Chapter 3

Abelian Theorems involving the

Fractional Wavelet Transform

3.1 Introduction

The fractional Fourier transform, which was studied by Luchko et al. [3] in the
year 2008, plays a significant role for finding the fractional derivatives. Later, in
the year 2010, Kilbas et al. [4] discussed the composition of the fractional Fourier
transform with some modified fractional integral and derivatives. More recently, the
calculus of pseudo-differential operators, which are associated with the fractional
Fourier transform on the Schwartz space, were considered in [14, 15]. Motivated by
these and other related developments, Srivastava, Khatterwani and Upadhyay [16]
investigated various potentially useful properties of the continuous fractional wavelet

transform.

Abelian theorems are useful for finding the initial value with the help of the final

value and with help of the intitial value, the final value is found by exploiting different
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integral transforms. By using different integral transforms, Abelian theorems were
investigated by many authors in classical and distributional sense both and found
different observations.

In 1955, J.L. Griffith [19] gave a theorem concerning the asymptotic behavior of
Hankel transforms. In 1966, Zemanian [21] considered some Abelian theorems for the
distributional Hankel and K transformations. Hayek and Gonzalez [25] established
Abelian theorems for the generalized index oF} -transform in 1992. Pathak [22, 49]
investigated the Abelian theorems for the wavelet transform by exploiting the theory
of the Fourier transforms in 2001. After that, Upadhyay et al. [35] found the abelian
theorems for the Bessel wavelet transform in 2020. Abelian theorems for the Laplace
and the Mehler- Fock transforms of general order over distributions of compact
support and over certain spaces of generalized functions are proved by Gonzalez and
Negrin [26] in 2020. In 2022, Prasad et al. [24] discussed the Abelian theorems for

the quadratic-phase Fourier wavelet transform and got different results.

Motivated from the above results, our main objective in the present chapter is to
discuss Abelian theorems for the fractional wavelet transform in classical and dis-
tributions sense by using the technique of the fractional Fourier transform. An
application of Abelian theorems associated with the continuous fractional wavelet

transform are discussed by using the Mexican hat wavelet function.
The entire chapter is organized in the following manner:

Section 3.1 is introductory, which contains definitions and properties of the contin-
uous fractional wavelet transform. In Section 3.2, the initial-value and final-value
theorems for the fractional wavelet transform of functions are given. In Section 3.3,
Abelian theorems for the fractional wavelet transform of distributions are investi-

gated and their properties are obtained by exploiting the theory of the fractional
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Fourier transform. An application and justification of Abelian theorems regard-
ing the fractional wavelet transform is presented by using the Mexican hat wavelet

function in Section 3.4.

Definition 3.1.1. Let ¢y € L*(R) and 0 < o < 1. Then the fractional wavelet

Va,ap(t) is defined by

Vaan(t) = (t — b), a0, beR. (3.1.1)

1
|a| lal

Definition 3.1.2. Let ¢) € L*(R). Then the continuous fractional wavelet transform

of a given signal ¢ € L?(R) for 0 < o < 1 is defined by

(W¢a¢) (bv CL) = <¢7 ¢a,a,b>
oo 1 t—b
- [Tt ar (3.1.2)

From (1.4.1) and (3.1.1), we have

Fo(aap(£))(w) = e 0=t (q) (3.13)

Let ¢,1 € L*(R). Then the Parseval formula (see [16]) for the fractional Fourier

transform is given by

(6, 0) = —<|w|a_1¢3a(w)7@5a(w)>- (3.1.4)

In view of (3.1.2), (3.1.3) and (3.1.4), we get the following relation

1 +oo é P _
(W d)(b.a) = 5 [ O M2 16, () (aw)dw.  (3.1.5)
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3.2 Abelian theorems for the fractional wavelet

transform of functions

In this section, we present the initial-value and final-value theorems for the fractional

wavelet transform of functions.

