Chapter 4

On coreflective hulls in Str-Q)-TOP

4.1 Introduction

Solovyov [36] introduced stratified Q-topological spaces. Singh and Srivastava
[31] introduced the Q-topological space (Q,({idg} U {q | ¢ € Q})) which is a
Sierpinski object in the category Str-Q-TOP of stratified Q-topological spaces.

Singh and Srivastava [32] obtained the epireflective hull of (@, ({idg})) in the
category Q-TOP of Q-topological spaces. Along with reflective subcategories,
coreflective subcategories have also received much attention and have been stud-
ied extensively by many authors (cf., e.g., Herrlich and Strecker [17| and [18]).
Singh [34] determined the coreflective hull of the L-Sierpinski space in the cate-
gory L-TOP of L-topological spaces. Hoffmann [19] determined the coreflective
hulls of the category of discrete topological spaces and the category of indiscrete
topological spaces in the category TOP of topological spaces. Singh and Srivas-
tava [35] determined the coreflective hull of the category of stratified indiscrete
fuzzy topological spaces in the category Str-FTOP of stratified fuzzy topological

spaces.

In this chapter, we determine the coreflective hull of (Q, ({idq} U {q | ¢ €
@})) in the category Str-Q-TOP. We also determine the coreflective hulls of the
categories Str-Dis-Q-TOP of discrete (Q-topological spaces and Str-Ind-Q-TOP
of stratified indiscrete (Q-topological spaces in the category Str-Q-TOP.

57
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4.2 The category Str-Q-TOP

First we recall the following definition of a stratified )-topological space from

chapter 1 of the thesis.

Definition 4.2.1. [36] A Q-topological space (X, 7) is said to be stratified if
q € 7, for every q € Q, where ¢ : X — @ is defined as g(z) = ¢, for every v € X.

Str-Q-TOP will denote the category of stratified ()-topological spaces and Q-
continuous maps. Str-Q-TOP is a construct via the obvious forgetful functor V :
Str-QQ-TOP— Set.

The following Proposition 4.2.2 can be easily verified:

Proposition 4.2.2. Let {hy : Z — V(Zy,n) | kK € K} be a V-structured source
(where Z is a set and (Zy, nx) is a stratified Q-topological space for each k). Then
{hi, : (Z,n) = (Z,m) | k € K}, where n = ({ag. 0 hy | i € M, k € K'}), is the
initial lift of the source {hy : Z — V(Zg,m) | k € K} in Str-Q-TOP.

Remark 4.2.3. By Proposition 4.2.2, it follows that Str-Q-TOP is a topolog-

ical category over Set.

In view of the Remark 4.2.3 and Proposition 1.2.33, we have the following result:

Proposition 4.2.4. In the category Str-Q-TOP, quotient morphisms are pre-

cisely extremal epimorphisms.

Proposition 4.2.5. Let (X, 7) and (Y, o) be stratified Q-topological spaces and
let f:(X,7) — (Y,0) be a Q-continuous map. Then,

1. f:(X,7) = (Y,0) is final in Str-Q-TOP if and only if ¢ = {v € Q" |
vo fer},

2. f:(X,7) = (Y,0) is a quotient morphism in Str-Q-TOP if and only if it
is final in Str-Q-TOP and f is onto.

Singh and Srivastava [31] introduced the Q-topological space (Q, ({idg} U {q |
q € Q})). It can be easily verified that (Q, ({ido} U {q | ¢ € @})) is a Sierpinski
object in the category Str-Q-TOP.
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Definition 4.2.6. [17| Let C be a category and let f : A — C be a morphism in
C. Then f is said to have

1. an (extremal) epi-mono factorization provided that for some (extremal)

epimorphism g : A — B in C and some monomorphism h : B — C' in C,
f=hoy,

2. a unique extremal epi-mono factorization provided that it has an ex-
tremal epi-mono factorization f = ho g and if f = hy o g; is an extremal
epi-mono factorization, then there exists an isomorphism k£ : B — Bj in C,

such that the diagram

sy

g1

—

lh (4.2.1)

=

N

Q

commutes.

Definition 4.2.7. [17] A category C is said to have

1. the (extremal) epi-mono factorization property provided that each of

its morphisms has an (extremal) epi-mono factorization,

2. the unique extremal epi-mono factorization property provided that

each of its morphisms has a unique extremal epi-mono factorization,

3. the strong unique extremal epi-mono factorization property pro-
vided that it has the unique extremal epi-mono factorization property and,

in C, the composition of extremal epimorphisms is an extremal epimorphism.

