Chapter 5

Extended Karush-Kuhn-Tucker
Condition for Constrained Interval
Optimization Problems and its
Application in Support Vector

Machines

5.1 Introduction

Optimization theory has applications in various fields with wide engineering applica-
tions. Data acquisition and its quantification play a significant role to model an op-
timization problem. The data behind an optimization model is generally taken from
measurements or observations. Often the sets of acquired data are reported with a given
error percentage or with an imprecision. Such data is appropriately represented by fuzzy
numbers or intervals. Hence, the different parameters/coefficients in the expression of

the objective and constraint functions, which are modeled through the acquired data,
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become intervals or fuzzy numbers [89,90]. This makes the objective and/or constraint
functions of the optimization problem fuzzy-valued or interval-valued. In this chapter,
we deal with interval-valued functions. The optimization problems with interval-valued
objective and/or constraint functions are called Interval Optimization Problems (10Ps).
In finding solutions to such optimization problems, the conventional optimization tech-

niques are not directly applicable since they deal with real-valued functions.

5.2 Motivation

There have been numerous studies on IOPs. In many of the existing approaches, de-
pending on best or worst case scenarios, the lower or the upper function (or their
average) of the objective function is optimized [91-96]. Thereby the resulting problem
becomes a conventional optimization problem, which has been solved by traditional
optimization techniques. This strategy of transforming the IOP to a conventional op-
timization problem provides a single solution to the problem. It ignores to analyze the
complete set of solutions. The Karush-Kuhn-Tucker (KKT) optimality conditions have
also been applied to IOPs. It has been extensively studied by Wu in [97], [98] and [99].
Chalco-Cano et al. [100] have proposed KKT optimality conditions for IOPs using
generalized derivative. Singh et al. [101,102] utilized the partial ordering of intervals
from [97] and the generalized derivatives from [100] to formulated KKT conditions for
IOPs using the sum of lower and upper functions. It is to observe that existing literature
on finding optimality conditions for IOPs attempted to generalize the conventional op-
timality conditions by some algebraic manipulations instead of the geometrical analysis
of an optimal point. Apart from this, there are several other issues with the existing
KKT theory for IOPs (for details, see the subsection 5.5.3). Therefore, we extend KKT

conditions for constrained IOPs.
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5.3 Contributions

In this chapter, we aim to find the KKT-optimality results by the geometrical analysis
of the solutions of constrained and unconstrained IOPs. As an application of the derived
results, we attempt to apply them on the binary classification problem with interval-

valued data using support vector machines [103,104].

5.4 Fundamentals of intervals and interval-valued functions

5.4.1 Interval arithmetic

Consider two intervals A = [a, @] and B = [b, b]. Parametrically, A can be written as set
of a(t)’s where a(t) = a+t(@a—a), t € [0,1]. The addition and the scalar multiplication

defined, respectively,

A®B = {a(t;) +b(t2) : t1,t2 €[0,1]} =[a+b, @+b], and

Aa, Aa] ifA>0
AOA={Xa(t): te0,1]} =

[Aa, \a] if A <0,
where A is a real constant.
The difference between two intervals needs slightly more attention. This is mainly be-

cause of the following two reasons for the definition AOB = {a(t1) — b(t2) : t1,t2 € [0,1]}:
(1) Ao A # {0}, and
(17) given C = A © B, the relation A = B @ C does not necessarily hold.

A much refined definition was proposed in [105] and [106], which resolves these two
drawbacks and gives the difference between two intervals as the interval C such that
A = B @ C. However, there is still a problem as the difference may not always
exist for any two arbitrary compact intervals. This presents difficulties in defining

differentiability of interval-valued functions (see [106] for details). Therefore, we employ
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the generalized Hukuhara difference (g H-difference) in order to appropriately define the

difference between two intervals.
Definition 5.1 (gH-difference of intervals [105]). The gH-difference between two in-

tervals A = [a,a) and B = [b, ] is denoted by A ©,x B, defined by

A ©,4 B = [min{a — b,a@ — b}, max{a — b,a — b}]

It is easy to see that the gH-difference between any two intervals exists and also the

relation A 6,4 A = {0} holds.

Definition 5.2 (Dominance relation of intervals [107]). Let A and B be two elements

of I(R).

(i) B is said to be dominated by A if a(t) < b(¢) for all ¢ € [0, 1], and then we write

A < B;
(17) we say A # B if there exists a ¢y € [0, 1] such that a(ty) # b(to);

(77i) B is said to be strictly dominated by A if A < B and A # B, and then we write

A < B.

For two interval vectors A* = (A1, Ay, ..., Ay)" and B¥ = (B, By, ..., By) ", we write

AF <BFif A; < B, for each i = 1,2,..., k. Similarly, we can define A* < B¥ also.
Lemma 5.1 For any A and B in I(R), A < B if and only if A S,z B < 0.

Proof: Let

A=la,al={a(t) : a(t)=a+t(a—a),0<t <1}

and

B =[bb]={bt) : b(t)=b+t(b—1b),0<t <1}
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Then (see [105]), A ©,uy B = [min {g —b,a— l_)} , Max {g —b,a— E}] .
Let A < B. Then, by Definition 5.2, we note that

A=<B
= a+ta—a)=at) <blt)=0b+t(b—>b) for all t € [0,1]

= a(0) < b(0) and a(1) < b(1

~—

—a<band a<b
—a—b<0anda—5b<0

Conversely, let A ©,5 B < 0. Therefore, we have a —b < 0 and a — b<0, ie,a<b
and a < b.

Depending on b < @ or a < b, we consider the following two cases.

e Case 1. Let b < a.

Then, a < b < @ < b. In order to show that A < B, we need to show that a(t) < b(t)
for all ¢ € [0, 1].

