}
> pi Tl +piph = =

=i oy = D)+ p Iy = 1) > 0.
From all the above claims, we find that the element a272” has the minimum degree.

5(S(Dap) =degs(py, (> ")
k

={pi -1+ Zcb (P pd) + > b(2p) + Z Z A2 ph)}

r=1 r=1 j=1

Hence the proof. O
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Note that in the above theorem we considered n as an even integer. In the following,
we present a similar result for n is an odd integer. In fact we consider n is either a
product of three distinct primes or product of powers of two distinct primes. Since

the proof is similar to the proof of Theorem 4.11, we omit the proof for brevity.

Theorem 4.12. Let n € N and p; < py < p3 be prime numbers.

(1) If n = pipaps, then 6(S(Day)) = ¢(n) + pip2 — 1 and it is attained through the

element aPP2.

(i) Letn = p'ps? and oy, as € N. Then §(S(Day)) = pi*+p7*~ (p1—1) (p3* —1)—1

and 1t 1s attained through the element ara”. ]

Theorem 4.13. The superpower graph S(Day,) is critically edge connected if and

only if n = 2F.

Proof. 1f n # 2%, then there exists an edge ¢ in S(D,,) which is incident to vertices
b and ab. By Theorem 4.9, k' (S(Dy,)) = & (S(Day, \ {€})), hence S(Da,) is not
critically edge connected. If n = 2% then S(D,,) = Ka, and hence S(D.,) is

critically edge connected . O]

4.1.3 Hamiltonian property and its variations

In this section, we explore the Hamiltonian-like properties of S(Ds,).

To check whether S(Dy,,) is Hamiltonian, we would like to first identify the elements
of Dy, which will go in a specific equivalence class. Then combining with the fact
that each equivalence class of S(Dsy,) induces a clique, which will help us to construct

the required Hamiltonian cycle in S(Da,).

Theorem 4.14. Let n > 3 be any integer. Then the following are equivalent:
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(i) The superpower graph S(Day,) is Hamiltonian;
(ii) n is an even integer;

(iii) The superpower graph S(Day,) is 1-Hamiltonian.

Proof. (i) = (ii). Assume that S(Dy,) is Hamiltonian. If n is an odd integer, then
Hp; is disconnected and number of components of H p; 182 which is more than the
number of vertices in a minimum separating set. Hence S(Dy,) is not Hamiltonian

when n is odd, a contradiction.

(1) = (i). Assume that n is an even integer. If ¢ denotes the total number of
non-trivial divisors of n, then we have t disjoint cliques in Hp, . One can check
that ¢ < ¢(n) + 1. Since each of ¢ cliques has a spanning path whose initial and
terminating vertices are adjacent to every vertex of [a] U [a"], we get a Hamiltonian

cycle in S(Ds,) as follows (see Figure 2).

Let dy < dy < --- < d; be the ordering of the non-trivial divisors of n. Start from
any vertex v; of [a] U [a"], go to any vertex of [a®] and traverse along the spanning
path in [a®] and come back to another unused vertex v, of [a] U [a"]. From v, go to
any vertex of [a®2] and repeat the process until all the cliques [a] are covered. Since
t < ¢(n) + 1, there are sufficient number of vertices in [a] U [a"] to connect each of
disjoint cliques. Finally, complete the cycle by using the remaining unused vertices

of [a] U [a"] and reach back to v;.

(17) = (¢it). Assume that n is an even integer. As discussed earlier, Dy, can be
expressed as the disjoint union of [a?] for every divisor d of n. Let g € V(S(Da,)),
if g € [a?] for some non-trivial divisor d of n, then S([a?])\ {g} remains a clique and
so it has a spanning path whose initial and terminal vertices can be joined by two

different vertices of [a] U [a"]. Now, the proof follows along the same lines discussed
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FIGURE 4.3: Hamiltonian cycle in S(Daq4)

above. If g € [a] U [a"], then ¢, total number of non-trivial divisors of n is less than
o(n)+ 1. Thus, S(Ds,) \ {g} contains a Hamiltonian cycle implying that S(D,,) is

1-Hamiltonian.

