Chapter 4

Analytical fuzzy space geometry III

4.1 Introduction

A thorough study of fuzzy space geometry with the introduction of related basic
concepts has been provided by Ghosh et al. in [117]. In continuation of the study of
fuzzy space geometry, we have initiated the construction of fuzzy spheres and fuzzy
cones in this paper. Detailed literature on fuzzy geometry has been delineated in

117).

4.1.1 Motivation and novelty

As described in the Subsection 1.4.3, fuzzy geometry has been successfully applied
to many areas, such as fuzzy optimization, fuzzy medical imaging, fuzzy geometrical

object detection, fuzzy extrapolation or interpolation, etc.

In [117, 3, 1, 2], it is observed that the same and inverse points are indispensable tool
to develop fuzzy geometry. With the help of these tools, in [117], we have developed
fuzzy distance between two space fuzzy points and space fuzzy line segments. It is
perceived in [117] that there is a need to develop fuzzy space geometrical elements,
and these fuzzy elements can be successfully applied in many realistic fields. There-
fore, in continuation of our study in fuzzy space geometry, in this paper, we have
investigated the fuzzy sphere and the fuzzy cone.
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The paper has following novelties.

This paper has dealt with the construction of fuzzy spheres and fuzzy cones. Mainly,

three different forms of a fuzzy sphere and a fuzzy cone are presented in this study.

Proposed analysis in this study are as follows:

(i)

(iii)

(iv)

(vi)

(vii)

We give three different methodologies to formulate fuzzy spheres depending on
the information available for the fuzzy sphere, such as a space fuzzy point and

a fuzzy distance or a diameter of the fuzzy sphere or four space fuzzy points.

With the help of Theorem 4.2.1, we construct a fuzzy sphere as a collection
of space fuzzy points that are at a predetermined fuzzy distance from a given

fuzzy point.

We define the notions of translation and rotation of a space fuzzy point. With
the help of these notions, we have constructed the diameter form of a fuzzy

sphere and a fuzzy cone.

We give two methods to construct the diameter form of a fuzzy sphere. One is
based on the translation of space fuzzy points. The other one is the extension

of the classical definition of the diameter form to the fuzzy environment.

We discuss a fuzzy sphere passing through four space fuzzy points whose core
points are not co-planar. A detailed study on the intersection of the fuzzy

sphere with a crisp plane has been conducted.

This study incorporates the concept of a great fuzzy circle and its rotation.
We show that the rotation of a great fuzzy circle about its diameter is a fuzzy

sphere.

The notions of a fuzzy cone, convex fuzzy cone, and its intersection with a

crisp plane are initiated here.
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(viii) Also, an idea of degenerated and non-degenerated fuzzy conic sections is ex-
plored. The types of fuzzy conics depend on how a crisp plane intersects a

fuzzy cone.

(ix) We discuss the construction of the membership functions of the fuzzy conics

and their classification as a fuzzy parabola, fuzzy ellipse, and fuzzy hyperbola.

The following section discusses three different forms of fuzzy spheres and their prop-
erties. The formulation of these forms of fuzzy spheres depends on the same and

inverse points.

4.2 Fuzzy sphere

This section explores the fuzzy spheres’ mathematical formulations when center
and radius are known imprecisely. In classical geometry, a sphere is a collection
of equidistant (radius) points from a fixed point (center). Analogously, we have
investigated that a fuzzy sphere is a collection of fuzzy points equidistant (fuzzy

radius) from a fixed fuzzy point (fuzzy center).

To define a fuzzy sphere, first, we focus on whether a fuzzy point exists at a pre-

decided fuzzy distance from a given fuzzy point, as in classical geometry.

The following theorem exhibits the condition based on which one can get a fuzzy
point at a pre-decided fuzzy distance from a given fuzzy point.

Theorem 4.2.1. Let Pi(ay,bi,c1) be a fuzzy point and d = (d — B/d/d + )k
be an LR-type fuzzy number. Then, a fuzzy point ﬁz(@g,bz,CQ) exists such that
15(]51, ]32) =dor ﬁ(ﬁz, ﬁl) = d if and only if

BL™ a), YR (a) > ¢7 (a) for all a € [0, 1].
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Proof. Similar to Theorem 2.1 in [3]. O

Now, we give a numerical example that illustrates Theorem 4.2.1. The condition of
Theorem 4.2.1 gives a fuzzy point at a pre-decided fuzzy distance from a given fuzzy

point.

Example 4.2.1. Let ﬁl(l, 0, —1) be an S-type space fuzzy point with the membership

function

[t ((w,y,?«’)

1— (@ —124+92+(2+1)2 if(x -1+ +(z+1)2<1

ﬁ1(1,o,—1))

0 otherwise.

Let d = (5.1140/7.8102/10.5101) .5 be an LR-type fuzzy number. As per the no-
tations of Theorem 4.2.1, L(z) = R(z) = max{0,1 — z}, f = 2.6962, v = 2.6999.
Also,

(N =1-— \/()\ sin @ cos 0)? 4+ (Asin@sin 0)® + (Acos o) = « (4.1)

is the membership function of the fuzzy number along the line

x—1 Yy _ z+1

" singpcosf ~ sinpsinfd ~ cose

on the support of P;. By (4.1), ¢1(\) = 1—-\ = a, i.e., ¢7 (@) = A = 1—a. Note that
2.6962(1 — ), 2.6999(1 — a) > (1 — «) for all o € [0,1]. This satisfies the restriction
of the Theorem 4.2.1 for the existence of the fuzzy point at a predetermined fuzzy

distance from a given fuzzy point. According to Theorem 4.2.1, we get

¢y ' (a) = 2.6962(1 — o) — (1 — a),
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ie.,

by (o) = 1.6962(1 — «)

and the core point of B is

(ag,ba,c2) = (14 7.8102sin ¢ cosd, 7.8102 sin psin @, —1 4 7.8102 cos @)

along the line L. Now,
Py(a) = (ag + 1.6962(1 — ) sin  cos 0, by 4+ 1.6962(1 — a) sin@sin 6, co + 1.6962(1 — o) cos @) ,

for some 6 € [0,27], p € [0, 7] and o € [0, 1].

The representation of the membership function of 152 (ag, by, co) s

M ((x7y7 Z)‘132(02, b, 02))

1-— ﬁ\/(x —a2)?2+ (y—b2)2+ (2 —2)? if (. —a2)?+ (y — b2)? + (2 — ¢2)? < 2.8770 and

— Tx—a> . y—ba __ z—co
sinpcos® ~ sinpsinf — cosep
0 otherwise.

It is easy to note that P is monotonically non-increasing along the ray

r—ay _ _y=by __ z—cy
sin ¢ cos 6 sin p sin 6 cosp’

In Method 1, we formulate a fuzzy sphere based on the classical definition of a
sphere: the loci of a moving point in the space, whose distance from fixed point is
constant. The fixed point and constant distance are called the center and radius of

the sphere, respectively.

We propose a fuzzy sphere as a set of imprecise locations at a pre-decided impre-
cise distance from a fixed imprecise location. Here, the imprecise location and the

imprecise distance are expressed by a fuzzy point and a fuzzy number, respectively.
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Definition 4.2.1. (Fuzzy sphere (§1)) Let ﬁl(al, b1, c1) be a fuzzy point and R be a

fuzzy number. Consider a line passing through the (aq,bq,¢1), i.e.,

z—a1 . y=b1  _ z—c1 __

" sinpcosf ~ sinpsinf cos

—~

Let gb?“’ be a fuzzy number with the membership function

O

17(N) = fi(Asinpcosf, Asin psinf,; A cos )

along the line L on the support of f’l(al, by, cy).

A fuzzy sphere, say §1, with center ﬁl(al,bl,cl) and radius R is formulated as a
cluster of fuzzy numbers that are at a fuzzy distance R from the fuzzy number qﬁf“’
along L, for 6 € [0,27], ¢ € [0,7]. More precisely, the fuzzy sphere S; with center

P (ay,b1,¢1) and radius R is evaluated as

Si=V {¢§“”:Z5( ™, 2*0) = R, where ¢{” and ¢}°
0€[0,27]
pe0,7]

are fuzzy numbers along the line L}. (4.2)

Note 10. In the next theorem, by 0, we mean a fuzzy subset of R with the following

properties:

(i) p(x|0) = 1, for z = 0.
(i) w(z[0) =0, for z < 0.

(iii) pu(2[0) is decreasing for x € (0,r) for some r > 0 and p(z|0) = 0, for z > r.
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A fuzzy number R is called positive (R > 0) if its membership function pu(z|R) = 0,
for z < 0. A fuzzy number R is called negative (R < 0) if its membership function

(x| R) = 0, for z > 0.

The following theorem explains the representation of the equation (4.2) according
as R > 0, R= 6, or R < 0, respectively.
Theorem 4.2.2. The equation (4.2) represents a fuzzy sphere, a fuzzy point, or no

fuzzy point according as R > 0, R= 5, or R < 0, respectively.

Proof. By the Definition 4.2.1, it is clear that ﬁl(al, by, c1) is a fuzzy point and Ris
a fuzzy number in the equation (4.2).

For R > 0, the equation (4.2) represents a fuzzy sphere since D <A§;, ?) =R>0
which ensures that the core of the fuzzy sphere is a crisp sphere not a crisp point. In
this case, the center and radius of the fuzzy sphere are the fuzzy point 151 (a1,b1,c1)

and the fuzzy number R >0, respectively, in (4.2).

