Chapter 3

Analytical fuzzy space geometry II

3.1 Introduction

This paper continues our research on fuzzy space geometry [117]. In [117], some
basic ideas of fuzzy space geometry, such as an S-type space fuzzy point, the theory
of same and inverse points, etc., have been defined. Also, these basic ideas are
used to investigate fuzzy distance and space fuzzy line segment in [117]. The ideas
concerning to S-type space fuzzy point and same and inverse points are the backbone
of our study in fuzzy space geometry (see [117]). In this paper, we carry on with
our research in fuzzy space geometry to formulate fuzzy lines and fuzzy planes in

R3-space.

3.1.1 Motivation and novelty

It is clear from Subsection 1.4.3 that fuzzy geometry has been successfully applied
to many areas, such as fuzzy linear programming, fuzzy medical imaging, fuzzy

geometrical object detection, fuzzy extrapolation or interpolation, etc.

In [1, 2, 3], basic concepts of the same and inverse points of fuzzy points, and some
fuzzy plane geometrical elements have been investigated. These concepts gave a new
direction to develop fuzzy plane geometry. The effect of the same and inverse points
to decrease the computational cost can be observed in [87]. Further, Ghosh et al.

87
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[117] extended the idea of same and inverse points in fuzzy space geometry. Also,
in [117], some fuzzy geometrical entities, such as fuzzy distance and space fuzzy
line segment, are formulated with the help of same and inverse points in R3. In
continuation of this study, from the literature of fuzzy lines and fuzzy planes (see
Subsection 1.4.1), we observe that a detailed construction and computation of fuzzy
lines and planes are yet to be rigorously done. Also, from the application viewpoint,
we notice that the computation of fuzzy lines and fuzzy planes is essential. Thus, a

consecutive study on fuzzy space geometry is needed.

Hence, in this article, we propose a detailed construction of space fuzzy lines, the
shortest distance between skew fuzzy lines, and fuzzy planes based on the concept

of the same and inverse points of space fuzzy points.

The main contribution and novelty of the present study are as follows:

(i) We define a space fuzzy line passing through two continuous S-type space
fuzzy points. Particularly, we also formulate symmetric fuzzy lines (ZS) The
membership value of a point P € ZS(O) depends on the perpendicular distance
from P to a fixed line. One can note that the a-cut of the symmetric fuzzy

line is a right circular cylinder (see Figure 3.1).

(ii) We investigate the concept of skew fuzzy lines and the shortest distance be-
tween symmetric skew fuzzy lines. The proposed space fuzzy line and the
shortest distance between symmetric skew fuzzy lines are based on S-type rep-

resentation of fuzzy points.

(iii) With the help of the explicit expression of same and inverse points, we provide
algorithms to evaluate the membership grade of a point in the space fuzzy
lines (Algorithm 3.2.1), to execute the shortest distance between symmetric

skew fuzzy lines (Algorithm 3.3.1), and to evaluate the membership value of a
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(iv)

(vi)

(vii)

(viii)

number in the shortest distance between symmetric skew fuzzy lines (Algorithm

3.3.2).
We analyze the intersection of two space fuzzy lines (see Figure 3.2).

We define three different forms of fuzzy planes—a three-point form (ﬁg p), an
intercept form (ﬁ 1), and a fuzzy plane passing through an S-type space fuzzy

point and perpendicular to a given crisp direction (ﬁ Pn)-

Using the explicit expression of same and inverse points, we develop the step-
wise procedure to evaluate the membership grade of a number in the three-
point form of the fuzzy plane (Algorithm 3.4.1), to compute the membership
value of a number in the intercept form of the fuzzy plane (Algorithm 3.4.2),
and to evaluate the membership value of a number in the fuzzy plane that
passes through an S-type space fuzzy point and perpendicular to a given crisp

direction (Algorithm 3.4.3).

With the help of an LR-type fuzzy number and direction cosines of normal
(I,m,n) to the given plane, we provide the symmetrical form of a fuzzy plane,

namely, a symmetric fuzzy plane.

We introduce the angle between two fuzzy planes, and the fuzzy distance be-
tween a fuzzy point and a fuzzy plane. Table 3.7 represents the a-cuts of the
angle between two fuzzy planes evaluated for Example 3.4.8. Also, Table 3.8
represents the a-cuts of the fuzzy distance between a fuzzy point and a fuzzy

plane evaluated for Example 3.4.9.

In the following section, we construct space fuzzy lines and their geometric proper-

ties.



Chapter 3. Analytical fuzzy space geometry I1 90

3.2 Space fuzzy line

Euclid’s second postulate says that we can extend a straight line segment bi-infinitely
into a straight line. Analogously, we propose that a space fuzzy line is a bi-infinite
extension of the space fuzzy line segment joining two continuous space fuzzy points.
To construct a space fuzzy line, we first formulate a space fuzzy line segment L PPy
joining S-type space fuzzy points P and D. Next, we introduce the concept of
semi-infinite space fuzzy line segments iloo and EQOO as in [2] (p. 88). The semi-
infinite space fuzzy line segments Elm and Egm are two bunches of half-lines with

varied membership values and the half-lines must be parallel to the core line. The

semi-infinite space fuzzy line segments (L, i = 1,2) is evaluated by

i ((x,y,z)‘zm) = sup 1 <(u,v,w) é) , (3.1)

(u,v,w)el(:v,y,z)ﬁﬁi (0)

where [(z,y, z) is a line passing through (z,y, z) and the direction ratios are same

as the direction ratios of the core line L pp(1), fori=1,2.

The mathematical form of the space fuzzy line Lis

L =1LiwULpp UL (3.2)

To find the membership grade of a point (z,y,z) € L(0) we have to find whether
(x,y, z) belongs to Eioo or EP1P2, for i = 1,2. Since if (x,y,2) € Em, then the
membership grade is given by (3.1) and if (z,y,2) € fpl p,, then the membership
grade is given by the Definition 2.5.1. For finding the membership grade at a point

in (z,y,2) € E(O), a step-wise procedure is given in the following Algorithm 3.2.1.
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L)
Input: Given two continuous S-type space fuzzy points E(ai7 bi, ¢;) with the membership
functions f;(x — a;,y — b, z — ¢;), for i = 1,2. We denote

Algorithm 3.2.1: Algorithm to find u ((x, Y, 2)

di(Ni) = fi (Aisinpcosf, \;singsinf, A\; cosp) for \; > 0,i=1,2.

The membership value p ((az, Y, z)‘z) for a given (z,y, z) has to be calculated.

Output: The membership value y ((m, Y, z)‘L) = Qlgup-
Initialize ogyp < 0

loop:

For o = 0 to 1; step size d«

For 0 = 0 to 27; step size 46

For ¢ = 0 to 7; step size dp

Compute
¢ (@) =\
¢3 " (a) = X

Compute the same points
(ul)g(p = (a1 + (sin p cos Q)gbl_l(a), b1 + (sin psin 9)(;51_1(&), c1 + (cos (p)qﬁfl(a))
(UZ);:D = (az + (sin ¢ cos 0)¢2_1(o¢), by + (sin psin 9)(1)2_1(@), co + (cos gp)¢2_1(a))
For t = 0 to 1; step size 0t
if (z,y,2) =t (ul)w +(1—1%) (u2)9¢ then
if agyp < o then
| Qsup < @
else
| goto loop
end
end
end
For \| = —N to 0; step size d\]
if (.13, Y, Z) = (ul);p + )\/1 (@1 —as, by — by, c1 — Cg) then
if agyp < o then
| Ogup <
else
| goto loop
end

end

end
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For A\, = 0 to N; step size 6\
if (z,y,2) = (uz)z@ + My(ay — ag, by — ba,c1 — ¢2) then

if ogyp < o then
| Quup & @

else
| goto loop

end

end

end

end

end

end

return p ((x, Y, z)‘L) = Qup

Next example illustrates how to evaluate the membership grade of a point on the

support of a space fuzzy line by Algorithm 3.2.1.

Ezxample 3.2.1. (Evaluation of the membership values in L(0)). Let P;(0,0,0) and

j2) (3,—2,1) be two continuous fuzzy points with the membership functions

P L= (|5 + 5] +15]) i x| + [yl +12] <2
”((xaﬁU;Z)‘PﬂO,O,O)) _ }2’ |2| }2‘
0 otherwise

and

ft ((um/, z)

- (=23 + |42+ |5=2]) it —3|+|y+2/+]|z—1 <5

Py(3, -2, 1))

0 otherwise.
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The general expression of the same points on ﬁl(O, 0,0) and ﬁz(?), —2,1) with o €

[0,1] are

(ul)a . [ 2(1—a)singpcosf 2(1—a)sinpsind 2(1—a)cose
Op Ro ’ Ro, ’ Roy

and
AN 5(1—a)sin ¢ cos 5(1—a)sin psinf 5(1—a) cos
(u)g, : (3+ ranoonl g Mimepneml 4 Mg w) :
respectively, where Ry, = [sin ¢ cos @] + |sin ¢ sin 6| + |cos ¢|.
Table 3.1 shows the membership values of some points in the space fuzzy line Z(O),

obtained by the Algorithm 3.2.1.

(2,9, 2) Membership value Step sizes

(—28.0000, —27.7750, 55.7750) 0.7750 o = 0.2250, 66 = 1.5708, d¢p = 0.7854,
5t =0.1000, 6\, =1, 6\, = 1 and N = 15

(0.3804, —0.0000, —0.2196) 0.7000 Sa = 0.3000, 66 = 2.0944, 5 = 1.0472,
5t =0.1000, 6\, =1, 6\, = 1 and N = 15

(15.0000, 10.0000, 25.2500) 0.5500 Sa = 0.4500, 66 = 3.1416, 5 = 6.2832,
5t =0.1000, 6\, =1, 6\, = 1 and N = 15

TABLE 3.1: Membership values of some points of E(O) produced by Algorithm
3.2.1 for Example 3.2.1

Theorem 3.2.1. A space fuzzy line that passes through n space fuzzy points ﬁl, ﬁg,
cee ?n is unique.
Proof. Similar to theorem 3.4.1 (see Chapter 3) in [4]. O

Theorem 3.2.2. Let L be a space fuzzy line and II be a plane perpendicular to Z(1)

The intersection 17 Lisa space fuzzy point on Z(O)
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Proof. Let II be a plane perpendicular to Z(l) and represented by

{(z,p(2|)) - 2 € R},

where p (x|II)=1 for x € II, and ‘zero’ otherwise. Define a fuzzy set

P = {(x,,u (x}i)) tx € RS} ﬂ {(z,p(z|)): z € R*}, (3.3)

where the membership value is evaluated by the t-norm as ‘min’. We have to prove

that P is a space fuzzy point on I1.

