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Appendix

Method for solving the Fredholm integral equation of

first kind numerically

Consider a Fredholm integral equation of first the kind as (Delves and Mohamed (1985))ˆ b

a

N(z, x, s)ψ(z, s)dz = L(x, s) (A.1)

By following Delves and Mohamed (1985) and Sherief and El-Maghreby (2005), Eq.

(A.1) can be rewritten as

Nψ = L (A.2)

where L(x, s) will be known to some accuracy ε. Therefore, the solution of Eq. (A.2)

is expected to satisfy the accuracy constraint ||Nψ − L|| ≤ ε. Now, the objective is to

find a smoothest function (ψ) satisfying Eq. (A.2) and the accuracy constraint such

that for some linear operator F, the norm of Fψ has minimum value. This objective

leads to the following constrained minimization problem

min
ψ
||Fψ||, subjected to, ||Nψ − L|| ≤ ε. (A.3)

Deriving solution to the minimization problem Eq. (A.3) is possible for any given norm,

still, it is relatively complicated to solve the problem analytically. Therefore, instead

of solving this problem, Delves and Mohamed (1985) have solved a related problem

numerically.

From the present problem we can observe that for some operator, F the minimum of
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||Fψ|| will decrease with increase in ε, i.e. as the constrained is weakened. Therefore,

for the minimization of Eqs. (A.1-A.2), the constrain will be binding to ||Nψ−L|| = ε.

Now, by solving the unconstrained problem

min
ψ
||Nψ − L||2 + κ||Fψ||2, (A.4)

we will find a minimum value, ς of ||Nψ − L||. Now, κ → 0, ς → 0 implies that the

solution of the Eqs. (A.1) and (A.2) exist and for some value of κ, ς = ε. Therefore, the

solution of the Eq. (A.4) is identical to the solution of Eqs. (A.1-A.2) (see Delves and

Mohamed (1985)). Since Eq. (A.4) is an unconstrained problem therefore, it is easy

to solve this problem as compared to Eqs. (A.1-A.2). This unconstrained problem is

referred to as regularization problem, and the numerical method used for solving this

problem is known as regularization method (see refs. Delves and Mohamed (1985);

Sherief and El-Magharby (2005)).

The most common choice for the operator F is 1, d
dx
, d2

dx2
. Here, we take F = 1 along

with the usual L2 norm for computation purpose.

Now, the Eq. (A.4) will takes the form

min
ψ
M(ψ) = 〈Nψ − L,Nψ − L〉+ κ 〈ψ, ψ〉 (A.5)

Here (,) denote the scalar product in L2 norm.

Rearranging Eq. (A.5), we find

M(ψ) =
〈
ψ, {N+N + κI}ψ

〉
−
〈
ψ,N+L

〉
−
〈
N+L, ψ

〉
+ 〈L,L〉 (A.6)

where N+ denote the Hermitian conjugate of N.

Therefore, for the minimum value of M at any point ψ for any arbitrary function g,

we have
∂M(ψ + εg)

∂ε

∣∣∣∣
ε=0

= 0 (A.7)

Now, in view of Eqs. (A.6) and (A.7), we find the relation for minimum ψ as

(N+N + κI)ψ = N+L (A.8)
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which implies that ˆ b

a

N̂(z, x, s)ψ(z, s)dz + κψ(z, s) = L̂(x, s) (A.9)

where

N̂(z, x, s) =

ˆ b

a

N∗(z, u, s)N(u, x, s)du (A.10)

L̂(x, s) =

ˆ b

a

N∗(z, x, s)L(z, s)dz (A.11)

Here N∗(z, x, s) is the complex conjugate of N(z, x, s).

Thus, the Fredholm integral equation of first kind (A.1) is now transformed into a

Fredholm integral equation of the second kind with iterated kernels given by Eq. (A.9),

and the parameter κ is taken to be 10−5 (see Delves and Mohamed (1985)).

Next, we present a numerical method for solving a Fredholm integral equation of the

second kind. For this purpose, we consider an integral equation of the form

Ψ(ϕ, s) +

ˆ b

a

N(ϕ, u, s)Ψ(u, s)du = L(ϕ, s) (A.12)

Eq. (A.12) can be approximated as

Ψ(ϕ, s) +
m∑
j=0

SjN(ϕ, uj, s)Ψ(uj, s) ≈ L(ϕ, s) (A.13)

where uj,j = 0, 1, 2, ...,m are the m+ 1 equally spaced points in the interval [a, b], and

Sj denotes the corresponding weight constant. Now, we assume that the Eq. (A.13)

satisfies the chosen points uj, j = 0, 1, 2, ...,m. Therefore, we find the system of m + 1

linear equations as

Ψ(ui, s) +
m∑
j=0

SjN(ui, uj, s)Ψ(ui, s) ≈ L(ui, s), i = 0, 1, 2, ...,m, (A.14)

in the m+ 1 unknowns Ψ(u0, s),Ψ(u1, s),...,Ψ(um, s), that specify the approximation of

the function Ψ(u, s) at m+ 1 chosen points.

Now, if we take the notation Ψ(ui, s) = Ψi, L(ui, s) = Li, and N(ui, uj, s) = Nij, i, j =

0, 1, ...m, then from equation (A.14) we have

Ψi +
m∑
j=0

SjNijΨj ≈ Li, i = 0, 1, ..,m, (A.15)
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Therefore, the system of Eq. (A.15) can be written in the matrix form as

Ψ +NSΨ = L

or,

(I +NS)Ψ = L (A.16)

where Ψi and Li are the components of vector Ψ and L, respectively and matrices N

and S are defined as N = [Nij],S = [Siδij], I is the unity matrix of order m+ 1.

For the numerical computation, the weighting constants Sj are taken by following Simp-

son’s one-third rule of integration as

S0 = Sm = h
3
,

S2i−1 = 4h
3
, S2i = 2h

3
, i = 1, 2, 3, ..., m

2

(A.17)
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