Abstract

Classical stability analysis tools such as Lyapunov second method and contraction
theory keep using scalar energy or distance-like function, which makes these tools some-
what restrictive specifically for large-scale systems. In this thesis, we develop further
generalized results of these tools. In particular, we present stability analysis tools in
the framework of vectors that relax the restrictions present in scalar cases and provide a
simplified structure to perform stability or convergence analysis.

Firstly, we give special attention to the arbitrary time stability of nonlinear systems
using vector Lyapunov functions. In fact, a vector comparison system, which is arbitrary
time convergent, is constructed, and after that the stability of the original dynamical
system is proved using differential inequalities and comparison principles. Moreover, the
robust arbitrary time controllers for large-scale systems using vector control Lyapunov
functions (VCLF) are designed. Also, aggregation of comparison systems is done to
reduce their dimensionality in order to effectively apply the derived results on a class of
underactuated systems. The theoretical results are implemented on an underactuated
system.

Further, we introduce a new tool, vector contraction analysis that performs con-
vergence analysis in a simplified way. The word vector came from the intuition that
it employs vector-valued norm, which evidently induces a vector distance function be-
tween any pair of system trajectories to perform convergence analysis. It provides a very
resilient framework as each component of vector-valued norm observes fewer strict con-
ditions than that of a scalar distance function in classical contraction analysis and has a
well-established structure of the vector-valued norm as compared to Lyapunov candidate
function, which is very difficult to construct. In fact, every component need not to be neg-
ative definite to show convergence between any pair of trajectories. Rather the derivative

of the vector-valued norm witnesses a component-wise inequality through some compar-



ison system with specified properties. In the wake of the exploitation of the comparison
system, now the convergence analysis is performed by comparing the relative distances
between any pair of the trajectories of the original nonlinear system and the comparison
system. Some elementary mathematical tools such as quasi-monotonicity property and
vector differential inequalities are collected to derive comparison results. To relax the
quasi-monotone property, results are also derived in the framework of cone ordering. A
level of mathematical sophistication is assumed in introducing and validating the prop-
erties of a new notion, vector-valued norm. To make the thesis easily perceivable to the
readers, this theory is verified by academic examples followed by simulations.

Furthermore, we present tools for the design of controller and observer for a class
of nonlinear systems using the proposed theory as this theory is quite appreciable for
problems with convergence or synchronization aims, where there is no need of a specific
attractor, rather convergence between trajectories is required. In addition, the proposed
theory is able to solve the problem of interval observer design in a very efficient way
in the essence that it does not require the formulation of error dynamics and need not
require the Lyapunov candidate function to show convergence between any pair of system
trajectories.

Finally, we exploit the proposed theory for the analysis of different challenging con-
sensus problems in multi-agent agents such as consensus of third-order dynamics multi-
agent systems with acceleration and input constraints, a consensus of multi-agent systems
with heterogeneous nodes under communication imperfections, synchronization of multi-
agent systems with connected and disconnected switching topologies, synchronization of
agents in networked systems (like Hopfield networks) with time-varying couplings, and
the synchronization of multi-agent systems with underactuated agent dynamics.

In the end, experimental and simulation validations of the proposed results are pro-

vided by considering a 2 DOF Helicopter model and a two-link manipulator.