For R = 0, the equation (4.2) reduces to

0e . [ 0 0¢ =
\/ {57 D< e 2¢) = 0},
0€l0,27]
pel0,7]

which ensures that the core of the fuzzy sphere is a crisp point. The fuzzy sphere

S; reduces to a fuzzy point P which can be evaluated by

5 00 . [ 00 0 =
P = \/ {%@:D( e 2W>IO}-
0€l0,27]
p€e(0,7]

Now, Definition 4.1 (in [117]) clearly shows that the fuzzy distance D ( oo, gﬁ") =

R < 0 is not a possible case since the distance between two points can not be

negative. This completes the proof. O



Chapter 4. Analytical fuzzy space geometry I11 158

Ezxample 4.2.2. (Fuzzy sphere (§1)) Let us consider a fixed fuzzy point ﬁl(l, 0,—1)

and a fixed fuzzy number d as in Example 4.2.1. Let gb(f‘p be a fuzzy number along
the line

. z—1 _ Y _ 241

* sinpcosf ~ sinpsinfd ~ cose

on the support of P,. Here, the core point (ag, by, c3) of ¢g“" is

(14 7.8102sin @ cosf, 7.8102sin psinf, —1 + 7.8102 cos ).

The union of all possible such fuzzy numbers

92(a) = (ag + 1.6962(1 — a) sin p cos 0, by + 1.6962(1 — o) sin psin b, ¢5 + 1.6962(1 — a) cos @) ,

for all 6 € [0,27], ¢ € [0,7] and « € [0, 1] along the line L, forms the fuzzy sphere
Sy. One can note that D ( oo, 3@) —=d.

Choose a point (—4,0,5) € S;(0) whose membership value has to be evaluated.

Consider the line joining the points (1,0, —1) and (—4,0,5), i.e.,

for # = 7 and ¢ = 39.8056. The core point (as, by, c3) of ¢57 is (—3.9999, 0,4.9999)

along the line L, for # = 7, ¢ = 39.8056. Now, we evaluate gbg“"(a) for § = m,
¢ = 39.8056 and a € [0, 1]. The a-cuts of ¢57 is

—~

9(c) = (—3.9999 — 1.0858(1 — ), 0,4.9999 + 1.3030(1 — av)),

for & = m, ¢ = 39.8056 and a € [0,1]. The membership value for the point
(—4,0,5) € 51(0) is 0.9999.

Let us represent the a-cuts of the fuzzy sphere S.
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Theorem 4.2.3. Let §1 be a fuzzy sphere with center ﬁl(al, b1, ¢1) and radius R. Let

o1 (@) = Pr(a) N{(2,9,2) : 558y = 5ty = =4 = A} and ¢;'(a) be a line

sin ¢ cos 0 cos

poa o _ub o zzel — )\, where
)

segment 1n sinpcosf ~  singpsin® ~ cosp

d1(M1) = f1 (A1singcosf, A\ sinpsinf, A\ cos @) = a.

Then,

Sie)= |J U {#2"(@) :Rla) =] min d(A, X)), max d(\, )]}

MEDT (@) MEDT (@)
0€[0,27]pE[0,7] A2e¢;*1(a) A2€¢§1(a>
Proof. The proof is similar to Theorem 3.1 in [3]. H

The following definitions are mainly dealt with the notions of translations and ro-
tations of a fuzzy point which will be the tools for investigating the fuzzy sphere Sy

in the second form and the fuzzy cone %.

Definition 4.2.2. (Translation of a fuzzy point along a direction (¢, m,n)). Let

P(a,b,c) be a fuzzy point whose membership grade at a point (z,y,z) be evalu-

ated by

,u((x,y,z) P) = flr—a,y—0b,z—c).

Let

r—a __ Yy—b __ z—c __
2 n_)\

be the line passing through (a, b, ¢). Translation of lg(a, b, c), say Pr, along a direc-

tion (¢, m,n) is defined by the membership function as

i ((x,y, z)‘ﬁT) = f(x—(a+ M),y — (b+ Am),z — (c+ An)).
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Explicitly, the translation of (z,y,z) € ﬁ(O) along a direction (¢, m,n) to a new

position (2/,y/, 2’) is obtained by applying the translation matrix

1 00 M

01 0 Am
T —

001 An

000 1

such that T'(z,y,2) = (', v/, 2').

During translation, f’(O) gets shifted to another position with keeping the shape
and size of the fuzzy point intact. If Pr is obtained by the translation of P along a
direction, then P and ﬁT are said to be translation copies of each other.

Ezample 4.2.3. (Translation of a fuzzy point along a direction (¢, m,n)).
Let ﬁ(S,O, —2) be a fuzzy point whose membership grade at a point (z,y,z) is
evaluated by

N 1—V(x=5)2+32+ (2422 if (z—5)2+y2+(2+2)2<25
I ((Jc,y,z)’P(S,O, —2)) =
0 otherwise.
Let ]5T be the translated fuzzy point along the direction (0,0, 1). Consider the line
x = 5,y = 0 passing through the core point (5,0, —2) along the direction (0,0, 1).
Note that the foot of the perpendicular on the line x = 5,y = 0 from the point
(1,0, —1) will be the core point of the translated Pr(0) on which the point (1,0, —1)
lies. On calculation, we find that (5,0, —1) is the core point of the translated Pp(0)

on which the point (1,0, —1) lies.

Now, the membership grade u ((;1:, Y, 2) 15T> can be evaluated by

N 1—V(@=5)2+12+(z+1)2 if(x—5)2%4+y>+(2+1)2<25
1% ((m,y,z)’PT) =
0 otherwise.
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Let us define the rotation of a fuzzy point about co-ordinate axes.

Definition 4.2.3. (Rotation of a fuzzy point about co-ordinate azes). Let P(a,b,c)

be a fuzzy point whose membership function is

i ((a:,y,z)‘ﬁ) =fr—a,y—0b,z—c).

Let
1 0 0 cosy 0 siny
R. =10 cosyp —siny |,Ry= 0 1 0
0 sinYy cosy —siny 0 cosy
and
cosy —siny 0

R, = |sinY cosy 0
0 0 1

be the rotation matrices about a co-ordinate axis x, or y, or z by an angle 1,
respectively. The membership function of rotation of P about a co-ordinate axis x,

or y, or z by an angle 1) can be defined by

1 <(:L',ycosw — zsinw,ysinw—l—zcosw)'(ﬁ)i )

:f(QT—Cl,y—b,Z—C),

or

i ((azcosw + zsin, v, —msin¢+zcosw)‘(ﬁ>z )
- f

(x —a,y—b,z—c),
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or

(7))

i ((.%COS@b — ysiny, xsiny + ycos, 2)
= f(zr—a,y—0b,z—c),

~\ ¥ P ~\ ¥ ~
respectively. Here, (P) , <P) and (P) denote the rotation of P(a, b, c) about
R. Ry R.

a co-ordinate axis x, or y, or z, by an angle 1.

Definition 4.2.4. (Rotation of a fuzzy point about any arbitrary line passing through

the core point). Let ]S(a, b, ¢) be a fuzzy point whose membership function is

,u((:r:,y,z) P) = flr—a,y—b,z—c).

Apply translation and a combination of rotations by a required angle on P such

that the arbitrary axis passing through the core point (a,b,c) coincides with any

co-ordinate axis, say z-axis. The steps to do same, we refer [117] (see p. 10). After

applying the transformations, rotation of P about any arbitrary axis passing through
~\ ¥

the core point (a,b,c) by an angle 1) can be obtained as (P)
R,

Ezxample 4.2.4. (Rotation of a fuzzy point about any arbitrary axis passing through
the core point). Let us consider an S-type space fuzzy point ﬁ(0,0, 0) with the

membership function

1—sva?+y? 422 ifa?+y*+ 22 <4

1 ((x,y, z)’IB(O, 0, O)) =
0 otherwise.

Counsider a line
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passing through the P(1).

Let T0,0,0) = 14, the identity matrix of order 4,

10 1
10 0 0 oo —L g
1 3
RTL56° _ 0 Yio V10 0 RLT54 _ 0 1 0 0
v 3 —1 T 1 10
0 5 v O i 0 oy 0
0O 0 0 1 0 0 0 1
and
0O 1 00
R _ -1 0 0 O
0O 010
0O 0 01
(see p. 10 in [117]). Then,
1 3
0 7% 5 O
N ST T W
REZ)OOR;7.54° R;1.56°T(070’0) _ / 11 \/zﬁ \/iTO
/i vo o Y
0 0 0 1



Chapter 4. Analytical fuzzy space geometry I11 164

For instance, choose a point (0.6325, —0.5721,1.5076) for which the membership

value of lgRsz;oo has to be calculated. The membership value is given by

( 0.6325, —0.5721, 1.5076 ’PR%O)

p(c
1— % 2?2 Fy2 422 ifa? 4?4222 <4
otherwise

= 0.1339.

In Method 2, we formulate a fuzzy sphere when a fuzzy line segment as the diam-
eter is given. We give two methodologies to define the diameter form of the fuzzy
sphere. In the first methodology, the construction of the fuzzy sphere depends on the
translation of fuzzy points along the perpendicular directions passing through the
core points of the fuzzy points. In the second methodology, we extend the classical

definition of the diameter form of a sphere in a fuzzy environment.

