
CHAPTER 3

FUNDAMENTAL SOLUTIONS OF

MOORE-GIBSON-THOMPSON (MGT)

THERMOELASTICITY THEORY

3.1 Introduction1

The fundamental solution of a di�erential equation provides the building blocks for

solving problems involving impulse responses. Also, fundamental solution plays a sig-

ni�cant role in obtaining solutions to several problems on elastodynamic theory. It has

been discovered that there are several methods for constructing fundamental solutions

in the classical theories of elasticity and thermoelasticity. The Potential (boundary

integral equation) method is a powerful tool for constructing the fundamental solution

of boundary value problems. In this process, Galerkin-type representation (Galerkin

(1930)) plays a vital role. In the previous chapter, Galerkin-type representation of

solution under MGT thermoelasticity theory has been derived.

The present Chapter continues the theoretical investigation on the MGT thermoe-

lastic model by establishing the fundamental solution of �eld equations for this theory.

Proceeding with addressing the �eld equations in the context of MGT model, the fun-

damental solutions in a short time approximate manner are derived for the coupled

thermoelastic equations using Laplace transform. In the case of steady vibrations, the

1The content of this chapter is is published in Zeitschrift für angewandte Mathematik und

Physik , 74(105), 2023.
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fundamental solutions of the �eld equations are also acquired. The following is a list

of related works that are available in the literature. In the classical theory of coupled

thermoelasticity, Hetnarski (1964a; 1964b) was the �rst to study the short-time ap-

proximated fundamental solutions. The books by Hormander provide comprehensive

information on fundamental solutions of di�erential equations (see Hormander (1963;

1983)). The work of Knops (1981) describes the methods for constructing fundamental

solutions to systems of di�erential equations involving elasticity and thermoelasticity. A

fundamental solution for the generalized thermoelastic LS model has been developed by

Wang and Dhaliwal (1993) for arbitrary distributions of body forces and heat sources.

Using the Galerkin representation, Ciarletta (1995) developed fundamental solutions

for a binary mixture of gases and elastic solids. Later on, Kothari et al. (2010) derived

the fundamental solutions for generalized thermoelasticity with three-phase lags based

on homogeneous and isotropic bodies. For Kelvin-Voigt materials with voids, Svanadze

(2014) presented a fundamental solution to the system of equations of steady vibrations

in the context of elementary functions. Using generalized thermoelasticity theory with

a single delay term, Kumari and Mukhopadhyay (2017) formulated fundamental solu-

tions in an unbounded medium. An analysis of the fundamental solution of the steady

oscillation equations in a porous thermoelastic medium and the dual-phase lag model

has been carried out by Biswas and Sarkar (2018).

3.2 Governing Equations

An Euclidean three-dimensional space W is considered where a homogeneous isotropic

thermoelastic body occupies the surface boundary ∂W at a time t0. Let x = (x1, x2, x3)

be a reference point in the Euclidean space W . A �xed system of rectangular Cartesian

axes Oxk for k =(1, 2, 3) is considered to refer to the motion of the body. The following

are the �eld equations (as given in Chapter-2) under the Moore-Gibson-Thompson
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(MGT) thermoelasticity theory for homogeneous and isotropic material (Quintanilla

(2019)):

µ (∆u)− β grad θ + (λ+ µ) {grad div u}+ ρf = ρü, (3.2.1)

K∆θ̇ +K∗∆θ − βT0 {div ü+τq div
...
u}

−ρcE

{
θ̈ + τq

...
θ
}
= −

(
1 + τq

∂

∂t

)
R. (3.2.2)

To get simpli�ed forms of Eqs. (3.2.1) and (3.2.2), the following notations and operators

are introduced:

n1 =

(
λ+ µ

ρ

) 1
2

, n2 =

(
µ

ρ

) 1
2

, n3 =
β

ρ
,

ϕ =
(
D2 + τqD

3
)
, Di =

∂i

∂ti
, for i = 1, 2, 3, g1=n2

2△-D2, g2=(KD +K∗)△-ρcEϕ,

H =

 L1 −βT0ϕ△

−n3 g2


2×2

, Ld = determinant of H, L1 = n2
1△ −D2,

Ci1 = −
{(

n2
1 − n2

2

)
L∗
i1 − βT0ϕL

∗
i2

}
, Ci2 = L∗

i2,

where L∗
ij (i, j = 1, 2) denote the co-factors of matrix H.