Proposition 4.2.8. The category Str-Q-TOP have the strong unique extremal

epi-mono factorization property.

Proof. Let (X, 7) and (Y, o) be stratified Q-topological spaces and let f : (X, 7) —
(Y, o) be a @Q-continuous map. Let f(X) = {f(x) | € X}. Then f = moe,
where m : f(X) — Y is defined as m(f(x)) = f(z) and e : X — f(X) is
defined as e(r) = f(x). Next let n = {v € Q') | voe € 7}. We note here
that since (X, 7) is a stratified Q-topological space, (f(X),n) is a stratified @-
topological space and also by Propositions 4.2.4 and 4.2.5, ¢ : (X, 7) — (f(X),n)
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is an extremal epimorphism in Str-Q-TOP. It can also be easily verified that
m : (f(X),n) = (Y,0) is a monomorphism in Str-Q-TOP. Next let (X,7) —=
(C1,70,) 2% (Y,0) and (X,7) -2 (Cy,70,) 2 (Y,0) be extremal epi-mono
factorizations of f in Str-Q-TOP. Then by Propositions 4.2.4 and 4.2.5, ey :
X — C) is onto and so €7 = e1(X) = {e1(x) | x € X}. Define d : C; — Cy
as d(e1(z)) = es(x). Now we will first prove that the map d is well-defined. Let
e1(x1) = e1(xa), then (mqoep)(zr) = (my oe1)(x2) = (M2 0 e3)(x2) = ma(ea(xz)).
Also (mq o e1)(z1) = (mgoeg)(x1) = ma(ea(x1)). Thus ma(es(z1)) = ma(es(z2))
and since my : (Cs, 7¢,) — (Y, 0) is a monomorphism in Str-Q-TOP, ms is one-
one and S0 ey(r1) = ex(x2). Hence the map d is well-defined. Also it can be easily

proved that the diagram

l / lm (4.2.2)

commutes. Now we will prove that the map d : (Cy,7¢,) — (Cq,7¢,) is an
isomorphism in Str-Q-TOP. Let a € 7¢,, then a codoe; = aoey € T as
eyt (X, 7) = (Cy,70,) is Q-continuous. Now since e : (X, 7) — (C,7¢,) is an
extremal epimorphism in Str-Q-TOP and aodoe; € 7, by Propositions 4.2.4 and
4.2.5, it follows that a od € 7¢,. Hence d : (Cy,7¢,) — (Cs, 7¢,) is Q-continuous.
Next let v € Q% such that vod € 7¢,. Then since e; : (X,7) — (Cy,7¢,)
is (Q-continuous, v o d o ey € 7. This implies that v o e € 7. Now since
ey (X, 7) = (Co,70,) is an extremal epimorphism in Str-Q-TOP and voe, € T,
by Propositions 4.2.4 and 4.2.5, it follows that v € 7¢,. Thus by Proposition
425, d : (Cy,7¢,) — (Cy,7¢,) is a final morphism in Str-Q-TOP. Now we
will show that d is bijective. Let d(ej(x1)) = d(ei(z2)). This implies that
e2(71) = e2(x2) = (M20€2)(11) = (Mgoez)(x2) = (Mroer)(z1) = (mioer)(22) =
mi(e1(z1)) = mi(er(zq)) and since my : (Ch,7¢,) — (B, 7p) is a monomorphism
in Str-Q-TOP, m; is one-one and so e;(z1) = e;(zy) and hence d is one-one.
Now let ¢; € (5. Since by Propositions 4.2.4 and 4.2.5, ey is onto, there exists
x € X such that es(x) = co and then d(e;(x)) = ¢ and so d is onto. Thus
d: (C1,70,) = (C2,7¢,) is a final morphism in Str-Q-TOP and d is bijective and
so by Proposition 1.2.23, d : (C},7¢,) — (Cq,7¢,) is an isomorphism in Str-Q-
TOP. Now by Proposition 1.2.22 and Proposition 4.2.4, composition of extremal



Chapter 4. On coreflective hulls in Str-Q-TOP 61

epimorphisms in Str-Q-TOP is an extremal epimorphism in Str-Q-TOP. There-

fore Str-Q-TOP have the strong unique extremal epi-mono factorization property.
O

Definition 4.2.9. [36] Let (Z,n) be a stratified Q-topological space and let M C
Z. Then ny = {a|y| « € n}, where a|y: M — Q is defined as oy (m) = a(m),
for every m € M, is a stratified Q-topology on M, called as the subspace Q-
topology on M and (M, n,) is called a subspace of (Z,n).