A sphere can be obtained in the classical geometry when a line segment joining
two points as a diameter is given. Let Lp p, be the line segment joining two given
points P, and P». Consider a point P on the sphere. Then, the line segment
joining PP; and PP, must be perpendicular. A question may arise what if the given
points are imprecise? Is the condition of perpendicularity of the fuzzy line segment
joining PP, and PP, necessary when the given points P, and P, are imprecise?
The following definition is the answer to these questions. The analogous idea, as in
classical geometry, can be applied to describe a fuzzy sphere, say 52, when the given
points are imprecise. The idea of the perpendicularity of the line segment joining

PP, and PP, prompted us to define the fuzzy sphere in the following manner.
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Definition 4.2.5. (Fuzzy sphere Sy (diameter form)). Let P, and P, be two S-type
space fuzzy points, and [:/p1 p, be the fuzzy line segment joining P, and P,. The
fuzzy line segment L p.p, is a diameter of the fuzzy sphere. Let lpp and Iy, be two
perpendicular directions passing through the core points of P, and ﬁg, respectively.
Consider a fuzzy line zgcp generated by the translation copies of P along the direc-
tion lpp. Consider another fuzzy line Eg/@/ generated by the translation copies of P,

along the direction Iy
The diameter form of the fuzzy sphere is the collection of fuzzy points 15, which are

the intersection of ZW, and Zgw such that

§2 = \/{ﬁ : the fuzzy points which are the intersection of perpendicular fuzzy

lines ZQ@ and ZQ/@/}.

More explicitly, the diameter form of the fuzzy sphere can be formulated by the

membership function

i ((m, Y, z)‘§2> = min{u ((x, Y, z)‘z@,) s ((x,y, 2) 59,¢/>}.

A geometrical view of the diameter form of the fuzzy sphere S, is shown in Figure
4.1, where the fuzzy line segment L P, p, joining P, and P, is the diameter of S5. The
lines lgpp and [y, are two perpendicular directions passing through the core points
of P, and P, respectively. The point P is a representative fuzzy point on §2(0),
and the points (a, b, c) and (a;, b;, ¢;) are the core points of P and P, respectively,

fori=1,2.

To evaluate p ((:L‘, Y, 2) §2> , we detect a fuzzy point in Sy on which the point (x,y, 2)

lies. We observe that there are infinite number of fuzzy points E(ai,bi,q)’s at
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(a,b,c)
——,.c~
,// 7 N \\\
// . \
(ay, by, C1)f,-:————------—— ---- 5«1 (a3, bz, ¢3)
\ /
R S

FIGURE 4.1: Diameter form of fuzzy sphere §2

which (x,y, z) lies and p <(x,y,z)

~1) > 0, ¢ € R (by Definition 4.2.5). The points

(a;,b;, ¢;)’s lie on the core sphere S(1). Suppose the membership function of P,’s is

p é) -1 d((%yvz)a(aiabiaci))7 (4.3)

T

where ‘d’ is the Euclidean distance and r € R is any given positive number. By (4.3),

higher membership value is associated with the minimum distance d((z,y, 2), (a;, b;, ¢;)).
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Hence, we search for a fuzzy point on which (x,y, 2z) lies and the core of the fuzzy
point has minimum distance from the point (z,y, z). Noticeably, by Definition 4.2.5,
P, lies on Z@, and Zg/@/ at (a;, b;, ¢;) such that d((z, vy, 2), (a;, b;, ¢;)) is minimum. The
support of é(ai, b;, ¢;) must be the intersection of ZOw and ZQW. The membership
R).

Ezample 4.2.5. (Fuzzy sphere Sy (diameter form)). Let us consider two fuzzy points

value of the point (z,y, z) € S5(0) is given by p ((ac, Y, 2)

]51(—2, 0,0) and ﬁz(?), 1, —1) with the membership functions

_ 1-3/(x+22+y2+22 if (2 +2)2+y>+22<16
% <(l’,y,Z)‘P1(—2, 070)> =
0 otherwise

and

o (@, 2)|Pa3,1,-1)

13/ (=32 +(y— 12+ (z+ 1) if (=324 (y—-112+(z+1)2<9

0 otherwise.

The diameter I:JPIPQ of S, can be obtained by joining the 131(—2, 0,0) and P5(3,1, —1),

and evaluated by Definition 2.5.1. The core line L pp (1) is

The equation

Py —y+2-6=0

describes the core sphere S5(1) whose one diameter is the core line _ipl p,(1). Note

that the center of Sy(1) is (0.5,0.5, —0.5).
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Suppose the membership value of a point (2,—3,0) € §2(0) has to be evaluated.
Consider a line joining the points (2, —3,0) and (0.5,0.5, —0.5), i.e.,
Ca=2 _ y+3 oz
Lfs=55=m=\
According to Definition 4.2.5, our main task is to find the core point (2, 1/, 2’) of the
fuzzy point in S, in which the point (2, —3,0) belongs. It is consider that the lines
joining ‘(2,%/,2') and (—2,0,0)" and ‘(2’,y,2’) and (3,1,—1)" are perpendicular
since (2,y/,2') € Sy(1). To find («/,y/, 2'), evaluate the intersection points of the

S,(1) with the line L. After simple calculations, the intersection of L with
PP+ —r—y4+2-6=0

yields the points (0.04, —1.77,0.68) and (—1.55,1.96,0.15), for A\ = —1.6764, —0.3235,
respectively. Choose the point (0.04, —1.77,0.68) or (—1.55,1.96,0.15) which one
is the nearest from the point (2,—3,0). Here, it is easy to check that the point
(0.04, —1.77,0.68) is nearest from the point (2,—-3,0) € 52(0). Suppose the point
(0.04, —1.77,0.68) is the core point of the fuzzy points, say 157;-, which includes the

point (2, —3,0) on its supports, for i = 1, 2.

Now, the membership functions of the fuzzy points }NjTi(O.OZl, —1.77,0.68) are

y ((:c, v, z)’ﬁﬂ (0.04, —1.77, 0.68))

— 1 /(x—0.04)2 + (y+ 1772 + (z — 0.68)% if (x — 0.04)% + (y + 1.77)% 4 22 < 16

0 otherwise,

if ﬁl is translated along the direction

l . z=0.04 _ y+1.77 _ 2=0.68
Op - 204 1.77 ~0.68
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and

@ ((a:, v, z)‘ﬁTz (0.04, —1.77, 0.68))

— 12— 0.04)2 + (y + L.77)2 + (2 — 0.68)2 if (v —0.04)% + (y + 1L.77)? + (2 — 0.68)2 < 9

0 otherwise,

if P, is translated along the direction

Lo z—0.04 _ y+1.77 _ 2—0.68
0'¢" - T996 T 277 — —1.68°

respectively. By Definition 4.2.5, the membership value of the point (2, —3,0) is

min {u ((2, ~3,0) ‘ﬁTl (0.04, —1.77, 0.68)) » ((2, 3, 0)‘1%2(0.04, 177, 0.68)) }
— min {0.2287,0.4216}

= 0.2287.

The forthcoming Theorem 4.2.4 refers that there is no lack of inner conformity to
the perpendicularity of line segments joining a point on the sphere to the extreme

points of the spheres’ diameter when it is extended to the fuzzy geometry.

Theorem 4.2.4. Let Lp, p, be a diameter of a fuzzy sphere and Pbea fuzzy point on
the fuzzy sphere such that the core points of 151, 152 and P are not collinear. Then,
the space fuzzy line segments Lp p and Lp,p joining ﬁl, P and ﬁz, ﬁ, respectively,

are perpendicular.

Proof. Definition 4.2.5 indicates that the fuzzy point P on the S, is the intersection
of ng and E(wl. The fuzzy line Z(;(p is generated by the translation copies of b along
the direction lgp. Also, the fuzzy line Zgw is generated by the translation copies

of }32 along the direction ly,y. Since lpe and ly are two perpendicular directions
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passing through the core points of ﬁl and ﬁg, respectively. It is easy to say that
the fuzzy line segments I/pl p and Ep2 p joining 151, P and _ﬁg, 15, respectively, are

perpendicular. This completes the proof. O]

Note 11. Theorem 4.2.4 ensures that the diameter form of a fuzzy sphere is a true
extension of the diameter form of a crisp sphere in the classical geometry to the
fuzzy geometry. This is equivalent to the fact that any fuzzy diameter of a fuzzy
sphere subtends a right angle at any space fuzzy point on the fuzzy sphere, except

the two endpoints of the fuzzy diameter.

The following definition is the another way to construct a fuzzy sphere §3 in the
diameter form.

Definition 4.2.6. (Fuzzy sphere Sy (diameter form)). Let P and P, be two S-type
space fuzzy points, and ipl p, be the fuzzy line segment joining P, and P,. The
fuzzy line segment L p,p, 1s the diameter of the fuzzy sphere. The membership value

of a point (x,y, z) in the fuzzy sphere Sy is defined as

ners

§3> = sup{a : (z,y, z) belongs to the sphere whose diameter is a crisp

line segment joining the same points of P, and P, with the

membership value a}.

More explicitly,

o ((,0,2)[35)
=supfa s (z = (@15, ) (2= @2)5,) + (v = @05,) (v=25,) + (== 05,) (2= (25,) =0,

where ((Ii)(;«: s (Yi)gp (zi)gw) are the co-ordinates of the same points of P;, for i = 1,2}.