For 0 < a < 1, let P, be the plane curve which is the intersection of IT with
f(z,y,z;) = 0, where f(x,y,z;«) = 0 is the boundary surface of Z(Oz). Let P be
a point of intersection of IT and L(1). Consider a set P,_,, which is a collection of

line segments a0, passing through the point P, where uq, vo € P, i.e.,

Poov., = {UaUs : TUalaq = Mg + (1 — N)v,, where u,, vy € P, such that U,v, passes

through P, for 0 < X\ < 1}. (3.4)

Now, we will show that P(a) is P,_,.. Let us suppose there exist P/ = Auq + (1 —
Mg € Py, , for some u,, v, € P, and X € [0,1], but P’ ¢ ﬁ(a). So 1 (P’

Z) <a
by (3.3). Therefore, P’ ¢ L(a) which arises a contradiction that a-cuts of L are
closed convex sets and, for 0 < a < v < 1, L(y) € L(a). Thus, P(a) = Py, is

P)

compact and convex set and, for 0 < a <y <1, ﬁ(’y) - ﬁ(a}. Therefore, (

is upper semi-continuous.

Now, since P is the point of intersection of IT and L(1), then

u (P‘ﬁ) — min {u(PUY) ” (P‘f)} — 1
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Thus, the fuzzy set Pisa space fuzzy point on I1. n

Theorem 3.2.2 helps to visualize a space fuzzy line L as a set of space fuzzy points
at every point of Z(l) Thus, it may be noted that the space fuzzy lines can be
observed as

(i) set of crisp points, or

(ii) union of space fuzzy points, or

(iii) union of crisp half-line segments.

The following theorem shows the unique characterization of the space fuzzy lines.

Theorem 3.2.3. A fuzzy set in R? is a space fuzzy line if and only if along any plane
perpendicular to the core line, there always exists a space fuzzy point on the space

fuzzy line, where its core is a crisp straight line.

Proof. One side of the theorem is true by the Theorem 3.2.2. By (ii) (in p. 95), it
is observed that the set of all the space fuzzy points along the plane perpendicular
to the core line identifies a space fuzzy line. So, by the assumption of the theorem,

the converse part is true. O

In the next subsection, the idea of symmetric fuzzy line has been initiated.

3.2.1 Symmetric fuzzy line

Given a crisp line passing through a point («, 3,7) along the direction (I, m,n), i.e.,

r-a _y-B z-1
I m  n

(3.5)
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Let P(z,y, z) be any point on R? and the perpendicular distance of P from the given
crisp line is r. The surface in which all the points are at a distance r from the crisp

line (3.5) is given by
(n(y=8)—m(z=7))+{1(z=) ~n(e—a) Y+ (mla—a) ~1y=H))’ = r*(P+m+n).
(3.6)

One can note that (3.6) is a right circular cylinder, which is symmetric about the
line (3.5). With the help of (3.6) , we have given the concept of symmetric fuzzy

line, denoted as Lg. The line (3.5) is called the core line of Lg.

The membership value of the symmetric fuzzy line Lg is defined below.

Core line

FIGURE 3.1: Symmetric fuzzy line

Definition 3.2.1. (Symmetric fuzzy line). Consider a crisp line

r—a y-f _ z-9
I m  n

and let d € R be any given number. The symmetric fuzzy line (Zs) can be defined

by its membership function as
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e ir<a
1 ((:c,y,z)‘Ls> = 4 (3.7)
0 if r>d,

where r is the distance from (z,y, z) to the given crisp line, and L is the reference

function.

Note that the distance of the point (x,y, z) from the line (3.5),  say, can be written

as

. ({n(y — B) —m(z =N} + {l(z —7) —n(z — a)}* + {m(z — ) = (y — B)}?)
B (12 + m2 +n?) '

The a-cuts of ZS can be formulated as

Ls(e) = {(z,y,2) : r < dL Y (a)}. (3.8)

According to Definition 3.2.1, a symmetric fuzzy line can be viewed as a collection
of points inside or on a right circular cylinder which can be visualised by Figure 3.1.
Figure 3.1 depicts that the support of ES is a solid right circular cylinder of radius
d. If P(z,y,z) be a point in ZS(O) and the perpendicular distance of P(x,y, z) from
the given crisp line is r < d, then the membership value of P(z,y, z) is evaluated by

(3.7).

Example 3.2.2. (Symmetric fuzzy line). Let the core of the fuzzy line (Lg) be

- - (3.9)
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and 5 be the radius of the support of Ls. The membership function of Lg is

- L (f) if r <5
I <(x,y,z)‘LS) = ° (3.10)
0 it r > 5,

where 7 is the distance from (z,y, 2) to the core line (3.9), and L(x) = max{0,1 —
x} is the reference function. Let us consider a point P(1,1,1) in Lg(0). The perpen-
dicular distance of P(1,1,1) from the core line is 0.65. Evidently, the membership
value ((1, 1, 1)’55) is 0.87.

Observation 3.2.1. Let (z,y, z) be a point in the space fuzzy line L= Eloo U zplpg U
igoo. The point (z,y,z) may belong to EPIPQ, or Eloo, or EQOO. Therefore, the
membership value of (z,y, z) in L(0) is evaluated by the Algorithm 3.2.1 which take
many steps. In contrast, to find the membership value of (z,y, z) in Lg, we can easily
calculate the distance between the point (z,y, z) and the core line of ES. Hence, the
evaluation of the membership function in the symmetric fuzzy lines is easier than

the space fuzzy lines.

The following observation is made regarding the intersection of two fuzzy lines.

Observation 3.2.2. (i) The intersection of two space fuzzy lines may not be an
S-type space fuzzy point as the intersection of the supports of two space fuzzy
lines may not be a convex subset of R3. Figure 3.2 depicts such a case, where
the intersection of Zl and ZQ is not a convex subset of R3; Zl and EQ are space
fuzzy lines that passes through two continuous fuzzy points P, and ﬁg, and 153

and ]54, respectively.

(i) If the core lines of two symmetric fuzzy lines intersect, then their intersection
is an S-type space fuzzy point since the a-cuts of symmetric fuzzy lines are

closed, connected, and convex subsets of R? (see Definition 3.2.1).
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To illustrate (ii), let Zsl and ESQ be two symmetric fuzzy lines whose core lines are
z-axis and y-axis, respectively. The membership functions of Esi are
L(3) ifr<d,

d;

i ((x,y,z)‘zsi> = (3.11)
0 if r > d;,

where r is the distance from (z,y,z) to the respective core lines, d; € R, and
L(z) = max{0,1 — x} is the reference function, for ¢ = 1,2. The supports of the

symmetric fuzzy lines Zgl and ZSQ are

{(z,y,2) : 2?4y = d%}

and

which are the right circular cylinders of radius d; and ds, respectively. One can see
that the intersection of these two symmetric fuzzy lines is a fuzzy point P with core

at (0,0,0). The support of P is bounded by the parametric curves

7(t) = (d1 cos(t), dy sin(t), j:\/dg — d? cosz(t))

and

a(t) = (d2 cos(t), :I:\/d% — d3 cos?(t), dy sin(t)) :

where 0 < ¢t < 27. Now, the space fuzzy point P is evaluated by the membership

function

1 ((:U,y, z))ﬁ) = min {,u ((:p,y, z)‘Z&) , ((:v,y, z)’ZSQ>} ) (3.12)

Apparently, let d; = dy = 1. Suppose we have to determine the membership grade
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at (0.1000,0.3000,0) € P(0) by (3.12), where P is determined by the intersection of
Zgl and ZSQ. The membership grade

i ((0.1000, 0.3000, 0)’15) — min {/L ((0.1000, 0.3000, 0)‘251) o ((0.1000, 0.3000, 0)‘252)}
— min{0.6836,0.9000}

= (0.6836.

Core line

Core line

FI1GURE 3.2: Intersection of two space fuzzy lines may not be a convex subset of
R?)

Note 7. In classical geometry, the intersection of two crisp lines gives a crisp point.
In contrast, the intersection of two space fuzzy lines may not give an S-type space

fuzzy point (see Figure 3.2).
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In the next section, we give an idea to investigate skew fuzzy lines and the shortest

distance between two skew fuzzy lines.

3.3 Shortest distance

We begin with a definition of skew fuzzy lines.

Definition 3.3.1. (Skew fuzzy lines). Two space fuzzy lines Zl and EQ passing through
151 to 152 and }33 to ]34, respectively, are said to be skew fuzzy lines if the same points

of P, P», and P3, P, forms a tetrahedron of nonzero volume, i.e.,

1 1oz 1
Ty Y2 2 1 _ -~
# 0, where (21,91, 21), (%2, Y2, 22) are the same points of Py, P, and
r3 ys 23 1

Ta Yo 24 1

(23,93, 23), (T4, Y4, 24) are the same points of Py, P,

Ezxample 3.3.1. Consider the first pair of fuzzy points ]51(1, 0,0) and ﬁg(O, 0,0) with

the membership functions

N 1—/(a—1)2+y2+22 if (2 —1)2+y2+22<025
2 (($7y,2>‘P1(170,0)) =
0 otherwise

and

1— /a2 +y2+ 22 ifa?4y* + 22 <0.25

M (([L’, Y, Z)‘ﬁ2(07 07 0)) =
0 otherwise.

The general expressions of the same points on P;(0) and P,(0) are

(14 0.5(1 — ) sinpcos,0.5(1 — ) sin psin 0, 0.5(1 — ) cos )
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and

(0.5(1 — a)singcosd,0.5(1 — a)sinpsind, 0.5(1 — a) cos p) ,

respectively.

Consider the second pair of fuzzy points ﬁg(O, 1,1) and 134(0, 1,0) with the member-

ship functions

(@, 2)|Po(0,1,1)

=2+ (y—12+(—1)2 ifa? +(y—12+(z-1)2<1

0 otherwise

and

M<<x,y7z>

/22 + 2422 ifa? 4+ (y—1)2+22<025

20,1, 0))

0 otherwise.

The general expressions of the same points on P3(0) and P4(0) are
(1 —a)sinpcosf, 1+ (1 —a)singsind, 1+ (1 — «) cos p)

and

(0.5(1 —a)sinpcos, 14 0.5(1 — a)sinpsind, 0.5(1 — «) cos p) ,

respectively. Let Ly and Lo be two space fuzzy lines passing through P to ﬁg, and
ﬁg to 134, respectively. The same points of ﬁl, ﬁg, and ﬁg, E form a tetrahedron of

nonzero volume, i.e.,
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T Yy oz 1
To Yo 2 1

r3 Yz 23 1

Ty Yo za 1

o (1—a) cos
=—-1— TLP

# 0, for 0 < ¢ < 7. Hence, Ly and L, form a pair of skew fuzzy lines.

Now, we discuss the symmetric skew fuzzy lines. Let ﬁl(al, by, c1) and ]Sg(ag, b, C2)
be two fuzzy points whose supports are identical up to a translation. If ﬁl (a1,b1,c1)

is a fuzzy point with the membership function

i ((@y.2)

131) = fl(x_ahy_ bi,z — 01);

then the membership function of ﬁg(ag, by, co) is

1 <(m,y,z)‘ﬁ2> = fi(z —as,y — by, 2 — ¢3).