Using the aforementioned notations, Eqs. (3.2.1) and (3.2.2) are converted into the

following forms:

(
n2
1 − n2

2

)
grad div u+ g1u− n3grad θ = −f , (3.2.3)

g2θ − βT0ϕ divu = − (1 + τqD)R. (3.2.4)

Then, the following theorem is established:
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Theorem-3.2.1: Let

u = LdF + C11grad divF + C12 gradr, (3.2.5)

θ = C21divF + C22r, (3.2.6)

where Fi and r are the �elds of class of C7 and C5, respectively. Also, (Fi, r) satisfy

the following equations in the domain of de�nition W × (0, t0) :

Ldg1F = −f , (3.2.7)

Ldr = − (1 + τqD)R, (3.2.8)

then (u, θ) satisfy Eqs. (3.2.3) and (3.2.4).

Proof: This is the Galerkin-type solution of the governing equations of the MGT

theory. The complete proof of this theorem is given in Chapter-2.

3.3 Fundamental Solution

This section determines the fundamental solutions of the �eld Eqs. (3.2.3) and (3.2.4)

based on Theorem-3.2.1 with the following initial conditions:

u (x, 0) = u̇ (x, 0) = 0,

θ (x, 0) = θ̇ (x, 0) = 0, x ∈ W, (3.3.1)

with
lim

|x|→∞
uj → 0, lim

|x|→∞
uj,k → 0,

lim
|x|→∞

θ → 0, lim
|x|→∞

θ,j → 0. (3.3.2)
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The initial conditions for the functions Fi and r can be assumed as

∂jFi

∂tj
(x, 0) = 0,

∂kr

∂tk
(x, 0) = 0, x ∈ W for (j = 1, 2, .., 6; k = 1, 2, 3) . (3.3.3)

Now, it is straight-forward that condition (3.3.3) implies the initial condition (3.3.1) in

view of Eqs. (3.2.5) and (3.2.6).

By using above notations and operators, the generalization of Theorem-3.2.1 can be

written in the following way:

u =
[(
n2
1 △−D2

)
{(KD +K∗)△− ρcEϕ} − βT0n3ϕ△

]
F+n3grad r

−
[(
n2
1 − n2

2

)
((KD +K∗)△− ρcEϕ)− βT0n3ϕ

]
grad divF , (3.3.4)

θ =
[
βT0ϕ

(
n2
2△−D2

)]
div F+

[
n2
1△−D2

]
r, (3.3.5)

together with the corresponding �elds Fi and r satisfying the following equations:

[{(
△− D2

n2
1

)
((KD +K∗)△− ρcEϕ)−

βT0n3ϕ△
n2
1

}(
△− D2

n2
2

)]
Fi =

−fi
n2
1n

2
2

,

(3.3.6)[(
△− D2

n2
1

)
((KD +K∗)△− ρcEϕ)−

βT0n3ϕ△
n2
1

]
r =

− (1 + τqD)R

n2
1

.

(3.3.7)

In order to solve the above system of di�erential equations, the Laplace transform is

used which is de�ned as

F (x, p) = L [f(x, t)] =

� ∞

0

e−(pt)f(x, t)dt,

where p is the Laplace transform parameter.