3)

The following Algorithm 4.2.1 can be applied to evaluate p ((:U, Y, 2)
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)

Input: Given two continuous S-type space fuzzy points ﬁl (a1,b1,¢1) and ﬁg(ag, by, c2) whose

Algorithm 4.2.1: To evaluate ((x,y, z)

membership functions are strictly decreasing along the rays emanated from their
respective core points.

Given a point (z,y, z) whose membership value in 5'3 is to be calculated.

Output: The membership value p ((ac, Y, Z)‘gg) = Qigup-

Initialize ogyp <= 0

loop:

for o = 0 to 1 with step size da do

for 6 = 0 to 27 with step size d6 do

for ¢ = 0 to m with step size dp do
Compute the same points

()5, : (@05, )5, - (21)5,) and (u2)g,: ((e2)5, - (425, (25, wsing
(2.4) and (2.5), respectively

Compute

«
St

= (v = @05,) (v = @25,) + (v = @05,) (v— @a)s,) + (2= 205,) (2= (22)5,)

if S&D =0 then

if ogup < a then
| Qsup ¢

else
| goto loop

end

end

end

end

end

return p ((x, Y, Z)’§3> = Qsup

Ezample 4.2.6. (FEvaluation of the membership values of some points in the fuzzy
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sphere §3(0)) Consider the fuzzy points ]31(1, 0,1) and E(—l, 1,5) with the mem-

bership functions

(@, 2)|Pa(1,0,1)

-3/ =12+ 92+ (2 — 1) if (—1)2 4+ + (2 —1)2 <4

0 otherwise
and

e

1—(+1)24(y—12+(2-5)2 if (z+1)+ -1+ (2-5)*<1

152(—1,1,5))

0 otherwise.

The general expressions of the same points with the membership value a € [0, 1] on

Py(1,0,1) and Py(—1,1,5) are

(ul):w (14 2(1 —a)singpcosh,2(1 —a)sinpsind, 1 +2(1 — a) cos p)

and

(uz);; (=14 (1 —a)sinpcosf, 1+ (1 —a)sinpsind, 5+ (1 — «) cosy),

respectively. Table 4.1 shows the membership values of some points in the fuzzy

sphere §3(0) by execution of Algorithm 4.2.1.
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(z,y, 2) Membership Value Step size
(—1.2893,0.8947, 5.8457) 0.1000 da = 0.1000, 66 = 0.6981 and dp = 0.3491
(—1.6000,1.2370, 5.4000) 0.3000 da = 0.1000, 66 = 0.6981 and dp = 0.3491

(1.4500,0,1) 0.7750 da = 0.2250, 60 = 1.5708 and dp = 0.7854
(1.6364,0,1.6364) 1 da = 0.2250, 60 = 1.5708 and dp = 0.7854

TABLE 4.1: Membership values of some points of 53(0) using Algorithm 4.2.1 for
Example 4.2.6

In Method 3, we investigate a fuzzy sphere that passes through four given S-type
space fuzzy points. Note that the core points of the fuzzy points must not be co-
planar, and any three of the core points must not be collinear. In classical geometry,
for any tetrahedron, there exists a sphere on which all four vertices lie. In a similar
manner, we describe that if the same points of four fuzzy points form a tetrahedron
of non-zero volume, then there is a fuzzy sphere containing all the fuzzy points.
Although, there may be a fuzzy sphere in which only core points of fuzzy points
form a tetrahedron of non-zero volume but not the same points of the fuzzy points.
It may be noted that in this case, we may not find a unique sphere, in fact, this is
demonstrated in the following study. First of all, we focus on formulating a fuzzy

sphere §4.

Definition 4.2.7. (Fuzzy sphere (§4)) A fuzzy sphere, say Sy, passing through four
S-type space fuzzy points ]31, 152, ]53 and 154 whose core points must not be co-

planar and any three of the core points must not be collinear, can be defined by the
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membership function as

o (a5
= sup{a : where (z,y, z) belongs to the sphere passing through the four same

points of P,(0), P,(0), P5(0) and Py(0) with the membership value o}

The following example explicits the construction of the fuzzy sphere by the third
approach in which the positions of four points are given imprecisely. Also, a math-
ematical expression is illustrated using the concept of the same and inverse points
of the fuzzy points. According to Definition 4.2.7, a fuzzy sphere is the union
of all the crisp spheres that pass through the four same points of ﬁl(al,bl,cl),
ﬁg(ag, by, C2), ﬁg(ag, b3, c3) and ﬁ4(a4, by, cs). The same approach can be perceived
from Figure 4.2 which represents the fuzzy sphere through four fuzzy points

Pi(ay, by, c1), ﬁg(ag,bQ,CQ), 133(@3,63,03) and 134(a4,b4, c4), where (ui)gw ((vi);o) de-
note the same points of f’i(ai, bi,c;), for i = 1,2,3,4. The direction ratios of L’éw’s
that pass through the core points (a;, b;, ¢;) of P, are identical, for 1 = 1,2, 3, 4.
Example 4.2.7. Let ]Sl(al, by, c1), ﬁg(ag, ba, c2), ﬁ3<a3, b3, c3) and ﬁ4(a4, b4, c4) be four
fuzzy points whose core points are not co-planar and any three of the core points

are not collinear. Let §3 be a fuzzy sphere passing through ﬁl, ﬁg, ﬁg and E. The

same points of }Nj,;(ai, b, ¢;) with the membership value « are

(ui)gip : (a,- + ¢; (o) sinpcos 0, b; + ¢; () singsin b, ¢; + ¢; (a) cos gp) . (44)

forv=1,2,3,4.
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FIGURE 4.2: Fuzzy sphere passing through four fuzzy points ﬁl, 152, ﬁg and Py

The sphere, say (S)j,,, that passes through (u')y,, (u*)g,, (u?),,, and (u')y, can be

determined by the equation

P+ 22+ 2 (W, + 2y (v)g, + 22 (W), + (c)y, = 0,
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where
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and

2(x1)p, 2(W1)g, 2(21)p, 1
M 2(22)p, 2(y2)p, 2(22)p, 1 |
2(x3)p, 2(3)g, 2(23)p, 1
2(®4)p, 2(Wa)g, 2(2a)g, 1

The fuzzy sphere S, that passes through ﬁl(al, b1, c1), ﬁz(az, b, C2), ﬁg(ag, b3, c3) and

«

Py(ay, by, cq) is the union of all possible spheres (S)y, that passes through (u1)9W

(u?)y,, (W), , and (u'), , ie.,
¥ ' ©

S=V U U {ch +y? + 27+ 2z (w)y, + 2y (v), + 22 (w)g, + (05, = 0} :
a€l0,1]0€[0,2n]p€[0,7]
Now we state a result that facilitates to get the membership value of the sphere S
in 54(0) by the idea of the same points.
Theorem 4.2.5. Suppose that S is a sphere in §4(0) and four same points (z1,y1, 21) €

Pi(0), (22, Y2, 22) € Py(0), (23,43, 23) € P3(0), and (w4, ya, z4) € P4(0) with

I ((xl, Y1, 21)‘§4> = p (($27y2a 32)‘54) =p ((33373;3, 23)‘54) =p ((1‘4’94, 24)’54) =a

exist such that S is the sphere passing through (z1,y1,21), (22, Y2, 22), (x3, Y3, 23),

and (x4, Y4, z4). Then
I (S

§4) = Q.
Proof. Similar to Theorem 3.2 in [3]. O

The following Algorithm 4.2.2 treats how to find the membership value of a point

in the fuzzy sphere §4.



Chapter 4. Analytical fuzzy space geometry I11 178

Algorithm 4.2.2: To evaluate the membership value of a point in the fuzzy

sphere §4

Input: Given four continuous fuzzy points Py (a1,b1,c1), 152((7,27 ba, c2), ]53 (as, bs, c3) and
Py(ay, by, c4) whose membership functions are strictly decreasing along the rays
emanated from their respective core points.

Given a point (x,y, z) whose membership value in Sy is to be calculated.

Output: The membership value u ((sc, Y, z)‘§4) = Qlgup-

Initialize ogyp < 0

loop:

for a = 0 to 1; with step size do do

for 6 = 0 to 2m; with step size 66 do

for ¢ = 0 to m; with step size dp do
Compute the same points

(w) ((xi)g‘@,(yi)g‘w(zi)g@) using (4.4), for i = 1,2,3,4

Compute
z? +y? + 22 T y z 1
(@oz,) + (w05,) + (05,) G5, @05, G, 1
St = (@5,) + (w5,) + (205,)° @5, @5, (205, 1
(ei,) =+ (wo)5,) + (Go,) @i )i, (o), 1
(@op,) + (w05,) + (G5,) @5, g, G, 1

if S’g‘w =0 then

if agyp < o then
| Quup & @

else
| goto loop

end

end

end

end
end

return p ((1’, Y, z)‘§4) = Qiup

Ezample 4.2.8. (Evaluation of the membership values of some points in the fuzzy

sphere S4(0)). Consider four fuzzy points Pi(0,3,2), Pa(1,—1,1), P5(2,1,0) and
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Py(5,1,3) with the membership functions

i ((29.2)| Pr(0.3,2))
[ WET G G2 -9 (-2 <
0 otherwise,
1 ((:C,y, z) E(l, -1, 1))
I R R e U R VR O Ve B e CEp
0 otherwise,
H ((l’,y, Z) ﬁ3(27 17 0))

— L@ =22+ (y—1)2+22 if (z—2)2+(y—1)2+22<4

0 otherwise

and

i (@) Pi(5,1,3))

1= (& =52+ (y—1)2+ (=32 if (z =57+ (y—1)*+(2-3)* <1

0 otherwise.
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Clearly, the same points of ﬁl, E, ﬁg and ]34 can be expressed in general term as

(u')y o (2(1—a)sinpcosd,3 +2(1 — a)sinpsing, 2 +2(1 — a) cos ),
(UQ)O;, :(14+3(1 —a)singpcosf,—1 +3(1 — a)sinpsinf, 1 + 3(1 — «) cosp),
(u?’)@w (24 2(1 —a)sinpcosf,1+2(1 — a)singsinb, 2(1 — a) cos @) and

(u4)3¢ :(5+ (I —a)sinpcos, 1+ (1 —a)sinpsinb,3 + (1 —a)cosyp),

respectively.