(1ii) = (ii). Follows from the fact that S(Ds,) fails to be Hamiltonian when n is an

odd integer. O

Corollary 4.15. For any integer n > 3, the superpower graph S(Ds,) contains a
subgraph isomorphic to a wheel Ws, 1 on 2n — 1 wvertices if and only if n is an even

mteger.

We have seen that when n is an even integer, S(Dy,) contains cycles of length 2n
and 2n — 1. On the other hand, S(D,,) contains cycles of each length from 3 to
¢(n) + 1, since [a] U [a™] is a clique. Now the question is does S(Ds,) contains cycles
each of length from ¢(n) + 2 to 2n — 2. In the following theorem, we answer this

question in affirmative.
Theorem 4.16. For any integer n > 3, the superpower graph S(Day,) is pancyclic

if and only if n is an even integer.

Proof. Let d; be a non-trivial divisor of n. By Theorem 4.14, for any z; € [a%],

S(Day,) \ {z1} is Hamiltonian. This further implies that S(Ds,,) contains a cycle of
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length 2n — 1. Again, choose {x5} € [a®] (if exists), otherwise choose {xs} € [a®]
for some non-trivial divisor dy # dy of n. It is immediate that S(Da,) \ {1, 22} is
Hamiltonian, and so S(Ds,) contains a cycle of length 2n — 2. By continuing this
way one can cycles of length ¢(n) + 2 to 2n — 2. Thus S(D,,) contains cycles of

length ¢ for each ¢, 1 < ¢ < 2n and hence S(Ds,) is pancyclic. O

Theorem 4.17. For any edge € in the superpower graph S(Dsy,), there exists a

Hamiltonian cycle in S(Day,) containing € if and only if n is an even integer.

Proof. Assume that n is an even integer and ¢ = uv € E(S(Ds,)) be an arbitrary
edge. By making four possible cases depending on the partite sets containing u and
v and by following similar lines of proof of the Theorem 4.14, we obtain the required

result. [
Even though S(Dsy,) is not Hamiltonian, when n is odd, we prove below that S(Ds;,,)
contains a Hamiltonian path.

Theorem 4.18. For any odd integer n, S(D2y,) contains a Hamiltonian path.
Proof. Let n be an odd integer. Then the identity element is a cut vertex of S(Dy,).
Now, by considering a Hamiltonian path in S({a)) ending at e and joining this with

the spanning path of the clique corresponding to [b], one can obtain the required

Hamiltonian path. O

4.2 Superpower Graphs of Dicyclic Groups

Recall that Ty, = {{(a,b) | a®" = e,a™ = b*, ab = ba~'} denotes the dicyclic group

of order 4n. In this section, we use the notations Hr; for the subgraph of S(T},)
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induced by Ty, = Ty, \ {e} and Hg,_for the subgraph of S(Ty,) induced by Ty, =
Tr, \ {z € Ty, : o(x) = 2n}. By the representation in Equation (1.1), it can be seen

that the superpower graph of dicyclic group is given by

S(T4n> - AT47L [K2n7 K¢(d1)7 ... 7K¢(dm)] = AT4n [K17 Kq5(2n)7 HT4,.L]7

where dy,ds, - - -, d,, are all positive divisors of 2n. It is also important to note that
when n is an odd integer, then the equivalence class [b] which contains all elements
of order 4 of the group T}, is of cardinality 2n and for even integer n, [b] = [a2]
contains 2n + 2 elements. See the superpower graphs of dicyclic graphs when n =5

and n = 6 as shown in Figure 4.4.

(a) S(T2o0) (b) S(T24)

FIGURE 4.4: Superpower graphs of Ty and Tby4. [Every circled node is an equiva-

lence class which represents a complete graph. Bold lines between two equivalence

classes indicates that every vertex in one class is joined to every vertex in the
other.]
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4.2.1 Vertex connectivity

In this section, we give the sharp bounds for the vertex connectivity of superpower

graph S(Ty,).

First, let us compare the connectivity of super power graph of dicyclic graph and the
cyclic group. Is it true that x(S(T4,)) = k(S(Zay,))? The answer to this question is

not in affirmative as can be seen from the following example.