After using Laplace transform, Eqs. (3.3.4)− (3.3.7) yield the following equations:
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u =
[(
n2
1 △− p2

) {
(Kp+K∗)△− ρcEϕ

}
− βT0n3ϕ△

]
F+n3grad r

−
[(
n2
1 − n2

2

) (
(Kp+K∗)△− ρcEϕ

)
− βT0n3ϕ

]
grad divF , (3.3.8)

θ =

[
βT0ϕn

2
2

(
△− p2

n2
2

)]
divF +

[
n2
1

(
△− p2

n2
1

)]
r, (3.3.9)

with F i and r satisfy the following equations:

(
△− p2

n2
2

)[(
△− p2

n2
1

)(
△−K1G1(p)ϕ

)
−K1K2G1(p)ϕ△

]
F i = −f iG1(p)

n2
1n

2
2

,

(3.3.10)[(
△− p2

n2
1

)(
△−K1G1(p)ϕ

)
−K1K2G1(p)ϕ△

]
r = −G1(p)G2(p)

n2
1

R,

(3.3.11)

where

K1 = ρcE, K2 =
βT0n3

ρcEn2
1

, G1(p) =
1

(Kp+K∗)
, G2(p) = (1 + τqp) .

Let ã21 and ã22 be the roots of the following equation:

M2 −
(
p2

n2
1

+K1G1(p)ϕ+K1K2G1(p)ϕ

)
M +

K1

n2
1

G1(p)ϕp
2 = 0.

Then, Eqs. (3.3.10) and (3.3.11) can be written into the following forms:

(
△− p2

n2
2

)(
△− ã21

) (
△− ã22

)
F i = −f iG1(p)

n2
1n

2
2

, (3.3.12)

(
△− ã21

) (
△− ã22

)
r = −G1(p)G2(p)

n2
1

R, (3.3.13)
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where

ã21 =

√
m1 +m2

2
, ã22 =

√
m1 −m2

2
,

m1 =
p2

n2
1

+K1G1(p)ϕ (1 +K2) , m2 =

√(
p2 +G1(p)K1 (1 +K2)n2

1ϕ
)2 − 4G1(p)K1n2

1ϕp
2

n4
1

.

Now, the fundamental solution is obtained for two separate cases namely: Concentrated

body force and Concentrated heat source in the upcoming section.

Case 1. Concentrated body force

For convenience, time-dependent body force fi is assumed as f j
i , which acts in xi (i =

1, 2, 3) directions at a �xed point y and the external heat source term R = 0 is consid-

ered. Therefore, it is found that

f j
i = δijδ (x− y) d1(t), and R = 0,

Fi = δijΨ, and r = 0, (3.3.14)

where d1(t) is a function of t and δ(.) is the Dirac delta function.

Then, Eq. (3.3.12) takes the following form:

(
△− p2

n2
2

)(
△− ã21

) (
△− ã22

)
Ψ = Z1,

where

Z1 = −G1(p)δ (x− y) d1(p)

n2
1n

2
2

.

If Ψ i satisfy the equations

(
△− p2

n2
2

)
Ψ 1 = Z1,

(
△− ã21

)
Ψ 2 = Z1,

(
△− ã22

)
Ψ 3 = Z1. (3.3.15)
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then, by virtue of Eq. (3.3.15), Ψ can be written as

Ψ =
3∑

n=1

βn(p)Ψn, (3.3.16)

where

β1(p) =
1(

p2

n2
2
− ã21

)(
p2

n2
2
− ã22

) ,
β2(p) =

1(
p2

n2
2
− ã21

)
(ã22 − ã21)

,

β3(p) =
1(

p2

n2
2
− ã22

)
(ã21 − ã22)

.

Using the condition at in�nity (3.3.3), the solutions of Eq. (3.3.15) can be expressed as

Ψ 1 =
G1(p)d1(p)

4πn2
1n

2
2d

e

(
− p

n2
d
)
, (3.3.17)

Ψ 2 =
G1(p)d1(p)

4πn2
1n

2
2d

e(−ã1d), (3.3.18)

Ψ 3 =
G1(p)d1(p)

4πn2
1n

2
2d

e(−ã2d), (3.3.19)

where d = |x− y| .

