Chapter 5

Two semi-infinite moving cracks
situated at two different interfaces
of four semi-infinite orthotropic

strips in a composite medium

5.1 Introduction

In fracture mechanics, many crack propagation problems can be converted to the
W-H equation in a complex transformed plane. The W-H Technique approach im-
plemented in this chapter, was initially described by B. Noble in his book [113],
and since then, it has been extensively studied by other scholars and engineers. The
hardest part of this method is factorizing the kernel. Nilsson [114,{115] has provided a
method for determining the asymptotic expression of SIF by using the W-H method-
ology without the kernel’s visible factorization, which was revolutionary and used in
several research articles. Meanwhile, the applications of the W-H technique are fur-
ther studied by Abrahams |116]. The use of W-H technique for a semi-infinte crack
for square lattice has been studied by Sharma [118]. SIF for a moving semi-infinite
crack has been studied by Basak and Mandal [119]. Furthermore, the scattering
effect on two semi-infinite cracks has been studied by Maurya and Sharma [117].
Ustinov et al. [120] studied the effect of arbitrary loading on a central occurred semi-

infinite crack using the W-H Technique.

In this chapter, the problem of two moving interfacial semi-infinite cracks at dif-
ferent interfaces under different normal loadings have been converted into a standard

W-H equation by applying defined Fourier transformation. The asymptotic analyti-
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cal expressions of SIFs and CODs have been determined using the W-H technique.
The graphical representation of SIFs and CODs justifies the physical nature of the
problem for various values of depths of strips and crack velocities. The model of two
interfacial semi-infinite cracks moving from opposite directions at different interfaces
has been solved for the very first time in this chapter. Thus, the problem is the
first of its kind where the W-H technique has been used to find SIF and COD for a

four-layered orthotropic strip system weakened by two moving semi-infinite cracks.

5.2 Mathematical problem formulation

Let us consider two semi infinite cracks (h < X < 00, Y =h and — o0 < X <
—h, Y = —h) situated at the interfaces of two different semi infinite strips of different
orthotropic materials. Consider the first crack is propogating with a constant velocity
¢, along the positive X-axis and the second crack is propogating in the direction along
negative X-axis with same constant velocity c. At any time ¢, the position of the first
crack is ¢t < X < 0o, Y = h, the position for second crack is —oo < X < ct, Y = —h
as depicted through Figl5.1]
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Figure 5.1: Geometry of the original problem

The equation of motion for the displacement components U (XY, ¢) and V9 (XY, 1),

along X and Y directions, respectively is as follows
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where C’l({), C’l(g), C’g) and ,u%) are material constants and p¥) are material densities
and j = 1,2, 3 and 4, correspond to the medium-1, 2, 3 and 4, respectively, are related
() ()

1

by the relation Cg) = Uy Cﬁ), where v,;" are Poisson’s ratios.

The following transformation has been used to make the system free from ¢, such

as X =z —ct,Y =y and t =t, we get

, ) 20,(9) S 02,0) , N 920W)
G) )2 u () O"u G) GV
(Cyy = pYc”) 02 + My B2 +(Cra +M12)8x8y =0,

. o 0% £ 020 . ;2N

where u)(z,y) = UY(X,Y,t) and v (z,y) = VU (X,Y,t) are displacement
components. The expressions for stresses related to displacement components are as

follows:

) Ould) ) o)

U(j)zcg or + Cg E

vy

(5.2.3)

) ) (au(J) N o)

o8 =12 \ 5+ 5 ) ji=1,2,3,4. (5.2.4)
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The boundary and continuity conditions for the problem are follows as

o) (x, h+) = ol (x,h—) = 0, x>0,

1 _ @ _
Ua(:y)(x’ h+) - Ug(cy)(x> h_) - O, €T > O,

2 _ 3
Uz(/y)(xvo) _Uéy)(ma())a —00 < T < 00,
U%)(ac,()) = Jg(cz)(x,O), —o00 < < 00,
oz, —h+) = ol (z,—h—) =0, z <0,
af’y)(x, —h+) = (T:(é/)(:ﬂ, —h—) =0, xr <0,
u (z, h) = uP(z, h), —oo <z <0,
v (x, h) = v (z,h), —o0 <z <0,
u?(z,0) = u®(z,0), —00 < x < 00,
v@(x,0) = v®(z,0), —00 < & < 00,
u® (z, —h) = u(z, —h), 0 <z < oo,
v®(x, —h) = vW(z, —h), 0 <z < oo,
uV(x,2h) =0, —00 < T < 00,
vW(z,2h) = v(()l), —00 < x < 00,
u® (z, —2h) =0, —00 < x < 00,
v@W (2, —2h) = —064), —oo <z <oo, (5.2.5)