Example 4.1. Consider the graph S(Zs4) and the set T = {e,a,a’,a® a’ a'l, a'?,
a,a' a'®, a'® a®}. It can be verified that T is a minimum separating set of S(Zoy)
and so k(S(Za)) = 12. However, the set T = {e,a,a? a* a® da”,a', a', a'® o,
a'”;a'® a®, a® a*} is a minimum separating set of the graph S(Tys) implying that

R(S(T48)) = 15.

Motivated by this, we study the parameter x(S(Ty,)). We begin with a result that
shows the equivalence class [b] C T}, cannot be a part of a minimum separating set

of S(T4n) .

Theorem 4.19. If T is a minimum separating set of S(Ty,), then the equivalence

class [b] € TT.

Proof. Let TT be a minimum separating set of S(T},) and the equivalence class
[b] € T1. Then k(S(Ty,)) = |TT| > 2n + 1, since the identity element e € T and [b]
contains 2n elements. But, x(Hz, ) < 2n — ¢(2n) — 2. That is, removing at most
2n — ¢(2n) — 2+ (#(2n) + 1) = 2n — 1 elements from S(T},) disconnects the same,

which is a contradiction to the minimality of 7. ]

Next, we give the exact value of the connectivity of S(T},), when n is an odd integer.
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Theorem 4.20. For any positive integer n > 1, k(S(Ty,)) = 2 if and only if n is

an odd integer.

Proof. Let n > 1 be an odd integer. Recall that S(T4,) = Ar,, [Kon, Kgay)s - - -
Kg,,)], where dyi,ds, ..., d,, are all positive divisors of 2n. Clearly, the identity
element e must be in a minimum separating set, since e is adjacent to all other
vertices of S(Ty,). Take TT = {a™, e}, then S(T},) \ T" is disconnected, since there

is no path between the vertices a and a2. Hence x(S(Ty,)) = 2.

Conversely, if n is an even integer, then all vertices corresponding to the class [a] U

g ]| =

[a*"] are adjacent to all other vertices of the graph S(Ty,). Also, |[a] U [a

®(2n) + 1 > 2. Consequently, k(S(Ty,)) > 2 and hence n is an odd integer. O

To find the upper bound of connectivity of the superpower graph of dicyclic group
for an even integer n, we partition the set of even integers into two collections,
namely (i) when n is twice an odd integer and (ii) when n is any arbitrary even
integer not in (i). In the following theorem, we first present the tight upper bound
for the vertex connectivity of S(T},) when n is two times an odd integer.

Q

Theorem 4.21. Let n € N having the prime factorization n = 2p{'py*---pim,
where m € N and p1 < py < -+ < pm are odd primes, o; € N;1 < i < m. Then
there exists a minimal separating set T of S(Ty,) with |T| =n, and k(S(Ty,)) < n

and equality is attained when n = 2pips.

Proof. Consider the graph I' = Hz, . Define
— a1 =Bl am—Bm
T = U{[a”l TPt 0 < By < iy, B € NU{0} and not all §; zero} U {[a"]}.

It can be seen that T is a separating set of I', since no element [a2] is adjacent to

any element of Ty, \ {T U [a2]}. That is, T divides I' into two components namely
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S([a2]) and S(Ty, \ {T U [a]}). Now we prove that T is a minimal separating set
of I by showing that I' \ X is connected for any proper subset X of T. Without
loss of generality assume that T\ X = [a%] for some non trivial divisor d of %. Let

z,y € '\ X be arbitrary and d;, d, are divisors of 7. We have the following cases:

Case 1: When z € [a®*¥] and y € [a®*®]. Then (z,2?,a* 9%, y) is a path connecting x

and .

Case 2: When z € [@*"] and y € [a"®]. Then (z,z?% a*,y) is a path connecting = and

y.
Case 3: When z € [¢*®] and y € [a*®]. Then (z,a*,y) is a path connecting z and .

Case 4: When z € [a%],y € [a¥®], i € {1,2}. Then (z,a%, a®*,a*, a* a*¥ y) is a path

connecting x and y.
Take T =T U[a] U [a®*]. Then T is a minimal separating set of S(Tj,). Further,

71 =IT] + |[al| + [la™]]

= > @)+ 14 ¢(2n) + 1

|2 d#1,2
=0(4) |5 — 6(3) — 1] +1+0(20) +1

=n.