Shape and size of P;(0) and P5(0) remains same but the core points of P, and P,
are different. These types of fuzzy points are said to be just a photo-copy of each

other.

Let El and Eg be space fuzzy lines passing through ]31 to ]32 and 153 to 154, respec-
tively, where ﬁQ is a photo-copy of ﬁl and E is a photo-copy of 133. By the Definition
3.3.1, if Zl and Z2 are skew fuzzy lines, then Zl and ZQ are called symmetric skew

fuzzy lines.

Below, we discuss the shortest distance between two symmetric skew fuzzy lines.

Definition 3.3.2. (Shortest distance between two symmetric skew fuzzy lines). Let

152 be a photo-copy of a given fuzzy point 151, and ﬁ4 be a photo-copy of a given
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fuzzy point P;. Shortest distance, Dg say, between two symmetric skew fuzzy lines

Zl and Zg passing through ﬁl to ]32, and 153 to ]34, respectively, can be defined by

the membership function

155> = sup{a : where d; is the shortest distance between two skew lines [;

It (ds
and [, passing through the same points of 151 and ﬁg, and the

inverse points of ﬁg and E of membership value «, respectively}.

Theorem 3.3.1. For two symmetric skew fuzzy lines Zl and Zg, their shortest distance

l~75 is a fuzzy number in R.
Proof. Similar to Theorem 4.1 in [1]. O

Algorithm 3.3.1 describes the procedure to obtain the shortest distance D s between
two symmetric skew fuzzy lines L, and L, passing through P to ﬁg, and P to 134,

respectively.
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Algorithm 3.3.1: Algorithm to evaluate the shortest distance IN)S (El, Zg)

Input: Given four continuous S-type space fuzzy points E(ai, bi, ¢;) with the membership
functions f;(x — a;,y — b,z — ¢;), for i = 1,2,3,4. The fuzzy point P isa photo-copy

of ﬁl, and ﬁ4 is a photo-copy of ﬁg. We denote
di(\i) = fi (Aisingpcosf, \;sinpsin b, A; cosp) for \; > 0,i=1,2,3,4.

Output: The shortest distance 55 (El, Eg) =V 55(@).
a€l0,1]

For o = 0 to 1; step size d«
(ds). = M, a very large number

(ds)imx = _M
For 6 = 0 to 27; step size 66
(dS)ranin =M
(ds)xenax = _M
For ¢ = 0 to 7; step size dp
Compute
M=o ()
X2 =65 (a)
As = 5 (o)
A= 65 (a)

Compute the same points of 151 and ﬁg

ug, = (a1 + (sinpcos 0)p7 (@), by + (sin@sin By (), c1 + (cos p)pr ()
0§, = (a2 + (sinp c0s8)05 (), ba + (sin g 5in 0)65 (), c2 + (cos 9)3 ()
Compute the inverse points of ﬁ3 and ﬁ4

Po, = (as + (sin ¢ cos 9)¢§1(a), bs + (sin psin 0)¢§1(a), cs + (cos go)gbgl(a))
o, = (ag — (sinpcos@)py (a), by — (sinsin@)g; (@), cq — (cos )dy ()
Compute

(r1,72,73) = ug, — Vg,

(s1,82,53) = Ph, — dp,

We assign (21, 22, 23) < ug, and (y1,y2,y3) < v,
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Calculate the shortest distance between Zl and EQ
Y —T1 Y2 — T2 Y3 — X3

1 ) rs

S1 52 53

\/(7’283 — 827’3)2 + (7"153 — 7”381)2 + (T182 — T281)2
if (d,)2 > (d,)y,., then

(ds)g, <

©p

max

| () = ()]

max %)
end
if (d,)p;, > (d,)S then
| (do) < (do)
end

if (d,)’ > (d,)*  then

max max

| (dy) e < (d)]

max max

end
if (ds)pin > (ds)renin then
| () ()
end
end
end
At the end of loop, ﬁs(a) — [(ds)i s (o))
end
return ES(L,EQ) =V 55(04)
a€l0,1]

In the following example, we employ Algorithm 3.3.1 on symmetric skew fuzzy lines

to evaluate the fuzzy shortest distance.

FExample 3.3.2. Consider the first pair of fuzzy points ﬁl(O, 1,1) and 132(0, 1,0) with

the membership functions

i (@) Pi0,1,1))

— AP (12 (1) i (y - 1)2+ (2 - 1)2 <025

0 otherwise
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and

ft ((96,,%2)

L= Va2 +(y—1)2+22 ifa?+ (y— 1) 42 <0.25

B0, 1,0))

0 otherwise.

Note that ﬁg(O, 1,0) is a photo-copy of ﬁl((), 1,1). For a given a € [0, 1], the same

points on 151(0, 1,1) and 152(0, 1,0) with the membership value « are

(ul)g; : (0.5(1 — a)sinpcos @, 1+ 0.5(1 —a)singsind, 1 4+ 0.5(1 — a) cos p)

and

(UQ)(l (0.5(1 — a)sinpcosh, 1 4+ 0.5(1 — a)sinpsinf, 0.5(1 — a) cos ) ,

Op :
respectively.

Consider the second pair of fuzzy points ﬁg(O, 0,0) and E(l, 0,0) with the member-

ship functions

1—%\/m2+y2+22 if 22 4+ 4%+ 22 <0.09

0 otherwise

(@, 2)| Ps(0,0,0)) =

and

_ 1— s/ —1)2+92+22 if (2 —1)2 +y? + 22 < 0.09
2 ((m,y,z)‘R;(l,(),O)) =
0 otherwise.
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Note that 54(1, 0,0) is a photo-copy of ﬁg(O, 0,0). For a given a € [0, 1], the inverse

points on }Njg(O, 0,0) and }34(1, 0,0) with the membership value « are

(u?), :(0.3(1 — a)singcosd,0.3(1 — a)sinpsind, 0.3(1 — a) cos ¢)

9(,0:

and

(u4)g¢ 1 (1—-0.3(1 —a)sinpcosd, —0.3(1 — a) sinpsinf, —0.3(1 — o) cos ) ,

respectively. Consider L, and L, are two symmetric skew fuzzy lines passing through

ﬁl to ﬁg, and ﬁ3 to E, respectively.

Table 3.2 gives a-cuts of the shortest distance 55@1, ZQ) executed by the proposed
Algorithm 3.3.1 with step sizes da = 0.1000, 660 = 0.0706 and dp = 0.0353.

o Dg(Ly, Ly)(c)

0.1 [0.6618,1.0541]
0.2 [0.7174,1.0541]
0.3 [0.7676, 1.0541]
0.4 [0.8130, 1.0541]
0.5 [0.8540, 1.0539]
0.6 [0.8908, 1.0508]
0.7 [0.9237,1.0437]
0.8 [0.9528,1.0328]
0.9 [0.9782,1.0182]
1.0 1

TABLE 3.2: a-cuts of Dg(L, L) by Algorithm 3.3.1 for Example 3.3.2
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The following Figure 3.3 displays the membership function of Dg(L1, Ly) obtained

from Table 3.2. Note that the obtained IN)S supports Theorem 3.3.1.

Membership value
o o o o o o
s [$,] (2} ~ [e] o
i : ; ) :
_
O

o
w
T

0.2

01 I . I . . . . .
065 07 075 08 08 09 095 1 1.0 1.1

F1GURE 3.3: Shortest distance f)g(il, Eg) by Algorithm 3.3.1 for Example 3.3.2

Algorithm 3.3.2 provides a procedure to find the membership grade of a point in
the shortest distance l~)s between two symmetric skew fuzzy lines Ly and Ly passing

through ]31 to ]52, and ﬁg to E, respectively.
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Algorithm 3.3.2: Algorithm to find ju(d,|Ds)

Input: Given four continuous S-type space fuzzy points Jsi(ai, bi, ¢;) with the membership

functions f;(x — a;,y — b, 2 — ¢;), for i = 1,2,3,4. The fuzzy point ﬁg is a photo-copy

of ]51, and Py is a photo-copy of 153. We denote

di(\i) = fi (\isinpcosf, \;sinpsind, A; cosp) for \; > 0,7 =1,2,3,4.

We denote the shortest distance between El and Eg by ES.

Given ds € R for which the membership value p (ds 55) has to be calculated.
Output: The membership value p(dy|Dg) = Qsup-

Initialize ogyp < 0

loop:

For a = 0 to 1; step size da

For 0 = 0 to 27; step size 46

For ¢ = 0 to ; step size dp

Compute

¢1 ' (@) =\
¢3 (@) = Az
¢3'(a) = X3
¢1 (@) = A

Compute the same points of ﬁl and ﬁg

Compute the inverse points of ]53 and Py

Compute
(r1,72,73) = ug, — vg,

(515 52, 53) = p&, - qgip

We denote (1,22, 73) < ug, and (y1, Y2, y3) < vg,

ug, = (a1 + (sin ¢ cos 9)¢1_1(a), b1 + (sin psin 0)(1)1_1(04), c1 + (cos cp)d)l_l(a))
Vg, = (ag + (sin pcos B)py (), by + (sin @ sinB) ¢y (), ca 4 (cos p)dy ()

Ph, = (as + (sin ¢ cos H)qzﬁg_l(oz), bs + (sin @ sin 9)¢>gl(a), cs3 + (cos <p)¢>§1(oz))

Qo = (ag — (sin g cos 9)(;5;1(@)7 by — (sin @ sin 9)(;5;1(04)704 — (cos go)(b;l(a))
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Calculate the shortest distance between El and Zz
Y1 — 21 Y2 — T2 Y3 — T3
1 ) T3
S1 S2 53

do =
\/(7“283 — 827"3)2 + (7’183 — 7"381)2 + (?"152 — 7“281)2
if d, = d¢ then

if ogp < a then

| Qgup <

else
| goto loop

end

end
end
end
end

return p(d,|Dg) = Qlsup

Example 3.3.3. (Bvaluation of the membership values in Dg (Zl, ZQ) (0)).
Consider the first pair of fuzzy points ﬁl(O, 1,1) and ﬁz((), 1,0) as in Example 3.3.2

Consider the second pair of fuzzy points Ps(0,0,0) and Py(1,0,0) as in Example
3.3.2.