where v[()l) and 064) are the displacement constants. The boundary and continuity
conditions need to be slightly modified to use the W-H Technique by superimposing
normal constant loadings 0(()1) and 0(()3) on first and second crack surfaces, respectively.

Hence the modified boundary and continuity conditions are as follows:

oy (@, ht) = o3) (@, h=) = g, r>0,  (526)
1 _ _

O';y)(l’, h+) Uéy) (x,h—) =0, x>0, (5.2.7)
2 _ 3

aéy)(x, 0) = U?Sy)(:c,O), —oo <z <oo, (528)

afy)(x, 0) = 3(;;) z,0), —o00 <z <oo, (529)

of) (@, —h+) = o) (@, ~h=) =~ r<0, (5.2.10)

@ (x, —h+) = o) (x,—h—) =0, z <0, (5211)

uM (z,h) = u®(z,h), —oo <z <0, (5212)

v (z, h) = v (z, h), —oo <x <0, (5213)
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u?(z,0) = u®(z,0), —00o <z <00, (5214)
v (x,0) = v®(z,0), —o00o <z <oo, (5b.2.15)
u® (z, —h) = u®(z, —h), 0<z<oo, (5.2.16)
v®(x, —h) = oW (z, —h), 0<zxz<oo, (5217)
uM (z,2h) =0, —o00o <z <oo, (5.218)
v (z,2h) =0, —oco <z <00, (52.19)
u®(z, —2h) = 0, —0co <z <00, (5.2.20)
v@(x, —2h) =0, —oo <z <oo. (5221)

“4) (1)

The values of v(()l), vy, 0p  and 0(()3)

are should be picked in a manner that the

normal loadings on the crack surfaces are uniform, as follows

1 1) ~(1)y (1 2 2) ~(2)\ (2
(O +va Ol o = (CFF) + v O, (5.2.22)

Addionally, the specific values of 081) and 0(()3)

, as given by Georgiadis and Pa-
padopoulos |107], the two sets of boundary conditions previously defined refer to the

same cracked problem are as follows:

1 1) ~(1)y, (1 2 2) ~(2)y, (2
W _ _(Cn O () )Ry

= — = — 5.2.23

3 3 3 3 4 4 4 4

o _ _(Cn TV CO () + ) CL)y”
ol = ; = - . (5.2.24)

Now the boundary conditions (5.2.6) and (5.2.10) can be modified as

oW (@, h) = oe”, x>0, (5.2.25)
ol (@, —h) = —0g e, @ <0, (5.2.26)

where e;and €3 are very small positive quantites, which are tending to zero.
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Figure 5.2: Geometry of the transformed problem

The solutions of Eq.(5.2.2)) after applying the Fourier transformation by Eq.(/1.4.1)

are given by

g(j)(&y) — A(j)(g)evl”éy + BU )(g) —1ey el®) (&)er Pey + DU )(f) —véj)fy’ (5.2.27)

0 (€.y) =i ) (AD ()" — BO () )
i aD OV — p(e)e ), (5.2.28)

where AU (&), BU)(€), CU)(€) and DU (¢) are the unknown functions and oz,(gj) =
() _ D2 G
Clj(cg)]JrM;Q) 8(; 27 k=1,2and (7Y)2, (7{")2 are the positive roots of the following
equation

e

U12 Cé R {0{32‘)2 + 201@#52 - C'1(1)0(]) + (le + 022 > G) 2} ’Y(j)Q

+ (C'ﬁ) _ p(j)cz)(u(é) p(j)CQ) = 0. (5.2.29)