Let us assume that there exists to € [0, 1], such that a(ty) > b(to).

As a < band a < b, therefore ty # 0 and ty # 1. Thus, &+ > 1.

7t0

Note that from a(ty) = a + to(a — a), we have a = % a(ty) — <% — 1) a. Similarly

b= % b(to) — <% - 1) b. Since a(tg) > b(to), % > 1 and a < b, we see that
o= b (3-1)a > do0- (- 1)i-b

This contradicts @ < b. Therefore, for any t € [0, 1], a(t) < b(t). Hence, A < B.

e Case 2. Let a <b.
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Note that a(t) and b(t) are increasing functions. Therefore, for any ¢t € [0, 1] we have

a(t) < a(l) =a < b= b(0) < b(t).

Hence, A < B and the proof is complete. O

5.4.1.1 Interval-valued functions

There have been numerous works in interval-valued functions, each developing the the-
ory further. We utilize the definitions proposed by Moore [108], Hansen [109], Wu [98],
Bhurjee and Panda [107] and Ghosh [106]. A parametric definition of interval-valued
functions as in [106] is given below.

Consider an interval-valued function Fer : R" — I(R), where CF=(C,C,,...,C)T
denotes the vector of k interval coefficients. Taking C; = [cj,c_j}, j=1,2,...,k, the

interval vector CF can be presented by

{c(t) Co(t) = (alt),ealts), (), t= (b ta . )T,

ety) = ¢+ 15 — ), 0< ;< 1, j:1,2,...,k}.

Therefore, the interval-valued function Fcr can be represented as a bunch of functions
fey’s, where ¢(t) is a vector in C¥ in the parametric form. In other words, for all = in

R"™ we have
Feu(r) = {fc(t)(m) ey R = R, ¢t) € Cy, t €0, 1]'6}'

Definition 5.3 (Interval-valued convex function [107]). Let X C R™ be a convex set.

An interval-valued function Fer @ X' — 1 (R) is said to be a convex on X if for any x;
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and 75 in X,
Fer (Az1+(1=Na2) 2 AO For(z1) @ (1—A) © Far(az) forall A€ 0,1].

5.4.1.2 gH-differentiability and gH-partial derivative

In all the definitions in this subsection, we consider that Fr is an interval-valued

function defined on X C R™.

Definition 5.4 (gH-partial derivative [106]). Let zo = (29,23,...,2%) be an interior

point of X and h = (hy, ha, ..., h,) € R™ be such that zo + h € X. Define a function

_ 0,0 0 0 0
Pi(zi) = For(], 00, .o 201, Tiy Ty, -, Ty).-

If the generalized Hukuhara derivative (gH-derivative) of ®; exists at z¥, i.e.,

lim @;(z) + hi) Ogn Bi(2))
h;—0 hz

exists, then we say that Fcr has the i-th gf-partial derivative at o and it is denoted

by DiFCz;(xO), 1=1,2,...,n.

Note 5.1 (See [106]). Tt is evident that if D;F g (w0) exists, then D, (294h;) Sy ®i(2))
can be written as h; ® <DiFCk (20) ® E;(zo; h))7 where Hllli”m E;(zg;h) = 0.
v —0

Definition 5.5 (gH-gradient [106]). The gH-gradient of an interval-valued function

Fer at a point z9 € X is denoted by VF () and defined by the vector
T
VF i (w0) = (D1F05 (20), DsF i (20), ., DuF ot (xo)) ,

where D;F ¢ (x0) is i-th gH-partial derivative of Forat 2o € X fori=1,2,...,n.
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Definition 5.6 (gH -differentiability [106]). A function Fgr : X — I(R) is said to be
gH-differentiable at zy in X if there exist two interval-valued functions E(z¢;h) and

L., : R" — I(R) such that
Fox (w0 + h) Sgn Fp(0) = Ly (h) @ [|2]] © E(zo; 2)

for ||h|| < 0 for some § > 0, where ”}lli”m E(zo;h) = 0 and L,, is such a function that
—0

(i) Lyo(x +y) = Ly (x) ® Ly, (y) for all z,y € X, and

(17) Lyy(cz) = c® Ly, (z) for all c € R and z € X.

Theorem 5.1 (See [106]). Let Fgr be gH-differentiable at zy. Then Ly, exists for

every h in R™ and Ly, (h) = h" © VFgx(20).

Theorem 5.2 Let Fei : X — I(R) be a gH-differentiable at any x € X, where X is

a nonempty open convex subset of R™. Then, F is convex on X if and only if

(g —21)" © VFqi(11) 2 For(12) ® (—1) © Fee(21) for all 21,72 € X.

Proof: First, we assume that Fx is convex on X, and z; and z, are any two elements
v

of X. Then, for h =29 — 2y and 0 < 79 < 1,

chlj(l'l + Toh) = FCﬁ ((1 — 7'0)1‘1 + 7'0(:[‘1 + h))

j (]_ — 7'0) @ FCﬁ(xl) @ T0 @ FCﬁ(’rl —f- h)
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Therefore, by Lemma 5.1,

1
or, —® (Fck(ml + 10h) Ogn Fer(z
7o
1
or, — @ (Fck(ml + 1oh) S FCk 1

Fox (o1 + 70h) Sy Foy(01) 270 © (Fog(an + ) ® (1) © Fog ()
1)) = Fop(er +h) @ (-1) @ Foy (a)
)

< Fei(z2) & (—1) © Fr(a1).
Hence, as 79 — 0+, with the help of Definition 5.6 and Theorem 5.1, we get
(22— 21)" © VFer(21) X Fer(a2) @ (—1) © Fer ().
Conversely, let
(22 —21)" © VFcr(11) X Fer(a) & (—1) © Fex (1)

be true for any z; and 3 in X. Thus, for 0 < A < 1, denoting z) = A\x; + (1 — )z,

the following two inequalities hold true

(1 — )\) ®© ((Il — ZEQ)T © VFC{“) (:El)) = FCﬁ (1’1) S (—1) © FC’; (ZL’)\) (51)

and A\ G ((:cz — )" © VFq (xl)) < Foi(2) @ (1) © Fe (). (5.2)
Multiplying (5.1) by A and (5.2) by (1 — A), and then adding, we obtain
0= ()\ © FC§($1) SP) (1 — )\) ®© Fij(IQ)) @ (-1) © ch(:ﬁ)\).