Now, we claim that this bound coincides with (S (7y,)) when m = 2, a1 = ay = 1,
that is, when n = 2pp-.

Notice that the equivalence classes of T}, with respect to ~ are precisely [a?P1P2],
[aP1P2]) [aP1], [aP?], [a®P1], [a®P2], [a?], [a*P1], [a?P?] and [a?] with cardinalities 1, 2n + 2,

20p2 = 1), 2(p1 = 1), (p2— 1), (p1 = 1), (m — V(2 — 1), (p2— 1), (p1 — 1) and
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(p1 — 1)(p2 — 1), respectively, and forms cliques in I'; See Figure 4.5. Thus,

['= Az, [K1,Koni2, Kopy—1); Koy —1), Kpo—1), Kpi -1, K(pr—1)(pa—1)> K(pa—1),

K(m—l)’ K(Pl—l)(p2—1)]'

It is clear from Figure 4.5 that deletion of at most two cliques in I" does not dis-
connect it. However, deletion of three or more cliques in I' can disconnect the
same. Hence a minimal separating set of I' is precisely the union of any three or
more equivalence classes. Also, there are only two ways in which we can remove
exactly three equivalence classes to disconnect T', namely {[a?2] U [a?!] U [a®1P2]}
and {[a’?] U [a"] U [a?]}. In the rest of the cases, we need to remove at least four
equivalence classes. Consequently, T = {[a”?] U [a?!] U [a®"'P2]} is the set of classes
having minimum cardinality. Thus, 7 is a minimum separating set of Hz ., and
IT| = 2p1 + 2p> — 3. Finally, by letting T = T U [a] U [a®"], we get that T is a

minimum separating set for S(Ty,) and |T| = n. O

Note that we can not extend the above result obtained for n = 22 x 3 x 5 = 60, as
the size of minimal separating set will be 6(3 — 1)(5 — 1) + 6(3 +5) — 10 = 86 >
n. However, using another technique, we obtain a minimal separating set of size

% + ¢(35)(2*T! — 2) = 63 < 86 in the following theorem.

Theorem 4.22. Let n € N having the prime factorization n = 2°°p{'py? - - - p&m,
where p1 < pa < -+ < pm are odd primes and ag > 1, o; € N, 1 <7 < m. Then

there exists a minimal separating set T of S(Ty,) with |T| = 5% + ¢(555) (20T — 2)

220

and the vertexr connectivity

K(S(Tin)) < o + P

(o) 2ao

(20 —2). (4.2)
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FIGURE 4.5: Connectivity in Hp

Proof. Write I' = Hz, . Then it can be seen that I' is connected, since for z,y €
V(D) if x € [a%],y € [a%], then <x,aﬁ,a”,a%,y> is a path between z and y,

where di, dy are non trivial divisors of n. Let

ag )
T — U{[aQQOHde is a non trivial divisor of %} U <U{[a2]}> .

=0

must be of order =2 . while an element of

2a0+1
] 200

It can be seen that an element of [a

V(D) \ (T U [a®*""]) will be of the order sl < <a+1,0 <y <a

2v0pIt ..l
Thus, no element of the class [a2*°"'] is adjacilnt to];n element of V(I)\ (TU[a2*""])
implying that T is a separating set of I'. Now, we show that 7 is a minimal separating
set by showing that ' \ X is connected for any non empty proper subset X of T.
Without loss of generality assume that 7'\ X = {[a*"'#1' 73"} For 2,y € I'\ X,

following cases arise:
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Case 1: For z € [a**"' ] and y € [a?'%], 0 < i < ay.

ag+1,,71,. ., Ym ag, 1, . Ym .
Then P := (z,a®"" P1 Pm" q2"0P1 Pm" qn o) is a path between x and y.

Case 2: For z € [a®%],y € [a¥®], where dy,d, are non trivial divisors of gaosr and

i #7,0<14,j <ag. Then P := (x,a",y) is a path between x and y.

Letting T' = T U [a] U [a®"], we then have T is a minimal separating set of S(Tj,)

whose cardinality is given by

IT| =|T| + ¢(2n) + 1

= >0 @Y (¥ + 6(2n) + 1.
d| 38 d#£1, 355 i=1
:gnTo -1+ ¢(2%> > (2 +¢(2n) +1
1=2
—ﬂ 1 ap+l
_2a0 +¢(2a0)(2 N 2)

In the next theorem, we present the sharp lower bound for the vertex connectivity

of S(Ty,) and also prove it is tight.

