Chapter 3

An efficient robust domain decom-
position method for singularly per-
turbed coupled systems of parabolic

problems

In this chapter, we consider the following coupled system of parabolic singularly

perturbed problems

{ Lu(z,t) = (Opu+ EPu+ Au)(z,t) = fl,t), (r,t) € Q=(0,1)x (0,T],

u(z,0) =0, x €[0,1], w(0,t) =gy(t), w(l,t) =g, (t), t € (0,T],
(3.1)

where

—&1 0 an(w, t) a12(1’, t)
£ = 5 A= 7f: <f17f2)T7
0 —&9 CLQl(ZE, t) CLQQ(ZL‘7 t)
and €1, g9 are perturbation parameters such that 0 < e; < g9 < 1. We assume that

the entries of the matrix A satisfy

2 _ (3.2)
Zaij(x,t) >a>0,1=12(x,t) €

j=1

{ a;;(z,t) <0, i #j; ai(z,t) >0, i =7,

41
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Further, assume that the data of problem (3.1) is sufficiently regular and the com-
patibility conditions g{”(0) = g!{”(1) = 0, s = 0,1,2; 8207£(0,0) = 0200 (1,0) =
0, 0 < s+ 2¢ < 2, hold to ensure that u € C*2(Q)? (the time partial derivatives
are continuous up to second order and the spatial partial derivatives are continu-
ous up to fourth order) [54, 94]. Also, assume that Iy = {(x,0) |z € [0,1]}, and
M ={(z,t)|t € (0,T], = 0,1}, I = 'y UT;. Here, perturbation parameters ¢,
and €5 can be of different magnitude and can take arbitrary small values. So, the

solution of problem (3.1) exhibits multiscale character.

Over the last two decades, domain decomposition based numerical methods have at-
tracted many researchers to find approximate solutions to partial differential equa-
tions (see [30, 31, 67, 90, 112-116] and the references therein). Particularly, for
problem (3.1), we are aware of only one paper [53] in which a domain decomposition
algorithm of SWR type is developed and analyzed. It is proved that the algorithm
gives robust numerical approximations for the exact solution. However, the compu-
tational cost of this algorithm is high, since at each time level the components of the
approximate solution are coupled. To decrease this computational cost, in this paper
we consider two additive (or splitting) schemes [107, 117] for the discretization that
allow the computation of the components of the approximate solution in a decou-
pled way at each time level. We provide convergence analysis of the algorithm using
some auxiliary problems and the algorithm is shown to be robust convergent. In
the fitted mesh framework, additive schemes for problem (3.1) are analyzed in [55].
Firstly, the time semidiscretization is introduced and some auxiliary semidiscrete
problems are defined. Then the spatial discretization is introduced by discretizing
these auxiliary semidiscrete problems. The time semidiscrete scheme and spatial
discretization are analyzed separately, and to analyze the robust convergence of the

spatial discretization a priori bounds on the solution of the semidiscrete auxiliary
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problems are derived, which is an additional task and require more regularity and
higher order compatibility conditions. However, in the present paper, the totally
discrete scheme is considered directly for analysis. Further, best to our knowledge,
this is the first time additive (or splitting) schemes are analyzed in the domain

decomposition framework for singularly perturbed systems.

The work in this chapter is arranged as follows. In Section 3.1, a priori bounds are
given. In Section 3.2, we introduce a domain decomposition algorithm for problem
(3.1). In Section 3.3, we analyze the algorithm using some auxiliary problems and
establish the robust convergence of the algorithm. In Section 3.4, numerical results
are given to validate the theoretical convergence and also to verify the efficiency of

the algorithm. Further, some concluding remarks are given in Section 3.5.