Table 3.3 displays the membership grades of some numbers in the shortest distance

Ds(Ly, L), obtained by Algorithm 3.3.2.
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ds Membership value Step sizes
0.8804 0.5696 dae = 0.0131, 60 = 0.0911 and dp = 0.0455
1.0521 0.5729 da = 0.0153, 60 = 0.1065 and dp = 0.0532
0.9932 0.9658 dae = 0.0114, 60 = 0.0795 and dp = 0.0398

TABLE 3.3: Membership grades of some points of Dg (El, Eg) (0) produced by
Algorithm 3.3.2 for Example 3.3.3

3.3.1 A brief discussion of the shortest distance between

non-symmetric skew fuzzy lines

First, we make attention to a particular case of it; the shortest distance between a
crisp line L and a non-symmetric fuzzy line L. Note that L and [ are skew lines,
where | € L(a), a € [0,1]. The shortest distance Dg <L,Z> can be defined by

membership function

7 (ds

ﬁs> = sup{a : d, = dy(L,1), where | € L(a) and d, is the shortest distance

between L and [}.

In other words, let p be a point on [ € Z(a) that determine the shortest distance

ds = ds(L,l). The membership function of Dg (L, Z) may be defined as

% (ds

ﬁs) = sup{a : ds = ds(L,p), where p € | with membership value a}. (3.13)

We will demonstrate that the shortest distance Dg <L, Z) (by (3.13)) may not be a

fuzzy number.
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Since E(a) is non-convex set, we have 1 < Azxy + (1 — Nz < 25 on Z(O), for \ €
(0,1), such that p (Ax; + (1 — N)zy) = f < «, where xq, 29 € E(O) with membership
value . We may choose dg, dsy and dg such a manner that dyg < dgy < dso,
where dg; = ds(L,l1), dsx = ds(L,1y), dso = ds(L,ls), and 1,1y, 1y € Z(O) We
took z1 € Iy, Azy + (1 — Nz € [ and x5 € [y as the points which determine the
shortest distances ds; = ds(L, 1), dsx = ds(L, 1)), dso = ds(L,l3). Clearly, by (3.13),
H (dsA

may not be a fuzzy number.

l~)g> — B < a. Apparently, Dg (L, Z) is not a convex set. Hence, Dg <L, Z)

In a similar manner, without loss of generality, we can say that the IN)S (Z, r > may

not be a fuzzy number, where L and L are non-symmetric skew fuzzy lines.

3.4 Fuzzy plane

In the three-dimensional Euclidean space, a crisp plane can be defined in many ways:
a normal form of a plane, a three-point form of a plane, an intercept form of a plane,
and a plane passing through a point and perpendicular to a given crisp direction.
We extend analogous approaches in the fuzzy environment to define fuzzy planes.
Here, an attempt is made to define a fuzzy plane in the case where positions of three
points, or three intercepts, or position of a point with a given crisp direction, are

given imprecisely.

There may not exist a normal form of fuzzy plane because the fuzzy linear equation
4%+ bjj+ ¢z = d [118] may not have any triplet (Z, 7, Z) that satisfy it. For instance,
taking @ = (0.5/2/3), b = (0/0/0), é = (0/0/0) and d = (1/4/5), and putting all
these quantities in aZ4bj+¢2 = d, where & = (2=, /2/x4+7.), § = (y=Xy/y/y+7,)
and Z = (z — A\, /2/z + 7,) with Ay, Ay, Az, ey Yy, V2 > 0, we obtain v, = —0.4, for

a = 0.5. So it contradict that ~, > 0. Thus, there does not exist any triplet (z, 7, 2)
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such that ax + BQ + ¢z = d. Hence, we conclude that a fuzzy plane cannot be

mathematically represented by a fuzzy linear equation.

In the following subsections, we propose mathematical formulations for fuzzy planes
when three S-type space fuzzy points, or three intercepts, or an S-type space fuzzy

point and a crisp direction are known.

3.4.1 Fuzzy plane passing through three S-type space fuzzy

points (II5p)

Definition 3.4.1. ( Three-point form (ﬁgp)). Let P, P, and Py be three S-type space
fuzzy points whose cores are not collinear. The fuzzy plane ﬁg p that passes through

the fuzzy points 151, ]52 and 153 can be defined by the membership function

J ((I,y,Z)

ﬁgp) = sup{a : (z,y, z) belongs to the plane passing through the same

points of P;(0), P»(0) and P3(0) with membership value o}

For any a € [0, 1], the a-cuts of II;p is given by

II;p(a) = \/{H . IT is the plane passing through the same points of P;(0), P»(0)

and P3(0) with membership value a}. (3.14)

According to this definition of u (‘ﬁg p) , a fuzzy plane can be perceived as a collec-
tion of crisp planes passing through the same points of P;(0), P5(0) and Ps(0) with

membership value a € [0,1].
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The membership value of a crisp plane I1, inside the region 1, p(0), can be defined

as

K <H)ﬁ3P) = min pu ((:c,y,z)’ﬁgp) .

(z,y,x)€ll

Now, we present a theorem which facilitates in finding the membership value of the

plane IT in II5p(0) by the idea of same points.

Theorem 3.4.1. Suppose that IT is a plane in ﬁgp(O) and there exist three same

points (x1,y1,21) € ﬁl(O), (22, Y2, 22) € ﬁg(O), and (z3,ys,23) € ﬁg(O) with

2 <($1>?Jl, Zl)‘ﬁ?)P) =u ((9527y2, 22)

ﬁ3P> = U ((333, Ys, 23)

i) o

such that IT is the plane passing through (x1, 1, 21), (%2, y2, 22) and (23, y3, z3). Then
7 <H ‘ﬁg p> = Q.

Proof. The proof is similar to that of Theorem 3.1.1 in [2] and thus omitted. O

The Algorithm 3.4.1 demonstrates how to find the membership grade of a number

in the fuzzy plane ﬁg p passing through three continuous S-type space fuzzy points.
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Algorithm 3.4.1: Algorithm to evaluate p ((x, Y, 2)

ﬁSP)

Input: Given three continuous fuzzy points f’i(ai, b;, ¢;) with the membership

functions f;(x — a;,y — b, 2 — ¢;), for i = 1,2,3. We denote
¢i(Ni) = fi (Nisinpcos@, \;sinpsinf, \;cos @), for A; > 0,i=1,2,3.

Given a point (z,y, z) whose membership value in II;p is to be calculated.
Output: The membership value ((m, Y, Z))ﬁgp) = Qlup-

Initialize ogyp < 0

loop:

For a = 0 to 1; with step size d«

For 0 = 0 to 27; with step size 60

For ¢ = 0 to m; with step size dp
Compute

1 (a)
¢y (@) = Ao
03 (a) = A3
Compute the same points
(u')p, =

(a1 + (sinpcos O)d; (@), by + (sinpsin0)p;* (a), e1 + (cos )y (@)
(u?)g, =

(a2 + (singcos 0)d; ' (@), by + (sinsin 0)d; " (a), ca + (cos )y ' (@)
(u*)g, =

(a3 + (sin @ cos )z *(a), by + (sin psin 0) oz (o), c5 + (cos p)pz * (a))

At

Q

Compute

— (u*)g

normal = cross product of (u')y, — (u?)y,, and (u')y, oo

0p ®
Compute

[e%

fp = dot product of normal and (z,y,z) — (u')g,
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if f, =0 then
if ogyp < o then
| Qgup <
else
| goto loop
end
end
end
end
end

return 1% (((L’,y, Z) ﬁSP) = Qsup

Example 3.4.1. (Bvaluation of the membership values in II3p(0)). Consider three

fuzzy points ﬁl(l, 0,1), ]32(—5, 0,0) and ﬁ3(4, —3,2) with the membership functions

i (@, 2)| P, 0,)

1—\/i(x—1)2+y2+}1(z—1)2 if iz -1+ +3(z-1)2<1

0 otherwise,

ners

1—\/}1(x+5)2+%+22 if 452+ % 422<1

Py(—5,0, 0))

0 otherwise

and
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i (@9, 2)|Po(d, ~3,2))

1= V(@ =42+ (y+32+ (2 -2 if (1 -4+ (y+3)°+ (2 -2)* <16

0 otherwise.

The general expression of the same points of f’l, P, and ﬁg are

1\« 2(1—a)sinpcosf 2(1—a)sinpsind 2(1—a) cos ¢
(u)p, ¢ (14 2ielpnecont 20eiumosind 1y 2g)

2\« 2(1—a)sinpcosf 2(1—a)sinpsinf 2(1—a)cos p
(u )9@ : <_5 + S ) S ' T 5
Op Op Op

(u3)2‘¢ :(4+4(1 —a)sinpcosf, =3+ 4(1 — a)sinpsinh, 2 + 4(1 — a) cos p) ,

respectively, where

Ry, = \/4 sin? p cos2 @ 4 4sin® psin? 6 + cos? ¢

and

Shp = \/sin2 @ cos? § + sin? psin® 6 + 4 cos? .

The following Table 3.4 shows the membership values of some points in the fuzzy

plane ﬁgp by execution of the Algorithm 3.4.1.

(x,y, 2) Membership Value Step size
(4, —3,4.7) 0.3250 Sa = 0.225, 60 = 1.5708 and dp = 0.7854
(—5,0,0.225) 0.7750 oo = 0.225, 60 = 1.5708 and dp = 0.7854
(—1,-2,1) 1 Sa = 0.225, 60 = 1.5708 and dp = 0.7854

TABLE 3.4: Membership values of some points (z,y,z) € ﬁgp(O) produced by
Algorithm 3.4.1 for Example 3.4.1
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In our next result, we show that a fuzzy plane is uniquely determined by three fuzzy
points similar to that a fuzzy line [4] has been uniquely determined by two fuzzy

points (see Theorem 3.4.1 in [4]).

Theorem 3.4.2. Given three S-type space fuzzy points whose core points are not
collinear. There exists a unique fuzzy plane that passes through these S-type space

fuzzy points.

Proof. The proof of the theorem is easily followed from the proof of the Theorem
3.4.1 in [4]. ]

In order to understand the intercept form of a fuzzy plane, it is important to famil-
iarize ourselves with the intercept of the fuzzy plane <ﬁ3 p). Importantly, to define

the intercept of ﬁg p, it should pass through the coordinate axis.

As earlier, by the Definition 3.4.1, it is noted that the fuzzy plane can be constructed
by taking the union of the crisp planes with varied membership values. Thus, the
x-intercept of the fuzzy plane can be a collection of the z-intercepts of the crisp
planes that lie on the support of ﬁg p. The z-intercept of the fuzzy plane <f[ 3 p> can
be written by the membership function as follows. Similarly, the y-intercept and the

z-intercept can be found.