Hence,

Arbitrariness of A € [0, 1] proves that Fe is convex on X. O
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5.5 Fritz John and Karush-Kuhn-Tucker optimality conditions

Theorem 5.3 Let For @ R" — I(R) be an interval-valued function which is gH-
differentiable at xq. Let there exists a vector d € R™ such that d' ® VFg (zg) < 0.

Then, there exists 6 > 0 such that for each a € (0,6), Fer(vo + ad) < Fer(2o).

Proof: As Fer is gH -differentiable at x(, by Definition 5.6 and Theorem 5.1 we get
For(zo +h) Sgn For() = h'® VFEck(z0) @ ||h]| © E(xo; ),
for some E(zo; h) which tends to 0 as ||h|| — 0. On replacing h = ad, for a > 0, we get
Fos (a0 + ad) = Foy(a0) © ad” © VEey(za) & lal ] © Blao: h).

Since d' ® VFci(29) < 0 and E(zg;ad) — 0 as a — 0+, we have Far (20 + ad) <

F ik (20), for each o € (0,6), for some ¢ > 0.
Note 5.2 Theorem 5.5 shows that the vector d is a descent direction of Fe at xo.

Definition 5.7 (Cone of descent directions). For an interval-valued function Fe
R™ — I(R) which is gH -differentiable at o, the set of descent directions at xo is given
by the set

Flzg)={deR":d" © VF g () < 0}.

As for any d in F(xo), M € F(xo) for all X > 0, the set F(xo) is called the cone of

descent directions.

Definition 5.8 (Cone of feasible directions [110]). Given a nonempty set X C R"™ and

x9 € X. At xg, the cone of feasible directions of X is defined by

~

S(xg) ={deR":d#0, 20+ ad € X Ya € (0,9) for some § > 0}.
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Analogous to the efficient solution concept in multi-objective optimization problems,

we use the following efficient solution concept for IOPs.

Definition 5.9 (Efficient solution [107]). A feasible solution z € X is called a (local)
efficient solution of the IOP

L, Foy ()

if there does not exist any x € X (€ Ns(z)) such that For(v) < For(Z) (Ns() is a
d-neighborhood of ). If a solution # is (local) efficient, then we call Fcr () as a (local)

non-dominated solution to the IOP.

Theorem 5.4 Given a nonempty open set X C R™, consider the interval optimization
problem,

L Foy(),

where Fei : R" — I(R). If Feu is gH -differentiable at a point xo € X and xq s a local

efficient solution, then F(xo) N S(x) = 0.

Proof: We shall prove the theorem by contradiction. Let F'(zo) N S(xg) # 0 and d be
an element in F(zo) N S(zo). Then, in view of Theorem 5.3, there exists d; > 0 such
that

For (20 + ad) < Far (o) for each a € (0,6y).

Also, by Definition 5.8, there exists d2 > 0 such that zo + ad € X for each a € (0, d2).

Defining ¢ = min{dy,d2} > 0, we see that for all a € (0,0),

zo +ad € X and Fer (2o + ad) < Fr(o).

This is contradictory to zo a local efficient solution. Hence, F (o) N S (zg) = 0. O

The following corollary is immediately followed from the Theorem 5.4.
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Corollary 1 Let Fgo R — I(R) be an interval-valued function. If at a point xy € X,

F(x0) N S(xo) # 0, then xq is not an efficient point for the problem ml)r(l Fei(z).
T€ v

Example 5.1 (Example to support the Theorem 5.4 and Corollary 1).
Let X C R? be the set {(z1,29)]1 < z; < 2,1 < x5 < 2}. Consider the interval
optimization problem

min F(ay, 22),

where F(x1,25) = | F(x1,15), F(x1,75)| and

F(xy,29) =1+ 2(z; — 1)? 4 2(x5 — 2)?

and F(x1,75) =5+ 5(z; — 1)% + 5(z9 — 1)

The objective function F(z1,x9) is depicted in the Figure 5.1. The red dots in the
surfaces of F(zy,3) and F(x1,x5) are the locations of the minima of the functions F
and F, respectively. From the figure, it is evident that 2o = (1,1.5) € X is an efficient

point. At xg, the cone of feasible directions is given by

S(xo) = {(dy,dy) # (0,0) : (1 + ady, 1.5 + audy) € X Ver € (0,6) for some § > 0}

= {(dy, da) # (0,0) : dy > 0}.

At xg, the partial derivatives of F are

D1F(xp) = |min {g—i(xo), g—fl(xo)} , Max {g—i(xo), STF(%)} = [0, 0]

. ) OF OF OF OF B
and DyF(x¢) = |min {— o), 8—@(%)} , max {8_91:2(%)7 a—@(xo)} =[-2,5]

Q
&
N
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Figure 5.1: The objective function F(zq,x) of the Example 5.1

Hence, at z(, the cone of descent directions is given by

15(950) = {(dl, dg) € R?: (dl, dg) © VF(.T())T =< 0}

(dl, dQ) S R2 . dl ® DlF(ZI?()) D d2 ® DlF(.’Eo) < O}

{
{(dy,dy) € R*: dy ® [-2,5] < 0}
0

Thus, at the efficient solution zo = (1,1.5), we see that S(zq) N F(x) = 0.