3.1 Derivative bounds

The exact solution of (3.1) can be decomposed as u = v+ w (see [54]), where v is

the regular part satisfying

Lyvy=f inQ, v=¢ only, v=0 onl,, (3.3)

where ¢ satisfies

0+ AC=Ff (x,t) €{0,1} x (0,7], ¢(z,0)=0, z¢€{0,1}, (3.4)

and w is the singular part satisfying

Lw=0 inQ), w=u—v onl. (3.5)
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We next provide bounds on the derivatives of each part of the decomposition; for
the regular part v = (v, v9)" it holds

107 vllg < €, [|0F0]lg < €, p=0,1,2,

10701l < C(1+ ' ™2), [|0kvalg < C(1+&57"?), p=3,4,
and for the singular part w = (wy,ws)" it holds

|0V w,, (2, )] < CBe,(x),n=1,2, 0 <p <2,

jwi(z,8)] < CBey(x),  |wa(z,t)] < CB., (),

(02w (2, 1)) < Cley"?Bey (1) + 3" Bz, (),

02w, (x,1)] < C(2,7 B, (2)), p=1,2,

2w (2. )] < Cley By (1) + " Bey (), p=3.4,

|Bws (2, 1) < Cey (7 V2B, (1) +2, 2B, (2)), p=3,4, ¥ (2,1) € .

Further, for e; < g5 and &, < «/2, the singular part w = (wy, wy)? can be further

decomposed as wy = Wy ¢, + W1 gy, Wa = Wae, + Wae,, Where

|w1,61 (ZL‘, t>| < 861 (]3), ’aiwl,fl ($,t)| < 61_1861 (SL’), ‘aiwlﬁz (S(I,t)l < éT2_2B€2 (‘T)?

|w2,€1 (I?t” < le (ZE), |a§w2,€1 (ZE,t)| < g2_1861 (l‘), |a§w2,€2 (Z‘,t>| < é‘2_2662 (l’)

for (z,t) € Q. One can see a detailed proof of these bounds in [54].

3.2 Splitting schemes based domain decomposi-

tion method

From these bounds we observe that the solution w has overlapping layers near
x = 0,1. So, we divide the original domain into five overlapping subdomains. The
decomposition of the domain is as follows: €, = D, x (0,T], p = €{,{,m,r,rr,

where Dy = (0,4p1), D¢ = (p1,4p2 —3p1), Dp = (p2,1 —p2), Dy = (1 —4ps+
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FIGURE 3.1: Decomposition in space.

3p1,1—p1), Dy = (1 —4py,1) with subdomain parameters p; and ps (see [118])

4
pzzmin{%, 2”%2IHN}’ plzmin{%, 21/%lnN}, (3.6)

where N is the spatial discretization parameter. Here, two are sublayer subdomains,
one is a regular subdomain, and two subdomains are subdomains overlapping with
sublayer subdomains and the regular subdomain. We remark that the parameters
p2 and p; considered in the paper are slightly different from than those used in [118].
The parameters are defined keeping in mind that the subdomains €2, and €2, do not

overlap, and further the subdomains 2, and €2, do not overlap with the subdomain

Q.

We consider a rectangular mesh DY x w* on each subdomain ©, = D, x (0,T].
For D, = (¢, d), we define a uniform mesh ﬁ;v = {z;}, with h, = (d — ¢)/N such
that c = g < 71... < xny_1 < on = d. Let oM = {tj}j]‘io be a uniform mesh in time
direction with step length At = T'/M. Suppose D) = ﬁgﬂDl, and wM = wMN(0, T).

On each subdomain Q)" we consider the following discretization

LIMU) 5 = LM — Sij[Uplij—1 =



Chapter 3. An efficient robust domain decomposition method for singularly
perturbed coupled systems of parabolic problems 46

where

LyMU) = 00U + E02U )5 + Pij[U i,
with

(Upiij — Upij1)
At ’

(Up;i+1j 2UPZJ+U1M 1])

[0:Upli; = 2

(02U, ], =

and A;; = P;; — S, ;. When P, ; = A, , the discretization reduces to the implicit
Euler scheme in time and the central difference scheme in space, which is considered

n [53]. Here, in order to decouple the system and reduce the computational time,

we consider P; ; as follows [55, 107, 117]

a1 (s, t;) 0 a1 (x4, t;) 0
P, ! 7 ’

0 aga (T4, ;) a1 (T3, t;)  axn(xi,t;)
The above two choices are considered for P;;. We also use the notation P;; =
diag(A; ;) for the first matrix, and P, ; = ltr(A; ;) for the second matrix. Further,
using A;; = P;; — S, ;, S;; is defined accordingly.