Definition 4.2.10. [32] Let (Z,n) be a stratified @Q-topological space, X be a set
and g : Z — X be an onto map. Then 7 = {a € Q¥ | a0 g € n} is a stratified
Q-topology on X, called as the quotient Q-topology on X with respect to (Z,n)
and g. The @Q-continuous map ¢ : (Z,n7) — (X, 7) is called a quotient map and
(X, 1) is called as the quotient Q-topological space of (Z,n) with respect to the

quotient map g.

Remark 4.2.11. We mention here that quotient morphisms (in category theoretic

sense) in Str-Q-TOP are precisely quotient maps.

([31]) Let Z be a set. Q7 is clearly the largest Q-topology on Z and called
as the discrete Q-topology on Z and the stratified Q-topological space (Z,Q7) is
called a discrete Q-topological space. The Q-topology n = {q | ¢ € Q} is called as
the stratified indiscrete Q-topology on Z and (Z,n) is called a stratified indiscrete
@-topological space. We mention here that discrete and indiscrete objects in
the category Str-Q-TOP are respectively the discrete and stratified indiscrete
Q-topological spaces.

Str-Dis-Q-TOP will denote the full subcategory of Str-Q-TOP consisting of
discrete Q-topological spaces and Str-Ind-Q-TOP will denote the full subcategory
of Str-Q-TOP consisting of stratified indiscrete ()-topological spaces.

4.3 Coreflective Hull of (Q, ({idg}U{q | q € Q})) in
Str-Q-TOP

From now onwards, in this chapter subcategories are always assumed to be full

and isomorphism-closed.
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Definition 4.3.1. [1| Let W be a subcategory of a category C and let B be a
C-object. A W-coreflection (or W-coreflection arrow) for B is a C-morphism

f:A— B from a W-object A to B with the following universal property:

for any C-morphism ¢ : A — B from some W-object A to B, there exists a unique
W-morphism § : A — A such that the triangle

J / (4.3.1)

commutes.

Definition 4.3.2. Let C be a category and let E be a class of C-morphisms.

1. [1] A subcategory W of C is called E-coreflective subcategory of C if for
each C-object B, there exists a W-coreflection arrow in E. In particular, we
use the terms coreflective (resp. epicoreflective, mono-coreflective) in

case F is the class of all morphisms (resp. epimorphisms, monomorphisms)

of C.

2. [17] Let A be a class of C-objects. The smallest E-coreflective subcategory
of C containing A is called the E-coreflective hull of A in the category
C. In particular, we use the terms coreflective hull (resp. epicoreflective
hull , mono-coreflective hull) in case E is the class of all morphisms (resp.

epimorphisms, monomorphisms) of C.

Theorem 4.3.3. [17] Let C be a well-powered category which has coproducts
and the extremal epi-mono factorization property. Then the mono-coreflective
hull in C of a class A of C objects exists. Furthermore, if C has the strong
unique extremal epi-mono factorization property, then the objects of this mono-

coreflective hull of A are exactly all the extremal quotients of coproducts of objects

in A.

Theorem 4.3.4. [17] Let C be a well-powered category which has coproducts
and the extremal epi-mono factorization property. Let W be a subcategory of C.
Then W is a monocoreflective subcategory of C if and only if W is closed under

the formation of coproducts and extremal quotient objects.
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Proposition 4.3.5. [17] Let C be a category and W be an epicoreflective sub-

category of C. Then W is a monocoreflective subcategory of C.

Remark 4.3.6. The empty set () has a unique stratified Q-topological structure
{0} which is simultaneously discrete and indiscrete. The stratified Q-topological
space (0, {0}) will be denoted by I and it can be easily verified that I is the initial
object in the category Str-Q-TOP. We also mention here that {I} is a coreflective
subcategory of Str-Q-TOP. Now if W is any coreflective subcategory of Str-
Q-TOP, then there exists a W-coreflection cy : (Xw,mw) — I for I, but then
(Xw, 7w) must be equal to I and hence I € W. Thus every coreflective subcategory
of Str-Q-TOP contains I and {I} is the smallest coreflective subcategory of Str-
Q-TOP.

The following Proposition 4.3.7 is concerned with the extension of Proposition
3.4 in [35], for the category Str-Q-TOP.

Proposition 4.3.7. Let W be a coreflective subcategory of Str-Q-TOP. Then
W is a monocoreflective subcategory of Str-Q-TOP.