Theorem 4.23. For even integer n, k(S(Ty,)) > ¢(2n) + 2 and equality holds if

and only if n = 2p, where p is an odd prime number.

Proof. 1t is important to note that S(7},) has ¢(2n) + 1 vertices of degree 4n — 1
corresponding to the classes of elements [a] U [a*"] in the group Ty,. Also, for z,y €
Hy ifz e [a%],y € [a%], then P := <x,aﬁ,a",a%,y> is a path between z and

y, where dy, dy are non trivial divisors of n. Thus, to disconnect the graph S(7y,),

we need to remove at least ¢(2n) + 2 vertices. Consequently, x(S(T4,)) > ¢(2n) + 2.
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When n = 2p, we have Hz, \ [a"] is disconnected, since there is no path between

the vertices a* and a?. Thus, k(S(Ty,)) = ¢(2n) + 2.

Conversely, assume that n is not a square free even number with at least three
prime divisors, that is, n = 2%p{* ---pom, m > 2. We will show that Hz, \ [a"]
is connected. Let x,y € V(Hz, \ [a"]) be arbitrary with o(z) = 2Bopf . phm and
o(y) = 2%p]* - pym where 0 < fB;,7 < «; for each i, 0 < i < m. Choose an

2n
element z = a""@ir) € V(Hz, \ [a"]), where p;, p; are the least odd prime divisors

of o(x), o(y) respectively for which ; # 0, v; # 0. Two cases arises:

Case 1: When p; = p; Then ged(o(z),0(2)) = p; and ged(o(y),0(2)) = p;. Then,
there is an z, y-path P := (z, 2,y) between x and y which implies that Hz, \
[a"] is connected.
Case 2: When p; # p;. Then ged(o(z),0(z)) = p; and ged(o(y),0(z)) = p;.
2n 2n
Choose u = ari,v = a?* € V(Hg, \ [a"])). Then, there is an z,y-path

P = (x,u, z,v,y) between x and y which implies that Hz, \[a"]is connected.

Similarly, one can prove that Hz, is connected when o(x) = 2% By > 1 and

o(y) =pi" - P

When n = 2p;ps, then by Theorem 4.21, k(S(Ty,)) = n > ¢(2n) + 2. So, we are left
with the case when n = 2p!, where [,k > 0 are integers and either k¥ > 2 or [ > 2.
Then, choose an element a® and applying similar argument given above, we can see

that Hz, \ [a"] is connected. Hence n = 2p. O

(67

Corollary 4.24. Let n € N having the prime factorization n = 2p{'ps? - - pom,

where p1 < py < - -+ < py are odd primes and o; € N, 1 <1 < m. Then

o(2n) + 2 < Kk(S(Ty)) < n.



Chapter 4. Superpower Graphs of Some non-Abelian Finite Groups 72

Proof. Result follows from Theorem 4.21 and Theorem 4.23. n

Corollary 4.25. Let n € N having the prime factorization n = 2*p{"'pg? - - - pom,

where p1 < py < -+ < Py, are odd primes and ag > 1, o; € NJO <12 <m, m € N.

Then
n n ap+1
6(2n) +2 <h(S(Tin)) < g+ H() (207 —2).
Proof. Results follows from Theorem 4.22 and Theorem 4.23. O

4.2.2 Hamiltonian property and its variations

It can be observe that all the results in the Subsection 4.1.3 which we have proved
for S(Ds,) can be obtained with the same technique for S(7y,). So we are stating

them without proof.

Theorem 4.26. Let n be any positive integer. Then

(i) S(Tyn) s Hamiltonian for any n > 3.
(i1) S(Tyy) is 1-Hamiltonian for any n > 4.
(i) S(Tyn) is pancyclic for every integer n > 3.

(iv) For any edge ¢ in the superpower graph S(Ty,), there exists a Hamiltonian

cycle in S(Ty,) containing €, n > 3.

(v) S(Tyn) contains a Hamiltonian path. O
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