Setting @ = (@, "\ QU@ M\ Q) UM

UM Q) U@\ Q,), the iter-
ative procedure to find the approximate solution of (3.1) is defined as follows: choos-
ing the initial approximation U such that U%(z;,t;) = 0, (z;,t;) € (0,1) x (0, 7],
with Uz, t,) = u(x;,0), (z5,t;) € D" x (0} and Uy, 1)) = u(x, t;), (zi,t;) €

{0,1} x w™, we compute Upk], for each k£ > 1, by solving

[LyMUR, — Sii[U i = £ for (zi,t;) € ",

ng] (z;,0) =0 for x; € EM, (3.7)
Ul (0,4;) = g,(t)) for t; € wM

UE’;] (4p1,t;) = Z,U*(4p, 1)) for t; € wM
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(
[LYMUR 5 — Si[UR i = £y for (z;,t;) € M,
UM(z;,0)=0 for z; € BN,
rTr Tr (3‘8)
UM(1 —4py,t;) = U1 —4p, t)) for t; € wM
| U,1) = gty) for t; € W
[LTN,MUE’@}]M _ Si,j[Uyﬂ]]i,jfl =fi; for (w;,t;) € QM.
UM (z;,0)=0 for z; € Eiv,
UM (1 —4py +3p1,t;) = UF U1 — 4py +3py,t;) for t; € wM
\ UM — py,t;) =, U1 - py 1)) for t; € wM
( (3.9)
LMU = S0 = £y for (2;,1;) € Q"
UM (z;,0)=0 for z; € EN,
i( ) k ¢ (3.10)
Ul (o1, 1) = U (o1, 1)) for t; € w
L ng]<4p2 — 3p1, tj) = IjU[kil}(leQ — 3,01, tj) for tj S (UM
(LU — 83U = fiy for (mi, 1)) € QM
UM (z;,0)=0 for z; € Em,
(3.11)
UM (py, 1) = T, U[k](pm tj) for t; € wM
UM — py, t;) = UKL — py,t;) for t; € wM

\

where Z; Z is the piecewise linear interpolant of the mesh function Z at time level ¢;.

The above iterative process is repeated until [[U — UlkE=1|| a

parameter) is not satisfied, where the solution UM is computed as follows

Ul im0yt
Ul i M\
—N,M

Uk = Uk i Q.
UM in ﬁr’ \ﬁm,

Ul e\ Q.

=vu < 7y (user chosen

(3.12)
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3.3 Convergence analysis

For convergence analysis, firstly we split the global error into the discretization error

l|lu — ﬁ||§N,M and the iterative error ||[U — U[k”‘ﬁN,M using the following triangle

inequality

|l — UB[gvm < ||w = Ullgvar + |0 = UM |[gn, (3.13)

where U is constructed from the following auxiliary problems in the similar way as

(3.12):
’
(Lo Uulij — Si[Oulijr = £y for (w:,;) € 9™,
ﬁa(xi, 0)=0 for x; € 5?2,
\ Uu(n,t;) = u(n, ;) for (n,t;) € {0,4p1} x W™,
( N N
(LU = Sis[Unligr = £y for (wi,t5) € QM
ﬁw(xi, 0)=0 for z; € Eﬁ,
| U, (n.t)) = u(n. ;) for (n,t;) € {1 —4p1, 1} x W™,
[LXMU 5 — 8i[Unij = £ for (z,t;) € QN
U, (2;,0) =0 for z; € 57{\[,
U, (n,t;) = u(n, ;) for (1, t;) € {1 —4pa +3p1, 1 = pr} x w,
( (LM Uiy = 83 (Ui = £y for (wi,t;) € 7,
INJg(xZ-, 0)=0 for z; € Eév,
\ Ui(n,t;) = uln, t;) for (n,t;) € {p1,4p2 — 3p1} x WM,
( (L Uliy = Sij[Umlijor = £ for (wi,t;) € QY
4 ﬂm(gji,O) =0 for z; € ET]Z,
U, (1, t5) = uln, t;) for (n,t;) € {pa. 1 — pa} x W™,
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Next, we are going to introduce some notations and the discrete maximum principle
which we shall use to establish convergence of the algorithm.