Table 4.2 shows the membership values of some points in the fuzzy sphere §4 by

execution of Algorithm 4.2.2.

(z,9,2) Membership Value Step size
(2,1,1.8000) 0.1000 da = 0.2250, 660 = 1.5708 and ¢ = 0.7854
(2,2.2728,1.2728) 0.5500 da = 0.2250, 60 = 1.5708 and dp = 0.7854
(1.5757,3,2.2778) 0.6000 da = 0.1000, 66 = 0.6981 and dp = 0.3491
(3.8000, 1, 0) 1 Sa = 0.2250, 60 = 1.5708 and 6y = 0.7854

TABLE 4.2: Membership values of some points (z,y,2) € §4(0) produced by
Algorithm 4.2.2 for Example 4.2.8

In what follows we explore about center and radius of the fuzzy sphere §4.

Definition 4.2.8. (Center C of the fuzzy sphere §4). Let 54 be the fuzzy sphere
passing through four S-type space fuzzy points ﬁl, 152, ]33 and ﬁ4 whose core points

must not be co-planar and any three of the core points must not be collinear. The
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center C of the fuzzy sphere §4 can be defined by the membership function as

o (c‘é) = sup{a : where c is the center of the sphere passing through the four
same points of P,(0), P,(0), P5(0) and Py(0) with the membership

value a}.

Let us consider the Example 4.2.7. According to Definition 4.2.8, the center C of S,

is expressed by

c=\ {(-wi — @5~ w;,)} (45)

©€[0,7]
0¢c[0,27]
a€l0,1]

Ezxample 4.2.9. (Center C of the fuzzy sphere §4). Let us consider the fuzzy sphere
in the Example 4.2.8. Figure 4.3 depicts the boundary of 0.7-cut of the C evaluated

by (4.5) with step size 00 = 75 and dp = .

bd(C(0.7))

FI1GURE 4.3: The boundary of 0.7-cut of the center of the fuzzy sphere

Theorem 4.2.6. Let C be the center of the fuzzy sphere §4 that passes through four

fuzzy points }le, }Njg, ]33 and }34. If no pair of the same points of ]31, ]32, 153 and
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E are co-planar and any three of the same points are collinear. Then, C () is a

compact and connected set, and for 0 < ay < ap < 1, 5(042) C CN'(oq).
Proof. Analogous to the proof of Theorem 3.4 in [3], we can define a function

F :[a,1] x [0,27] x [0, 7] — R?

F(3,0,0) = (= W3, . = )3, — )3, )

Since (ui);p are continuous and no pair of the same points in Py, P, P and P,
are co-planar and any three of the same points are collinear, for ¢+ = 1,2,3,4. The
expression of (u),,, , (v)y, and (w)g,, as represented in Example 4.2.7 are continuous.
Since (u)g,, , (v)y, and (w)y,, are continuous, the function F(7,0, ¢) is continuous.
We know that the continuous image of compact and connected set is compact and
connected set. Hence, the set F([«, 1] x [0,27] x [0,7]) must be a compact and

connected set. Therefore, by (4.5), C(«a) is compact and connected. It directly

follows from the (4.5) that for 0 < ay < ay <1, 6’(042) C 5((11).
]

Definition 4.2.9. (Radius R of the fuzzy sphere §4). Let S, be the fuzzy sphere
passing through four S-type space fuzzy points ﬁl, 152, 153 and ﬁ4 whose core points
must not be co-planar and any three of the core points must not be collinear. The

radius R of the fuzzy sphere Sy can be defined by the membership function as

1 (r’ﬁ) = sup{« : where r is the radius of the sphere passing through the four
same points of P;(0), P»(0), P3(0) and Py(0) with the membership

value a}.
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Let us consider Example 4.2.7. According to Definition 4.2.9, the radius R of S, is

expressed by

R=\/ @, + @5+ W), — (), (4.6)
p€[0,7]

0€[0,27]
a€(0,1]

Ezample 4.2.10. (Radius R of the fuzzy sphere §4). Consider the fuzzy sphere in the
Example 4.2.8, then the a-cuts of the radius R of S, in Example 4.2.8 are found in
Table 4.3 as

o R(«)

0 [2.4141,4.1111]
0.1 [2.4561,3.9728)
0.2 [2.5012,3.8406]
0.3 [2.5495,3.7144]
0.4 [2.6011,3.5942)]
0.5 [2.6565,3.4801]
0.6 [2.7158,3.3721]
0.7 [2.7792,3.2703]
0.8 [2.8476,3.1745]
0.9 [2.9211,3.0844]
1 3

TABLE 4.3: a-cuts of R for Example 4.2.8

Theorem 4.2.7. Let R be the radius of the fuzzy sphere S, that passes through four
fuzzy points ]31, ]52, ]33 and RL. If no pair of the same points of ﬁl, _ﬁg, ﬁg and 154
are co-planar and any three of the same points are collinear. Then, radius R of the

fuzzy sphere §4 is a fuzzy number.
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Membership value
o
o

24 2.6 2.8 3 3.2 34 3.6 3.8 4 4.2
a-cut of radius

FI1GURE 4.4: Membership function of the radius Rin Example 4.2.8

Proof. Analogous to the proof of Theorem 4.2.6, we can define a function

R:[a,1] x [0,27] x [0,7] — R

R(1,0,9) = \/ (W), + W)5,” + (w)5,” — ().

which is continuous. The set R([a, 1] x [0,27] x [0,7]) is compact and connected
since [o, 1] x [0,27] x [0,7] is a compact and connected set. Therefore, the set
R(a) is a closed and bounded interval, for o € [0,1]. It is obvious from (4.6)
that for 0 < aq < ayp < 1, E(ag) - é(al). The membership function of R is
upper semi-continuous since for all A € R, the set {R S (R‘é) > )\} is closed
and bounded. Now, for the }Ni(l), consider the radius of the sphere passing through

Py(1), Py(1), P5(1) and P4(1). Hence, the theorem is proved. O

Note 12. In classical geometry, four points always determine a unique sphere if they
are not co-planar. Here, we can exclude the restriction that ‘if no three points are
collinear’ because in such a case, the four points will necessarily be co-planar. If they

are co-planar, either there is no sphere through these four points or an infinity of
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them. Because if three points are collinear, they do not lie on any circle (and hence
not on any sphere). Also, if they are not collinear, they determine a unique circle,
which is contained by an infinity of spheres. Overall, a sphere passing through the

four not co-planar points is a unique sphere.

Theorem 4.2.8. (Uniqueness theorem). Let Py, P,, P; and P, be four fuzzy points.
If no pair of the same points of ﬁl, ﬁQ, 153 and P, are co-planar. Then, the fuzzy

sphere §4 that passes through ﬁl, ﬁz, f’g and E is unique.
Proof. The proof is trivial by Definition 4.2.7 and the Note 12. O

Next, we show that the intersection of fuzzy sphere S with a crisp plane I1 is a fuzzy

circle.

Note 13. In further analysis, we have given a uniform notation for a fuzzy sphere as

S , formulated by either Method 1 or Method 2 or Method 3.

Definition 4.2.10. (The intersection of fuzzy sphere S with a crisp plane II).

Let S be a fuzzy sphere and II be a crisp plane such that S(1)()II # 0. The
intersection of fuzzy sphere S with a crisp plane IT is a fuzzy circle, say 517, with

the membership function as

" ((:E,y, 2)‘5]7) _ 2 ((ZE,?J, Z)‘S) if (z,y,2) € SNII

0 otherwise.

Ezample 4.2.11. (The intersection of fuzzy sphere S with a crisp plane IT). Let
P(4,—2,—4) and d = (9— 3/9/9+47) g be a fuzzy point and a fuzzy number, where

f =6, =2and L(z) = R(x) = max{0,1 — z}. The membership function of
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P(4,-2,—4) is

(e y.2)| P4, —2.-9)

L= 3vV(@ =42+ (y+2?+ (2 +4) if (2 -4+ (y+2)° + (2 +4)> <4

0 otherwise.