Proof. It W = {II}, then it can be easily proved that it is a monocoreflective
subcategory of Str-Q-TOP. Now suppose that W = {I}. We will first prove that
W is an epicoreflective subcategory of Str-Q-TOP. Let (X, 7) be a stratified Q-
topological space with non-empty underlying set and let ¢y : (Xw, 7w ) — (X, 7)
be its W-coreflection. Let (Y, o) be a stratified Q-topological space and let h, g :
(X, 7) = (Y, 0) be distinct Q-continuous maps. Then there exists x € X such that
h(z) # g(x). Consider the inclusion map i, : ({z},74) — (X, 7), where 7,4 is the
discrete @-topology on {x}. Clearly, i, : ({z},74) — (X, 7) is Q-continuous and
hoi, # goi,. Now since W # {I}, W contains a non-empty stratified )-topological
space, say (Z,n). Let f:(Z,n) — ({x}, 74) be the constant map, which is clearly
Q-continuous. Also hoi,o f # goi,o f. Now since ¢y : (Xw,7w) — (X, 7) is a
coreflection, there exists a unique Q-continuous map [ : (Z,n) — (Xw, 7w) such
that cyyol =i,0 f. Then, hocy ol = hoigo f # goi,of = gocy ol. This implies
that hocy # gocw. Thus ey : (Xw, 7w) — (X, 7) is an epimorphism and so W
is an epicoreflective subcategory of Str-Q-TOP. Therefore by Proposition 4.3.5,
W is a monocoreflective subcategory of Str-Q-TOP. n

In view of Proposition 4.2.2, Str-Q-TOP is a topological category over Set

and since Set is a well-powered category and has coproducts, Str-Q-TOP is a
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well-powered category and has coproducts (cf. Theorem 21.16, Corollary 21.17
in [1]). We mention here that by Proposition 4.2.4 and Remark 4.2.11, extremal
epimorphisms in Str-Q-TOP are precisely quotient maps and for a given stratified
Q-topological space (Z,n), the extremal quotients of (Z,7n) in Str-Q-TOP are
precisely the quotient @Q-topological spaces of (Z,n). Also by Proposition 4.2.8,
Str-Q-TOP has strong unique extremal epi-mono factorization property. Thus

from Theorem 4.3.3 and Proposition 4.3.7, we have the following result:

Theorem 4.3.8. Let (Z,n) be a stratified Q-topological space. Then the core-
flective hull of (Z,n) exists in Str-Q-TOP. Moreover, its objects are precisely the
quotient Q-topological spaces of coproducts of copies of (Z,n).

By Theorem 4.3.4 and Proposition 4.3.7, we have the following result:

Theorem 4.3.9. Let W be a subcategory of Str-QQ-TOP. Then W is a coreflec-
tive subcategory of Str-Q-TOP if and only if it is closed under the formation of

coproducts and quotient Q)-topological spaces.

Let (Z,n) be a stratified Q-topological space and {k} be a fixed singleton set.
Consider the set Z x {k}. Let nf = {a* | @ € n}, where o : Z x {k} — Q is
defined as a*(z, k) = a(z). Then 7} is a stratified Q-topology on Z x {k}.

Let {(Zg,mx) | k € K} be a non-empty family of stratified Q-topological spaces.
Let Z = Upex Ze % {k} and n* = {v € Q% | vz« € n;,Vk € K}. Then
nT is a stratified @-topology on Z and {iny : (Zg,mx) — (Z,n*) | k € K} is a
coproduct of {(Zg,nx) | k € K} in Str-Q-TOP, where iny, : Zy — Z is defined by

ing(zx) = (zx, k), for every z; € Zj.

Lemma 4.3.10. Let ¢ : Z — Y be a map. Let § : Y — @ be a map and
a€({BtU{glqe@}), thenaoge ({fogtU{q|qe@}).

Proof. Consider the map g : (Z, ({fog}U{g| ¢ € @})) = (V,{BIU{g| ¢ € @})).
By Proposition 1.2.40, this map is Q-continuous. Therefore if o € ({5} U {q|q €

Q}), then aoge ({BogU{q]|qe Q}). O

For a given stratified Q-topological space (Z,7n), CH((Z,n)) will denote the
coreflective hull of (Z,7n) in the category Str-Q-TOP.
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Lemma 4.3.11. Let (Z,n) and (Y, 0) be stratified Q-topological spaces and let
(Y,0) € CH((Z,n)). Then either (Y, o) is I or there exists a non-empty index set
K such that (Y, 0) is a quotient Q-topological space of the coproduct (| J,¢; Zx ¥
{k},nt) of {(Zx,n) | k € K} in Str-Q-TOP, where for each k € K, (Zy,nx) is

(Z,n).