Definition 3.4.2. (xz-intercept of ﬁgp). Let II;p be a fuzzy plane passing through
three fuzzy points ﬁl, E and ﬁg. The z-intercept of ﬁgp, denoted as a, can be

formulated as

“ ((a, 0, o>‘ﬁgp) if (a,0,0) € IT5p(0) ((z-axis),
p(ala) =
0 otherwise.

Note that @ may not be a fuzzy number. Here, we discuss two cases:
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(i) II3p(1) N(z-axis) = 0.

(i) II3p(1) N(z-axis) # 0.

In the first case, there does not exist a point (a,0,0) € II;p(1) ()(z-axis) such that
1 <(a, 0, O)‘ﬁ:gp) = 1. More explicitly, in this case, the fuzzy set a cannot be a fuzzy
number since a fuzzy number should be a normal fuzzy set. In the second case, the

fuzzy set a is a fuzzy number. The following theorem supports this case.

Theorem 3.4.3. If II;p(1)(\(z-axis) # 0, then the z-intercept of IIsp that passes

through ﬁl, ﬁz and 133 is a fuzzy number with a singleton core.

Proof. Let a be z-intercept of the fuzzy plane passing through 151, P, and ]33. Let
(a,0,0) € II5p(1) ﬂ(x—axis).

Then, obviously u((a,0,0)|a) = 1.

For a € [0,1], let the least upper bound and the greatest lower bound of the -
intercepts of the crisp planes in II3p(a) be a;(a) and as(a), respectively. It can
be easily seen that @ = II3p ((z-axis) represents a fuzzy number since II3p(a) is
closed and bounded across the core plane IT5p(1), and @(e) = [ai(ev), as(a)]. Now
a(a) C a(p), that is, [ai(), as(a)] C [a1(B),a2(B)] since IIzp(e) C IIzp(B), for

0 < B < a < 1. Hence, a is a fuzzy number with a singleton core. O]

3.4.2 Intercept form (ﬁ])

Let @, b and ¢ be three fuzzy numbers. Suppose that a fuzzy line II; has to be
constructed. Consider a, b and ¢ as the x-intercept, y-intercept and z-intercept,

respectively, of the fuzzy plane. To formulate the fuzzy plane Il 1, we can consider
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that II; passes through P (on the z-axis), P, (on the y-axis) and P (on the z-
axis). Evidently, P, is at a distance @ from the origin, P, is at a distance b from
the origin, and 133 is at a distance ¢ from the origin of the R? space. Though, there
are many such continuous fuzzy points ﬁl, P, and ﬁg,. Consider all the fuzzy planes

ﬁgp passing through all possible such continuous ﬁl, E and §3.

We construct 1 ; as the fuzzy plane that passes through ﬁl, ]52 and ]53 such that
the points 151, P, and ]33 have the smallest possible support. If A, Ay and As are
the volumes of ﬁl(()), E(O) and ﬁg(O), respectively, then the fuzzy plane II; can be

obtained as

II; = lim {ﬁgp : [Iyp passes through ﬁl, P, and ﬁg} (3.15)
A34)0

since zero is the smallest possible value of A;, Ay and As.

Note 8. We mean by the smallest possible support of the fuzzy point as the points
on the support when 6 — 0, — 0, where 0 € [0,27], o € [0, 7]. In simplest way, if

the support of the fuzzy point 13(0, 0, ¢) is described by a parametric representation
(x,y,z) = (rsingcosf, rsinpsinf, c + rcos ),

for r > 0, 0 € [0,27],¢ € [0,7]. Then, for § — 0, — 0, the point (z,y, z) tends
to the (0,0,c + r). For the smallest possible support (§ — 0, — 0), the support
of fuzzy point f’(O, 0,c) is contained along any coordinate axis (say, z-axis). Here,
the notation A; — 0 for the volumes of 131(0) refers to the smallest possible support

(@ —0,0—0), fori=1,23.

The S-type space fuzzy points ]51, P, and P are continuous in (3.15). Since there

are many continuous fuzzy points P; (on the z-axis), P, (on the y-axis) and Py (on
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»
>

€1
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e . 1 _ . 2 _
In the limiting case, élil(l) Uy = C1 and él_r)r(l) Ug, = C2,
¢-0 $—-0

@0

FiGURE 3.4: In the limiting case, the fuzzy set on L converges to ¢

the z-axis), consider all possible ﬁg p that can be formulated by passing through the

same points of ]31, P, and Py (see Definition 3.4.1).

When P, = (i.e., Ay — 0), all the fuzzy numbers along the different directions on

P (0) will converge to a. The same phenomena happens for P, and Ps.
This phenomena is described as follows.

Let ﬁ(O, 0, ¢) be an S-type space fuzzy point located at distance ¢ from O (see Figure
3.4). Let L be a line passing through (0,0, ¢) on the support of P, and u}hp and uggj
be two points on the line L (depicted in Figure 3.4). In the limiting case, we attempt
to decrease the volume of P such that the distance between O and P will remain

unchanged (¢). Apparently, when 6 — 0, — 0, the points u,, and ug,, will tend to
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the points ¢; and ¢y, respectively, such that,

lim v}, = ¢ and lim u2, = cs.
6—0 O 0—0 O
©—0 ©—0

Thus, we have the following definition of II; by (3.15).

Definition 3.4.3. (Intercept form (II1)). Let a, b and & be three fuzzy numbers that
are x-intercept, y-intercept and z-intercept, respectively, of a fuzzy plane I 7. The
fuzzy plane ﬁl can be formulated as ﬁgp, where ﬁl(a,0,0) = a along the z-axis,

P5(0,b,0) = b along the y-axis, and P5(0,0,¢) = ¢ along the z-axis.

Thus, if a € @(0), b € b(0) and ¢ € &0) are the three same points with o € [0, 1],

then the membership value of a point in I1 7(0) can be formulated as

L g = 1, where a € a(0), b € b(0) and

H (<x7972))ﬁ1) = sup{a: §+ )

¢ € ¢(0) are three same points with membership value a}.

For any a € [0, 1], the a-cuts of II; is given by

II;(a) = \/{H . IT is the plane with z-intercept a € @(«), y-intercept b € b(e)

and z-intercept ¢ € é(«), and a,b and ¢ are the same points}. (3.16)

Ezample 3.4.2. (Intercept form (II;)). Let @ = b = ¢ = (3/4/5) be three fuzzy
numbers. The points ‘3+«, 3+« and 34+a’, or ‘5 —a, 5—«a and 5 —a’ are the same
points of a, b and ¢, respectively, with the membership value «a € [0, 1]. The support
of II; is the collection of crisp planes that pass through the points (3 + «,0,0),
(0,34 «,0) and (0,0,3 + «), or (5 — ,0,0), (0,5 — «,0) and (0,0,5 — «) of a(0),
b(0) and &(0), respectively. More precisely,
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The membership value of a crisp plane IT € II 7(0) is evaluated by the following

theorem.

Theorem 3.4.4. Let a, b and ¢ be three fuzzy numbers that are z-intercept, y-
intercept and z-intercept, respectively, of the fuzzy plane 1} 7. Let II be a crisp
plane in ﬁI(O) and there be three same points (a,0,0), (0,b,0) and (0,0, c) with

respect to @, b and ¢, respectively, with

u((a,O,O)‘IAL) =i ((0,6,0)’ﬁ1> =pu <(0,O,c)‘ﬁ1> =«

Suchthatﬂzz+g—|—z:1. Then
a b ¢

,u (U ‘ﬁ [> = Q.
Proof. The proof is similar to that of Theorem 3.4.1. n

The following Algorithm 3.4.2 demonstrates how to find the membership grade of a

point in the fuzzy plane Il I
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Algorithm 3.4.2: Algorithm to evaluate p <(x, Y, 2)

)

Input: Given three LR-type fuzzy numbers a = (my — €1/mq/my 4+ r1) 1, R, ,

b= (my — ly/my/my + 72) 1,5, and &= (m3 — l3/ms/ms + 73) 1, r, that
are x-intercept, y-intercept and z-intercept, respectively, of the fuzzy
plane Il 1, where Ly, Lo, L3, Ry, Ry and Rj3 are the reference functions.
The membership value p <(m, Y, z)‘]NY[> for a given (z,y, z) has to be calculated.
Output: The membership value u ((x, Y, z)’f[1> = Qlsup-
Initialize ogyp < 0
loop:

for a = 0 to 1; step size da do
Compute the same points

u =my — LLT (@), u§ = my — loLy (@), u§ = m3 — €315 ()
and

v =my + 1 R (@), v8 = mg + Ry ), v§ = ma +r3R; ()
Compute

— x4y oy oz
=gt tig

uf
— Z Y Z
fPZ - + v + vg

«
U1

if f,, =1lor f,, = 1 then

if agp < o then
| Qgyp &
else
| goto loop
end
end
end

return p ((:E,y, z)‘ﬁ1> = Qsup

Ezample 3.4.3. (Bvaluation of the membership values in II;(0)).

Let a = (2—61/2/2—1-7"1)[/131,6: (3_62/3/3+7A2)L2R2 and ¢ = (4—63/4/4—1-7“3)[/333



Chapter 3. Analytical fuzzy space geometry I1 126

be three fuzzy numbers with ¢/ =1 =2, lo =1, ry = 2, {3 = 3 and r3 = 5, where

the reference functions are

0 if v < —1,

Vitzr if-1<z<0,

Ll (l’) =

Ry(z) = max{0,1 — z}, Ly(z) = Ro(z) = max{0,1 — 2}, and Ls(z) = Rs3(z) =
max{0, 1 — z%}.

The general expression of the same points of @, b and ¢ are
uf 12+ 2(1—a?),u§ 3+ (1 —a),ul:4+3(+V1-a)

or

=Q

2-2(1—a),vy :3—-2(1—a),v5 :4—-5(V1—a),

respectively. The following Table 3.5 displays the membership grades of some num-

bers in the fuzzy plane I 1 by execution of the Algorithm 3.4.2.

(x,y, 2) Membership value  Step size
(3.9800, 0, 0) 0.1000 da = 0.0474
(0.9450,1.0790, 1.8195) 0.7632 da = 0.0474
(2,0,0) 1 Sa = 0.0474

TABLE 3.5: Membership grades of some numbers of I 1 produced by Algorithm
3.4.2 for Example 3.4.3

Observation 3.4.1. Let a, b and ¢ be z-intercept, y-intercept and z-intercept, of
the fuzzy plane I 1,, respectively. Let p, ¢ and 7 be x-intercept, y-intercept and

z-intercept, of the fuzzy plane I I,, respectively. For o € [0, 1], consider the a-cuts
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of @, b, & p, 4, 7 as a(a) = [a1 (), az(a)], bla) = [by(), ba(a)], &(a) = [e1(a), ca(a)],
pla) = [pi(a), pa(@)], G(a) = [q1(a), g2(a)] and 7(a) = [r1(«), ro(a)], respectively.
Note that the core of II 7, and 11 1, intersect with each other. Let

Yy z

x Y 4 x _
@ @ T aw ™M e Th@ Tl

be the boundary of a-cut of II;,, for some a € [0, 1].