Let x — 2y 4+ 22 = 3 be a crisp plane. Let S be the fuzzy sphere formulated by the
Method 1 whose center and radius are P(4,—2,—4) and d = (9 — 8/9/9 + 7)r,

respectively. The a-cuts of S are

S(a) = (ag + (1 — a)sinpcosb, by + (1 — a) sinpsinb, ¢ + (1 — a) cos p) ,

for 6 € [0,27], p € [0,7] and « € [0, 1] along the ray

x—4 _ y+2 _ z+4
* sinpcosf ~ singsinf = cosp”

Here, the points on the core sphere are
{(ag, b2, c2) : (az,ba,co) = (4 +9sinpcosd, —2 + 9sinpsinf, —4 + 9 cos )},

for 6 € [0,27], ¢ € [0, 7]. The membership function of Cj is

fu <(z,y,z)‘5n> ) <(x’y’z)‘5) if (2,9,2) € SN —2y+22=3

0 otherwise.
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The a-cuts Cpr(a) is the set

{(az + (1 —a)sinpcosf, by + (1 — a)singsing, cs + (1 — a) cos ) :

(a4 (1 —a)singpcosd) —2(by + (1 — ) sinpsinf) + 2(c2 + (1 — ) cos ) = 3},

for 0 € [0,2x], ¢ € [0, .

Definition 4.2.11. (Center of the fuzzy circle 517) Let S be a fuzzy sphere and
IT be a crisp plane such that S ()(YII # 0. Center of the fuzzy circle, say ¢,
can be obtained as a translation copy of the center C of the fuzzy sphere S along
the direction drawn perpendicularly from C (1) to the plane I1. The membership

function of the center ¢ of the fuzzy circle Cp is defined as

1 ((w,y,z)‘é’T> if (x,y,2) € éTﬂH
p((z,y, 2)[¢) =

0 otherwise,

where Cy is the translation copy of the center C to the plane 1.

Ezample 4.2.12. (Center of the fuzzy circle 517) Let us consider the fuzzy circle Cr
as in Example 4.2.11. Draw a perpendicular from 6’(1) to the plane I : x —2y+2z =
3. We get that the point (4.33, —2.66, —3.33) is the foot of perpendicular from C(1)
to the plane I1. Hence, by Definition 4.2.11, the membership function of the center

¢ of the fuzzy circle Crr is

p (2,9, 2)[€)

1—1/(x —4.33)2 + (y +2.66)2 + (2 + 3.33)2 if (v — 4.33)2 + (y + 2.66)% + (2 +3.33)2 < 4

= and x — 2y +2z=3

0 otherwise.

Here, the core point ¢(1) is (4.33, —2.66, —3.33).
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Definition 4.2.12. (Radius of the fuzzy circle 517) Let S be a fuzzy sphere and II be
a crisp plane such that g(l) (N II # (. Let a fuzzy point, say Cr, be a 90° rotation of
the center C of the fuzzy sphere about the co-ordinate axis considering the direction
drawn perpendicularly from C (1) to the plane IT as an axis of reference. Radius
of the fuzzy circle, say r, can be obtained as the fuzzy distance between the fuzzy

points Cr and C.

The membership function of the radius 7 of the fuzzy circle Cyr is defined as

u (r f)(éR,a) it r € D(Cp, ?)
p(r(r) =

0 otherwise.

Example 4.2.13. (Radius of the fuzzy circle 517) Let us consider the fuzzy circle
Cp as in Example 4.2.11. The a-cut of the center ﬁ(4, —2,—4) of the sphere S in

Example 4.2.11 is
(44 2(1 —a)sinpcosh, =2 +2(1 — a)sinpsinf, —4 + 2(1 — ) cos p) ,
for 0 € [0,27], ¢ € [0,7] and « € [0, 1] along the ray L. Consider a line

/. x—4 +2 z+4
L 1 -2 2

drawn from (4,—2,—4) to the plane x — 2y + 2z = 3. Rotate all the points of

§(4, —2,—4)(a) perpendicular to the line L. To do this, we need the following
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rotations by appropriate angles. Let

1 0 0 O 00 —-10
1 1
g |0 T F O md B~ 010 0f
L1
0—%750 10 0 0
0 0 0 1 00 0 1
(see p. 10 in [117]). Then,
1 1
0 L~ 0
1 1
RO° Ri5° _ 0% » 0
y i
1 0 0 0
0 0 0 1

The a-cuts of the fuzzy point Cr are {R2° RY (4 +2(1 — o) sinp cosd, —2 + 2(1 —

) sin psin @, —4 + 2(1 — a) cos @) }. Here, Cr(1) is the point (4.2426,1.4142, 4).

According to Definition 4.2.12, the radius 7 of Cp is the fuzzy distance between ¢
and Cr. We have evaluated the 7(0.1) = [5.9683, 11.0916], 7(0.3) = [6.4997, 10.4907],
7(0.5) = [7.0360, 9.8903], 7(0.8) = [7.8475,8.9908], 7(1) = 8.3922.

Analogous to the definition of a great circle in classical geometry, we define the
great fuzzy circle, say éc, as the intersection of a fuzzy sphere S by a crisp plane 1T
that passes through the core point of the center of the sphere S. We know that the
surface for # = constant, in the spherical polar co-ordinate system, is a half-plane
from any co-ordinate axis (say z-axis). Another part of the surface, where 6§ + m =
constant, is also a half-plane. Both the half-planes, where 6 = constant and 6 + 7 =

constant, form a complete plane. The intersection of S with that complete plane
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gives the éc. Note that the points of support of the center C (0) are represented by

that spherical polar co-ordinate system in which origin is translated to the C/(1).

Definition 4.2.13. (Great fuzzy circle éc) For each fixed 0,0+ 7 € [0, 27], according
to Definition 4.2.1, the membership function of the great fuzzy circle CNJC can be

expressed as

G, = \/ {&E : D (?,}52) — R, where %? and ;5\2“2 are fuzzy

p€[0,7]

numbers along the line L},

where R is the radius of S , and

L - T—a _ y—b — 2=C¢ _— )\

* sinpcosf® ~ singpsinf ~ cose

On the other hand, the membership function of the CNJC can be represented as

S> if (z,y,2) € SN I

(o)) - 1" ((z.9.2)

0 otherwise,

where I7 is a crisp plane passing through the core point of the center of S.

The center, say ¢,, and the radius, say r,, of the éc is 5(0) N Il and ﬁ, where C
and R are the center and radius of the fuzzy sphere S , respectively.

Ezample 4.2.14. (Great fuzzy circle CN}’C) Let us consider a fixed fuzzy point P, and
a fixed fuzzy number d as in the Example 4.2.2. For each fixed 6,6+ 7 € [0, 27], the

points on the a-cuts of the great fuzzy circle are

G.(a) = (az £1.6962(1 — a)sinpcosd, by £ 1.6962(1 — a) sinpsiné, ¢z + 1.6962(1 — «) cos ) ,
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for ¢ € [0,7] and « € [0, 1] along the ray L. Here, the points on the core G,(1) are
(1 £7.8102sin ¢ cos#, £7.8102sin ¢ sin f, —1 + 7.8102 cos ).

The center ¢, = P, and the radius Tg = d, for each fixed 6,0 + 7 € [0, 27].

As converse, the rotation of a great fuzzy circle G, about an axis passing through

¢,(1) that lies on the 7, is a fuzzy sphere.

Definition 4.2.14. (Rotation of a great fuzzy circle éc) Let G, be the great fuzzy
circle on S (0). A rotation of éc about an axis that passes through the core point
of the center of CNJC and lies on the I, can be perceived as a fuzzy sphere. For the
appropriate rotation of éc, first coincide the éC(O) to any co-ordinate plane (say zy-
plane). Then, apply the rotations about any co-ordinate axis (say z-axis) by angle
¢ € [0, to obtain a fuzzy sphere. Let (rsinf,rcos,0) be the points in G.(0)
(fuzzy circle in the zy-plane whose ¢,(1) is origin), where r € 7,(0). The rotation of

(rsind,rcosf,0) € G.(0) with respect to z-axis by angle ¢ € [0, ] is

1 0 0 0 rcos 6 rcosf

0 cosp —singp 0 7 sin 6 rsin § cos ¢

0 sinp cosp 0 0 - 7 sin @ sin ¢ ’
0 0 0 1 1 1

for ¢ € [0, 7] and 6 € [0, 27]. Hence, the rotation of (rcosf,rsin@,0) in G.(0), say
RCQW 18

Ry, = (rcosf,rsinf cos p,rsinfsin ) .
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The membership function of the fuzzy sphere S which is generated by the rotation

of the fuzzy circle CNJC can be defined by

N) B 1 <(u,v,w)‘Gc> if (z,y,2) = Repyp(u, v, w)

S

ners

0 otherwise.

On the other hand, by varying 6 € [0, 27|, in Definition 4.2.13, we get a fuzzy sphere.

Fxample 4.2.15. Let us consider a great fuzzy circle as in Example 4.2.14. For

varying 6 € [0, 27|, the points of the a-cuts of the fuzzy sphere are

S(a) = (az + 1.6962(1 — o) sin p cos 0, by + 1.6962(1 — ) sin psin @, co + 1.6962(1 — ) cos ) ,

for ¢ € [0,7] and « € [0,1] along the ray L. Here, the points on the core S(1) are
(14 7.8102sin @ cosf, 7.8102sin psinf, —1 + 7.8102 cos ).

The center and the radius are P and (z respectively.

The following section deals with the formulation of a fuzzy cone and its intersection

by a crisp plane.