Proof. By Theorem 4.3.8, there exists an index set K, a stratified ()-topological
space (W, 0) which is a coproduct of K copies of (Z,7n) and a quotient map f :
(W,0) — (Y,o0). If K = (), then since coproduct of empty family of stratified
@-topological spaces in Str-Q-TOP is I and quotient -topological space of T is
I, (Y,0) is I. Now suppose that K # () and consider the family {(Z,nx) | k €
K} of stratified Q-topological spaces, where each (Zy,nx) is (Z,n). Then since
(Urex Ze x {k},n™) is also a coproduct of K copies of (Z,n) in Str-Q-TOP,
there exists an isomorphism g : (U,cx Zc x {k},n%) — (W,0). Next, since an
isomorphism in Str-Q-TOP is a quotient map and composition of quotient maps
is a quotient map, fog: (Upex Zr X {k},n") — (Y,0) is a quotient map. Hence
(Y,0) is a quotient Q-topological space of (U,cx Zi x {k},n"). ]

The following Theorem 4.3.12 is concerned with the extension of Proposition
6.1 in [35], for the category Str-Q-TOP.

Theorem 4.3.12. Let (Z,n) and (Y, o) be stratified Q-topological spaces. Then
(Y,0) € CH((Z,n)) if and only if either (Y, o) is I or there exists a non-empty
family {(Yx, 0x) | k € K} of subspaces of (Y, o) such that

1. Y= UkzeKYk
2. For each v € QY, v € ¢ if and only if v|y, € oy, for every k € K.

3. (Yk, 0%) is a quotient @Q-topological space of (Z,n), for every k € K.

Proof. Let (Y,o0) € CH((Z,n)). Then by Lemma 4.3.11, either (Y,o) is I or
there exists a non-empty index set K such that (Y, o) is a quotient Q-topological
space of the coproduct (U,cx Zi x {k},n") of {(Zx,m) | k € K} in Str-Q-TOP,
where for each k € K, (Z,ni) is (Z,m). Let f: (Upex Zx x {k},n") = (Y, 0)
be a quotient map. Next, let Y, = f(Zx x {k}) and let o, be the subspace Q-
topology on Y. Then as f is onto, Y = J,.x Ys. Next, let v € 0. Then,

V|y, € oy, for every k € K, as oy is the subspace Q)-topology on Yj, for every
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k € K. Now let v € Q¥ such that v|y, € oy, for every k € K. Consider the map
flzoxqey: (Ze x {k},m5) = (Yi, 01). This map is Q-continuous as uly,of|z, x k1=
(wo f)lzexky€ ng, for every w € o. Then, since for every k € K, v|y, € oy,
(v o )l zuxgr= v|viof|z,x (i1 € mp, for every k € K. This implies that vo f € n*
and since f : (Uycp Zix{k},n") — (Y, 0) is a quotient map, v € o. Next, we have
to prove that (Y, ox) is a quotient Q-topological space of (Z,n), for every k € K.
Fix kg € K. First we will show that f|z, «(ko}: (Zro X {ko}: M) = (Ye: Ok 18
a quotient map. Clearly it is onto and Q-continuous. Now let a@ € Q¥+ such
that a o f|Zk0X{k0}€ M- Let v € Q" be a map such that v|y, € oy, for every
k(# ko) € K and v]ykoz a. Then (v o f)|z.xm= v|viof|z.x} € nf, for every
k(# ko) € K as flz.xqey: (Zk x {k}, ;) = (Yi, o) is Q-continuous, for every
k(# ko) € K. Now (v o f)|z, xtko}= Vlvi,0f |24y x {ho}= @ © flz,, x {ko} € Mi,- Thus
(vo f)|z.xikr € Ny, for every k € K. This implies that vo f € n*. Hence v € o and
S0 Uy, = @ € 0y SO [z, xikoy: (Zio X {ko}ts i) = (Yio, 0y) 1S @ quotient map.
Next, consider the map ly, : Zx, = Zx, X {ko} defined as Iy, (zx,) = (2k,, ko), for
every zy, € Zy,. We will show that Iy, : (Zr,, k) — (Zke X {ko}, m,) is @ quotient
map. Clearly this map is onto. Now let a* € n; . Then, a* o[, = o € n,. Next,
let B* € Q%ro*{ko} guch that 8* oy, € ny,. Then, f* = (B* o ly,)* € nr,- Hence
lko + (Zho» Mio) — (Zko X {ko}, 15, ) is a quotient map. Since composition of quotient
maps is a quotient map, f|z, x{xo}olko * (Zkos o) = (Yao» Oko) 18 a quotient map
and so (Y, 0x,) is a quotient Q-topological space of (Zx,, Mk, ). Thus (Y, 0%) is a
quotient Q)-topological space of (Z, nx), for every k € K, i.e. (Y, o) is a quotient
Q-topological space of (Z,n), for every k € K.