When x ̸= y, we have

[(
n2
1 − n2

2

) (
(Kp+K∗)△− ρcEϕ

)
− βT0n3ϕ

]
= γ1(p)Ψ1 + γ2(p)Ψ2 + γ3(p)Ψ3,

(3.3.20)(
△− p2

n2
2

)
Ψ =

1

(ã21 − ã22)

(
Ψ 2 − Ψ 3

)
,
(
△− ã21

) (
△− ã22

)
Ψ = Ψ 1, (3.3.21)

where
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γ1(p) =
β1(p)

G1(p)

[(
n2
1 − n2

2

)(p2

n2
2

−G1(p)K1ϕ

)
− βT0n3G1(p)ϕ

]
,

γ2(p) =
β2(p)

G1(p)

[(
n2
1 − n2

2

) (
ã21 −G1(p)K1ϕ

)
− βT0n3G1(p)ϕ

]
,

γ3(p) =
β3(p)

G1(p)

[(
n2
1 − n2

2

) (
ã22 −G1(p)K1ϕ

)
− βT0n3G1(p)ϕ

]
.

In view of Eqs. (3.3.8), (3.3.9), (3.3.20), and (3.3.21), the fundamental solutions for

the displacement components and temperature in the Laplace transform domain are

obtained as

u
(j)
i =

n2
1

G1(s)
Ψ 1δij −

(
γ1(p)Ψ1 + γ2(p)Ψ2 + γ3(p)Ψ3

)
,ij
, (3.3.22)

θ
(j)

=
βT0n

2
2ϕ

(ã21 − ã22)

(
Ψ 2 − Ψ 3

)
,j
. (3.3.23)

Case 2. Concentrated heat source

For this case fi = 0 and R = δ (x− y) d2(t) are considered, where d2(t) is any time

dependent function. Here, Fi = 0 and r satis�es the following equation:

(
△− ã21

) (
△− ã22

)
r = −G1(p)G2(p)

n2
1

δ (x− y) d2(p). (3.3.24)

Now, let Λ1 and Λ2 satisfy the equations

(
△− ã21

)
Λ1 = Z2,

(
△− ã22

)
Λ2 = Z2, (3.3.25)

where

Z2 = −G1(p)G2(p)

n2
1

δ (x− y) d2(p).

Then, r is obtained as
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r =
1

(ã21 − ã22)

(
Λ1 − Λ2

)
, (3.3.26)

where Λi, (i = 1, 2) can be obtained as

Λi =
G1(p)G2(p)d2(p)

4πn2
1d

e(−ãid), i = 1, 2. (3.3.27)

From Eqs. (3.3.8), (3.3.9) and (3.3.27), the fundamental solutions for the displacement

component u(4)
i and temperature component θ

(4)
with the presence of concentrated heat

source is obtained in the Laplace transform domain as follows:

u
(4)
i =

n3

(ã21 − ã22)

(
Λ1 − Λ2

)
,i
, (3.3.28)

θ
(4)

=
1

(ã21 − ã22)

[(
n2
1ã

2
1 − p2

)
Λ1 −

(
n2
2ã

2
2 − p2

)
Λ2

]
. (3.3.29)

3.4 Short-time Approximated Fundamental Solutions

Since inversion of Laplace transforms involved in the solutions of di�erent �eld variables

as derived in previous sections is highly complicated, derivation of closed form analytical

fundamental solution is a formidable task. Hence, the closed form fundamental solutions

in the physical domain is obtained for small time. Therefore, assuming the Laplace

transform parameter p to be very large and neglecting the higher powers of 1
p
, the roots

ã1and ã1 are acquired in the following forms:

ã1 ≈ ϑ11p+ ϑ12 +
ϑ13

p
,

ã2 ≈ ϑ21p+ ϑ22 +
ϑ23

p
,
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where

ϑ11 =

√
A1

2
, ϑ12 =

1

2
√
2

B1√
A1

, ϑ13 =
1

2
√
2

C1√
A1

− 1

8
√
2

B2
1

A
3/2
1

,

ϑ21 =

√
A2

2
, ϑ22 =

1

2
√
2

B2√
A2

, ϑ23 =
1

2
√
2

C2√
A2

− 1

8
√
2

B2
2

A
3/2
2

,

A1 = b1 +
√
b21 − b5, B1 = b2 +

b1b2√
b21 − b5

− b6

2
√

b21 − b5
,

C1 =
8b21b3

√
b21 − b5 − 4b22b5 − 8b3b5

√
b21 − b5 + 4b1b2b6 − b26 + 4 (b21 − b5) (2b1b3 − b7)

8 (b21 − b5)
3/2

,

A2 = b1 −
√

b21 − b5, B2 = b2 −
b1b2√
b21 − b5

+
b6

2
√

b21 − b5
,

C2 =
8b21b3

√
b21 − b5 + 4b22b5 − 8b3b5

√
b21 − b5 − 4b1b2b6 + b26 − 4 (b21 − b5) (2b1b3 − b7)

8 (b21 − b5)
3/2

,

b1 =

(
1

n2
1

+
ρcE
K

τq +
βT0n3

Kn2
1

τq

)
, b2 =

(
1− τq

K∗

K

)(
ρcE
K

+
βT0n3

Kn2
1

)
,

b3 =

{
τq

(
K∗

K

)2

− K∗

K

}(
ρcE
K

+
βT0n3

Kn2
1

)
, b4 =

{(
K∗

K

)2

− τq

(
K∗

K

)3
}(

ρcE
K

+
βT0n3

Kn2
1

)
,

b5 =
4ρcEτq
Kn2

1

, b6 =
4ρcE
Kn2

1

(
1− τq

K∗

K

)
, b7 = −4ρcEK

∗

K2n2
1

(
1− τq

K∗

K

)
.

By substituting the approximated roots into the Eqs. (3.3.22), (3.3.23), (3.3.28) and

(3.3.29), the following fundamental solutions for displacement components and temper-

ature �eld in two cases are obtained:

Case 1:

u
(j)
i =

d1(p)

4πn2
2d

e
− p

n2
d
δij −

∂2

∂xi∂xj

[
d1(p)

4πdKn2
1

{(
Y11

p2
+

Y12

p3

)
e
− p

n2
d

+

(
Y13

p2
+

Y14

p3

)
e−(ϑ11p+ϑ12+

ϑ13
p )d +

(
Y15

p2
+

Y16

p3

)
e−(ϑ21p+ϑ22+

ϑ23
p )d
}]

, (3.4.1)

θ
(j)

=
d1(p)

4πdKn2
1

∂

∂j

[(
Y17 +

Y18

p
+

Y19

p2

){
e−(ϑ11p+ϑ12+

ϑ13
p )d − e−(ϑ21p+ϑ22+

ϑ23
p )d
}]

.

(3.4.2)
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Case 2:

u
(4)
i =

d2(p)

4πn2
1d

∂

∂xi

[(
Z11

p2
+

Z12

p3

){
e−(ϑ11p+ϑ12+

ϑ13
p )d − e−(ϑ21p+ϑ22+

ϑ23
p )d
}]

, (3.4.3)

θ
(4)

=
d2(p)

4πn2
1d

[(
Z13 +

Z14

p
+

Z15

p2

)
e−(ϑ11p+ϑ12+

ϑ13
p )d −

(
Z16 +

Z17

p
+

Z18

p2

)
e−(ϑ21p+ϑ22+

ϑ23
p )d
]
.

