
Appendix A

Linear Matrix Inequalities (LMIs)

Definition A.1 A Linear Matrix Inequality (LMI) [3] is a constraint of the form

G(x) := G0 +
n∑

j=1

xjGj < 0, (A.1)

where x = [x1, x2, · · · , xn]T ∈ R
n is the unknown vector of optimization variables. Gj =

GT
j ∈ R

m×m are known symmetric matrices.

The Lyapunov inequality can be expressed in the form of LMIs as:

ATX +XAT < 0, X > 0, For continuous-time systems (A.2)

ATXA−X < 0, X > 0, For discrete-time systems (A.3)

For example, consider the inequalities as:

y > 0, y − x2 > 0 (A.4)

In LMI Form, (A.4) can be written as


y x

x 1


 > 0, and in standard form, it is written

as 
0 0

0 1


+ y


1 0

0 0


+ x


0 1

1 0


 > 0 (A.5)

where x, y are decision variables.

The following are some of the properties of LMIs:

• The LMI (A.1) is a convex constraint on x, which implies that its solution set

(feasibility set) S ⊂ R
n and the problem thereby formed is a convex optimization
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problem. Such LMIs are advantageous in the sense that these constraints can be

solved using numerical techniques even if analytical solutions are, in general, not

possible.

• LMIs are non unique. The same set of variable x can be represented as the feasibility

set of different LMIs. For instance, consider the following:

A > 0 ⇔ xTAx > 0, ∀x 6= 0,

⇔ yTT TATy > 0, ∀y 6= 0, detT 6= 0,⇔ T TAT > 0.

Similarly, rearrangements do not affect the feasibility set, for instance,

A1 A2

A3 A4


 > 0 ⇔


0 I

I 0




A1 A2

A3 A4




0 I

I 0


 > 0 ⇔


A4 A3

A2 A1


 > 0

• Multiple LMIs can be considered equivalent to a single LMI, for instance, consider

a set of m LMIs: G1(x) > 0; · · · , Gm(x) > 0. Then, the single equivalent LMI is

given by G(x) = Diag{G1(x), · · · , Gm(x)} > 0.

• The solutions obtained through LMI is a global solution.

A.1 Solving LMIs

Several packages available for solving LMI problems. Once an LMI problem is specified,

it can be solved numerically by calling LMI solvers. There are three types of problems

which can be solved using LMI solver. For a comprehensive guide on the LMI solver

softwares, and the algorithms behind them, the reader is directed to refer to [187]. The

software used in this work for solving LMI problems is the LMI CONTROL TOOLBOX

in MATLAB [158]. Three LMI solvers commonly used are feasp, mincx,and gevp to solve

the following problems.

A.2 LMI problem forms

A.2.1 Feasibility problem

A feasibility problem is defined as: Find a solution

x = (x1, x2, · · · , xn) such that F (x) > 0 (A.6)
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• LMI solver : feasp

• Syntax: [tmin, xfeas]=feasp(lmisys,options,target)

A.2.2 Linear objective minimization problem

The minimization problem is defined as:

Minimize cTx, subject to F (x) > 0 (A.7)

where x = (x1, x2, · · · , xn) and c ∈ Rn is a given vector.

• LMI solver : mincx

• Syntax: [copt, xopt]=mincx(lmisys,options,xinit,target)

A.2.3 Generalized eigenvalue minimization problem

This eigen value minimization problem can be stated as:

Minimize λ, subject to A(x) < λB(x), B(x) > 0, C(x) < D(x) (A.8)

where x = (x1, x2, · · · , xn) and λ is an eigen value.

• LMI solver : gevp

• Syntax: [λ opt, xopt]=gevp(lmisys,options,xinit,target)

A.3 Schur Complement

It plays as an important tool in carrying out the synthesis of the SOF controller design.