o = max{ max |(Ug — Uee) (p1, 1), max |(Ur — U )(1 = 1, 45)},

tjewM

p = max{ mmas (T = V)2, 1), mavs (T = Tr)(1 = pas )},

tjewM

pag, = max{ max (U — Z;U) (dp1, )], Jax (U, = LU (1 = 4p1, 1)},

tjcEw

Hapy—3p1 = max{ max |(ﬁf - Ijﬁm)(4p2 — 3p1, tj)|7 tlggiif |(67’ - ijjT)(l - 4p2 + 3p1, tj)}v

t; cwM

plt = maX{tf_Iéagg (T — U ) (4p1, 1)), Jmax (U, — Z;UF) (1= 4py, 1)),

max (U, — Z,UM ) (4p; — 3p1,1;)], max (U, = ZUR ) (1 = 4py + 3p1, 1) [}

t; cwM

Lemma 3.1. Let Z, be the mesh function such that Z,(xo,t;) > 0 and Z,(zy,t;) >
0 fort; € WM, and Z,(x;,0) > 0 for z; € E;V. If[,év’MZp > 01in Qév’M, then Z, > 0

. —=N,M
m Qp )

Lemma 3.2. For u and ﬁp, respectively, the solution of (3.1) and auziliary prob-
lems, we have

| — ﬁp||§5,M < C(At+ N72In®N).

ain (xi, t)) 0
Proof. Suppose P;; = ’ , then for (z;,t;) € Qész, we

0 agn(xi, t;)
have

(LM (u—TU,)),; = [CYMu— Ll j = [Su—w)ij+E[02u— v+ S [wij—wij1).

Define LN = (£ £°")T. For n = 1,2, it holds

1LYM(u—T,)ig| < (8¢ — 00) g + Cl(Ua—nsinj — Us—nsij1)| + €n [ (62 — 02) tpi] -
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By Taylor expansions and bounds on the derivatives in Section 3.1, we get
| (0 = Or) nsi| + Cl(uz—nsij — Us—nsij—1)| = C(t; — tj-1) <||atus—n(l’w ‘)H[t]-_l,t]-]) +
Oty ~ ty1) (10unais )

< CAt for (z;,t;) € QI])V’M, n=1,2
Thus, we are left to obtain a bound for |(62 — 8?) u,,; ;| . For simplicity let us consider
p2 = (2¢/2In N)/y/a and p; = (24/e1In N)/\/cx, that is e; and €, are small and of
different magnitude. This is the most interesting case and other cases can be dealt
accordingly. For (z;,t;) € QM p = e, rr, n = 1,2, using Taylor expansions and
bounds in Section 3.1 with A, < C’\/aN’1 In N, we get

< CN72In®N.

[zi—1,241] —

En ‘(cﬁ — 89%) unm} < Cenhi H@ﬁun(., tj)|

For (z;,t;) € QZ"DV’M, p = £, r, use the solution decomposition u, = v, + w,, w, =
Wne, + Wpe,, Taylor expansions, bounds on the derivatives, and the mesh width to

get

En ‘(55 - 02) un;m} < Cenh; H@;*vn(.,tj)‘

+ Ce, Hazwn,m(-utj)‘

[i—1,2441] [i—1,2441]

L Ceh? |0t ey (1))

[wi—l7x’i+1]

< CN72In%N.