(3.4.4)

3.5 Laplace Inversion

The inversion of Laplace transforms are carried out by using the following formulas:

L −1[δ(t)] = 1, L −1[e−γpd] = δ (t− γd) ,

L −1

[
e−γpd

pi

]
= Xi (t− γd) =


0 t ≤ γd

(t−γd)i−1

(i−1)!
t > γd

,

L −1

[
e−

γ
p

pv+1

]
=

(
t

γ

)v/2

Jv
(
2
√
γt
)
, Re(v)>−1, γ > 0,

L −1
[
e−

γ
p

]
= δ(t)−

√
γ

t
J1
(
2
√
γt
)
, γ > 0,

where Jv() is the Bessel function.

Now, the time-dependent functions di(t), i = 1, 2 are assumed as d1(t) = d2(t) = δ(t).

After taking Laplace inverse of the Eqs. (3.4.1)-(3.4.4), the fundamental solutions in

the physical domain are obtained for both cases as follows:
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Case 1:

u
(j)
i =

1

4πn2
2d

[
δ

(
t− d

n2

)]
δij −

∂2

∂xi∂xs

[
1

4πd

{
Y11X2

(
t− d

n2

)
+ Y12X3

(
t− d

n2

)

+ Y13

{
e−(ϑ12d)

√
t− ϑ11d

ϑ13d
J1

(
2
√

ϑ13 (t− ϑ11d) d
)}

+ Y14

{
e−(ϑ12d)

(
t− ϑ11d

ϑ13d

)
J2

(
2
√
ϑ13 (t− ϑ11d) d

)}
+ Y15

{
e−(ϑ22d)

√
t− ϑ21d

ϑ23d
J1

(
2
√

ϑ23 (t− ϑ21d) d
)}

+ Y16

{
e−(ϑ22d)

(
t− ϑ21d

ϑ23d

)
J2

(
2
√
ϑ23 (t− ϑ21d) d

)}}]
, (3.5.1)

θ(j) =
1

4πn2
1d

∂

∂j

[
Y17

{
e−(ϑ12d)

(
δ (t− ϑ11d)−

√
ϑ13d

t− ϑ11d
J1

(
2
√
ϑ13 (t− ϑ11d) d

))

− e−(ϑ22d)

(
δ (t− ϑ21d)−

√
ϑ23d

t− ϑ21d
J1

(
2
√

ϑ23 (t− ϑ21d) d
))}

+ Y18

{
e−(ϑ12d)J0

(
2
√
ϑ13 (t− ϑ11d) d

)
− e−(ϑ22d)J0

(
2
√

ϑ23 (t− ϑ21d) d
)}

+ Y19

{
e−(ϑ12d)

√
t− ϑ11d

ϑ13d
J1

(
2
√
ϑ13 (t− ϑ11d) d

)
− e−(ϑ22d)

√
t− ϑ21d

ϑ23d
J1

(
2
√
ϑ23 (t− ϑ21d) d

)}]
. (3.5.2)

Case 2:

u
(4)
i =

1

4πn2
1d

∂

∂xi

[
Z11

{
e−(ϑ12d)

√
t− ϑ11d

ϑ13d
J1

(
2
√
ϑ13 (t− ϑ11d) d

)
− e−(ϑ22d)

√
t− ϑ21d

ϑ23d
J1

(
2
√
ϑ23 (t− ϑ21d) d

)}

+ Z12

{
e−(ϑ12d)

(
t− ϑ11d

ϑ13d

)
J2

(
2
√
ϑ13 (t− ϑ11d) d

)
− e−(ϑ22d)

(
t− ϑ21d

ϑ23d

)
J2

(
2
√

ϑ23 (t− ϑ21d) d
)}]

, (3.5.3)
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θ(4) =
1

4πn2
1d

[
Z13e

−(ϑ12d)