4.3 Fuzzy cone

In classical geometry, a right circular cone is a surface generated by a straight line
that passes through a fixed point and makes a constant angle with a fixed straight
line. In analogy with this, we formulate a fuzzy cone as a collection of fuzzy lines
passing through a fixed fuzzy point P and makes a constant angle with a fixed fuzzy

line that passes through the fuzzy point P.
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To form a fuzzy cone, we first translate a given fuzzy point along a fixed axis. The
fuzzy line generated by translating a given fuzzy point along a fixed axis is called
a fixed fuzzy line. Then, draw a line making a constant angle from the fixed axis.
Again, translate the same fuzzy point along that direction. The fixed fuzzy line is
called the axis, and the given fuzzy point is called the vertex of the fuzzy cone. The
fuzzy line that makes a constant angle with the fixed fuzzy line is called the fuzzy
cone generator. We rotate the generator 360° around the axis to form the fuzzy

cone.

Naturally, a question may arise as to why a constant angle and translation of fuzzy
point has been taken to define a fuzzy cone? Further, is it possible to define a fuzzy
cone in a general manner as other fuzzy space geometrical entities, such that the
angle and the axis must be a fuzzy number and a fuzzy line segment, respectively?
Answer to this question is geometrically depicted in Figure 4.5. For instance, we

define a fuzzy cone, say Cg, as

I <(w,y,Z)‘<5>

= sup{a: (z,y,2) € %, , where €} is the cone generated by the line making angle
¢ with the line joining the same points of P;(0) and P5(0) with the

membership value a}, (4.7)

@Z is a fuzzy number and ¢ € {/;(0) with membership value a. Figure 4.5 gives the
geometrical interpretation of (4.7), where P, and P, are two fuzzy points and €
is the crisp cone generated by the line, which makes angle 1) with the line joining
the same points (ul)gw ((vl)g(» and (uz)ggo ((v2)3‘p> of P1(0) and P»(0) with the

membership value «, for some a € [0,1]. We denote the core cone by ‘KJ, which

is a crisp cone generated by the line which makes angle ¢/ = @Z(l) with the core
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Core line

Py(a)

Py

FIGURE 4.5: Fuzzy cone defined by Equation (4.7)

line of the fuzzy line segment joining P, and P,. Tt can be perceived by the Figure
4.5 that €| (1) ¢ ‘g(a), for 0 < a < 1. It contradicts an elementary property of
the fuzzy sets by which the fuzzy sets and the crisp sets are connected. Hence the
definition represented in (4.7) is not an appropriate way to define a fuzzy cone. To
fulfill all the elementary properties of a-cuts of the fuzzy cone % illustrated by (4.7),

we define the fuzzy cone % as follows.

Definition 4.3.1. (Fuzzy cone Cg) Let Jg(a,b, ¢) be an S-type space fuzzy point.
Consider a fuzzy line Zggp generated by a translation copies of P along the direction

lpp. Consider another direction Iy, which makes angle ¢ with the ly. We construct
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that the fuzzy cone is a collection of all the fuzzy lines Zg/wl generated by the
translation copies of P along the direction lg.,s. The membership function of the

fuzzy cone % is defined by

1 ((:17, Y, z)‘@ = sup{«a : where (z,y, z) belongs to the fuzzy line zg/w/ with the

membership value a}.

As per notations of Definition 4.3.1, the geometrical representation of the fuzzy cone
is depicted in Figure 4.6, where .ﬁmw(al, b1, c1) is the translation copy of P along
the direction lg,». The fuzzy point ﬁT9¢(a’ ,b', ) is the translation copy of P along
the direction lg,. The fuzzy line Z(’,,Qp, represents the another position of Zgw in the

fuzzy cone € (0) which also makes angle ¢ with ly¢p.

Example 4.3.1. (Fuzzy cone ‘g) Let P(0,0,0) be the vertex of the fuzzy cone 3

with the membership function

1— Va2 +y2 422 ifa?4+y*+22<16

i (@, 2)|P(0,0,0)) =
0 otherwise.

Let zggo be a fuzzy line generated by a translation copies of ﬁ(0,0,0) along the
z-axis. Let lgoy be another line which makes angle 45° with lgp. Let ZG’so’ be a fuzzy
line generated by the translation copies of ]3(0, 0,0) along the direction lyy. The
surface of revolution of Z9/¢/<O) forms the fuzzy cone €. The equation of the core

cone of the cone € is 22 + y? = 22

Choose a point (1,4,0) whose membership value has to be evaluated. To evaluate
the membership value, we have to find the point of minimum distance from (1, 4,0)

to the core cone 2% + y? = z2. To find this, apply the Lagrange multiplier method.
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Zl

N
2
L Brpr

FIGURE 4.6: Fuzzy cone

This yields the point (3,2, /%) on 2* + y? = 2* which is at the minimum distance
from (1,4,0). Note that the point (3,2, y/4) will be the core point of the translated
fuzzy point Pr at which the point (1,4,0) belongs. The fuzzy point ﬁT(%, 2,4/ %)

is the translated fuzzy point along the direction (3,2, /%) with the membership
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function
u((w,yvz) ﬁT(é’Q’ 15))

ey e - e oot eo T .
0 otherwise.

By (4.8),

f ((17470)

Pr (%,2, 1{)) = 0.2712.

Next we define the notion of convex fuzzy cone.

Definition 4.3.2. A fuzzy cone € (according to Definition 4.3.1) is a convex fuzzy

cone if all the crisp cones C' € € (a) are convex, i.e., \jx; + Axy € C for any

T1,T2 € C and )\1,)\2 2 0.

Theorem 4.3.1. A fuzzy set % is a convex fuzzy cone if and only if it is convex and

€ (\v) > € (v), Vv € R3 and A > 0.

Proof. Let % be a convex fuzzy cone. We need to prove that it is convex and

€(\v) > €(v), Vo € R and A > 0. Clearly, it is convex by Definition 4.3.2.

Now, without loss of generality, we can write any arbitrary element Av € €(0) as
OXv € %7(0), where A >0, A\; > 0 and 6 € [0, 1]. Let us assign \jv as v’. Since € is
convex and 6 > 0,

C (0N v) > 0C (\v) > C(\v).

This implies € (6v') > %7('0’ ). Replace v' by v, the proof of this part is done.

Conversely, let € be convex and Cg(/\v) > Cg(v), Vo € R% and A > 0. We have to

prove % is a convex fuzzy cone. Consider vy, vy € € () such that € (v;), € (vs) > a

for some « € [0, 1]. By Definition 4.3.2, it is sufficient to prove that € (Ajv;+Aove) >
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a, for A;, Ay > 0. It is easy to note that we can write \; = 61\] and Ay = 6\, for

01,05 € [0,1]. Since % is convex,

E (01N |01 + O20509) > min{ €' (Njv1), € (Aque) } > a,

for some 6,0 € [0, 1]. Clearly, A\jv; + Aavy € € (). This completes the proof. [

It is needed to give attention to fuzzy conics obtained by cutting a fuzzy cone by
a crisp plane. The surface %7(()) is called the nappe. There are four types of non-
degenerated fuzzy conics depending on how a crisp plane intersects the nappe. The

types of non-degenerated fuzzy conics are the following:

(i) Fuzzy parabola: If the angle between the crisp plane and the fixed line is the

same as the vertex angle.

(ii) Fuzzy Circle: If the angle between the crisp plane and the fixed line is right

angle.

(iii) Fuzzy ellipse: 1f the angle between the crisp plane and the fixed line is greater

than the vertex angle.

(iv) Fuzzy hyperbola: If the angle between the crisp plane and the fixed line is less

than the vertex angle.

Note 14. The crisp plane must intersect the core cone of % since the fuzzy conics
are normal fuzzy sets. Also, in [3, 4], it is perceived that fuzzy circles and fuzzy

parabolas are a collection of fuzzy points.

Some cases may arise for the degenerated fuzzy conics, i.e., the fuzzy conics that

satisfy the requirement for a fuzzy parabola, a fuzzy circle, a fuzzy ellipse, and
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a fuzzy hyperbola, but do not form those fuzzy conics. There are three types of

degenerated fuzzy conics as follows.

(1) Fuzzy point: If the crisp plane intersects the fuzzy cone at the vertex and at

an angle greater than the vertex angle.

(ii) Fuzzy line: If the crisp plane intersects the fuzzy cone at the vertex and at an

angle equal to the vertex angle.

(iii) Two intersecting fuzzy lines: If the crisp plane intersects the fuzzy cone at the

vertex and at an angle less than the vertex angle.

Note 15. The crisp plane must pass through the core point of the vertex P since the

fuzzy points and the fuzzy lines are normal fuzzy sets.

Now we discuss the construction of the membership functions of the fuzzy conics,
say FC. Consider a fuzzy point f’(O, 0,0) and a fixed fuzzy line Zggp generated by
a translation copies of ﬁ(0,0,0) along the z-axis. Let lyy be a line that makes
an angle ¢ with the z-axis and ZQW be a fuzzy line generated by the translation
copies of P(0,0,0) along the direction lorp. The surface of revolution of Zg/@/(O)
forms the fuzzy cone %. The equation of the core cone & of the fuzzy cone % is

2?2 + 9% = 22 tan ¢.

Let IT be a crisp plane making an angel [ with the z-axis. Note that the plane IT
intersects the core cone . The intersection of cone ¥ and plane II gives the core
of the fuzzy conics FC. 1t is easy to classify the conics as a parabola, an ellipse
and a hyperbola according to = ¢, 5 > ¢ and < ¢, respectively, in the classical

geometry.