Next, for (z;,t;) € QM we again use the decomposition u, = v, + w,, Taylor

expansions and bounds on derivatives in Section 3.1 to get
en | (62 = 02) uniig| < €| (02 = 02) vniig| + 0 | (02 — 02) Wiy

< Ce,h2, H(‘?;‘Un(.,tj)‘

+ Ce, H@gwn(.,tjﬂ

[zi—1,2541] [i—1,2441]

< C(At+ N72).
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Thus, we have |[L)"M (u — ﬁp)]i,ﬂ < O(At+ N=21In* N). Now, using Lemma 3.1 to
the mesh function C(At + N2In% N) + (u— U,)(z;, t;), we get

l|w— 6,,||§5M < C(At+ N72In®N).

Repeating the above arguments, we can obtain the same bound for the other choice
of P@j. ]
Theorem 3.3. Let UH be the k'™ iterate of the present algorithm and U be the
solution of the auziliary problems. Then, it holds

|0 — UM|| v < C27F + C(At + N72In* N). (3.14)

Proof. For (z;,t;) € Q™ Uy — U;é] satisfies

ﬁZ’M(ﬁM — U[l]) 0 in QZ’M,

ﬁg( - U[l] Ty, 0)=0 for x; € EN,
( 7
(U —UN(0,8;) =0, [(Ug — U (dpr,t)| < plU1 for t; € wM

Thus, using Lemma 3.1 to the mesh function -4 11 4+ (U, — UEK])(%, t;), we get

|(fjee — U%) < M1 for (wi,t;) € QZ’M
Hence,
[0 = Ul gy g, < 47l (3.15)
Similarly,
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Next, we have

.

MU -u) =0 in Q)
(U, — UM (21,00 = 0 for z; € D",

(U =0 (4p2 = 3p1, )l <l for t; € M,

(O = U (o1, 1) < 4701 + i 1 for 85 € W,

\

where the last bound follows by adding and subtracting fJgg. Now, using Lemma 3.1

for @(z;) 1 + p,, 1+ (U, — UL”)(mZ-, t;), we have

~ —N,M
(U= U (@i ty)] < @)1+ 1, (wity) €9,

—2? 4+ (13py — 11py)x + 12p3 + 24p2 — 37
where (o) =~ R LAREBREBAZIL ¢ [, 4p, - 3]

Further, since ¢ is the increasing function and ¢(ps) = 1/2, we have

100 = U llgyang, <27+ . (3.17)
Similarly,
10, =0y, <270+ g (3.18)

Next, we have

LM, -ull)y = 0 in QVM
(Up — UMY (2it,) = 0 fora; €D,

(U = Ut < 27 00 4 14 1,1 for (1) € {p2, 1= po} x ™,
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where the last bound is obtained by adding and subtracting ﬁg when 1 = py; and

adding and subtracting U, when 1n =1 — ps. Thus, by Lemma 3.1 we get

1T, = U omar < 27 4 1y, + 1. (3.19)
On combining the previous bounds we have

10 = UMgmar <270 4 g1y, + g1,

Next we require an estimate for p?! to bound ||I~J — UP||. Applying a triangle
inequality, stability of Z; and (3.17), (3.18), (3.19), we get
(T, = ZUM)(n,8)] < papy 1 + 2761 + 11,1 when {p = €0, = 4p,} and {p =

rr,n=1—4p},

(U, =ZUM) (i, 1)) < prags s 1427 p U1+ p1, 1441, 1 when {p = €,n = 4ps—3p1}
and {p=r,n=1—4py + 3p1 }.
Therefore,

pB <27, gy fap—ap,

Hence,
max {Mmu Hfj - Um ‘ |§N’M} <A+ 2*1/L[1}, A= Hpy + Hps + Hap, + Hapo—3p; -
Repetition of the previous arguments give

max {u[k+1], |U — Ul N,M} <A+ 27 M

]
g
On simplifying we get ¥ < 2)\ + 27¢=1 41l Therefore

10 — UM onar < 2X + 2770, (3.20)
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The bound on p,, + p,, directly follows from Lemma 3.2. Note that pu,, + tap,—35,
is the interpolation error. Hence, using the standard interpolation error bounds
and the arguments in Lemma 3.2 we can bound fu,, + plap,—3,,- Thus, we have
A < C(At + N=21n* N). Futher, using Lemma 3.1 it follows that x/Y! < C. Hence,
1T - UM|| v < C27F + C(At + N~21n* N). O

