
Appendix A

Variational Optimization

The variational optimization function has been used as:

A.1 Energy function

The MRF has been used as a energy minimization problem. The energy is denoted as:

argmin
X

(E(x,y)) = argmin
X

(y− x)+λ ∑
xi,x jεN

(xix j +(1− xi)(1− x j) (A.1)

xi,x jεN represents that xi, x j are adjacent. In continuous image functions, the term

∑
xi,x jεN

(xix j +(1− xi)(1− x j) has used to penalize the optimization problem given Y is

observation and (Y-X) is regularization factor. For a binary problem, the equation can be

converted to Bernoulli equation as:

P(x|y) = ∏
i
(p(y|x = a)1−xi p(y|x = b)xiexp(λ (1− xi)(1− x j)) (A.2)

The terms exp(λ (1− xi)(1− x j)) can be used as prior or x. The equation becomes as:

P(x|y) ∝ φ(yi)xi +(λ (1− xi)(1− x j)) (A.3)
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where

φ(yi) =
ln(P(yi|xi = a))
ln(P(yi|xi = b))

. The term φ(yi)xi is an error correction cost and ln P(x—y) has been maximised. The EPS

and two phase label energy minimization are two main schemes that use these equations

for minimisation.

A.2 Variations by Minimizing Least Square Regression

We can minimize the variational optimization by converting it to a least square regression

and minimizing the error. Let X,β ,ε , and y is datacost, slope, and smoothness cost. The

function is defined as:

Y = Xβ + ε (A.4)

If Xβ is Y1 then the error is:

e = Y −Y 1 (A.5)

Square error(SE) is:

SE =
n

∑
i=1

(ei)
2 (A.6)

It can be written in matrix form as:

SE = eT e (A.7)

We can put the

SE = eT e (A.8)

Put the value of error as

SE = (Y −Y 1)T (Y −Y 1) (A.9)

SE = (Y −Xβ )T (Y −Xβ ) (A.10)

We can apply the transpose property as

SE = (Y T −β
T XT )(Y −Xβ ) (A.11)
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BY multiplying the equation can be transformed as

SE = Y TY −Y T Xβ −β
T XTY +β

T XT Xβ (A.12)

To minimize this equation we have used following properties.

• X is (m×1) and A is (n×m) matrix. A⊥ X

• Y=A→ ∂

∂X (Y) = 0

• Y=AX→ ∂

∂X (Y) = A

• Y=XA→ ∂

∂X (Y) = AT

• Y=XT AX → ∂

∂X (Y) = 2XT A

We can put ∂

∂β
(SE) = 0 for minimization.

∂

∂β
(SE) = 0−Y T X− (XTY )T +2β

T XT X (A.13)

β
T XT X = Y T X (A.14)

β
T = Y T X(XT X)−1 (A.15)

β = (XT X)−1XTY (A.16)

Least square method has used in some future works to minimize the variational

optimization equation after transforming the variational equation to a linear equation.
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