The expressions for the stresses after taking Fourier transform are given as

50)(6y) = (0 a2 - CF) (AD () 4+ B ()e®)
+i6(C8) a4 — 0 (CV(©)e'® + DO (€)e "), (5.2.30)

iy . . . X ) . N E))
79(Ey) = €n (af +917)(AV (" — BY (g)e ")
. . . 7) . N E))
&) (0 +75)(CV (O — DV ), (5:231)
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5.3 Solution of the mathematical problem

Using the boundary and continuity conditions from ([5.2.12)-(5.2.21)) to reduce the
unknowns into AU (¢)'s and BY(€)'s,we get

CY(E) = a1 AV (&) + 0 BY(¢), (5.3.1)
DW (&) = ag AW () + b, BM(¢€), (5.3.2)
C(€) = az AV () + b; BY(€) + ag AP (€) + bsBP(€), (5.3.3)
D (&) = agAW () + bg B (€) + a1g AP () + b1o BP (€), (5.3.4)

CO(E) = ais AN (&) + bis BV (€) + a16AP (€) + b1 B (€)
+ s AP(€) + bir B (), (5.3.5)

D® (&) = ag AW () + bisBW (&) + a19 AP (€) + b1o B (€)

+an AP (€) + b BY(€), (5.3.6)
CO() = az AW (&) + bsBY(¢), (5.3.7)
DW(&) = as AW () + 0B (©). (5.3.8)

Now Using the conditions from ([5.2.7))-(5.2.11)) to reduce the rest of the unknowns

in terms of A (&) are obtained as

40)(g) = (azb2 = nbso) AD(E) + (baobsn — bsiban) BU(E)

, 5.3.9

(a32530 - a30b32) ( )

B® () = (aggazs — CL31CL30)A(1)(5) + (bagaszz — bslaso)B(l)(f)’ (5.3.10)
(b3za3o - 5306132)

AB(¢g) = (assbss — asrbss) A (€) + (basbss — 537536)3(1)(5)7 (5.3.11)

(a38 b3 — a36b38)
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BO)(g) = (45988 = agrazs) AN (€) + (bgsags — bsrags) BY(€) (5.3.12)
(bssaze — basaas) ’ o
AW (&) = (aa1bas — aazbao) AW () + (barbas — bazban) BY(€) (5.3.13)
(@44bsz — a2baa) ’ o
BW (&) = (as1a1s — as3a12) AV (E) + (barasg — byzasr) B (E) (5.3.14)
(bas@az — bapaas) ’ o
BO(¢) = —(a91 + ana33 + bopaas + a3azg + bygao + 24045 + baaasg) AW (€)

(ba1 + a22bss + baobsy + ass3bsg + basbao + a24bss + basbag)
(5.3.15)

The values of all the unknown coefficients involved here can be found in Appendix

A. Let us define o'y (x,h), o) (x,—h) and displacements in y — azis as

Jw(:c, h) = mW(x), x <0, (5.3.16)
v (x, h) — v (z,h) =nW(z), x>0, (5.3.17)
O'Z(Iz)(l‘, —h) =m¥(z), x>0, (5.3.18)
v®(x, —h) — v (z, —h) = n®(z), z <0, (5.3.19)
with the Fourier transforms as
0
m(E) = / m (2)e dz, (5.3.20)
V2
A(E) = —— / nW (z)edx 5.3.21
+ (5) \/ﬂ / ( ) ) ( c )
17 A
G (3)( )i 5.3.22
m m' (z)e' " du, 3.
P = —= / @ (5:3:22)
X 0
=3 ¢y — (3) itz
n = — [ n"(x)e"~"dx. 5.3.23
© === [ 19 (5:323)
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The stresses and displacements are known to be bounded at infinity according to the

physical nature of the problem. Hence we have

ImM ()] < My|z|~™, as T — —oo, (5.3.24)
[n® ()| < Nyfa| ™™, as T — —00, (5.3.25)
|m(3)(:c)] < Mzx~'ms, as T — 00, (5.3.26)
In®)(z)| < Nyz~'"2, as x — 0o, (5.3.27)

for some lmy, Ims, Iny, Ing > 0 with My, M3, Nyand N3 are finite positive numbers.
These conditions ensure that Eqgs.(5.3.20))-(5.3.23)) exist. It is also seen that njb(_l)(f),

m(€), ni”(€) and n”(€) are analytic for 7 < 0,7 > 0,7 > 0 and 7 < 0.