Theorem 3.4. Let UM be the k™ iterate of the present algorithm and w be the
solution of (3.1). Then, it holds

lu— UM |gvar < C27F + C(At+ N2 In* N). (3.21)

Proof. Combining Lemma 3.2 and Theorem 3.3 together with (3.13), we have the

proof of the theorem. O

3.4 Numerical results

In this section we shall consider two test problems and present the obtained numer-

ical results.

Example 3.1. Consider the following problem

hu+ EPu+ Au=f inQ:=(0,1) x (0,1],

u(z,0) =0, x€[0,1], u(0,t)=gy(t),u(l,t) =g (t), te(0,T],

where
2 -1 fi
-1 2 fo
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and fi, f», 8, and g; are determined such that u = (u;, us)? is of the form

uy(z,t) = t(p1(x) + pa(x) — 2) + (1 + x)te™,

up(w,t) = e1(1 = e ) (pr(x) — 1) + 11 = t)(p2(x) — 1),

with
pnl(x) = (e7Vor 4 e TV (14 e Vel p = 1,2,

EN,At EN,At

We compute the maximum pointwise errors E_'Z" and the uniform errors as
follows
NAt _ N,At NAt _ N,At
E. e = llu = Unlgvar, B = mE?XEsl )
NAt _ N,At N,At N,At :
where E." = max{E_ 7", E_ ", .,...E_J; .} is evaluated for a fixed value of

g1 = 1077 ¢ is a non-negative integer. We then define the uniform convergence

rates as follows

RN,At _ logQ(EN’At/EQN’At/A‘).

TABLE 3.1: Present algorithm with P;; = A; ;: Uniform errors ENA! and rates
of convergence RV'2¢ for Example 3.1.

N =25 N =26 N =2 N =28 N =2
At =1/4 At =1/42 At =1/43 At =1/4* At =1/45
EYRT 8.691e-02 2.481e-02 6.409¢-03 1.616¢-03 4.048¢-04
RYVAT1.808 1.953 1.988 1.997
E}RT9.326e-02 2.411e-02 6.076e-03 1.522¢-03 3.807e-04
Ry 1.951 1.989 1.997 1.999

Tables 3.1, 3.2, and 3.3 display the componentwise uniform errors and rates of
uniform convergence for Example 3.1, when P, ; = A;;, P;; = diag(A;;) (the
diagonal part of the matrix A, ;), and P;; = ltr(A;;) (the lower triangular part of
the matrix A; ;), respectively. From these tables, we observe that the uniform errors

are similar in size for all the choices. Tables 3.4 and 3.5 display the iteration counts
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TABLE 3.2: Present algorithm with P; ; = diag(A; ;): Uniform errors EVA and
rates of convergence RV2* for Example 3.1.

N =2 N =26 N =27 N =28 N =2
At =1/4 At =1/42 At =1/43 At =1/44 At =1/4°
ENAT 8.691e-02 2.481e-02 6.409¢-03 1.616e-03 4.048e-04
RYAT1.808 1.953 1.988 1.997
E}RT 2.762e-01 7.497e-02 1.918e-02 4.822¢-03 1.207¢-03
Ry 1.881 1.967 1.992 1.998

TABLE 3.3: Present algorithm with P;; = ltr(A;;): Uniform errors ENAt and
rates of convergence R™V2! for Example 3.1.