Let

T v v —tand 4 + —1

pi(@)  a(a)  m(a) pa(@) — @(a)  ra(e)

be the boundary of a-cut of I 1,, for some a € [0, 1].

Let
a ., €T zZ) . v ) ? — x Y i =
SE {< VA T T @ e e o 1}’
a €T z) X y i - ’ y - =
Yy 19 (2,y,2) ar () * bi(a) * ci(a) l’Pz(a) - ¢@(ar) - r2(cr) e
@ €T z) x Y < — L Y - ==
V3 ( ' Y, ) 2(05) + 52(Q> T 02(05) 17])1(06) * QI(OC> " 7”1(04) 1}’
and

be the lines of intersection of boundaries of a-cuts of IT 7, and Il 1,- One can see that
the intersection of the boundaries of a-cuts of these two fuzzy planes is the surface

S which is bounded by the surfaces
ST\ ={(z,y,2) : (z,y,2) = Ax1 + (1 — Nz, where x1 € 7{* and xo € 7§ for 0 < XA < 1},

SSN) ={(z,y,2) : (z,y,2) = Axg + (1 — N)zy, where z3 € v and x4 € vy for 0 <\ < 1},
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SEN) ={(z,y,2) : (z,y,2) = Ax1 + (1 — N)zs, where 1 € 4{ and x5 € 45 for 0 < A < 1},

and

S§EN) ={(z,y,2) : (z,y,2) = Axg + (1 — N)zy, where x5 € 45 and x4 € 7§ for 0 < XA < 1}.

The surface S can be perceived as the boundary of a-cuts of a space fuzzy line L

since it is a closed and connected subset of R?, for a € [0, 1].

Now, the space fuzzy line L is evaluated by the membership function

i ((:L’,y, z)‘L) = min {,u <(q:,y,z)‘ﬁh> , <(a:,y,z)‘ﬁ12)} ) (3.17)

The core of the L is the straight line

To illustrate, let us consider the fuzzy plane I 5, as in Example 3.4.3. The z-
intercept, y-intercept and z-intercept of I1;, are the fuzzy numbers @ = (2—¢,/2/2+
") r b= (3= 02/3/3 + 72) 1.k, and ¢ = (4 — l3/4/4 + 1r3)1,R,, Tespectively.
Let p = ¢ = 7 = (2/3/4) be three fuzzy numbers along z-axis, y-axis and z-
axis, respectively. Let I 1, be the fuzzy plane whose x-intercept, y-intercept and z-
intercept are p, ¢ and 7, respectively. For « € [0, 1], a(a) = [2—2(1—a), 24+2(1—a?)],
bla) =[3-2(1-a),;3+(1-a)], &a) = [1-5(VT-a)4+3(VI-a), pla) =
24+a,4—al, §(a) = [2+«a,4—a] and () = [2+«,4—a]. Note that the intersection
of IIy, (1) and II1,(1) is {(x,y,2) : @ = A,y = 3 — 3\, z = 2\, where X € R}

Suppose we have to determine the membership grade at (3.9800,0,0) € Z(O) by

(3.17), where L is determined by the intersection of 11 7, and I 1,- The membership
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grade is given by

u <(3.9800, 0, 0)‘5) — min {u ((3.9800, 0, 0)‘1“7}1) o ((3.9800, 0, 0))?7,2)}
— min{0.1000, 0.0200}

= 0.0200.

The following subsection illustrates the construction of a fuzzy plane that passes
through a given S-type space fuzzy point and perpendicular to a given crisp direc-

tion.

3.4.3 Fuzzy plane passing through an S-type space fuzzy

point and perpendicular to a given crisp direction

(ﬁPn)

Let an S-type space fuzzy point P and a crisp direction be given. A fuzzy plane,
I pn say, is to be formulated that passes through P. We can visualize the fuzzy
plane Ip, as the collection of the crisp planes that pass through a point in ]3(0)

and perpendicular to the given crisp direction.

Definition 3.4.4. (Fuzzy plane (]Nan)) Let ﬁ(a, b, c) be an S-type space fuzzy point,
and (nq,n2,n3) be a given crisp direction. The membership value of (z,y,z) €

Ip,(0) is formulated by

1 ((x, Y, Z)‘ﬁpn> = sup{a : (z,y, z) lies on the plane passing through
(p,q,7) € 15(04) and perpendicular to the given crisp

direction (nq,ng,n3)}.
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More precisely,

i ((x,y, Z)‘ﬁpn> = sup{a : (z,y, z) belongs to the plane ni(z — p) + n2(y — q) + nz(z —r) =0,

where (p,q,r) € ﬁ(a)}

For any a € [0, 1], the a-cuts of IIp, is given by

pa(er) = \/{H . IT is the plane passing through (p,¢,r) € P(a) and

perpendicular to the given crisp direction (nq,n9,n3)}.  (3.18)

Ezample 3.4.4. (Fuzzy plane (ﬁpn)) Let ﬁ(l, 2,3) be an S-type space fuzzy point

with the membership function

i ((@,9,2)|P(1,2.3))
1 \/<x—41>2 B 1 = U =
0 otherwise,

1 1 1 -

and let | —, —, —= | be a given crisp direction. The support of P is

( 573 \/g) g p pp
{(;E,y,z) (r =174+ (y—2)+ (232 < 4}.

A generic point of the membership value a € [0, 1] in P is

(14+2(1 —a)singcosh, 2+ 2(1 — a)sinpsinb, 3+ 2(1 — a) cos @),
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0 € [0,27], ¢ € [0, 7]. Then, the support of the fuzzy plane Ip, is

I p,(0) U U U {xy, .\}g(x—(l—i—Q(l—oz)sinnpcosH))

a€l0,1] p€[0,7] 6€[0,27]

+ L(y — (24 2(1 — a)sinpsind))

1
N +\/§(z—(3+2(1—a)cow))—0}-

Proposition 3.4.1. Let ﬁ(a,b, ¢) be an S-type space fuzzy point, and (n,ns, ns)
be a given crisp direction. Let I pn be a fuzzy plane that passes through P and
perpendicular to the given crisp direction (ny,ng,n3z). Let (xo,yo,20) € ﬁpn(O),
and I be a plane passing through (zo, yo, 20) and perpendicular to the given crisp
direction (nq,ng,n3). Let (z.,y., 2.) be the closest point on PN II from the core

point of Pp. Then,

P).

2 ((LE(], Yo, ZO) ‘ﬁPn> = H ((xc; Ye, Zc)
Proof. Define a fuzzy set D with membership value as
p(a|D) =supfa s d = d((w,y,2), (a.b,))}, (3.19)

where (z,y,2) € PN1II, p ((x,y, z)

N) = « and ‘d’ is the Euclidean distance. The
fuzzy set D is convex since P is convex. Let d is the Euclidean distance between the
points (z., Y., 2.) and (a,b,c), i.e., d = d((x¢, Ye, 2c), (a,b,¢)). Choose an arbitrary
point (2/,4/,2) € PN II and let d' = d((«/, 1/, 2'), (a,b,¢)). Since (2, ye, z.) is the

closest point on the PN I from the core point of ﬁ, we have d > d > 0. As D is

B). (145

convex, we have

L <d‘5> > min{p (d’
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P)

P) 2 (@)

ie., u (d‘ﬁ) > (d’ ﬁ) Clearly by (3.19), p ((mc,yc, )
So, by Definition 3.4.4, we have

P).

Ip) = s ((@y2)|P) = ((@eyez)

H ((1’07 Yo 20) 1
(z,y,2)eP(0)NIT

Example 3.4.5. Consider the fuzzy point 13(1, 2,3) as in Example 3.4.4, and

1 1 1
—, ——, — | is the given crisp direction. Suppose that the membership value at
(\/g /3 ﬁ) g P pp p

(0,2,0) € IIp,(0) has to be obtained. Let

N e
T pmtps 57"

be the plane passing through the point (0,2,0) and perpendicular to the given
1 1

1
V3 V33

point (1,2,3). Hence, by the Proposition 3.4.1, the membership value of (0,2,0) is

u ((0,2,0)‘17%) — ((—% § g) ‘ﬁ) — 0.089.

Here, as per the notations of the Proposition 3.4.1, (zo,¥0,20) = (0,2,0) and
125
3’3’3/

The following Algorithm 3.4.3 demonstrates how to find the membership grade of a

125 ~
direction ( ) The point (_5’ 3 §) on P(0)N I is closest to the core

(Zey Yes 2ec)

number in the fuzzy plane 17 Pn-
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Algorithm 3.4.3: Algorithm to evaluate p ((xg, Yo, Zo)’ﬁpn>

Input: Given a continuous fuzzy point ﬁ(a, b, ¢) whose membership function is
strictly decreasing along the rays emanated from the core point, and
n = (ny,n2,n3) is a given crisp direction.
Given a point (zo, Yo, 2z0) whose membership value in I pn is to be calculated.
Output: The membership value ((ZEQ, Yo, Zo)‘ﬁpn> = q.

Compute
nia + naob 4+ ngc — nyxy — nayy — N32o
n? +n3 +n3

(IC, Ye, Zc) = (CL + knl, b+ k?ng, c+ kng)
P)

return /. ((930, Yo, ZO)‘ﬁPn> =a

k:

a = ,LL <($C7 ym ZC)

Ezample 3.4.6. (Bvaluation of the membership values in Ip,(0)). Let P(0,0,0) be

an S-type space fuzzy point with the membership function

1— a2 +y2+22 if2?+92+22<1

p ((2,9.2)| P(0,0,0)) =
0 otherwise.

The support of P is

{(z,y.2) 1 2® + 9> + 27 < 1},

and let (0,0,1) be a given crisp direction. The following Table 3.6 displays the
membership grades of some numbers in the fuzzy plane I pn by execution of the

Algorithm 3.4.3.
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(x,y,2) Membership Value

(0,0,0.5) 0.5000
(1,0.2,0.25) 0.7500
(0,1,0.93) 0.0700
(0,0.2,0.8) 0.2000

TABLE 3.6: Membership grades of some numbers of py, produced by Algorithm
3.4.3 for Example 3.4.6

3.4.4 Symmetric fuzzy plane (ﬁg)

In classical Euclidean geometry, the equation of a plane in normal form is lx +my +
nz = p, where (I, m,n) is the direction cosine of the normal to the plane and p is the
perpendicular distance from the origin to the plane. If we vary the distance p of the
plane lx + my + nz = p from the origin, it gives another plane parallel to the plane
lx +my + nz = p. Let p be a fuzzy number. For each p € p(0), there is a plane
parallel to the plane lx + my + nz = p. Hence, to define a symmetric fuzzy plane,
denoted as I s, we need only a fuzzy number p, and the direction cosine (I, m,n) of

the normal to the plane.