Let us take another point zog = (2,1.5). In a similar way as that for the point x, we

can check that at the point zg:

S(@oo) = {(d1,d2) # (0,0) : dy < 0}

and F(l’oo) = {(d17d2> : 2d1 < d2 < —2d1}
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The cone F (x0o) is depicted in the Figure 5.2.

X, 4
X
)4 Fonin //‘
x0(1,1.5) = $x00(2,1.5)
ﬁ(xo)=® \
1t e y
min ﬁ(xoo)
= {(dy,dy)| 2d, < d, < —2d;}
0] * i > X,
1

Figure 5.2: The cones of descent directions F (o) and F(zq) for the Example 5.1

We note that

~

g(l’oo) N F(ZL’OO) = {(dl,dg) 1 2d; < dy < —2d1} 7é @

Thus, due to the Corollary 1 of the Theorem 5.4, the point xyy must not be an efficient
point.
For any ¢ in (0,1), we observe that the point (2 — §,1.5) of X lies in the (circular)

d-neighborhood of xgy and
F(2—6,1.5) = [1.5+2(1 —6)? 6.25+5(1 —6)?*] < [3.5,11.25] = F(2, 1.5).

Thus, indeed, the point zgq = (2,1.5) is not an efficient point for mi)r(l F(xq,x2).
HAS

Theorem 5.5 For the interval-valued functions szfj :R* - I(R), i = 1,2,...,m,
consider the set S ={z € X : GiDg () <0 fori=1,2,...,m}, where X is a nonempty

open set in R™. Let o € S and I(xo) = {i : G (w9) = 0}. Assuming Gy to be gH-
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differentiable at xo for all i € I(xy) and gH -continuous for i ¢ I(xy), define
G(xo) = {d:d" © VGpy(xo) < 0 for alli € I(z)}.

Then, G(xo) C S(xo), where S(zo) = {d € R" : d # 0, zy+ ad € S Yo €
(0,6) for some § > 0}.

Proof: Let d be an element in G ().

As xg € X and X is an open set, there exists dy > 0 such that
zo+ ad € X for a € (0,d). (5.3)
For each i ¢ I(xg), as G%g is g H-continuous at xo,
Gﬁg (2o + ad) = Ggg(xg) ® E'(x0; ad),

where E(z¢; ad) — 0 as ||d| — 0.

Since G%g (x9) < 0, for i ¢ I(xg), there exists d; > 0 such that
Gpp(xo +ad) <0 for a € (0,8;) and i & I(x). (5.4)
Also, as d € G(xp), for each i € I(z) there exists &; > 0 such that (see Theorem 5.3)
GiDg(a:O + ad) < Gijg(xg) = 0 for all a € (0,9;). (5.5)

Let § = min{dy, 01,02,...,0,}. Evidently, 6 > 0. From (5.3), (5.4) and (5.5), we see
that the points of the form xo+ad belong to S for each a € (0,8). Therefore, d € S(x).
Hence, G(z) C S(x0). O

Theorem 5.6 Let X be a nonempty open set in R™. Consider an interval optimization
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problem

min Fe(7)

s.t. GzDg(x) <0 fori=1,2,...,m (5.6)

r e X,

Ve
where Fgr : R" — I(R) and G’bg : R" — I(R) fori = 1,2,...,m. For a feasible
point xo, define I(xg) = {i : GiDg(xo) = 0}. Let at w9, Fep and G, v, 1 € I(x0), be

gH-differentiable, and for i ¢ I(xy), Gpp be gH-continuous. If o is a local efficient

solution of (5.6), then

A N

F(Io) N G(l‘o) = @,

where F(xy) = {d : dT ® VFc(z9) < 0} and Glzg) = {d : d" © VG (o) <
0 for each i € I(xg)}.

Proof: We can infer the following using Theorem 5.4 and Theorem 5.5:

xo is a local efficient solution =— F(:EO) N g(wo) =) = F(mo) N G’(a:o) = 0.

5.5.1 Unconstrained interval optimization problems

Theorem 5.7 (Extended First Gordan’s Theorem). Consider a vector A = (@),

in I(R)". Then, ezactly one of the following systems has a solution:
(i) y" © A? <0 for some y = (yi),,., € R",

(i) O € z ® Al for some x € R, z > 0.

Proof: Let (i) be true. We prove that (ii) cannot be true. On contrary, if possible let

(ii) be also true.
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As (i) is true, we have

Yo © A < 0 for some yy € R"
or, @ (y, ®A") <0forallz € R,z >0

or, Yy © (r®A") <0 forall z € R,z > 0. (5.7)
As (ii) is also true, we have

0 € xog © A}, for some xyp € R,z > 0

or, 0 €y’ ® (zg® A") for all y € R™. (5.8)

As (5.7) and (5.8) cannot hold together, we have a contradiction. Thus, if (i) is true,
(ii) cannot be true.
In order to prove the other case, let us assume that (i) is false. We prove that (ii) is

true. On contrary, let us assume that (ii) is false. Therefore,

0, ¢xOA) forallz eR, >0
or, 00 ¢ AV
or, 31 € {1,2,...,n} such that 0 ¢ a; (5.9)

or, 31 € {1,2,...,n} such that a; < 0 or 0 < a;.

Let us consider the sets J = {j:OEaj, jE {1,2,...,n}} and K ={k:0¢ ay, k€

{1,2,...,n}}.
Evidently, by (5.9), K # 0. Also, JUK ={1,2,...,n} and JN K = (.
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We now construct a vector yo = (y9,19,...,9°)" € R* by

0 ified
YW=491 ifieKanda; <0

—1 if7€ K and 0 < a;.