N=2° N =26 N =27 N =28 N=2°
At =1/4 At =1/4? At =1/43 At =1/44 At =1/4°
ENAT T 8.691e-02 2.481e-02 6.409¢-03 1.616e-03 4.048e-04
R4 1.808 1.953 1.988 1.997
ENAT9.160e-02 2.475¢-02 6.320e-03 1.589¢-03 3.977¢-04
R4 1.888 1.969 1.992 1.998

TABLE 3.4: Present algorithm with P;; = A;; : Iteration counts taking e; =
10~ in Example 3.1.

gg=10" N =2° N =2° N =27 N =28 N =2°
At=1/4  At=1/4? At=1/4>  At=1/4* At=1/4
2

)

© 00 3O ULk Wi -
= oD WWND = =N

=N W R W WD NN W
== N W R R R W W
== N WOt Ot O s W Ot
= =N WO Oy Oy Ot ot O

that are required to achieve the stopping criterion of the algorithm with P; ; = A, ;
and P;; = diag(A;;) or ltr(A;;), respectively. From these tables we note that
the number of iterations required are same for the choices P;; = diag(A; ;) and

P,;; =ltr(A,;;), while the iterations differ slightly for the choice P;; = A, ;.
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TABLE 3.5: Present algorithm with P;; = diag(A; ;) or P;; = ltr(A;;): Itera-
tion counts taking 1 = 107 in Example 3.1.

gg=10"" N =2° N =2 N =27 N =28 N =2
At=1/4  At=1/4? At=1/4>  At=1/4* At=1/4°
2
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Example 3.2. Consider the following problem

u+ EPu+ Au=f in Q:=(0,1) x (0,1],
u(z,0) =0, z€0,1], u(0,t)=0,u(l,t)=0, te(0,T],

where

A 2(1+z)> —(1+2%) e cos(mzx/2)

—2cos(mw/4)  2.2e'7® T

Since the exact solution of this test problem is not known, we apply the double mesh

method to compute the maximum pointwise errors as follows

E?i:?; — HUN,At . UQN’At/4“§N,J\/I,

U2NAL/4

where the approximate solution is obtained on a mesh that consists of same

transition parameters p; and p, as for the solution UM2! and contains 2N + 1 mesh

points in space and step size At/4 in time. The uniform errors EY At and uniform

RN,At

convergence rates are calculated in the same way as earlier.
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TABLE 3.6: Present algorithm with P;; = A; ;: Uniform errors ENA! and rates
of convergence RV?? for Example 3.2.
N =2 N =2° N =27 N =28 N=2°
At =1/4 At =1/42 At =1/43 At =1/44 At =1/4°
ENA 3.086e-02 1.072¢-02 3.192e-03 9.070e-04 2.545e-04
RYAT 1526 1.748 1.815 1.833
E}RT 3.116e-02 1.094e-02 3.421e-03 1.080e-03 2.730e-04
RYAY 1511 1.677 1.664 1.984
TABLE 3.7: Present algorithm with P; ; = diag(A; ;): Uniform errors ENVA! and
rates of convergence R™V2! for Example 3.2.
N =2 N =2° N =27 N =28 N =2
At =1/4 At =1/4? At =1/43 At =1/44 At =1/4°
ENAT 4974602 1.318¢-02 3.495¢-03 9.540e-04 2.658e-04
R4 1.697 1.915 1.873 1.843
EXAT 4.348e-02 1.472e-02 4.286e-03 1.266e-03 3.241e-04
R4 1.562 1.780 1.759 1.966
TABLE 3.8: Present algorithm with P;; = ltr(A;;): Uniform errors EMA! and
rates of convergence RY At for Example 3.2.
N=2 N =2° N =27 N =28 N =27
At =1/4 At = 1/4? At =1/43 At =1/4* At =1/4°
EXAT3.620e-02 1.115e-02 3.293e-03 9.310e-04 2.616e-04
RMAL 1699 1.760 1.822 1.831
EyRT 3.742e-02 1.288e-02 3.813¢-03 1.173e-03 2.980e-04
RYA! 1.539 1.756 1.700 1.977

Tables 3.6, 3.7, and 3.8 display the componentwise uniform errors and rates of uni-

form convergence for Example 3.2. Tables 3.9 and 3.10 give the number of iterations

that are required to achieve the stopping criterion of the algorithm. From these

tables, we have the same observations as we have had from tables corresponding to

Example 3.1.