5.3.1 Wiener-Hopf technique

The expressions of stresses and displacements with the help of Eq.(5.2.25)-(5.2.26))
and (5.3.16)-(5.3.19), we get

(1)
—(1) _ =D 90

F) (& h) =m (&) + e 1) (5.3.28)
o0(Eh) = o ) =ni (), (5.3.29)

(3)

=B) (¢ _p) — 7573 ey _ 90

Ty (& —h) =m(€) —\/%<€3 +ie) (5.3.30)
v® (¢, —h) =W (¢, —h) = (). (5.3.31)

We get the following Wiener-Hopf Equations for both the cracks after some mathe-
matical computations by using Egs.(5.3.1)-(5.3.15)) and relations from Egs.([5.3.28)-
(5.3.31)) as

(1)
ey — W ey % 3.
V) = KO (R 6) - = (5.3.32)
m(3)(§) _ K(3)(§)ﬁ 3)(5) + i (5.3.33)
+ - V2 (e; +i)’

where KO(€) = ek{V (€) /K" (€) and K®(€) = ek (€) /K5 (€) and
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1 1 1) @1 1 1 _~M 1 1) (1
kD (€) = (0% alP ) — OO (@ + e ) 4 (O ayY

— O (e + bla47)€7£1)§h + (a2 + b2a47)€77§1)5h)7 (5.3.34)

(1) (1) (1) (1)
kél)(f) = agl)(evl Pt agren ) 4 Oéél)((al + agrby)e”? " — (ag + byagr)e 2 )
(2) @
- 0452)«“33 + bazaar)e” h— (a3q + bzgaqr)e gh) — ozéz)((cw + brayy
(2)
+ a8<a33 + b33a47) + bg(a34 + b34a47))€’72 ¢h _ (a9 + b7 + alo(a33 + b33a47)

(2)
+ bio(ass + 5346147))6722 gh’ (5.3.35)

. _ 3 (3)
kf)) &) = W(Cég) 0‘53)%3) - C’g))(e n Sh(a39 + bsgagr) + €N §h(0l4o + bapaar))
. 3
+ M(Cg) Ofé?))Vég) - CS))(G T2 gh(am + bisasr + are(ass + bszaar) + big(asa
(3)
+ bsgaqr) + ar7(asg + bsgaar) + biz(ago + baoasr)) + €72 gh(als + bisaar

+ a19(as3 + bszaar) + big(azs + basasr) + azo(asg + bagasr) + bao(aso + baoaar))),
(5.3.36)
kég) (&) = iagg)((a&g + 539a47)€_7£3>£h — (ag + b4oa47)€7§3)§h) + iaég)(€_7§3>£h(a15
+ bisaa7 + ar6(azs + bszaar) + big(aza + bsaaar) + ar7(asg + bsgaar) + bi7(as
+ bao@ar)) — 67§3>£h(a18 + bigay + arg(ass + bzzaar) + big(azs + bssaar)
+ ago(asg + bagaar) + bao(aso + baoaar))) — ia§4)((a45 + 545a47)€77§4)5h

@ , O
— (46 + bagaur)e” M) — 20424)(%(@45 + bys@ar) + bs(age + bagayr))e 2 <"

@
— (aa(ass + basaaz) + ba(ass + bagasr))e’ ). (5.3.37)

The Eqgs.(5.3.32)-(5.3.33)) represent the standard form of Wiener-Hopf Equa-

tion.In order to solve these equations the factorization of both the kernals K1) (&)

and K®) (&) are given as

KO(¢) = KOk (), (5.3.38)
K®(¢) = kP (kD (), (5.3.39)

where k(j)(g ), kf) (€) are non zero analytic in upper half plane for any 7 > 0 and
D (€) , k¥ (€) are non zero analytic in lower half plane for any 7 < 0.