\

With this yy € R", we note that

Zyﬁ@ak@Zy?Qaj—<0

keK jeJ

or, Yy ® A" < 0. (5.10)
However, as (i) is false y' ® A” < 0 for no y € R", which is contradictory to (5.10).
Thus, (ii) must be true. Hence, the result is followed. O

Theorem 5.8 If xq is a local efficient solution of the IOP:

min Fex(2),

where Fer - R" — I(R) is gH-differentiable at xo. Then, 0, € V.F (o).

Proof: By Definition 5.7 and Theorem 5.3, if x( is a local efficient solution, then
F(z¢) = 0. Therefore, d” ® VF i (29) < 0 for no d € R™.

By Theorem 5.7 with Al = VFx (xo), there exists xg € R, oy > 0, such that

07 € 29 ® VF g ()

or, 0y € VFx (o).

OJ

Note 5.3 [t is very worthy to note that the optimality condition on Theorem 5.8 is an
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inclusion relation 0 € V Fcx(x0) instead of the perfect equality V F o (x9) = 03. Note
that the optimality condition VF ¢ (xg) = O is not only very restrictive, but also not
correct. For instance, consider the problem in Fxample 5.1. We observe that at the

efficient point Ty = (1,1.5), VF(zo) = ([0,0],[—2,5]) # 02, but 02 € VF(zy).

5.5.2 Interval optimization problem with inequality constraints

Theorem 5.9 (Extended Second Gordan’s Theorem). For a matriz with interval en-

tries A = <aij)an’ where a;; € I(R), exactly one of the following systems has a

solution:
(i) AT ®y < 0" for somey = (Yi) ey € R™,

(i) 0" € A® x for some nonzero x = (x;)px1 € R™ with all x; > 0.

Proof: Let (i) be true. Then, we show that (ii) cannot be true. On the contrary, let
(ii) be true.

As (i) is true, we have

A" ©yy < 0" for some yo = (y9,49,...,42)" € R™
or,z' ® (A" ®yp) < 0 for all nonzero x = (2;)nx1 € R", 2; > 0 (5.11)

or, (A®x)" ®yy < 0 for all nonzero x = (2;)nx1 € R, 2; > 0. (5.12)

If (ii) is also true, then for some nonzero zy = (29),x1 € R" with 2 > 0 we have

0" € A® . (5.13)

Let w = A® xy = (wy,wy,...,wy,)". Then, w € I(R)™ and (A G 20)" ©yp =

Z;Z1 yz('] © w;.
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From (5.13), we now have

Ocw; foralli=1,2,...,m
or, 0 €y) Ow; foralli=1,2,...,m

or, 0 € (A® ) ®wo. (5.14)

As (5.12) and (5.14) cannot hold together, we have a contradiction. Thus, if (i) is true,
(ii) cannot be true. In order to prove the other case, let us assume that (i) is false.

Then, we prove that (ii) must be true. As (i) is false,

A" ©y < 0" for no y € R™. (5.15)

Let us assume, on contrary, that (ii) is also false. Then,

0" ¢ A® x for all nonzero x = (z;)nx1 € R" with all z; >0

or, 371 € {1,2,...,m} such that 0 ¢ w; (5.16)
or, 31 € {1,2,...,m} such that w; <0 or 0 <0 < w;, (5.17)
where A©® z = (wy,wy, ..., wy,)".

Let us consider the sets J = {j:Oewj, jE {1,2,...,m}} and K ={k:0¢ wy, k€

{1,2,...,m}}.
Evidently, by (5.16), K # (. Also, JUK ={1,2,...,n} and JN K = .

We now construct a vector yo = (y9,49,...,4°%)" € R by

0 ifielJ
¥ =2%1 ifieK and w; <0

—1 if7€ K and 0 < w;.

\
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With this yy € R™, we note that

Zyﬁ@wk@Zy?Cij <0
keK j€s

or, yg © (A ®x) < 0 for all nonzero r = (), € R" with all 2; > 0

or, z' ® (A" ®yo) < 0 for all nonzero z = (2;)nx1 € R” with all ; > 0. (5.18)

The inequality (5.18) can be true only when A" ® gy < 0. As (5.15) and (5.18) are

contradictory, our assumption was wrong and (ii) must be true. Hence, the result is

followed. O

Theorem 5.10 (Extended Fritz John condition). Let X be a nonempty open set in R™;

Foi i R" — I(R) and Gi)g :R™ = I(R) fori=1,2,...,m be interval-valued functions.
Consider the IOP: \

min  Fe(z),

st. Gpp(r) 20,i=12,...,m (5.19)

z e X.

Vs
For a feasible point xq, define I(zg) = {i : szg(:cg) = 0}. Let Fer and szg be gH -
differentiable at x¢ for i € I(xg) and gH-continuous for i & I(xg). If x¢ is a local

efficient point of (5.19), then there exist constants uy and w; fori € I(xo) such that

(

OZE Uo@VFcﬁ(l'o)@ Z UZQVGZDg(ZE()) s

iEI(Io)

up > 0,u; >0 fori € I(xg),

| (o, ur) # (0,0L1<xo>|> |

where uy is the vector whose components are u; for i € I(xo).

Further, if Gng for all i ¢ I(xg) are also gH-differentiable at xqy, then there exist
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constants ug, Uy, U, . . . , Uy Such that

p

OZ c UOQVFcﬁ(ZL’o)@Zul@VGng(Jjo) ,

i=1
UZQGzDg(QZ’(D:O, 7;:1,2,...,771,
UQZO,UiEO, 7;:1,2,...,771,,

(u07 u) 7é (07 O;n) )

\

where u is the vector (uy, g, . .., Upy).