Let us suppose that
Ya(w) = O(Jw]*), |w] =0 (32.1)

and that

1 1
l+—<n<p+1+—, for 0<a<l1.
o a

Then the following integral:

+00
o (w) ],
is convergent.
Now, we set
+oo )
Yo (w)|w|e"dw = Fi(a,n). (3.2.2)

Theorem 3.2.1. (Initial- Value Theorem)
Let

1 1
l1+—<n<pu+14+— and p>0.
a «

Assume also that

|w|a e (w) € LY(R),

(o (w)| < M, M >0
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and
lw|a " da(w) € L'(6,00), ¥ & > 0.
If
i (2ra)~ ] 70 (w) = Fa(a), (3.2.3)
then
lim a177]+é (Wwa (b) (b7 a) = Fl (Oé, 77)F2(047 77) (324)
a— 00

Proof. From (3.1.5) and (3.2.2), we have

A (W, 0) (b,0) — Fala,n) Fa(a )

1 +0c0 o 1 ~ ~
_ )al_ﬁé / e SiEm W) W@y 1510 (w)eh, (aw)dw
2o J_
+00 1

— Fy(a,m) %(aw)lawlr"“dw‘

+oo . 1 . -
- a‘/ (2ma) Ll CIEn T gy |37 quo [ | (w) g (aw) dw
— 00

+oo
~ Faayn) [ dalaw)lau] Maw]s dul

+00 . 1 R
— a‘/ [(Qﬁa)—lez(sgnw)\w\ab|w|—1+n¢a(w) . FQ(O[,T])}
X |aw|1_"|aw|é_11ﬁa(aw)dw

< a sup
|lw|<d

* / jaw| " aw|= o (aw)|dw
|lw| <8

+ a/
|w|>6

X [aw|aw|a e (aw)|dw

P 1 ~
(2ma) e |46, (1) — Fya, )

o 1 ~
(2ma) e |46, (1) — Fya, )

. 1 ~
(27Ta)71€z(51gnw)|w|ab‘w‘flJrT](ﬁa(w) _ FQ(CK, 77)’

< sup
|lw|<é

“+oo R
< / 0] b ()| duw
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+ Ma'tan /
|w|>6

X |w|a dw. (3.2.5)

. 1 ~
(2ma)~ e I [T (w) — Fy(a, )

Since |w|a Mo (w) € L*(R), there exist a positive real number M; such that
+o0o ) R
/ ] A ()] dew = M, < 0.
Also, for any € > 0, we have

—1_i(signw)|w|® — in €
sup |(2ma) eS| 16, 1) — Fy(a,)] <
|w|<d 1

by choosing ¢ small enough.

Next, since n > 1 + é, we find that
e 50, as a — oo

and the integral in second term of (3.2.5) is convergent. So, for any € > 0, we can

made the second term in (3.2.5) less than §. Hence for any ¢ > 0, the following

consequence:

‘alin+i (Wd)a(b) (b7 a) - Fl(Oé? n)F2(a7 77)‘ <€,
for sufficiently large a. m

Theorem 3.2.2. (Final-Value Theorem)
Let

1 1
l+—<n<pu+1+—, and p>0.
a a

Suppose also that
|« "o (w) € L'(R)
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and that
lw| a1 da(w) € L' (=X, X), VX > 0.
If
L 1 ~
‘ l‘im (2ma) ~LetEienwlwlably, =114 (1)) = Fy(a,b,n), (3.2.6)
w|—00
then
lim a' 7= (W, 6) (b,a) = Fi(a, n)Fy(a, b, ). (3.2.7)
a—

Proof. In view of the proof of the previous theorem, we find V X > 0 that

|t~ a (W 9) (b, a) — Fi(a, ) Fy(a, b,7)]
o 1 n
S G/ ‘(Qﬂa)ilel(SIgnw”w'ab|u)|71+n(ba<w) — Fg(Oé, b7 77)‘
lw|<X
X |aw|1_n|aw|é_1|¢;a(aw)|dw
o [ J(ra) eI 0G, w) — Fy(a,bn)
|w|>X
x Jaw|' " aw|= " i (aw)|dw