Definition 3.4.5. (Symmetric fuzzy plane (ﬁs)) Let lx + my + nz = p be a plane
and p = (p—{/p/p+7r)Lr be a fuzzy number. A symmetric fuzzy plane, denoted as

1 s, can be defined by the membership value

ners

ﬁﬁzu@@7

where p = lx + my + nz.
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For any « € [0, 1], the a-cuts of the I is given by

a) = \/{(2,9.2) : lo + my + nz = p, where p € j(a)}.

Ezample 3.4.7. (Symmetric fuzzy plane (IIs)). Let —— z =8 be a

vty ridviy
plane. Let 8 = (8 — ¢/8/8 + r)pr be a fuzzy number with ¢ = 3, r = 5 whose

reference functions are

vi—-z f0<z<1

0 if x > 1.

Accordingly, the membership function of 8 is

1— (%) if5<p<8
1(pl8) = . (3.20)
1—<pT> if 8 <p<13.

By Definition 3.4.5, the membership function of Iy is

—(%) if5<p<8

u ((%%Z)’ﬁs) = 1u(p|8) =

1— p if8<p<13,

where \/Lﬁa: - \/iﬁy + \/iﬁz = p. It can be easily seen that u ((8, 5, 3)‘ﬁ5> = 0.8594.

The following defines the notion of the angle between two fuzzy planes.

Definition 3.4.6. (Angle between two fuzzy planes). Let Py, P5 and P; be three S-

type space fuzzy points whose cores are not collinear and let ﬁg p be the fuzzy plane
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that passes through ﬁl, E and ]33. Again, let @1, ég and @3 be three S-type space
fuzzy points whose cores are not collinear and let ﬁgQ be the fuzzy plane that passes

through @1, @2 and @3. The angle between ﬁgp and ﬁgQ, gsay, can be defined as

1 <6‘§) = sup{a : 0 is the angle between the planes II3p and 13 that passes
through the same points of ﬁl(O), 152(0), ﬁg(O), and él(O), @2(0),

ég(O), respectively, with membership value a}.

Theorem 3.4.5. For two fuzzy planes II;p and ﬁgQ that passes through ﬁl, 152, 133,

and @1, @2, @3, respectively,

(i) 6(e) = {6 : fis the angle between the planes ITsp and 115, that passes through
the same points of P (0), Py(0), P3(0), and Q1(0), Q2(0), Qs3(0),

respectively, with membership value a}.

(i) 6 is a fuzzy number in R.

Proof. The proof is similar to that of Theorem 4.1 in [117]. O

Ezample 3.4.8. (Angle between two fuzzy planes). Consider three fuzzy points

]51(0, 0,0), ]32((), 1,0) and ]33(0, 0, 1) with membership functions

1— a2 +y2+22 ifz?+92+22<1

0 otherwise,

i ((2,9,2)|Pi(0,0,0)) =
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_ — L2+ (y—1)2+22 ifal+ (y—1)2+22<4
% ((xay72>‘P2(07 170)> =
0 otherwise

and

_ L=+ 24+ (2 —1)2 ifx? 492+ (2 —-1)2<1
1% <(ZE, Y, Z)‘P3<Oa 07 1)> =
0 otherwise.

The general expression of the same points of ﬁl, ﬁz and ﬁg are

(ul)oip (1 —a)sinpcost, (1 —a)singsinb, (1 —a)cosp),
(u2)a :(2(1 — a)sinpcosh, 1 4+ 2(1 — a)sinpsin, 2(1 — «) cos ¢) ,

(u*), (1 —a)singcosd, (1 —a)singsing, 1 + (1 — a)cosyp),

respectively.

Consider another three fuzzy points @1(1, 0,0), @2(0, 1,0) and @3(0, 0,1) with mem-

bership functions

_ 1—(z—1)2492+22 if (z—1)2+9y24+22<1
o ((@.,)|@1(1,0,0)) =

0 otherwise,
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~ 1—\/x2+(y_1)2+22 ifx2+(y—1>2+22§1
M((%%Z)‘%(O,l,())) _

0 otherwise

and

~ — VP (- 1)? i’y (2 - 1) <4
il <($ay7z>‘Q3(0707 1)) =

0 otherwise.

The general expression of the same points of @1, @2 and @3 are

(v, (14 (1 —a)sinpcosd, (1 — a)singsind, (1 — a) cos ),
(v*)y_ (1 —a)singpcosf, 1+ (1 —a)sinpsing, (1 — a)cosp),

(v*)s  (2(1 — @) singpcosd,2(1 — @) sinpsing, 1 +2(1 — &) cos @),

respectively.

Let ﬁgp and ﬁgQ be two fuzzy planes passing through ﬁl, ﬁg, ﬁg, and @1, @2, @3,

respectively.

The following Table 3.7 and Figure 3.5 show the a-cuts and the membership function

of the angle between two fuzzy planes ﬁ3p and ﬁgQ.
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TABLE 3.7: «-cuts

FI1GURE 3.5: Angle between two fuzzy planes T 3p and ﬁgQ for Example 3.4.8

of the angle between two fuzzy planes ﬁ3p and ﬁgQ for
Example 3.4.8

0(a)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

[35.3499, 101.0759)
36.8108, 94.9898]
38.4282, 88.7758]
[40.2120, 82.8473]
[42.1710, 77.0350]
[44.3122, 71.5421]
[46.4788, 66.5157]
[48.8802, 62.0344]
[51.6328, 58.1239)
54.7356
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The following defines the distance between an S-type space fuzzy point and a fuzzy

plane.
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Definition 3.4.7. (Distance between an S-type space fuzzy point and a fuzzy plane).
Let P be an S-type space fuzzy point and let I be a fuzzy plane. The distance
between P and II , denoted as 5, can be defined by

D= \/ [d.dg], (3.21)

L%y
a€l0,1]

where

di' = inf {d(u,v) : ue Pa)and v € ﬁ(a)}

and

d = sup {d(u,v) c ue Pa)and v € ﬁ(a)} .

The notion di* and df, are adjoined with the membership value «.

Theorem 3.4.6. The distance D between a fuzzy point and a fuzzy plane is a fuzzy

number.

Proof. The proof is similar to that of Theorem 4.1 in [117]. O

Ezxample 3.4.9. (Distance between an S-type space fuzzy point and a fuzzy plane).
Consider three fuzzy points ]31(1, 0,0), ]32(0, 1,0) and }Njg(O, 0,1) as in Example 3.4.8.
Let ﬁgp be the fuzzy plane that passes through the fuzzy points ﬁl, P, and ]53, and
let ﬁ(O, 0,0) be a fuzzy point whose core does not lie in the core plane of ]~73p. The

membership function of P (0,0,0) is

1— a2 +y2+22 if2?+9y2+22<1

i <(x,y, z)‘ﬁ(O, 0, O)) =
0 otherwise.

The following Table 3.8 and Figure 3.6 show the a-cuts and the membership function

of the distance between the fuzzy point P and the fuzzy plane ﬁg p.
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! D(a)

0.1 [0.0990,0.7070]
0.2 [0.1751,0.7071]
0.3 [0.2423,0.7070]
0.4 [0.3069,0.7031]
0.5 [0.3666,0.6935]
0.6 [0.4154,0.6784]
0.7 [0.4617,0.6588]
0.8 [0.5046,0.6360]
0.9 [0.5433,0.6087]
1 0.5774

TABLE 3.8: a-cuts of the distance between the fuzzy point P and the fuzzy plane
1I3p for Example 3.4.9

[N

Membership value

o o o © o IS

- o ()] ~ © ©
.

o
w
T

o
N

o
-

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

o

Ficure 3.6: Distance between the fuzzy point P and the fuzzy plane ﬁgp for
Example 3.4.9

The following section compares the proposed formulations of the space fuzzy lines,
the shortest distance between symmetric skew fuzzy lines, and the fuzzy planes with

existing formulations [43, 47, 38, 44, 46, 22, 9, 37, 7, 21, 45].
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3.5 Discussion and comparison

In the proposed formulation of the space fuzzy lines and the fuzzy planes, we observe

the following properties:

(i) Space fuzzy line segments are extended bi-infinitely to form the space fuzzy

lines (see Section 3.2).

(ii) The support of the particular form of space fuzzy line (symmetric fuzzy line)
is a right circular cylinder. The axis of this cylinder is the core line Lg(1) (see

Definition 3.2.1).

(iii) The a-cuts of the space fuzzy lines are closed, connected, and an arc-wise
connected subset of R3 but are not necessarily convex. However, the a-cuts
of the symmetric fuzzy lines are closed, connected, arc-wise connected, and

convex subset of R? (see (3.8)).
(iv) Space fuzzy lines are always normal fuzzy sets.

(v) The intersection of a plane perpendicular to the core line of the space fuzzy

line is a fuzzy point along that plane (see Theorem 3.2.2).

(vi) The intersection of two space fuzzy lines may not be an S-type space fuzzy
point (see Figure 3.2), but the intersection of two symmetric fuzzy lines is an

S-type space fuzzy point (see Observation 3.2.2).

(vii) The mathematical expressions of the membership functions of fuzzy planes (see
Definitions 3.4.1, 3.4.3, 3.4.4) demonstrate that the fuzzy plane is a collection
of crisp points with varied membership grades, or a collection of crisp planes

joining same points with different membership values.

(viii) A fuzzy plane is always a normal fuzzy set, and its core is a crisp plane.
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(ix)

(x)

The a-cuts of fuzzy planes are closed, connected and convex subsets of R? (see

(3.14), (3.16), (3.18)).

The intersection of two fuzzy planes is a space fuzzy line (see Observation

3.4.1).

We have made a remark based on points (vi) and (x) (in p. 143) regarding the

intersection of two space fuzzy lines and two fuzzy planes as per the approach of

[89).

Remark 3.5.1. (i) As per the approach of [89], the fuzzy lines depicted in Figure

(i)

(iii)

3.2 are fuzzily intersecting fuzzy lines since their cores do not intersect even
when extended. Still, some portions of the fuzzy lines intersect in R*. In this
case, as per the notions of [89], the measure of the intersection of two fuzzy
lines (v = 1 — p) lies between 0 and 1. Here, p = 1 — X\ gives the measure of

parallelness, and

A= sup {min (u ((x, Y, z)‘z) . ((:L’,y, z)‘i\;))} (3.22)

(z,y,2)ER3

gives the height of the fuzzy intersection region. Explicitly, we can see that

0 < v < 1 since the cores of fuzzy lines never intersect (0 < A < 1 by (3.22)).