The basic idea of using Schur complements is to convert nonlinear inequality constraints

into linear constraints on symmetric matrices. It is defined as :

Definition A.2 [3] Let Q(x), R(x) and S(x) are affine functions in x. Then,


Q(x) S(x)

ST (x) R(x)


 > 0 ⇔ Q(x) > 0, R(x)− ST (x)Q−1(x)S(x) > 0 (A.9)
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[135] D. Rosinová and M. Hypiusová, “LMI pole regions for a robust discrete-time pole

placement controller design,” Algorithms, vol. 12, no. 8, p. 167, 2019.

[136] S.-W. Kang and B.-H. Cho, “Digitally implemented charge control for LLC resonant

converters,” IEEE Transactions on Industrial Electronics, vol. 64, no. 8, pp. 6159–

6168, 2017.

[137] C. Villarreal-Hernandez, J. C. M. Maldonado, G. Escobar, J. Loranca, J. E. Valdez-

Resendiz, and J. Rosas-Caro, “Discrete-time modeling and control of double dual

boost converters with implicit current-ripple cancellation over a wide operating

range,” IEEE Transactions on Industrial Electronics, 2020.

[138] C. Peng, Y.-C. Tian, and D. Yue, “Output feedback control of discrete-time

systems in networked environments,” IEEE Transactions on Systems, Man, and

Cybernetics-Part A: Systems and Humans, vol. 41, no. 1, pp. 185–190, 2010.

[139] P. Cheng, S. He, J. Cheng, X. Luan, and F. Liu, “Asynchronous output feedback

control for a class of conic-type nonlinear hidden markov jump systems within a

finite-time interval,” IEEE Transactions on Systems, Man, and Cybernetics: Sys-

tems, 2020.

174



[140] S. Zhang, Z. Wang, D. Ding, H. Shu, T. Hayat, and A. M. Dobaie, “On design of ro-

bust fault detection filter in finite-frequency domain with regional pole assignment,”

IEEE Transactions on Circuits and Systems II: Express Briefs, vol. 62, no. 4, pp.

382–386, 2015.

[141] J. Fan, Q. Wu, Y. Jiang, T. Chai, and F. L. Lewis, “Model-free optimal output regu-

lation for linear discrete-time lossy networked control systems,” IEEE Transactions

on Systems, Man, and Cybernetics: Systems, 2019.

[142] G. Pipeleers, B. Demeulenaere, J. Swevers, and L. Vandenberghe, “Extended LMI

characterizations for stability and performance of linear systems,” Systems & Con-

trol Letters, vol. 58, no. 7, pp. 510–518, 2009.

[143] S. Saadni, M. Chaabane, D. Mehdi, and O. Bachelier, “Robust stability and sta-

bilization of a class of singular systems with multiple time-varying delays,” IFAC

Proceedings Volumes, vol. 38, no. 1, pp. 161–166, 2005.

[144] X.-H. Chang, J. H. Park, and Z. Tang, “New approach to H∞ filtering for discrete-

time systems with polytopic uncertainties,” Signal Processing, vol. 113, pp. 147–158,

2015.

[145] P. R. Sahoo, J. K. Goyal, S. Ghosh, and A. K. Naskar, “New results on restricted

static output feedback H∞ controller design with regional pole placement,” IET

Control Theory & Applications, vol. 13, no. 8, pp. 1095–1104, 2019.

[146] P. R. Sahoo, “Critical delay computation, overlapping interaction selection and

output feedback design for decentralized control systems.” Ph.D. dissertation, 2019.

[147] A. Grace, “Optimization toolbox for use with MATLAB,” The Mathworks, Inc.,

1995.

[148] A.-T. Nguyen, P. Chevrel, and F. Claveau, “LPV static output feedback for con-

strained direct tilt control of narrow tilting vehicles,” IEEE Transactions on Control

Systems Technology, vol. 28, no. 2, pp. 661–670, 2018.

[149] S. N. Ali, M. J. Hossain, D. Wang, K. Lu, P. O. Rasmussen, V. Sharma, and

M. Kashif, “Robust sensorless control against thermally degraded speed perfor-

175



mance in an IM drive based electric vehicle,” IEEE Transactions on Energy Con-

version, vol. 35, no. 2, pp. 896–907, 2020.