+X o 1 n
<atrt [ anay et 1, ) — R,
-X

X [w|"w]w " iy (aw) | dw

s 1 ~
+ sup | (2ma)~ eI | TG (w) — Fy(a, b )]

|w|>X
oo 1 1 1,7
x / 0] e £ (0) o,

—0o0

Thus, by using (3.2.1), there exists a positive constant Ms > 0 such that

[a(aw)| < Ms(a|w])".
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Hence we have

a5 (1, 8) (b, @) — Fi (o, n) Fy(ax, b, )|
+X

. 1A
< Myat' 7t / |(2ma) e NG, (w) — Fy(a, b ) |||

-X

X |w|é_1+“dw

. 1 A~
+ sup |(2ma) e EENIRI | TG, (w) — Fy(a,b,n)|
Jw|>X

+o0 R
X / |w]a""1he (w)|dw. (3.2.8)

[e.e]

Now, since both of the integrals on the right hand side of (3.2.8) are convergent and

1
n<l+—+upu,
«

therefore, as a — 0, the first term can be made less than 5. Also, for sufficiently
large X, the second term, which is independent of a, can be made less than 5. Hence
we obtain

@' % (W, 6) (b, @) = Fi(a, m)Fy(a, b, )| <

for sufficiently small a. O

3.3 Abelian theorems for the fractional wavelet
transform of distributions
In this section, Abelian theorems for the fractional wavelet transform of distributions

are investigated and their properties are obtained by exploiting the theory of the

fractional Fourier transform.
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If ¢ € S'(R), then |w|a ¢ (w) € S'(R). Hence we can define the fractional wavelet

transform of distributions.

Definition 3.3.1. The fractional wavelet transform of |w|=~'¢q(w) € S'(R) is de-

fined by

(W, ®) (b, a) = —<|wy*‘1gz5a w), OIS (1)) (3.3.1)

Theorem 3.3.2. If ¢ € S'(R), then the differentiability of the fractional wavelet

transform:

(Wd)a (b) (b> a)

15 exhibited by

(a%)m(%)n(mw)(m
o (Juli ), (il )2 ), 332

27T0z

for a >0 and for all m,n € Nj.

Proof. For h > 0, we have

% <(W¢a ¢) (b, a—+ h) — (Wwa 925) <b7 a))

1 =1 i(signw)\w\éb d = >
o ([wlF ' (w), ¢ o thaaw)
— 1 117 i(signw)|w|éb
B 27r04<‘w‘ balw), €

L (Bl hyw) — dulaw)) — o)},

Thus, clearly we have to show that

B (G (ot ) — () ) — odafaw) | =0,

in S(R), as h — 0. For this, we have to take for the following way:
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(i)mreusignwwéb)

Gal(a+hyw) = a(aw) ) - %WGW}) ‘

(o))
(&

S
ﬁmgg\
~

X
——
| =
/|l
— °
Q
F|

(32) 51~ () ) oo

)T%(uw)(- (3.3.3)

(m —r)!
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where Ay, As, ...A,,_, are constants.

Next, from (3.3.4), we have

’ (i)m‘rei(signwméb

P < (=)Aol

A [T ae] G D). (3.3.5)

Using (3.3.3) and (3.3.5), we obtain

k (%)m<€i(signw)|w|ib<%(¢a((a + h)w) — z[za(aw)> - %%(aw»)‘

S

) . (m=r m—r m—r)(%—
SZ(T>(m—r)!(|A1Hwa|a =) | A BT ] G 1)>

xg sup ‘wk(%>2<%>r@@a(uw)‘ (3.3.6)

By substituting uw = z in (3.3.6), we get

‘wk(i)mei(signw)|w|‘1’b<% (zﬁa((a + h)w) — z/}a(aw)> — 21%(‘“”))‘

w da
. /m 2|5~ (m-r) 2 [(m=r)(:-1)
< _ !(A b2 N 1A e )
<3 () om (b2
h k+2 1”72716( 9 >T+2 7 ’
X — su P ARR) — (2
2 aSuSIa)-&-h‘ 0z Val2)
<3 (") m - e (s sup | Ferd oo ()G
T\ o\ 0z “