Conversely, if (Y,0) is I, then by Remark 4.3.6, (Y,0) € CH((Z,7n)). Now
assume that there exists a non-empty family {(Yy,0r) | & € K} of subspaces
of (Y, o) satisfying (1), (2) and (3). Then by (3), there exists a quotient map
fr © (Zgyme) — (Y, 0k), for every k € K (where for each k € K, (Zy,nx) is
(Z,m)). Define a map [ : Upep 21 X {k} — Y as f(z,k) = fu(z), for every
(2, k) € Uper Zr x {k}. Then clearly f is onto. We will show that f : (U,cx Zk X
{k},n") — (Y,0) is a quotient map. Let v € 0. Then v|y,€ o0} and since
fr o (Z,mi) — (Y, 0k) is Q-continuous, v|y, o fi € n. So, (v]y,ofk)* € n; and since
(viveofi)” = vivioflzoxmy= (vo f)lzoxqry, (Vo f)lzex € M- Hence (vo f)|z,xqry€
n;, for every k € K. This implies that vo f € n*. Next, let v € Q¥ such
that vo f € 0%, ie, (vo f)|lzxu€ n;, for every k € K. This implies that
(vly,ofk)* € i, for every k € K. Thus v|y,ofx € n, for every k € K. Thus

V|y, € oy, for every k € K as fi : (Zg, ) = (Y, 0k) is a quotient map, for every
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k € K. Then by (2), v € 0. Therefore f : (U,c; Zx x {k},n*) — (Y,0) is a
quotient map and by Theorem 4.3.8, (Y, o) € CH((Z,n)).

]

Proposition 4.3.13. Let a stratified Q-topological space (Z,7n) be a quotient Q-
topological space of (Q, ({idg} U{q | ¢ € Q})) via a quotient map g : (Q, ({idg} U
{014 €Qp) > (Zn). Then |7 < Q| and 5= ({g}U{q | g € Q) if gis
bijective.

Further, if (Z,n) is a stratified @Q-topological space such that |Z| = |Q| and
n={Bu{e | qe Q}), where 3 : Z — @ is a bijection, then (Z,7) is a
quotient Q-topological space of (@, {({ido} U {q | ¢ € Q})) via the quotient map
57 (Q, Hida} U g € Q1) — (Z,1).

Proof. Let a stratified Q-topological space (Z,n) be a quotient Q-topological space
of (Q,({idq} U{q| q € Q})) with respect to a quotient map g : (Q, ({idg} U {q |
qg € Q})) — (Z,n). Then as g is onto, |Z| < |@|. Now suppose that g is
bijective. Let oo € 9, then avo g € ({idg} U{q | ¢ € Q}). Then by Lemma 4.3.10,
aogog e {idgog'tU{q|qe@}), ie. ae ({g7'}U{q|qe Q}). Hence
nC {g'}U{g ]| q € Q}). Now since the map g : (Q, ({ido} U{q | q € Q})) —
(Z. ({97 U{q| ¢ € Q})) is Q-continuous, avog € ({idg}U{q | q € Q}), for every
a€ ({g7'}U{g| g€ @Q}). Thensince g: (Q,{{ido} U{g| g€ Q})) — (Z,n)
is a quotient map, « € 1, for every a € ({g7'} U {q | ¢ € Q}). This implies that
{9y U{gla€@}) Cn. Therefore n = ({g7'}U{g|q € Q}).

Now let (Z,n) be a stratified @Q-topological space such that |Z| = |Q| and
n={BtU{e | qe Q}), where 3 : Z — @ is a bijection. We have to prove
that 37" : (Q, ({ido} U{q | ¢ € Q})) — (Z,n) is a quotient map. Clearly it is
Q-continuous. Now let o € Q7 such that a0 7! € ({idg}U{q | ¢ € Q}). Then by
Lemma 4.3.10, o 37 o f € ({f}U{q| g€ Q}), ie,aec ({BtU{¢|qcQ}) =n.
Therefore 5~ : (Q, ({idg} U{q| ¢ € Q})) — (Z,n) is a quotient map. O

Now by Theorem 4.3.12 and Proposition 4.3.13, we have the following result:

Theorem 4.3.14. Let (Z,n) be a stratified Q-topological space. Then (Z,7) €
CH((Q, ({idq} U{q | ¢ € Q}))) if and only if either (Z,n) is I or there exists a
non-empty family {(Zx, ) | k € K} of subspaces of (Z,n) satisfying the following

conditions:
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1. Z = Uyex Zr such that for each k& € K, there exists a quotient map gy, :
(Q, ({idg} U{q | ¢ € Q})) — (Zy,nr). Furthermore, if g; is bijective, then

m={g 'y U{glqeQ}).

