Appendix A

Linear Matrix Inequalities (LMIs)

Definition A.1 A Linear Matriz Inequality (LMI) [3] is a constraint of the form

G(z) =Gy + Y x,G; <0, (A1)
j=1
where © = [x1, T2, -+ ,2,]7 € R™ is the unknown vector of optimization variables. G; =

G]T € R™™ are known symmetric matrices.
The Lyapunov inequality can be expressed in the form of LMIs as:
ATX + XAT <0,X >0, For continuous-time systems (A.2)

ATXA - X <0,X >0, For discrete-time systems (A.3)

For example, consider the inequalities as:

y>0, y—12>>0 (A.4)

T
In LMI Form, (A.4) can be written as Y > 0, and in standard form, it is written

z 1
00 10 01
+vy +x >0 (A.5)
0 1 00 10

where x, y are decision variables.

The following are some of the properties of LMIs:

e The LMI (A.1) is a convex constraint on z, which implies that its solution set

(feasibility set) S C R"™ and the problem thereby formed is a convex optimization
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problem. Such LMIs are advantageous in the sense that these constraints can be
solved using numerical techniques even if analytical solutions are, in general, not

possible.

e LMIs are non unique. The same set of variable x can be represented as the feasibility

set of different LMIs. For instance, consider the following:

A>0s 2T Az >0, Vo # 0,
Sy TTATy >0, Yy #0,det T # 0, TTAT > 0.
Similarly, rearrangements do not affect the feasibility set, for instance,

A A 0 I| A As| |0 1 Ay As
>0 >0 >0

As Ay I 0 |As A4l |1 O Ay Ay

e Multiple LMIs can be considered equivalent to a single LMI, for instance, consider
a set of m LMIs: G'(z) > 0;---,G™(z) > 0. Then, the single equivalent LMI is
given by G(z) = Diag{G'(z),--- ,G™(z)} > 0.

e The solutions obtained through LMI is a global solution.

A.1 Solving LMIs

Several packages available for solving LMI problems. Once an LMI problem is specified,
it can be solved numerically by calling LMI solvers. There are three types of problems
which can be solved using LMI solver. For a comprehensive guide on the LMI solver
softwares, and the algorithms behind them, the reader is directed to refer to [187]. The
software used in this work for solving LMI problems is the LMI CONTROL TOOLBOX
in MATLAB [158]. Three LMI solvers commonly used are feasp, mincx,and gevp to solve
the following problems.

A.2 LMI problem forms

A.2.1 Feasibility problem

A feasibility problem is defined as: Find a solution

r = (21,29, -+ ,x,) such that F(x) >0 (A.6)
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e LMI solver : feasp

e Syntax: [tmin, xfeas|=feasp(lmisys,options,target)

A.2.2 Linear objective minimization problem
The minimization problem is defined as:
Minimize ¢’ 2, subject to F(z) > 0 (A.7)
where x = (21,29, ,x,) and ¢ € R™ is a given vector.
e LMI solver : mincx

e Syntax: [copt, xopt]=mincx(lmisys,options,xinit,target)

A.2.3 Generalized eigenvalue minimization problem
This eigen value minimization problem can be stated as:
Minimize A, subject to A(z) < AB(z), B(z) >0, C(z) < D(x) (A.8)
where x = (1,29, -+ ,x,) and A is an eigen value.
e LMI solver : gevp

e Syntax: [A opt, xopt]=gevp(lmisys,options xinit,target)

A.3 Schur Complement

It plays as an important tool in carrying out the synthesis of the SOF controller design.
The basic idea of using Schur complements is to convert nonlinear inequality constraints

into linear constraints on symmetric matrices. It is defined as :
Definition A.2 [3] Let Q(z), R(x) and S(x) are affine functions in x. Then,

Q(x) S(x)

>0« Q(z) >0,R(z) — ST(2)Q (x)S(x) > 0 (A.9)
ST(z) R(z)
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