{
δ (t− ϑ11d)−

√
ϑ13d

t− ϑ11d
J1

(
2
√
ϑ13 (t− ϑ11d) d

)}

+ Z14

{
e−(ϑ12d)J0

(
2
√
ϑ13 (t− ϑ11d) d

)}
+ Z15

{
e−(ϑ12d)

√
t− ϑ11d

ϑ13d
J1

(
2
√
ϑ13 (t− ϑ11d) d

)}

− Z16e
−(ϑ22d)

{
δ (t− ϑ21d)−

√
ϑ23d

t− ϑ21d
J1

(
2
√
ϑ23 (t− ϑ21d) d

)}

− Z17

{
e−(ϑ22d)J0

(
2
√
ϑ23 (t− ϑ21d) d

)}
− Z18

{
e−(ϑ22d)

√
t− ϑ21d

ϑ23d
J1

(
2
√

ϑ23 (t− ϑ21d) d
)}]

.

(3.5.4)

3.6 Representation of Fundamental Solutions for Steady

Oscillation

In this section, Eqs. (3.2.5) and (3.2.6) are used to determine the fundamental solutions

of the �eld equations in the case of steady vibration. The complex-valued functions can

be assumed in the periodic form as

f = Re
[
f ∗e(−iωt)

]
, R = Re

[
R∗e(−iωt)

]
, (3.6.1)

F = Re
[
F ∗e(−iωt)

]
, r = Re

[
r∗e(−iωt)

]
, (3.6.2)

along with displacement vector u and the temperature θ given as

u = Re
[
u∗e(−iωt)

]
, θ = Re

[
θ∗e(−iωt)

]
, (3.6.3)

where i =
√
−1 and ω represents the oscillation frequency.

In view of Eq. (3.6.3), the �eld Eqs. (3.2.5) and (3.2.6) reduce to the following forms:
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u∗ =
[(
n2
1△+ ω2

) {
(K(−iω) +K∗)△− ρcE

(
−ω2 + iτqω

3
)}

− βT0n3△
(
−ω2 + iτqω

3
)]

F ∗

−
[(
n2
1 − n2

2

) {
(K(−iω) +K∗)△− ρcE

(
−ω2 + iτqω

3
)}

−βT0n3

(
−ω2 + iτqω

3
)]
grad divF ∗ + n3grad r∗, (3.6.4)

θ∗ =

[
βT0n

2
2

(
−ω2 + iτqω

3
)(

△+
ω2

n2
2

)]
divF ∗ +

[
n2
1

(
△+

ω2

n2
1

)]
r∗. (3.6.5)

In addition, the complex valued functions (F ∗, r∗) satisfy the following system of equa-

tions:

(
△+ σ2

1

) [(
△+ σ2

2

) (
△+ σ2

3

)
− βT0n3 (−ω2 + iτqω

3)

n2
1 (K(−iω) +K∗)

△
]
F ∗ = − f ∗

n2
1n

2
2 (K(−iω) +K∗)

,

(3.6.6)[(
△+ σ2

2

) (
△+ σ2

3

)
− βT0n3 (−ω2 + iτqω

3)

n2
1 (K(−iω) +K∗)

△
]
r∗ = − R∗ (1− iτqω)

n2
1 (K(−iω) +K∗)

,

(3.6.7)

where

σ1 =
ω

n2

, σ2 =
ω

n1

, σ3 =

√
ρcE (ω2 − iτqω3)

(K(−iω) +K∗)
.

Here, the operator N (△) is de�ned by

N (△) = △2 +

{(
σ2
2 + σ2

3

)
− βT0n3 (−ω2 + iτqω

3)

n2
1 (K(−iω) +K∗)

}
△+ σ2

2σ
2
3. (3.6.8)

If ξ21 and ξ22 are the roots of N (−λ) = 0, then above operator can be rewritten as

N (△) =
(
△+ ξ21

) (
△+ ξ22

)
. (3.6.9)

Therefore, Eqs. (3.6.6) and (3.6.7) can be expressed in the following forms:
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(
△+ σ2

1

) (
△+ ξ21

) (
△+ ξ22

)
F ∗ = −f ∗Q∗

1

n2
1n

2
2

, (3.6.10)(
△+ ξ21

) (
△+ ξ22

)
r∗ = −R∗Q∗

1Q
∗
2

n2
1

, (3.6.11)

where Q∗
1 = (K(−iω) +K∗)−1 and Q∗

2 = (1− iτqω) .

