PREFACE

The thesis consists of six chapters. Chapter 1, provides a brief introduction of
the thesis. Basic definition of fractional integral and derivatives including the lit-
erature survey of various fractional partial differential equations are provided. The
challenges and motivation behind choosing the topic and problem statement of the

thesis are explained.

Chapter 2 presents numerical algorithms for the Riesz-space fractional partial dif-
ferential equations based on the combination of finite difference and operational
matrix technique. In this chapter, we construct two efficient numerical schemes by
combining the finite difference method and operational matrix method (OMM) to
solve Riesz-space fractional diffusion equation (RFDE) and Riesz-space fractional
advection-dispersion equation (RFADE) with initial and Dirichlet boundary con-
ditions. We applied matrix transform method (MTM) for discretization of Riesz-
space fractional derivative and OMM based on shifted Legendre polynomials (SLP)
and shifted Chebyshev polynomial (SCP) of second kind for approximating the time
derivatives. The proposed schemes transform the RFDE and RFADE into the system
of linear algebraic equations. For a better understanding of the methods, numerical
algorithms are also provided for the considered problems. Furthermore, optimal er-
ror bound for the numerical approximation is derived. The stability of the schemes
is also established numerically. The schemes are observed to be of second-order ac-
curate in space. The effectiveness and accuracy of the schemes are tested by taking
two numerical examples of RFDE and RFADE and found to be in good agreement
with the exact solutions. It is observed that the numerical schemes are simple, easy

to implement, yield high accurate results with both the basis functions. Moreover,
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the CPU time taken by the schemes with SLP basis is very less as compared to
schemes with SCP basis. The content of this chapter is published in “Applied

Numerical Mathematics, 161 (2021) 244-274”.

Chapter 3 is based on a computational algorithm for financial mathematical model
based on the European option. In this chapter, the computational approach is based
on the combination of finite difference with the operational matrix approach for
solving the time-fractional Black-Scholes model (TFBSM) arising in the financial
market. In order to discretized the Caputo time fractional derivative, the L1-2
approximation is used. To approximate the space derivatives, the OMM based on
SLP and SCP is used. The proposed algorithm transforms the TFBSM into a system
of algebraic equations, which can be solved easily to get the numerical solution.
Furthermore, theoretical unconditional stability and convergence of the numerical
scheme are established for 0 < a < & and the stability of the proposed algorithm
is also verified numerically. Various numerical problems, including the European
double barrier call option and the European call and put option is provided to
validate our numerical scheme. The effect of different parameters like volatility,
interest rate, fractional order, etc., on the option pricing, is also investigated. A
comparative study of the numerical results by the proposed algorithm with the
existing schemes given in [1] and [2] is also provided to show its effectiveness and
accuracy. The content of this chapter is published in “Mathematical Sciences”

DOI: https://doi.org/10.1007 /s40096-022-00474-0.

Chapter 4 presents L3 approximation of the Caputo derivative and its application
to time-fractional wave equation-(I). In this chapter, we have developed two new ap-
proximations of the Caputo derivatives of order o € (1,2) (called L3 and modified
L3) for the Caputo fractional derivative of order & € (1,2). We have used the cu-

bic interpolating polynomial on uniform grid points [(tj_2, ;_2),(tj_1,4_1),(t;, £L;),
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(tj41,4,41)] for 2 < j < k — 1, while the quadratic interpolating polynomial is ap-
plied on the first interval [to, t;]. We have modified the L3 approximation by using
cubic Hermite interpolation in the sub-interval [ty, t2] and name it as “Modified L3”
(ML3) approximation. The novel 1.3 and ML3, both approximation are second order
accurate for all «. Both approximations are tested on various examples and gives
highly accurate results. Later, using this L3 approximation, a difference scheme is
proposed to solve the time-fractional wave equation (TFWE). The proposed differ-
ence scheme is second order accurate in space and time for all «. The scheme is
again tested on three numerical problems of TFWE, and the comparative study of
the numerical results by the proposed scheme with some existing schemes is also
provided to show the effectiveness and accuracy of our scheme. The content of this
chapter is published in “Mathematics and Computers in Simulation, 205

(2023) 532-557".

Chapter 5 presents a new difference scheme for time-fractional telegraph equation.
We have applied L3 approximation and L123 approximation to approximate the
Caputo derivative of order & € (1,2) and 3 € (0, 1) respectively. To discretize the
spatial derivative, central difference scheme is used. The proposed difference scheme
is of second order in space and time direction for all &. Four different test problems
of TFTE are given to validate the efficacy and accuracy of the difference scheme. To
demonstrate the effectiveness of scheme, a comparative study is also provided with
the existing schemes [3]. The content of this chapter is communicated in a reputed

international journal.
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