In order to compare the computational cost of the algorithm for different choices

of P;; we include Tables 3.11 and 3.12, where we display the used CPU time (in

seconds) for different values of N and At for Examples 3.1 and 3.2, respectively,
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TABLE 3.9: Present algorithm with P;; = A;; : Iteration counts taking ¢; =
107 in Example 3.2.
g9 =10"" N =2° N =26 N =27 N =28 N =29

At =1/4 At =1/42 At =1/43 At =1/44 At =1/4°
n=20 3 4 5 5! 6
1 2 2 3 4 5
2 1 3 4 5 6
3 2 3 5) 6 7
4 3 4 5 6 7
5 3 4 5! 6 6
6 3 3 3 3 3
7 2 2 2 2 2
8 1 1 1 1 1
9 1 1 1 1 1
TABLE 3.10: Present algorithm with P;; = diag(A; ;) or P;; = ltr(A;;): Iter-
ation counts taking €; = 102 in Example 3.2.
g9 =10"" N =2° N =26 N =27 N =28 N =29
At=1/4  At=1/4? At=1/4>  At=1/4* At=1/4
n=>0 2 3 4 5 5)
1 2 2 2 3 4
2 1 2 3 4 5
3 1 2 4 5 6
4 2 3 4 5 6
5 2 3 4 5 5)
6 2 3 3 3 3
7 2 2 2 2 2
8 1 1 1 1 1
9 1 1 1 1 1
TABLE 3.11: The used CPU time in seconds for Example 3.1 with e; = 1078, ey =
1077,
Algorithm] N =2° N =2 N =28 N =2 N =21
At=1/4%| At=1/43 | At=1/4"| At=1/45| At =1/4°
P;;= diag(Am) 1.088 5.559 42.090 392.212 4818.501
P;;= ltr(Am) 1.141 5.526 43.136 393.257 5058.971
P,;=A,; 1.281 6.249 55.331 779.942 11143.219

taking e = 1078, gy = 1077,

From these tables, we observe that the algorithm

is more efficient for the choices P;; = diag(A;;) and P;; = ltr(A;;) than the
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TABLE 3.12: The used CPU time in seconds for Example 3.2 with e; = 1078, ey =
1077,

Algorithm] N =2° N =2 N =28 N =2 N =21
At=1/42| At=1/4%3| At=1/4*| At=1/4° | At =1/4°

P, ; = diag(A;;) 0.387 1.530 12.547 157.318 2913.764
P,;=1lir(A;;) 0.406 1.543 11.313 154.032 3170.091
P,;=A,, 0.463 2.236 41.814 917.521 19251.564

choice P; ; = A, ;. Further, we note that the used CPU time for the choices P; ; =
diag(A; ;) and P, ; = ltr(A, ;) are similar. In summary, the uniform errors and the
uniform rates are similar for all the choices, while the additive (or splitting) schemes

are computationally more efficient than the standard discretization scheme.

3.5 Conclusions

A parabolic coupled system of singularly perturbed reaction-diffusion problems is
considered in which perturbation parameters can be of distinct magnitude. We
decomposed the original domain into five overlapping subdomains. On each subdo-
main, we consider two additive schemes on a uniform mesh in time and the standard
central difference scheme on a uniform mesh in space. We provided convergence anal-
ysis of the algorithm using some auxiliary problems and the algorithm is shown to
be uniformly convergent of order two in space and order one in time. Further, nu-

merical results are given in support of the theoretical convergence result and as well

as to illustrate the efficiency of the additive schemes.

Kokokokokoskook ok ko kok
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