The Egs.(5.3.32))-(5.3.33]) can be rewritten by using the factors from Egs.([5.3.38])-
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(5.3.39), as

e T Var(e +i€)kM (€)

—(3) (3)

my (&) e e I

e O e o) o440

Now, we decompose the last term in the RHS of the Eqs.(5.3.40) and (5.3.41]) as

% _ gWiey — g (1)
/_27T(61+Z§)k_1)(§) HY(&) = Hy'(§) + HE(8), (5.3.42)
o = HO(¢) = HY(€) + HY (), (5.3.43)
Ve (e + i€k (€)
where
(1)
1) _ 0o 1 _ 1
H=(E) V27 (e + i€) <k(_1)(£) kﬂ%ﬁ))’ (5344)
(1)
H(l) o 0-0 cJ.
+ ) V2m(e + Zf)k_l)(zel)7 (5.345)
(3)
H(3) _ 09 1 B 1 N
(3)
HY (&) = i 3) , (5.3.47)
V27 (e3 +i€)kS” (ie3)

where Hil)(é') and Hf’)(ﬁ) are non zero analytic for any 7 > 75(7p > 0), and
Hg)(f) and H® (&) are non zero analytic for any 7 < 79(79 < 0).

The Egs.(5.3.40) and (5.3.41)) with the help of Egs.(5.3.42)-([5.3.47)) becomes
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)

m.’(§) ey = 1O ey=0 ey _ O

K (e) + H27(§) = k7 (Ony (§) — Hi(8), (5.3.48)
—@)

m+ (5) . (3) _ 3) ﬁ3) (3)

() H7(§) = k2 (En=0(8) + H(E). (5.3.49)

Here the LHS of Eq.(5.3.48) and RHS of Eq.(5.3.49) i.e., m (€), kM (€), HY(¢),

)
) (&), k%) (€) and H® (5) are analytic in the lower half plane for 7 < (10 < 0).
)

Again, the RHS of Eq.(5.3.48) and LHS of Eq.(5.3.49) i.e., k" (), n1 (&), H(€),

mf) (€), k‘f) (¢) and Hf’) (€) are analytic in the lower upper plane for 7 > (7 > 0).

Hence, the common region of analyticity for all the functions is the line 7 = 0. Thus
by using the analytic continuation it can be said that both the Eqs. and
(5.3.49) are single valued analytic in the entire complex plane and will be assumed to
be equal to entire functions P (¢) and P®)(€), respectively. The functions m )(5),
ﬁﬁ:)(f), mf”(g) and 7% (¢) are bounded for large value of ¢ and k’il &), /{:(_1)(5),
EP(€) and £P(€) will tend to €2, Hence, LHS and RHS of Eqs.(5.3.48) and
Eq.(5.3.49) tend to £V/2, and RHS and LHS of Eq.(5.3.48) and Eq.(5.3.49) tend to
€2 Thus, the zero function is the only analytic function, as determined by the

extended Liouville theorem theorem, to satisfy both sides of Eq.(5.3.48|) as well as
of Eq.(5.3.49)). Hence, we get

: (5.3.50)
(5.3.51)

Now by using Eqgs.([5.3.48])-(5.3.49)) with the help of Eqgs.(|5.3.50))-(5.3.51]) and Eqs.(5.3.42))-
(5.3.47), we get the following relations as

() )
() () — % k2(€)
=) V27 (e +i€) (k:(”(m) 1) ’ (5:3.52)
()
() = o , 5.3.53
O Torte 1 ek 55
(3) (3)
w3 —% ki (8) _
SO= V2 (e +i€) (kf”(@ 1) ’ (5:3.54)
L,
n? (&) = 0 (5.3.55)

Var(es + i)k (ies) k) (€)
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As per constant loading conditions, €; and e3 will be tending to 0. Hence the

above relations become

. 0(1) k(_l)(f)

(1) 0 _ 3.
= Vg (k(l)(o) 1)’ (5:3.56)
1 e
() = — : (5.3.57)

o pC) JAC) (€)
B)rey 0 + _
5 pC))
7 (¢) = 6l (5.3.59)

To find the values of SIFs without factorizing the kernals K™ (¢) and K®)(¢), we
are using the method given by Nilsson [114,[115]. In this method by only knowing
the values of kernals at small and large values of &, the expression for SIF can be

found. Therefore, the asymptotic values for both the kernals are

1 2 2 2 2 2
) = e e +af'sf%) o
i - @, ~0 ORNCONC) CINCNCINONC 1
h(2012 ‘1“022( 71 —ay ) = Oy (a1 +ay 7))
(5.3.60)
. K(l)(g) 1 1 2 2 2 2 2
lim =222 = (20 = Clad" ) (@77 — aPs”) (=20 + Oyl