Now consider following two cases:

Case 1:

Here f ∗
i = δ (x− y) δij, R∗ = 0, F ∗

i = Φδij, and r∗ = 0 are considered. Therefore, the

Eq. (3.6.10) takes the following form:

(
△+ λ2

1

) (
△+ λ2

2

) (
△+ λ2

3

)
Φ = −R, (3.6.12)

where R =
δ(x−y)Q∗

1

n2
1n

2
2

, λ1 = σ2
1, λ2 = ξ21 , and λ3 = ξ22 .

If the functions Φi (i = 1, 2, 3) satisfy the following equations:

(
△+ λ2

1

)
Φ1 = −R,

(
△+ λ2

2

)
Φ2 = −R,

(
△+ λ2

3

)
Φ3 = −R. (3.6.13)

then Φ can be expressed in the form as

Φ =
3∑

n=1

DnΦn,

where

D−1
n =

3∏
j=1,(j ̸=n)

(
λ2
j − λ2

n

)
, (n = 1, 2, 3) .

Hence, the following is found:
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Φ =
Q∗

1

4πdn2
1n

2
2

3∑
n=1

Dne
(iλnd). (3.6.14)

In view of Eqs. (3.6.14), (3.6.4) and (3.6.5), one can �nd

u
∗(n)
j =δjnn

2
1 (K(−iω) +K∗)

[(
△+ ξ21

) (
△+ ξ22

)]
Φ

−
[(
n2
1 − n2

2

) {
(K(−iω) +K∗)△− ρcE

(
−ω2 + iτqω

3
)}

− βT0n3

(
−ω2 + iτqω

3
)]

Φ,jn, (3.6.15)

θ∗(n) =βT0n
2
2

(
−ω2 + iτqω

3
) (

△+ σ2
1

)
Φ,n. (3.6.16)

Case 2:

Now, let f ∗
i = 0, R∗ = δ (x− y) and F ∗

i = 0, r∗ = Ω are assumed, where Ω satis�es

the following equation:

(
△+ λ2

2

) (
△+ λ2

3

)
Ω = −Q∗

1Q
∗
2

n2
1

δ (x− y) , (3.6.17)

then, Ω can be obtained as follows:

Ω =
Q∗

1Q
∗
2

4πdn2
1 (λ

2
3 − λ2

2)

[
e(iλ2d) − e(iλ3d)

]
. (3.6.18)

In view of Eqs. (3.6.4), (3.6.5) and (3.6.18), the solutions for displacement u
∗(4)
j and

temperature distribution θ∗(4) are obtained in the following forms:

u
∗(4)
j = n3Ω,j , (3.6.19)

θ∗(4) = n2
1

(
△+ σ2

2

)
Ω. (3.6.20)

This completes the solution of steady oscillations.
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3.7 Conclusion

The present Chapter examines a non-classical thermoelastic model in accordance with

the MGT heat conduction law. This includes fundamental solutions in the context

of MGT theory for the homogeneous and isotropic body. Two cases are considered;

namely concentrated body force and concentrated heat source for investigating the fun-

damental solutions for thermoelasticity in the context of MGT model. The problem

is formulated to obtain solutions for the distributions of displacement components and

temperature in the Laplace transform domain. Then fundamental solutions are estab-

lished in the physical domain for the short-time approximated displacement components

and temperature �elds by applying the Laplace inversion technique. Lastly, the system

of equations as a fundamental solutions in the case of steady oscillations are obtained

in the present context.
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