As per the approach of [89], the considered fuzzy lines in Observation 3.2.2 (ii)
are completely intersecting fuzzy lines since their cores intersect. In this case,
as per the notions of [89], the measure of the intersection of two fuzzy lines is

v = 1. This is because the hight of fuzzy intersection region is A = 1 by (3.22).

As per the approach of [89], the considered fuzzy planes in Observation 3.4.1
are completely intersecting fuzzy planes since their cores intersect. The hight of
fuzzy intersection region is A = 1 by (3.22). Hence, the measure of intersection

of two fuzzy planes is v =1 since p=1— X = 0.
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Below, we give a point-wise comparison of space fuzzy lines and then of fuzzy planes.

Note 9. All the comparisons of the proposed ideas for space fuzzy lines and the
shortest distance between skew fuzzy lines are made with the formulations of [38,
21, 7] and [7, 38, 47, 43, 44, 46, 45|, respectively, when the concepts of [43, 47, 38,

44, 46, 21, 7, 45] are extended in the same way in the fuzzy space geometry.

The point-wise comparison of space fuzzy lines and the shortest distance between

skew fuzzy lines are as follows:

e Space fuzzy line. As per the approach of [38, 21, 7], the definition and
deficiency of space fuzzy line segments (in space-R?) is given in [117]. Tt is
noted in [117] that the space fuzzy line segment in [117] is more appropriate
than [38, 21, 7], and the proposed space fuzzy line is a union of the space fuzzy
line segments (see Definition 2.5.1 and (3.2) and (3.1)). Hence, the proposed

space fuzzy line is better than the formulations in [38, 21, 7].

e Shortest distance between two skew fuzzy lines. In [117], it is noted
that the fuzzy distance between pair of fuzzy sets proposed in [117] is more
appropriate than the existing formulations [7, 38, 47, 43, 44, 46, 45]. This is
because, in [117], the concept of the same and inverse point has been used. In a
similar manner, the proposed shortest distance between skew fuzzy lines is also
based on the same and inverse point theory. Hence, the proposed formulations

is highly effective than that of [7, 38, 47, 43, 44, 46, 45].

Next, we present interrelations between the proposed different forms of fuzzy planes.
In general, ﬁgp or 11 ; cannot be equivalent to I pn since all the crisp planes are

parallel in the support of I pn. However, ﬁg p is an I 7 and vice versa.

Theorem 3.5.1. ﬁ[ is an ﬁgp.
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Proof. The proof is similar to that of Theorem 4.0.3 in [2]. H

In this paper, we have given three approaches to construct the fuzzy plane. The
approach of the fuzzy plane passing through an S-type space fuzzy point and per-
pendicular to a given crisp direction is one of them. In this approach, a question
may arise: why a crisp direction is being taken rather than the fuzzy direction (see
Definition 3.4.4). To answer this question, from the (iii) ( p. 148), we have observed
that if we take a fuzzy direction instead of a crisp direction, the support of the fuzzy

plane may be unbounded. Hence, we have neglected that case in this article.

Let us compare the proposed methodological analysis with existing formulations of

fuzzy planes in [22, 9, 37, 7].

In the literature, Rosenfeld [37] and Ghosh and Chakraborty [9] introduced some
concepts regarding the fuzzy half-plane. The fuzzy half-plane in [37] is either the
entire plane R?, or half-plane bounded by a line, or empty. According to [9], a fuzzy
half-plane can be determined when the fuzzy line L fuzzily separates the whole R%-
plane into two parts. The points on the support of fuzzy (closed) half-plane in [9]
are either on one side of 5(1) or on it, but no points on the other side. A fuzzy
plane, according to [22], is a thin planer shell with variable thickness containing the
family of crisp planes. The crisp planes are the extension of the family of crisp lines
representing a fuzzy line. All these proposed fuzzy half-planes in [9, 37] and fuzzy
planes in [22] referred to as the fuzzy line in R*-plane. Thus, for a € [0, 1], the a-cuts
of the fuzzy half-planes or fuzzy planes in [22, 9, 37] is a subset of R%-plane, or entire
R2-plane. Therefore, these definitions do not coincide with the conventional plane
definitions in the Euclidean space R?. Whereas a fuzzy plane should be a fuzzy set

in R?, and the core must coincide with a crisp plane’s customary definitions.
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After analyzing all these deficiencies of fuzzy half-planes or fuzzy planes in [22,
9, 37], we have proposed three different forms of the fuzzy planes (see Definitions
3.4.1, 3.4.3, 3.4.4) by extending the definitions of the Euclidean plane (in R3-space)
in the fuzzy environment. Prior to the proposed work, only Qiu and Zhang [7]
demonstrated the fuzzy plane using extension principle [15] by extending the known
ideas in [5, 6]. Additionally, the fuzzy plane, described in [7], follows the definitions
of the Euclidean plane when its attributes are imprecise. However, one can visualize
that three proposed constructions for fuzzy planes are either easier to evaluate the
membership functions or have less spread when compared to those of Qiu and Zhang
in [7]. This is because the proposed fuzzy planes are based on the theory of same
and inverse points (see Definitions 3.4.1, 3.4.3, 3.4.4). A point-wise comparison of

these two different approaches of the fuzzy plane is realized as mentioned below.

(i) (Three-point form).

As per the approach of [7], a fuzzy plane may be defined as

II;p = \/{(a:, y,2) : (z,y, z) lies on the plane passing through the points in

P1(0), P,(0) and Ps(0)}.
However, we have investigated the fuzzy plane as

I;p = \/{(x, y,2) : (x,y, z) lies on the plane passing through the same

points of P;(0), P»(0) and P5(0) with membership value a}.

The proposed Definition 3.4.1 shows the fuzzy plane as
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where

ﬁgp(a) ={(z,y,2) : n1(x — u) + na(y — v) + n3(z — w) = 0, where u € ﬁl(a),
v € Py(a) and w € P3(a) are the same points, and (ny,ns,n3) =

cross(u — v, u — w)}.

In fact, the support of the proposed fuzzy plane II;p is a subset of the support
of a fuzzy plane in [7]. This is because in the proposed method we considers
only the combination of the same points. Hence, the proposed fuzzy plane has

less imprecision than that in [7].

In addition, the evaluation of the membership function for II 3p becomes easier
than that in [7] since the explicit expression of the same points is used in the

proposed method.

(Intercept form).

Intercept form of the fuzzy plane II; is defined (Definition 3.4.3) as the limiting
case of the three-point form of the fuzzy plane. According to the proposed
approach, the fuzzy plane I 1 is a collection of crisp planes whose intercepts
are the same points of the given @, b and ¢. The Definition 3.4.3 evaluates the

fuzzy plane I as

= \/ ),

a€(0,1]

where

x Y z
H[(Oé) - {(ZL’,y7Z> : F +
1

X
:10r—a+—a+
U1 Uy

Y z
—+ — — =1, where uf, u3,
Uy 3 3

ug and vf, vy, v§ are the same points of @, b and ¢, respectively}.
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(iii)

However, Qiu and Zhang [7] considered all the possible crisp planes whose
intercepts are arbitrary points of the given @(0), b(0) and &(0). Clearly, in the
proposed consideration of I 1, there is a narrower spread than such construction
as in Qiu and Zhang [7]. In the proposed analysis, we find that the proposed
I 7 across the core plane I 1(1) has a bounded imprecise part. In contrast, the
fuzzy plane II; defined in [7] has unbounded support on either side of I 7(1).
The membership grade evaluation of a point in 11 1(0) is easier than that in [7].
This is because the constraint set which we use in the optimization problem
(see Definition 3.4.3) to get the membership value of I is a proper subset of
that used by Qiu and Zhang [7].

(A fuzzy plane passing through an S-type space fuzzy point P and
perpendicular to a given crisp direction n (IIp,)).

In the proposed Ip, (Definition 3.4.4), we consider the only crisp direction,
and an S-type space fuzzy point. By Definition 3.4.4, I pn 18 a collection of the
crisp planes parallel to the core plane. Thus, the proposed I pn has a bounded

imprecise part across the core plane 11 pn(1).

In contrast, the fuzzy plane passing through a space fuzzy point P and per-
pendicular to a given fuzzy direction N , Iy say, (see definition by Qiu and
Zhang [7]) has unbounded support since a fuzzy direction N is a collection of
crisp directions. Also, for each n € N (0), there exists a fuzzy plane passing
through a space fuzzy point P and perpendicular to a given crisp direction n

(IIpy,). More precisely,

ﬁPN - U ﬁPna

neN(0)
where the membership function of p, is given by the Definition 3.4.4. If the

fuzzy direction N reduces to a crisp direction n, then Il Pn = Il PN-
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The alternative approaches to construct the fuzzy plane depend on what information
is known about it. The three-point form of the fuzzy plane must be preferred when
the three S-type space fuzzy points are known. It is preferable to use the intercept
form of a fuzzy plane when its three intercepts are known. When an S-type space
fuzzy point and a crisp direction are known, the third approach of the fuzzy plane
(Definition 3.4.4) is preferred. Therefore, the use of different formulations of fuzzy
planes is favoured according to the information available for fuzzy planes in our

study.

3.6 Conclusion

In this paper, we have discussed space fuzzy lines and three different forms of a fuzzy
plane in R3. Notably, new ideas of the skew fuzzy lines and the shortest distance
between skew fuzzy lines are presented. Moreover, the three different forms of fuzzy
planes, namely, three-point form, intercept form, and a fuzzy plane passing through
an S-type space fuzzy point and perpendicular to a given crisp direction, have been
proposed. We have also developed the algorithms for finding the membership values
of all the proposed formulations of the space fuzzy lines and the fuzzy planes and
added suitable numerical examples. The geometric properties of all these proposed
forms of fuzzy planes and their interrelations are also investigated. The intersection
of two space fuzzy lines may not be a space fuzzy point as the a-cuts of space fuzzy
line may not be convex (see Figure 3.2). However, the intersection of two symmetric
fuzzy lines is a fuzzy point (see Observation 3.2.2). Also, the interrelations between
the three-point form and intercept form are found to be equivalent. In a sequel, we
have defined the notion of the angle between two fuzzy planes. Theorem 3.4.5 shows

that the angle between two fuzzy planes is a fuzzy number. Also, we have defined
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the distance between an S-type space fuzzy point and a fuzzy plane, which is a fuzzy
number (see Theorem 3.4.6). A brief analysis of the shortest distance between two
non-symmetric skew fuzzy lines has been given in this paper. However, a detailed
study of the shortest distance between two non-symmetric skew fuzzy lines will be

discussed in the future.

In a future study, the fuzzy space geometrical objects such as fuzzy cones, fuzzy
spheres, fuzzy ellipsoids, and their properties will be formulated in detail. All the
ideas can be extended to an n-dimensional space, n > 4. Future work can focus on

such an extension.
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