+ a9 ) (O - ol ) et
2) (2 (2 2) (1) (2 1 1 2
O‘i )75 ))le + C )(2 ( )VE )Mg; + QCY( Jaf? )(NB - Mgz))

2 2 2 2
— 20020 = 3089 1) + 304 ) + O (20248 )

1 2 2 2
o+ oA - ) - i)

2)2 1 2 1) (2 1
oy (o pn 757 pa2)) + el (=P )

+7< 2uls) — P2 = 1Y, (5.3.61)
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limE©(€) =~ (€ - o aPr®) 208 a4

3 3)2 4 4 4 4 4 4 3
+ Ot aP ) (a8 — a8 i) ) (haPal? (o)
3 4)3 3
— 208”08 + Y — 20 NE ) = 11, (5.3.62)

KW 4 4 4 4 4 4 4) (4
1 KOO ((af9 — ofC(al? — o 40 ~o4%) - i

+ 05l (0 (" = 45Y) + P AEINCHE (-1 + 2087 )91 )
+4a (0 — 2008 + 4P — 207 + ol (<1 + 2087) (1)
=2(0” = 1Y + 987 + o (=14 200 + 29)u))) - €5 (o (CFF

— R aP A (= + o (-1 + 208 + 290)) Y + CF (o

x Py — 4y gy + 2087 ag s (<P s + 20575
x (=1 + 205" + 257 )i3) + af? (a1 — 2057957 (205741257 il
— 2087089 (—1 + 208 + 2983 + A )(uﬁz) —2a8) — 298 i)
+ 0D (=(C) - Qa4 (0 — 200l + Y — 2084l

— 209 (@ (=1 + )P ul) — 400l (<1 + 208 + 29l
+ oS (Pl + o (0P (<1 + 2087 + 29 ) + af 8P (2087
x 1) — Wuiy) + of? (1 + 4Py — 298 1)) — o (P20l + o (-1
+ 40875 (—1 + 208 + 29 + (1 + o)y P (— ) + 2(af”
+ AN/ (—(CR(CH PP (0l = 20V af) + 41 — 2078 )l
+ O (=1 + 20819l + 2087 (o — 2&)&@+%’—2d”%5
x g3 + o (=14 208) (3 — 2(08” + 48 )uR)) + €5 (@Al

3 3 3)2 (3 2 3
+ 205755 (<14 205" + 2967) i) — 2057957 (04T + 417 l)

3 3)2 3 4
+ai (af wl — 20N (1) = 20 + AP M (@8 (@l

3 4 4 4 4

+ 042 )’Y #12 +0‘§ )( o2 (,U§2) - M§2)) ( 2 Ngz) +a( )(% ) ’Yé ))M( )
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3 4 4 4 3
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4 4)2 4 4
08— 2502+ 0 a8 + 45

oy P (i + i) =157, (5.3.63)
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Let us rewrite Eqs.(5.3.56)-(.3.59) for a large value of ¢ as
1) k(l)(f)
limm" (€) = lim —2 = , 5.3.64
fﬁgm (&) = 51@ /_27r(i§) k(,l)(O) ( )
lim7s! (€) = "51) (5.3.65)
mn , 5.3.65
SR = e T 0R©
(3 k(3) (5)
limmP(¢) = | %o + , 5.3.66
gﬂngr 3 53}7?0\/%05) krf’)(O) ( )
lim® (&) = lim "53) (5.3.67)
mm. = lim 5.3.67
éveo erooV/am (iR (0K (€)

The asymptotic expressions of above equations with the help of the Egs.(|5.3.60))-

(5.3.63) can be determined as

(1) 5mi/a l(l)

__(1) _0p € b2 p—1/2

m_ (f) - \/% lgl)g , as § — 00
(1) 5mi/4

() = =" as £ o0

NS

_0.(3)€7Ti/4 l(3)

m@@ — 0—\/% ;_3)5—1/2, as & — o0
1
_(3) mija
() =~ as € oo,

\/ 2l

(5.3.68)

(5.3.69)

(5.3.70)

(5.3.71)