Proof: Since zy is a local efficient point of (5.19), by Theorem 5.6, we get

A A

F(zo) NG(z) =10

or, fdeR"st. d' ® VFqr(w0) < 0 and d"® VG%g(a:O) <0Viel(xy). (5.20)
Let A be the matrix whose columns are VFx (7o) and VG&; (x0), i € I(xg), i.e.,

A= | VF (), {vegg(xo)]

z‘el(ﬂco)] nx (1+]I(z0)))

By (5.20), we see that
A" ©d < 0HE) for no d € R™. (5.21)

Therefore, by Theorem 5.9, there exists a nonzero p = (p;)r(zg)+1/x1 € R p; >0

such that 07 € A ® p. Let the vector p be represented by

p= . (5.22)

1€l(xo)
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Substituting (5.22) in 0" € A ® p, we get

(

OZ €| ug® VFC§ (ZEQ) S5 Z uU; © VG})% (l’o) ,

el
Ug, U; 2 0 for 7 € [(.1'0),

\(uo,ul)#(0,0,...,O).

This proves the first part of the theorem.
For i € I(x), GiDg(xo) = 0. Therefore, u; ® Gijg(xo) =0. If G%g for all @ ¢ I(xg)
are also gH-differentiable at z, by setting u; = 0 for ¢ ¢ I(xq) the second part of the

theorem is followed. O

Definition 5.10 (Linearly independent interval vectors). The set of m interval vectors
{(XF), (XF)g, ..., (XF),,} is said to be linearly independent if for m real numbers

C1, Co, ..., Cp:
Of € 01®(Xf)16962®(Xf)2@- . -@cmG(Xf)m if and only if ¢; =0,¢0 =0,...,¢, =0.

Theorem 5.11 (Extended Karush-Kuhn-Tucker necessary optimality condition). Let
X be a nonempty open set in R™ and Fex : R* — I(R) and Gy @ R" = I(R),
1=1,2,...,m, be interval-valued functions. Suppose xy be a feasible point of the IOP:

(
min  Fee(z)

s.t. m(x) 20i=1,2,....m

reX.

Define I(x9) = {i : Gpp(xo) = 0}. Let
(i) For and szg be gH -differentiable at zo for all i € I(xy),

(i4) G'pp be gH-continuous for all i ¢ I(xo), and
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(1ii) the collection of interval vectors {V GiDg(xo) 1€ I(xo)} is linearly independent.

If g is a local efficient solution, then there exist constants u; for alli € I(xy) such that

OZ € VFC{“, (Qfo) ) Z U; © VGzDg ($0) s

il

w; >0 for all i € I(xo).

If GiDg fori & I(xg) are also gH-differentiable at xq, then there exist constants uy, us,

ey Uy such that

(

0 € | VFqi(wo) &> i ©VGiy(zo) |

i=1

u; © Gpp(zg) =0, i=1,2,...,m,

u; >0, 1=1,2,...,m.
\

Proof: By Theorem 5.10, there exist real constants uy and u; for all i € I(xy), not all

zeros, such that

0; € | uo® VFqr(wo) @ Z u; © VG;');UD (x0)

i€l

ug > 0,u; > 0 for all ¢ € I(zg).

Then, we must have ug > 0. Since otherwise, the set {VGpyp(zo) : @ € I(x)} will
become not linearly independent.

Define u; = u}/ug. Then, u; > 0foralli € I(xy) and OF € <VFCII§ (0) & Y e i © VG (mo)) .
For ¢ € I(xo), Ggg(xo) = 0. Therefore, 0 € u; Eg(ﬂfo)- If the functions Giyg for

i ¢ I(xg) are also gH-differentiable at xg, then by setting u; = 0 for i ¢ I(xzg), the

latter part of the theorem is followed. |

Example 5.2 In this example, we verify the extended Fritz John condition (Theorem
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5.10) and the extended Karush-Kuhn-Tucker necessary optimality condition (Theorem
5.11) on the following IOP at the feasible point xy = (0,2) € R?:

min  Fea (21, 22) = [-3,0] © 1e[0,1]ere[-2,-1]0x 1,2 © (v]z,)
st Gpa(r,2) = [-2,3] 011 @ [-2, 1] O 2 Oy [-4,-2] 2 0

G (w1, m9) = [1,2] © 27 @[5, =3] © 73 S4n [-1,0] < 0.

Here, the functions Fea, Glc% and GQC3 are gH -differentiable on R2.
At xy, we note that Gi)ﬁ (z9) = 0 and G%g (o) = [-11, —6]. Hence, I(zo) = {1}.

We observe that

V F i () = (Dchg(O, 2), DyF s (0, 2))T = (0,(-8,8) " and

VGlD%(ﬂ)) = (DlG})g(o,z),DQG}J%(o, 2))T = ([-2,3],[-2, —1])T.

Taking ug = 2, uy = 1 and us = 0 we see that conclusions of the Theorem 5.10 is true.
Taking ug = 1, uy = 1 and uy = 0 we see that conclusions of the Theorem 5.11 holds

true.

Theorem 5.12 (Extended Karush-Kuhn-Tucker sufficient optimality condition). Let
X be a monempty open convexr set in R"; Fgo + X — I(R) and GiDg : X — I(R),
1 =1,2,...,m, be interval-valued gH -differentiable convex functions on X. Suppose x

be a feasible point of the IOP:

(
min  Fe(z)

s.t. p(r) 20, i=1,2....m

reX.
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If there exist real constants uy,us, ..., Uy, for which

.

0 € [ VFq(z0) ® > 1 ©VGi(xo) |,

1=1

then xq is an efficient point of the IOP.