Let F'C be the core of the fuzzy conics FC. For any point (a, b, c) € FC, there must

be a fuzzy line EGW,/(O) such that the intersection ZQW(O) () II will be a fuzzy point
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in the FC whose core is (a,b,c). Next, vary the point (a,b,c) over the core conic,
this will form a collection of fuzzy points lg(a, b,c) = zglw/(()) () IT which constitute

the fuzzy conic FC. The membership function of FC can be defined by

’ ((%y’@ﬁ:é) _ ((x,y, z)‘f(;/@/) it (2,9, 2) € Loy N1

0 otherwise.

Note that each fuzzy point in FC will be translation copies of each other by the
Definition of 4.3.1. The classification of core conic classifies the fuzzy conic as a
fuzzy parabola, a fuzzy ellipse, and a fuzzy hyperbola. This is because each fuzzy
point in FC is obtained by the rigid translation of each other along with the core

conic.

4.4 Discussion and comparison

Some properties of the fuzzy spheres and the fuzzy cones have been dealt with in

this study. These properties are as follows.

1. A fuzzy sphere is a collection of fuzzy points that are equidistant from a given
fuzzy point. Under some restriction (Theorem 4.2.1), there always exists a

fuzzy point at a preset fuzzy distance from a fixed fuzzy point.

2. The angle between the fuzzy line segments joining any fuzzy point on the fuzzy
sphere with the extremities of the fuzzy diameter is a right angle (see Theorem

4.2.4).

3. The radius of the fuzzy sphere passing through four fuzzy points is a fuzzy
number unless the same points of the fuzzy points are co-planar (see Figure

4.4).
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4. All the different forms of fuzzy spheres (see Definitions 4.2.1, 4.2.5, 4.2.7) can
be perceived as a union of the crisp spheres with varied membership values or

a collection of space fuzzy points.

5. There always exists a crisp sphere S with u <S ‘§> =1, ie., S is a normal

fuzzy set.

6. The a-cuts of the fuzzy spheres (see Definitions 4.2.1, 4.2.5, 4.2.7) and fuzzy
cones (see Definition 4.3.1) are closed, connected and arc-wise connected but

not necessarily convex.

7. The convex fuzzy cone is a fuzzy cone in which all the crisp cones are convex

(see Definition 4.3.2).
8. A fuzzy cone is a normal fuzzy set whose core is a crisp cone.

9. The crisp plane sections of a fuzzy cone are fuzzy conics (fuzzy circle, fuzzy

ellipse, fuzzy parabola, fuzzy hyperbola) (see Section 4.3).

In the introduction (see Subsection 1.4.1), it is noted that there are several papers
based on the fuzzy spheres [50, 51, 52| and fuzzy cones [53, 54, 55, 56], in which these
are not well defined and do not explicitly interpret the geometrical view. There are
a few papers on the fuzzy space geometrical elements in R®. Only Qiu and Zhang [7]
focused on the fuzzy space geometrical entities (space fuzzy lines and fuzzy planes)
by extending the concepts of [5, 6]. They used sup-min compositions [15] for the
well-known algebraic equations of lines, planes, etc., with the coefficients as fuzzy
numbers [7]. Thus, as per the approach of [7], we give a comparison primarily based

on Qiu and Zhang. A point-wise comparison is included below.
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(i) Fuzzy sphere.

As per the approach of [21], a fuzzy sphere is a fuzzy set in which the member-
ship value of a point depends on its distance from a reference point in R®. The
level sets of the fuzzy sphere are concentric spheres. Thus, the center of the
fuzzy sphere would be a crisp point. Also, according to [20], the center of the
fuzzy sphere is a crisp point. The definitions of the fuzzy spheres (according to
[20, 21]) are not suitable since, in the general definition, a fuzzy point instead
of a crisp point would have been more appropriate to represent a center of a
fuzzy sphere. The core of the fuzzy sphere, according to [32, 33], is not a crisp
sphere. However, the proposed definitions of the fuzzy spheres (see Definitions
4.2.1,4.2.5, 4.2.7) are normal fuzzy sets, and the core of the fuzzy spheres are

crisp spheres.

It may be noted that the ideas used in [7] are simply extensions of the for-
mulated fuzzy geometrical entities in [6]. The sup-min compositions are also
employed in [7] by increasing the number of variables from two to three. All
the deficiencies of the fuzzy geometrical elements [6] are detailed in [3]. Fur-
thermore, the proposed concepts are similar to the concepts studied in [3]
when extending the number of variables from two to three. Also, the proposed
Method 1 and Method 3 for fuzzy spheres behave similarly to the approaches
delineated for the fuzzy circles in [3]. Hence, by [3], it is easy to note that the
proposed methods are more rigorous than the formulations in [7].

Explicitly, as per the approach of [7], the fuzzy sphere S can be defined as

S = \/ {S: where S is a sphere with center in C(a) and radius in  R(a)}.
a€l0,1]

The definition of a fuzzy sphere given by Qiu and Zhang [7] does not qualify

the condition of the customary definition of a sphere, such as the collection of
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points that are at a fixed distance from a given fixed point. On the other hand,
the proposed definition of the fuzzy sphere (Method 1) is the extension of the
classical definition of the sphere in the fuzzy environment. For the apparent
view, we can consider Example 4.2.2, where the fuzzy point 151(1, 0,—1) with

the membership function

nere

151) =1—(z—-1)2492+(z+1)2,

and the fuzzy number d = (5.1140/7.8102/10.5101) . are given. Note that the
fuzzy distance D ( b, g‘P) = d, where ¢%% and ¢5¢ are fuzzy numbers along
the line L in Example 4.2.2. However, as per the approach of Qiu and Zhang

7], f)( be. §W> = (1/7.8102/12.5101) # d. Here,

—~

% —((1—a,=\b,—1—¢)/(1,0,-1)/(1 + a,b, —1 + ¢))

and

¢9% = ((1,0,-1)/(1 + 7.8102a, 7.8102b, —1 + 7.8102¢) /(1 4 11.5101a, 11.5101b, —1 4 11.5101c))

are the fuzzy numbers along the line L, where a = sinpcosf, b = sin psin

and ¢ = cos .

The proposed Method 2 and Method 3 to construct the fuzzy spheres consid-
ered only the combinations of the same points of the fuzzy points. While in
contrast, Qiu and Zhang considered all the points on the a-cuts of the fuzzy
points to define the fuzzy spheres. The constraint set in the proposed methods
is a subset of that given by Qiu and Zhang. Hence, the proposed methods have

less computational cost and smaller spread than that of Qiu and Zhang.
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(ii) Fuzzy cone. As per the approach of [117], a fuzzy cone can be defined as

1 ((x,y, z)’cg> =sup{a: (z,y,2) €E,), where € is a cone generated by
a line making angle v with the line joining the same points

of P,(0) and P5(0) with the membership value a}, (4.9)

{/; is a given fuzzy number and p (@ZJ‘@Z) = Q.

Also, as per the approach of [7], a fuzzy cone can be defined as

e

?) =sup{a: (v,y,2) € €}, where € is a cone generated by a

line making angle ¢/ with the line joining the points of

Pi(a) and Py(a), ¥ € 12(0)}, (4.10)

and 1; is a given fuzzy number.

As per our discussion made previously (see p. 193), the Equations (4.9) and (4.10)
are not appropriate since it contradicts the elementary property of the fuzzy sets
such that £(1) ¢ €(«), for 0 < a < 1 (depicted in Figure 4.5). Hence, none of both
definitions is an appropriate idea to define a fuzzy cone. In contrast, the proposed
Definition 4.3.1 does not have such type of deficiency. For a given fixed fuzzy point
and a fixed fuzzy axis, Definition 4.3.1 defines a fuzzy cone as a collection of fuzzy
lines making a constant angle with the fixed fuzzy axis. The proposed Definition

4.3.1 of the fuzzy cone is well defined and interpreted geometrically.
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4.5 Conclusion

This paper includes three different methods to construct the fuzzy sphere. Method
1 deals with the formulation of the fuzzy sphere when the center and radius of
a sphere given imprecisely. This formulation of the fuzzy sphere is based on the
study that there is a fuzzy number at a predetermined distance from a given fuzzy
number. Method 2 depends on the diameter of a fuzzy sphere. The diameter of the
fuzzy sphere is the fuzzy line segment joining two continuous fuzzy points. We have
given two methodologies to define the diameter form of a fuzzy sphere. At first, the
construction of the fuzzy sphere depends on the translation of fuzzy points along
the perpendicular directions passing through the core points of the fuzzy points.
In second, we have extended the conventional definition of the classical diameter
form of a sphere. Method 3 defines the fuzzy sphere passing through the four S-
type space fuzzy points whose core points are not co-planar. Importantly, we have
proved that there is a unique sphere passing through the four S-type space fuzzy
points. An extensive idea of a fuzzy cone is presented thereafter. Relevantly, we
have delineated the intersection of a fuzzy sphere and a fuzzy cone with a crisp
plane. Sequentially, the properties of the fuzzy sphere and the fuzzy cone are also

discussed.

In the future, we may also focus on a detailed analysis of the properties of the
fuzzy conic sections (fuzzy parabola, fuzzy ellipse and fuzzy hyperbola). The pro-
posed fuzzy space geometrical concepts can be used to analyze fuzzy optimization

problems. We will work on this in the future.

Sokoskokok skokokskokok
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