Using the inverse Fourier transformation on the expessions of Egs. (5.3.68)-(5.3.71)),

we get
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o |

; 1) _ 0 —-1/2
iz_% m'(z) 5 ngl)x ) (5.3.72)
_ -1
lz'rré nM(z) = Lxlp, (5.3.73)
o wlMis)
lim m®(z) = ﬁ ﬁx_lp (5.3.74)
z—0 2 7Tl§3) 9 WO,
3)
liné n®(z) = L(—x)lﬂ. (5.3.75)
o P

The Eq.(5.3.72) and Eq.(5.3.74)) represent the stress components of the first and
second crack, respectively. Thus the square root singularities which are present in

both equations are very much expected at the crack tip as the physical nature of the

problem. The Eq.(5.3.73) and Eq.(5.3.75) represent the displacement components
for the cracks, which are required to find the crack opening displacements of the

cracks.

5.4 Expressions of Stress intensity factor(SIF) and
Crack opening displacement(COD)

The expression for SIF for the first crack is determined as

(1)
_ limvars o0 _ o0 |
K= iz_% 2nx aéy)(x, 0) = -0, ;51) (5.4.1)

The value of normalized SIF(with respect to V(()l)) of the original problem by

putting back the value of 0(()1) from Eq.(5.2.23) into Eq. is obtained as
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1 1) ~(1 1
(Céz) + V§1)C§2)) lé )

SIF = . 5.4.2
h 21" >42)
The expression for SIF for the second crack is determined as
S () @ | 15
Ky = limv2rro,; (2,0) = oy Tf&) (5.4.3)

The value of normalized SIF(with respect to 1/0(3)) for the second crack of the

original problem by putting back the value of a(()l) from Eq. into Eq.

is obtained as

3 3) ~(3 3
(C + v Cy) | 15

SIF = — . (5.4.4
h 21 )
The expression for the COD of first crack is given as
(1)
-2
COD = —=20__ 1/ (5.4.5)
l(l)l(l)
14

and the value of normalized COD(with respect to Vél)) of the original problem is

obtained by substituting the value of O'(()l) from Eq.(5.2.23]) into Eq. 1| as

1 1) ~(1 1
2(052) + V§1)C{2)) lé : 2172

COD = (5.4.6)
h 211V
The expression for the COD of the second crack is
(3)
2
COD = — =20 ()12 (5.4.7)

P
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and the value of normalized COD(with respect to 1/(()1)) for the original problem

is obtained by substituting the value of aél) from Eq.(5.2.23) into Eq. 1| as

3 3 3 3
20y + ) | B
h 21

COD = — —x)'/2, (5.4.8)

5.5 Numerical results and discussions

For the numerical computation of SIFs and CODs, E-glass epoxy is used for the
first and fourth semi-infinite strips viz., Medium-1 and 4, Graphite epoxy is used
for the second semi-infinite strip representing Medium-2, and Boron epoxy is used
for the third semi-infinite strip representing Medium-3. The material properties(in
GPA unit) of all the orthotropic materials used for the model are listed in the table

given below.

Materials Ch Coy Cio 12 P

E-glass epoxy 46.09 12.60 2.86 5.50 2.1
Graphite epoxy | 155.36 16.31 3.67 7.48 1.6
Boron epoxy 209.09 19.97 5.06 6.4 1.99