X sup ful TERTEHOD AL (B

a<u<a+h
r+2
k+2+(m—7«)(l—1)( 8) 2
X sup |z a — oz
zeIIR? 0z v ( )
X sup |u|r—2—k—(m—7‘)(é—1)>
a<u<a+h

h <~ /'m
S E (r)(m—r)lhAle’ sup |U|m_2_k—é
r=0

a<u<a+h

X 7k+2+é*(mfr)ﬂ“+2<wa) 4 A | [0
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X sup |u|r—2—k—(m—7‘)(é—1)

a<u<a+h

~

X Vet+24(m—r) §—1)7r+2(¢a)] —0, as h—0.

Hence, finally we find that

lim (Wwa ¢) (b’ a+ h) - (Wwa ¢) (b’ CL)
h—0 h

1 1 417 isinwwébgA

Similarly, we can prove the differentiability with respect to the variable b and, in

general, we can find (3.3.2). O

Theorem 3.3.3. Let (Wy, ¢)(b,a) be the fractional wavelet transform of
w7 Ga(w) € 5'(R).

defined by (3.53.1). Then, for large k and a > 0, it is asserted that

(W) (b,0) = O(a™ 5 [b]*), a— 0; (3.3.7)
= 0(a® %), a— oo (3.3.8)
= O(a~=(1+a>¥), |o] = 0; (3.3.9)
= O(a™* (14 pF), o] = oc. (3.3.10)

Proof. In view of the boundedness property of generalized functions ([27], p.111)
there exist a constant C' > 0 and a non-negative integer k depending on |w|= ' gq(w)

such that

|(W¢a¢) (b, CL)| < C'sup ‘(1 +w2>k<@%>k{ei(signw)w(lxbl/;a(aIU)}‘
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- gl 3 ()G ) () o)
ol 23 (1) () (G e () )

On the other hand, in view of (3.3.5), there exist positive constants A, As, ..., A,

such that

(W.6) b0 <0sup1ioio () (5) ottt
+ ALJplfeo] s)(( ) ) |

Let z = aw, then we can find

,_5

(W 0)( ba|<osu13);;<)(§>mgw (4
)G 0)
( )( ) (Adfplat=a=rfzprea=r 4

+ A5|b|sak—a—2r|z|”+a-s) () 0a)]
LN (RN [k k—L_op oyl g d\F7s
= CZOZO (8) (r> (S)!<Al|b’a o | (E>

~ s d k_s ~
X @/}a(z)‘ + -4 Agld)? a* o sup ‘22”*2_5 <—> ¢a(z)|)
k

dz
<ci Y (* ()1 Arfpla™ 52 )
> s r : ola = 72r+é,37k,5('¢a<2))+
Tt As|b|sak_§ '72r+§—s,k—s (zﬁa(z)))

ZZ (k) (k) ()AL 1y (al2))
oYY (1) (5) a2 sl
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= C"(1+a ) " = (a+ b)) (3.3.11)

Thus, from (3.3.11) we are led to the assertions (3.3.7), (3.3.8), (3.3.9) and (3.3.10).
[l

For proving Theorem 3.3.4, we assume that
D*a(w) = O(fw]*), |w| =0, Vs €N, (3.3.12)

for some real number pu.

Theorem 3.3.4. Let ¢ € S(R) and ¢ € S'(R) be a distribution of compact support
i R. Then

1 112 i(sign w)|w| &b
(Wwa¢)<bv (1) = %<‘W|a 1¢a<w)7€( gnw)l wa(aw)>>
1s a smooth function on R x Ry and satisfies the following condition:
(Wyg.0)(b,a) = O(a"(1+a+ [b))*), |a| =0, k€N. (3.3.13)

Proof. Let ¢ € S'(R). Then, from Theorem 2.3 of [14], we have ¢, € S (R). We
assume that quSOé is of compact support K C R. We also let A(w) € D(R), the space
of all C*°- functions of compact support such that A(w) = 1 in a neighborhood of

K. Therefore, we get

1 s 1 <
(W, 8)(b,a) = Eqw\rl%(w)’ il ()