Proof: By the hypothesis, for every z € X satisfying Ggg (x) X 0foralli=1,2,...,m,

we have

T

0, € [ VFcqk(zo) ® Z u; © VGpp(o) | (2 — o)

=1

= VFqi(20) (z —20) ® Y 1 © VG () " (2 — o)

i=1

< (Fou(@) ® (1) 0 Fy(a0)) 3" 10 (Gly(0) @ (—1) © Gy a0).

i=1
by Theorem 5.2

< Fes(2) @ (~1) © Fp (o).
Thus, for every x € X,
either 0, € For(2) @ (—1) © Far(wo) or 0y X Far(z) @ (—1) © Fr (o).

In either case, xy is an efficient point of the considered IOP. Hence, the result is fol-

lowed. O
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5.5.3 Comparison with existing KKT conditions for IOPs

In this section, we make a comparison of the proposed KKT optimality condition with

the existing ones. The comparison is based on

(i) the use of the lower function F and the upper function F,
(#7) the use of gH-derivative, and
(7i1) appearance (inclusion or equation) of the optimality condition.

To the best of the knowledge of the authors the existing articles on KKT theory for
IOPs are [97], [99], [111], [112] and [100].

In developing KKT theory for IOPs, the articles [97], [99], [111] and [112], used the
idea of H-derivative for interval-valued functions. However, the notion of H-derivative
is very restrictive for interval-valued functions since H-derivative may not exist for very
simple interval-valued functions (for details, see Subsection 2.2 of [100]). For instance,
the function F'(x) = (1 — 2°) ® [—3,1] does not have H-derivative at = = 0.
Further, the KKT theory for IOPs in [97], [99], [111] and [112] depends on existence
of the derivative of the lower and upper functions, F and F, respectively, of a given
interval-valued function F(r) = [F(x), F(x)]. This assumptions is also very difficult
to follow even for very simple functions. For instance, F(zy,z3) and F(x1,x5) for the
function Feo(x1,22) = [—1,1] ©® 2° @ [0,2] © x5 are not differentiable (for details, see
Example 1 of [113]).

Additionally, in [97], [99], [111], [101] and [112] the KKT condition

0F = | VFqr(20) © > 1 © VGiy (a0) (5.23)
i=1
is very restrictive as there is hardly a few interval-valued functions which follow this
condition.

Several other deficiencies of the approaches of [97] and [99] and [111] and [112] are
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reported by Chalco-Cano et al. [100]. However, in [100] the objective function F'(x)
is taken in the form of [F(z), F(z)]. This is also not a mild assumption and it is not
always an easy task to find the expressions of F(z) and F(x) even for very simple

interval-valued function. For instance, consider the function

[—1,2] ©@sinz; + [-2,1] © x4

F = .
(w1, 2) [—1,2] ® cos g + [—2,1] ® 2y

Besides, the KKT condition in [100] also appear alike to (5.23). This is also very
restrictive and very rare functions have gH-derivative ezactly the ‘zero’ vector.

However, note that the studied KK'T condition in this chapter

0) € [ VFqr(0) © > u; © VG (o) (5.24)

i=1
is very flexible as it appears with the inclusion relation instead of perfectly equal the to
zero vector. Also this chapter uses gH-derivative of interval-valued functions which is

the most general (see [100,105,113]) definition of derivative for interval-valued functions.

5.6 Application to Support Vector Machines

SVMs are generally used in solving classification problems. Here we consider a binary
classification problem. For a given data set D = {(z;,y;) : ©; € R, y; € {—1,1},i =
1,2,...,m}, the problem of classifying data using SVMs is equivalent to the following

optimization problem:

min F(w,b) = %||w||2
v (5.25)
st yi(w'x; +0)>1,i=1,2,...,m,

where w € R" is the weight vector and b € R is the bias. The constraints represent

the condition that the data points lie on either side of the separating hyperplanes
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w'z+b= =l

In many classification problems, the data set may not be precise and thus involves
uncertainty. This may be due to errors in measurement, implementation, etc. For
example, let us assume we want to predict whether it will rain tomorrow or not. The
data we may require are the wind speed, humidity levels, temperature, etc. These
variables usually have values in intervals like 10-13 km/hr wind speed, 40 — 50 percent
humidity, 30 —35°C' temperature, etc. The standard SVM formulation is not applicable
for such data as it is interval-valued, whereas the problem (5.25) requires real-valued

data. Thus, we adjust the SVM problem for the interval-valued data set

{(mez) : XIGI(R)na yie{_lal}aiZLQw"am}

min  F(w,b) = 3llw]?
wh (5.26)

st Ghy(w,h) = [L1] Sy © (v © Xi®b) 20, i=1,2,....m.

We notice that the functions F'(w) and G%Z are gH-differentiable and convex. The

gH-gradients of these functions are

VFE(w,b) = (DyF(w,b), DyF(w,b)) " = (w,0)T

. . . T
and VGiy (1,5) = (D1 Gy (1,0), DGy (w,0)) = (—9 ® X, —i) ",

where D and D, are the gH-partial derivatives with respect to w and b, respectively.

According to Theorem 5.11, for an efficient point (w*,b*) of (5.26) there exist nonneg-
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ative scalars uy, us, ..., u, such that
0" e [ (w0 @ iuz ® (Y © Xi,—y;) (5.27)
i=1
and 0 = u; © Gpa(w*,0%), i =1,2,...,m. (5.28)
The condition (5.27) can be simplified as
0y € | [w"w]® i(_uzyz) ©X;
i=1

and i u;y; = 0.
i=1

The data points X; for which u; # 0 are called support vectors. By (5.28), we observe
that corresponding to any u; > 0, we have G%g (w*,b*) = 0. Thus, corresponding to
w*, the value of the bias b* is such a quantity that G} Zl(w*,b*) = 0 for all of those
i€{1,2,...,m} for which u; > 0.