Table 5.1: Engineering material elasticity constants
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Figure 5.3: Variations of the normalised SIF for first crack vs crack velocity (c¢) for
h=2,4and 6 .
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Figure 5.4: Variations of the normalised SIF for second crack vs crack velocity (c)
for h = 2,4 and 6.
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Figure 5.5: Variations of the normalised COD for first crack vs displacement at
cracked surface y = h for crack velocity (¢) =0.5,1.0 & 1.5 and h = 2.
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Figure 5.6: Variations of the normalised COD for first crack vs displacement at
cracked surface y = h for crack velocity (¢) = 0.5,1.0 & 1.5 and h = 4.
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Figure 5.7: Variations of the normalised COD for first crack vs displacement at
cracked surface y = h for crack velocity (¢) = 0.5,1.0 & 1.5 and h = 6.
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Figure 5.8: Variations of the normalised COD for first crack vs displacement at
cracked surface y = h for crack velocity (¢) = 0.5 and h = 2,4 & 6.
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Figure 5.9: Variations of the normalised COD for first crack vs displacement at
cracked surface y = h for crack velocity (¢) = 1.0 and h = 2,4 & 6.
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Figure 5.10: Variations of the normalised COD for first crack vs displacement at
cracked surface y = h for crack velocity (¢) = 1.5 and h = 2,4 & 6.
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Figure 5.11: Variations of the normalised COD for second crack vs displacement
at cracked surface y = —h for crack velocity (¢) = 0.5,0.75 & 1.0 and h = 2.
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Figure 5.12: Variations of the normalised COD for second crack vs displacement
at cracked surface y = —h for crack velocity (¢) = 0.5,0.75 & 1.0 and h = 4.
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Figure 5.13: Variations of the normalised COD for second crack vs displacement
at cracked surface y = —h for crack velocity (¢) = 0.5,0.75 & 1.0 and h = 6.
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Figure 5.14: Variations of the normalised COD for second crack vs displacement
at cracked surface y = —h for crack velocity (¢) = 0.5 and h = 2,4 & 6.
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Figure 5.15: Variations of the normalised COD for second crack vs displacement
at cracked surface y = —h for crack velocity (¢) = 0.75 and h = 2,4 & 6.
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Figure 5.16: Variations of the normalised COD for second crack vs displacement
at cracked surface y = —h for crack velocity (¢) =1and h =2,4 & 6 .

The asymptotic analytical expressions for SIFs and CODs are clearly depending

on the material constants, crack velocity and the depth of the strips as seen from the
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Eqs.—. The SIFs for the first and second crack have been depicted graph-
ically in Figs[5.3] and It is observed from both the cracks that SIF is decreasing
as the crack velocity increasing and it approaches to zero as ¢ — Cg, because, for
the Mode-I crack propagation problems, the upper limit of crack velocity c¢ is the
rayleigh wave velocity Cr as they are the surface waves. Thus the crack velocity is
always lower than the rayleigh wave velocity, i.e., ¢ < Cr and when it approaches
to Cr, SIF vanishes, which is entirely reasonable given the physical aspect of the
mathematical model. Also, SIF decreases as the depth of the strips increases, which
verifies that SIF is inversely proportional to the depths of the strips h as determined
by the expressions of SIFs. Also, it is noted that the value of the SIF for the second
crack is considerably higher than for the first crack. This implies that increasing the

strip depths can prevent the material from failing.

The graphical representation of CODs can be shown from the Figs[5.5}5.10] for
the first crack and through Figs[5.11}[5.16| for the second crack, respectively. For both
cracks, the crack opening displacement becomes zero at the origin of the cracks. Also,
it can be seen that through Figs[5.515.7 and Figs[5.11H5.13] as the crack velocity in-

creases, COD decreases.

The effect of depth of the strips has been observed through Figsl5.8 and
Figs 5.16[ , as the depth of the strip increases the value of the COD decreases
for both cracks. It is also observed, as per the SIF, the values of CODs are also
much higher for the second crack than the first crack. Also, SIF and COD will give

different values for different combinations of the orthotropic materials.

5.6 Conclusion

The problem of two moving interfacial semi-infinite cracks coming from the opposite
direction, situated at different interfaces of four semi-infinite orthotropic strips media
in the composite medium, is solved using the W-H technique with the help of Fourier
transformation for converting the mixed boundary value problem into standard W-
H equation for both the cracks. The approximate asymptotic analytical expressions
of the stress intensity factor and crack opening displacement have been obtained.
The variation of normalized SIFs and CODs have been shown graphically for various
crack velocities and depths of the strips. It is also observed that by taking the suit-
able orthotropic materials and depths of the strip, SIF and COD can be controlled.
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The problem studied here can be applied in real life to improve safety standards
in various industries. For example, in the automotive industry, it can help to identify
the stress levels in vehicle components, leading to improved designs and manufactur-
ing processes. It can also be used to identify potential fracture locations, allowing for
implementing preventive maintenance measures to reduce the potential for vehicle
failure. In the aerospace industry, the research in this chapter can be used to ensure
the safety of aircraft structures. In civil engineering, it can be used to ensure the
safety of bridges and other large structures. Overall, the research from this chapter
can be used to improve safety standards in various industries and thus lead to a

better quality of life.
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