~

= o (Ju]* ), M) B (),
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So, by Theorem 3.3.2, (Wwagb) (b,a) is infinitely differentiable with respect to the
variables b and a. Thus, by the boundedness property of generalized functions as

used in Theorem 3.3.3, we have

|(We6) (b,0)| = ﬁ\dwﬁ—la@a(wxei<signw>'w'%<aw>>'
T weK

< C'max sup 'D; [A(w)ei(Signw”w'ébz%(aw)} ‘

< C'max sup Z (2) ‘ (DL, "A(w)) Dy, (ei(Signw)lwlébdA}a(aw)) '
=0

r weK

< C'max sup Z ( )‘ (D" A(w))

wGK

« Z( ) (L) (0 )|

In view of (3.3.5), there exists positive constants Ay, ... A,_ such that

(W 6) (b a)| <Cm3xsupZZ( )( )\(DT "A(w))]

n=0 s=0
X (n — 8) (A1|b|\w\ R An_s‘b|n—s|w|(n—s)(i_1))
x| (Dia(aw))|
<y 230 () () 200
" wEK =0 s= s

(ZAM i~ ) (D Fufa)
<C maxsupZZ( ) Z>|b|” S| (31 >as+“|w|“

WEKn 0 s=0

< OED
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= C" max (1+a+[b]) a*,
T
where C” is a positive constants. Hence we have

|(Wy.0)(b,a)| < c’ max (14 a+ b)) a"

The aforesaid theorem is useful for finding Abelian theorems, which are given below:

Theorem 3.3.5. (Initial- Value Theorem)

Let ¢o € S'(R) which can be decomposed into

¢o¢ = ¢1 +¢27

where ¢y is an ordinary function and ¢y € & (R — {0}) is of order k. Also let real

numbers p and n be such that

1 k 1
1+ —4+2k——<n<p+1+—.
(6] « «

Suppose also that
] Mba (w) € L'(R)
and

[w|= g1 (w) € L'(8,00), ¥ 6 >0,

and assume that

(W¢(x¢> (b> a)
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is the distributional wavelet transform of |w|é_1g£a, which is defined by (3.3.1). Then

lim o' =% (Wy, ¢)(b,a) = Fi(a,n) |1i|m0(2m)—1|w|—1+"q3a(w). (3.3.14)

a— 00

Proof. By Theorem 3.3.2, we see that

1 1 o 1=
(Wwa¢2) (b, a) = 2—<|w|g—1¢2(w)’ 62(51gnw)|w| bwa(aw)>’
T
is an infinitely differentiable function on R x R, . Furthermore, by Theorem 3.3.3,
k

(W ¢2) (b,a) = O(a® =), a— .

Hence there exists a constant C' > 0 such that

a1 (W ) (b, a)‘ < Cal-rrarset (3.3.15)

Since

1 k
1-n+—+2k—-— <0,
o Q@
the right hand side of (3.3.15) tends to 0, as a — oo. Also, since the support of
$y € & (R — {0}) is a compact subset of R — {0}, we get

. 1
&)lino ez(s1gnw)\w\ab|w|—1+n¢2(w) =0.

The result asserted by Theorem 3.3.5 follows by an application of Theorem 3.2.1
with ¢ (w) replaced by é;(w). O

Theorem 3.3.6. (Final-Value Theorem)
Let

1 1
1+—<n<p+1+4+—, pn>0.
@ o
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Assume thet gga € S'(R) can be decomposed into gga = ¢1 + ¢9, where ¢y is an

ordinary function satisfying the following condition:
w| " gy (w) € L(=X, X), ¥ X >0

and ¢ € & (R —{0}). If (Wy,0)(b,a) is the distributional wavelet transform of
\w|a 2o, defined by (3.3.1), then

1 . 1 N
hH(l) a'~"ta (Wwaqb) (b,a) = Fi(a,n)(2ra)™ lim e/CEnwlelb)y =14ng ().
a—

wW—00

(3.3.16)
Proof. By Theorem 3.3.2 and Theorem 3.3.4, we observe that
1 . 1
(W¢a¢2) (b, a) = 2—<|w|é—1¢2(w)’ pi(signw)|w| b¢a(aw)>’
T
is an infinitely differentiable function on R x R, and
(W 2) (b,a) = Ca*(1+ |b])*, as a — 0,
C being a large constant.
) 1
Since 1—n+ —+ u >0, we have
«

0! | (W, 62) (b, )| < Cal ™" (14 b)), — 0 as a— 0.