2. For each v € Q% v € n if and only if v|z, € ny, for every k € K.

4.4 Coreflective hull of Str-Dis-Q)-TOP and Str-
Ind-Q-TOP in the category Str-Q)-TOP

Proposition 4.4.1. Let (Z,n) be a discrete Q)-topological space with |Z]| > 1.
Then CH((Z,n)) = Str-Dis-Q-TOP.

Proof. First suppose that (Y, o) belongs to CH((Z,n)). If (Y, o) is I, then clearly
(Y,0) € Str-Dis-Q-TOP. Now suppose that (Y,0) is a stratified Q-topological
space with non-empty underlying set. Then by Theorem 4.3.12, there exists a
non-empty family {(Yx,o0x) | & € K} of subspaces of (Y, o), where each (Y, oy)
is quotient @-topological space of (Z,7), such that ¥ = J, ., Y% and for each
v € QY, v € oif and only if v|y, € oy, for every k € K. Now since (Z,n) is
a discrete @-topological space and each (Y}, o0%) is quotient ()-topological space
of (Z,n), each (Y, 04) is a discrete Q-topological space. Now let v € QY then
vy, € oy, for every k € K (since oy, is discrete). Thus v € 0. Therefore (Y, 0) is a
discrete Q-topological space and so CH((Z, 7)) C Str-Dis-Q-TOP. Next let (Y, 0)
be a discrete Q-topological space. Let Y = {y; | £ € K}. Consider the family
{{yx}, o) | k € K} of stratified @-topological spaces, where oy is the discrete
Q-topology on {y;}, for every k € K. Clearly each ({yx}, o) is a subspace of
(Y,0) and Y = U,cx Yo, where Yy = {y}. Also for each v € Q¥, v € o if and
only if v|y, € oy, for every k € K and each (Y}, o) is a quotient Q-topological
space of (Z,n). Thus by Theorem 4.3.12, (Y, o) belongs to CH((Z,n)) and so
Str-Dis-Q-TOPC CH((Z,n)). Therefore CH((Z,n)) = Str-Dis-Q-TOP.

[]

By Proposition 4.4.1, it is clear that Str-Dis-Q)-TOP is a coreflective subcate-
gory of Str-Q)-TOP. Thus we have the following result:

Theorem 4.4.2. The coreflective hull of Str-Dis-Q-TOP in the category Str-
Q-TOP is Str-Dis-Q-TOP.
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Str-1G-Q-TOP will denote the full subcategory of Str-Q-TOP consisting of

coproducts of stratified indiscrete ()-topological spaces.

Lemma 4.4.3. Str-IG-Q-TOP is an isomorphism closed subcategory of Str-Q)-
TOP.

Proof. Let (Y,0) € Str-1G-Q-TOP and let {uy : (Yy,01) — (Y,0) | k € K}
be a coproduct in Str-Q-TOP, where each (Y, o) is a stratified indiscrete Q-
topological space. Next let h: (Y,0) — (Z,n) be an isomorphism in Str-Q-TOP.
Then it is easy to prove that {howuy : (Yy,08) = (Z,n) | k € K} is a coproduct
in Str-Q-TOP and so (Z,n) € Str-1G-Q-TOP. Therefore Str-IG-Q-TOP is an
isomorphism closed subcategory of Str-Q-TOP.

O

Lemma 4.4.4. Let {(Zy,n) | k € K} be a non-empty family of stratified indis-
crete (Q-topological spaces and let (Z,7n) be a stratified @-topological space such
that Z = Uycx Zr and for every a € Q%, o € n if and only if oz, € n, for every
k € K. Then (Z,n) € Str-1G-Q-TOP.