Hence, as the functions F(w,b) and G} n(w,b) are gH-differentiable and convex, by
Theorems 5.11 and 5.12, the set of conditions solving which we obtain the efficient

solutions of the SVM IOP (5.26) are

(5.29)

i wiy; =0
i=1

and 0 =u; ® Gpa(w,b), i =1,2,...,m.

Vs

Corresponding to any of the value of w that satisfies (5.29), we define the set of possible

values of the bias by

N {b: iDg(w,b)zo}. (5.30)

7 ’U,Z>0
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Using any solution w and b of (5.29) and (5.30), a classifying hyperplane and the SVM

classifier function are given by:
w' X +b=0and s*(X) = sign (wTX + l_)) :

Example 5.3 Consider the interval data set

X1: [3,4],[1,2] 7?/1:17 XQZ [4,5],[2,3]}%/221,
Xs=|[5,6],[1,2]| »us =1,  Xy= [0,1],[1,2]},942—1,

X5 - [172]) [2a3] Y5 = _1’ X6 - [072]7 [374]:| Yo = -1

For this data set we find a classifying hyperplane with the help of the IOP SVM (5.26).

In order to find a classifying hyperplane, we need to find a possible solution (w,b) of

(5.29) along with the corresponding u;’s.
We observe that for (uy,us, us, ug, us, ug) = (1,0,0,0,1,0) we have Z?zl u;y; = 0.

For these values of u;’s, the first condition in (5.29) reduces to

0" € ([w,w] ® (-1) © X1 & X5)
or, [w,w] € (=1) ® ((-1) © X; & X5)

or, w € ([1,3],[—2,0]). (5.31)
Denoting w = (wy, w;) € R?, the condition (5.31) reduces to
1<w; <3and —2<wy, <0. (5.32)

Let us choose wj = 1 and wj = —2. Corresponding to this w* = (w},w}) = (1, —2),

from (5.30) and the third condition in (5.29), the set of possible values of the bias b is
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given by
ﬂ {b ER : Gha(w*,b) = 0}
i=1,5
_ {b ER : Ghy(uw',b) = 0} N {b €R : Glu(uw',b) = 0}
={beR :be[-2,1]}n{beR : be[-6,—-1]}
={beR : -2<b< -1}
Thus corresponding to wj = 1 and wj = —2 the set of classifying hyperplanes is given
by

wiry +wire +b=0, —2<b< -1

e, 11 —225+0=0,-2<b< —1.

For any choice of b in [-2,—1], note that the value of the objective function F' is

identical (and it is 2).

5.6.1 Comparison with existing solutions to interval uncertainty in SVM
5.6.1.1 Robust optimization

In robust optimization approach, the uncertain parameters are assumed to take their
worst case values and the constraints are to be satisfied for all the possible values for
the uncertain parameters. Ben-Tal et al. [114] have applied robust optimization to solve
interval uncertainty in SVM. The input data having interval uncertainty is given by the

uncertainty set

X, ={X; e IR)": X; =X"""+0 |oi]]c <k, i=1,2,....,m}, (5.33)
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where & is a positive constant. This means that each input point X; lies inside the ||.||oo-
ball of radius x centred at the nominal data X°™, where for p = (p1,p2,...,pn) € R",
Iplloe = max{[pl pal. - ., [pal}-

The data set used for binary classification is represented as D = {(X;,y;) : X, €
Xu, yi € {—1,1},i = 1,2,...,m}. Using robust optimization, in [114] the constraints

given in classical SVM formulation in the problem (5.25) is reduced to
yi(wTXinom +b) 2 pillwlli, i=1,2,...,m,

where [Juwlly = Y0, fuy| and p; = .
The robust maximum margin classifier is thus obtained by (see in [114]) solving the

so-called robust counterpart

min ]l
“ (5.34)
st y(w XM 4b) >p, i=1,2,...,m.

Applying (5.34) on the data set given in Example 5.3, we get the optimal classifying

4

line as 2z — 3w — g = (0. We notice that this line lies inside the set of lines derived in

Example 5.3 using interval optimization (w} =2 € [1,3], < w} = —3 € [-2,0], b* =
—g € [—2,—1]). Thus, robust optimization technique provides a single solution by
solving the worst case possibility for the uncertain parameters and ignores all other
possibilities of the solution.

However, the proposed approach characterizes and obtain the complete solution set

of the IOP SVM problem.

5.6.1.2 Optimization using boundary functions

In [115], the application of SVMs in regression is considered where the data set has

interval uncertainty. The authors have used the classical SVM formulation and applied
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duality results directly to an interval optimization problem. For the interval vectors,
they have taken the upper or lower bound whichever maximizes their objective function.
This ignores the overall set of values and takes only the best case scenario. Here a
natural question arises: if the data set is uncertain, how can the solution be certain?
It is noteworthy that the proposed approach does not reduce the optimization problem
for the interval-data to the best or worst case analysis. Rather, it carries the interval

uncertainty till the end of the final decision.

5.7 Conclusion

In this chapter, we have considered the problem of interval optimization for constrained
IOPs with the aim of characterizing the efficient solution from a geometrical viewpoint.
We have proposed extensions to Gordon’s Theorems of the alternatives for an interval-
valued system of inequalities and used it to derive the Fritz John conditions for IOPs.
We also derived an extension to KKT conditions for IOPs and thereby proposed the
optimality conditions for both constrained and unconstrained IOPs. These proposed
optimality conditions have been applied to binary classification problem using SVMs
for interval-valued dataset and a comparison has been drawn with existing methods.
We have identified a set of efficient solutions for the formulated SVM problem using

proposed extended KKT conditions.
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