By taking ¢o(w) to be ¢y(w), the final result follows from Theorem 3.2.2. O
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3.4 Application

In this section, an application and justification of Abelian theorems regarding the

fractional wavelet transform is presented by using the Mexican hat wavelet function.

The Mexican hat wavelet function is given by
O(x) = (1 —2?)e 2" (3.4.1)
Also, from Example 1.6.4 of [23, p.11], the Fourier transform of (3.4.1) is given by
dw) = Varwpe s,

where h(w) is the Fourier transform of v (x).
Now, by Remark 5 of [4, p. 787], the fractional Fourier transform of (3.4.1) is given
by
Va(w) = d((signw)|w|=)
2 1,12
= V2r|w|~e 2V (3.4.2)

Furthermore, the following asymptotic order of ¢, (w) holds true:

~

Ya(w) = O(ws), |w|— 0. (3.4.3)

Hence, in view of (3.1.5) and (3.4.2), we have the following fractional wavelet trans-

form:

1 e i(signw)|w|éb 117
(Wi, 0)(b,a) = € |w|>"" da(w)

2T J —oo



Chapter 3. Abelian Theorems involving the Fractional Wavelet Transform 66

X |aw|%e_%|awladw. (3.4.4)

Thus, from (3.2.2) and (3.4.2), we find the following expression of F(a,n):

+oo 2 1,12 1
Fian) = [ Varhwlfe 3% s 1dw
o0

+oo 3 1,12
= vV 27T|w|5_’76_5‘w‘adw,
(e.)

which, in view of the following familiar Gamma-function result:

o n 1 1
/ e dx = () F(m i ), for Re(m) > —1; min{Re(n), Re(a)} > 0,
0 na\"m "

can be rewritten as follows:

Fi(a,n) = ar223@te-enr (—3 — 0;77 i a)

3

, for n<—+41. (3.4.5)
Q@

Therefore, by a modification of proof of Theorem 3.2.1, for

3
n<—+1
a

and

e 3101 || 31 (w) € L1 (8,00), V>0

and, by using (3.4.5), we find that

i o4 (0 )00 = - i oo (L 24)

a— 00 2

x lim |w| ™o (w). (3.4.6)

|w]—0
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Furthermore, by applying Theorem 3.2.2, for
3
n<—+1
o

and

jw|s " ga(w) € L'(-X,X), VX >0

and, by using (3.4.5), we get
i gl et (3= an+a
Clllg%a (Wy, @) (b,a) = 7222 F( 5

x lim el @elobly, =ltng (), (3.4.7)

|w|—00

Finally, upon taking into account the fact that the kernel &a(w) is exponentially
decreasing, the conditions of validity of the initial-value and final-value results are
relaxed in this example. By using (3.4.6) and (3.4.7), we can obtain the correspond-

ing results derivable from Theorem 3.3.5 and Theorem 3.3.6 respectively.

3.5 Conclusions

In several earlier developments (see, for example, [3, 4, 14-16]), one can find that
the fractional wavelet transform has rich theory and extensive mathematical back-
ground. This theory presents a study of Abelian theorems in classical as well as
distributional sense both. In our investigation herein, we have established several
Abelian theorems of the fractional wavelet transform. Moreover, with the help of an
example, we have shown that the Mexican hat function is a fractional wavelet func-
tion, which contains adequate time and frequency localization and justifies Abelian

theorems involving the fractional wavelet transform. Upon a systematic survey of
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the existing literature on Abelian theorems for many different integral transforms,
we conclude that Abelian theorems associated with the fractional wavelet trans-
form provide potentially useful information about the initial and final values of the

fractional wavelet transform which we have investigated herein.

KKk
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