[150] Quanser, “2-DOF helicopter user and control manual,” Markham, Ontario, 2006.

[151] C. A. Costa, A. Nied, F. G. Nogueira, M. D. A. Turqueti, A. J. Rossa, T. J. M.

Dezuo, and W. B. Junior, “Robust LPV scalar control applied in high perfor-

mance induction motor drives,” IEEE Transactions on Industrial Electronics, vol.

DOI:10.1109/TIE.2020.3031519, 2020.

[152] S. Tasoujian, J. Lee, K. Grigoriadis, and M. Franchek, “Robust linear parameter

varying output feedback control of permanent magnet synchronous motors,” arXiv

preprint arXiv:2006.13472, 2020.

[153] Y. Lee, S.-H. Lee, and C. C. Chung, “LPV H∞ control with disturbance estima-

tion for permanent magnet synchronous motors,” IEEE Transactions on Industrial

Electronics, vol. 65, no. 1, pp. 488–497, 2017.

[154] E. Prempain, I. Postlethwaite, and A. Benchaib, “A linear parameter variant H∞

control design for an induction motor,” Control Engineering Practice, vol. 10, no. 6,

pp. 633–644, 2002.

[155] C. Olalla, R. Leyva, A. El Aroudi, P. Garces, and I. Queinnec, “LMI robust control

design for boost PWM converters,” IET Power Electronics, vol. 3, no. 1, pp. 75–85,

2010.

[156] P. Gahinet, P. Apkarian, and M. Chilali, “Affine parameter-dependent lyapunov

functions and real parametric uncertainty,” IEEE Transactions on Automatic con-

trol, vol. 41, no. 3, pp. 436–442, 1996.

[157] J.-J. E. Slotine, W. Li et al., Applied nonlinear control. Prentice hall Englewood

Cliffs, NJ, 1991, vol. 199, no. 1.

[158] P. Gahinet, A. Nemirovski, A. Laub, and M. Chilali, “LMI control toolbox,” The

Math Works, Inc, Natick, MA, 1994.

176



[159] E. Fridman and U. Shaked, “An improved stabilization method for linear time-delay

systems,” IEEE Transactions on Automatic Control, vol. 47, no. 11, pp. 1931–1937,

2002.

[160] S. Ghosh, S. K. Das, and G. Ray, “Decentralized stabilization of uncertain systems

with interconnection and feedback delays: an LMI approach,” IEEE Transactions

on Automatic Control, vol. 54, no. 4, pp. 905–912, 2009.

[161] M. S. Reineh, S. S. Kia, and F. Jabbari, “New anti-windup structure for magnitude

and rate limited inputs and peak-bounded disturbances,” Automatica, vol. 97, pp.

301–305, 2018.

[162] Y.-Y. Cao, Z. Lin, and D. G. Ward, “Anti-windup design of output tracking systems

subject to actuator saturation and constant disturbances,” Automatica, vol. 40,

no. 7, pp. 1221–1228, 2004.

[163] J. Geromel, P. Peres, and S. Souza, “Convex analysis of output feedback control

problems: Robust stability and performance,” IEEE Transactions on Automatic

Control, vol. 41, no. 7, pp. 997–1003, 1996.

[164] J. K. Goyal, S. Ghosh, and S. Kamal, “New LMI conditions for H∞/H2 output

feedback control of linear discrete-time systems,” International Journal of Control,

DOI: 10.1080/00207179.2019.1665712, pp. 1–14, 2019.

[165] A. Grace, “Optimization toolbox for use with MATLAB, the MathWorks,” Inc.,

South Natick, MA, 1993.

[166] F. Leibfritz and W. Lipinski, “Description of the benchmark examples in COMPleib

1.0, tech, report,” University of Trier, Department of Mathematics, Germany, 2003.

[167] C. W. Tanks, “Quanser.”

[168] J. Apkarian, “Coupled water tank experiments manual,” Quanser Consulting Inc.,

Canada, 1999.
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