Proof. It Z’s, k € K are mutually disjoint then it can be easily proved that
{ls + (Zk,me) — (Z,m) | k € K}, where I : Z;, — Z is the inclusion map, is a
coproduct in Str-Q-TOP and hence (Z,n) € Str-1G-Q-TOP. Now if some Z’s,
k € K are not mutually disjoint, then we will first prove that there exists at least
one maximal sized subset J of K, |J| > 2, such that for every o € 7, there exist
Go € Q and a|z;= qa, for every j € J. Since Z’s, k € K are not mutually
disjoint, there exist ki, ko(ky # ko) € K such that Zy, N Zy, # 0. Let « € 5. Then
|z, € mk, and alz, € ni,. Now since (Zy,, 7y, ) and (Z,,my,) both are stratified
indiscrete Q-topological spaces, «| 7, and af 7, both are constant maps and since
Zi, O Zyy # 0, a!zklz a]zkz. So, there exists ¢, € @ such that O“Zh: @‘Z@: o
Thus for every o € 7, there exist ¢, € @ such that a|z, = a|z, = ¢. Now let
J ={k € K| alz,= g for every a € n}. Then |J|> 2 since ki, k; € J and clearly
J is maximal sized subset of K such that for every a € 7, alz;= ga, for every
j€J. Let {J; | i € I} be the set of all such maximal sized subsets of K and let
Ko = K\ (Uer /i) and for each J;, let Z;, = ;o). Zji- Let n;, be the stratified
indiscrete @-topology on Z;,. Now let T' = Ky U I and let {(Y;,04) | t € T} be
the family of @Q-topological spaces such that for t € Ky, (Y, 04) is (Z, 1) and for
t €I, (Y00 is (Zy,n5). Then it is easy to prove that {(Y;,04) | t € T} is a
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family of stratified indiscrete ()-topological spaces such that Z is disjoint union
of Yi’s, t € T and for a € Q%, a € n if and only if aly,€ oy, for every t € T.
Then {l; : (Y, 00) — (Z,n) | t € T}, where l; : Y; — Z is the inclusion map, is a
coproduct in Str-Q-TOP and hence (Z,7n) € Str-IG-Q-TOP. ]

Proposition 4.4.5. The category Str-IG-Q-TOP is a coreflective subcategory
of Str-Q-TOP.

Proof. By Theorem 4.3.9, to show that Str-1G-Q-TOP is a coreflective subcate-
gory of Str-Q-TOP, it is sufficient to show that it is closed under the formation
of coproducts and quotient QQ-topological spaces. We first note that the coproduct
of empty family of stratified @)-topological spaces in Str-Q-TOP is I and I €
Str-IG-Q-TOP. Now Let {(Yi,0%) | k € K} C Str-IG-Q-TOP, K # () and let
{my : (Yi,01) — (Y,0) | k € K} be a coproduct of {(Yy,0x) | k£ € K} in Str-Q-
TOP. For each k € K, let {u], : (Y{,00) = (Yi,01) | j € Ji} be a coproduct in
the category Str-Q-TOP, where (ij,ai) is a stratified indiscrete ()-topological
space, for every j € J,. Let {w{C : (ij,ai) — (Z,n) | j € Jg,k € K} be a co-
product of {(Y{,o]) | j € Ji,k € K} in Str-Q-TOP. Then by the definition of
coproduct, for each k € K, there exists a Q-continuous map gy, : (Yx, 0x) — (Z,n)
such that w] = g, o ul. Now we will prove that {gx : (Ye,0on) = (Z,1) | k € K}
is a coproduct in Str-Q-TOP. Let (X, 7) be a stratified Q-topological space and
let Ry, : (Yi,o0n) — (X,7) be Q-continuous maps. Now since {w] : (Y{,0]) —
(Z,n) | j € Ji,k € K} is a coproduct in Str-Q-TOP, there exists a unique Q-
continuous map f : (Z,n) — (X,7) such that f ow] = hy o u). This implies
that (f o gx) o ufc = hy o uf;, for every j € Ji, k € K (since wi = g © ufc) Then
since for each k € K, {u], : (Y], 0]) = (Y, 04) | § € Ji} is a coproduct in Str-Q-
TOP, f o g, = hy, for every k € K. Further, we can easily prove that the map
f:(Z,m) — (X, 1) is the unique Q-continuous map such that fog, = hy, for every
k € K. Hence {gx : (Yi,01) = (Z,n) | kK € K} is a coproduct in Str-Q-TOP. Now
since {my, : (Yg,01) = (Y,0) | k € K} and {g : (Yi,06) = (Z,n) | k € K} both
are coproducts in Str-Q-TOP, there exists an isomorphism h : (Z,n) — (Y, 0).
Now since the category Str-IG-Q-TOP is an isomorphism closed subcategory of
Str-Q-TOP and (Z,n) € Str-IG-Q-TOP, (Y,0) € Str-IG-Q-TOP. Next, we
will show that Str-IG-Q-TOP is closed under the quotient ()-topological spaces.
Let (Y,0) € Str-IG-Q-TOP and let f : (Y,0) — (Z,n) be a quotient map. We
have to show that (Z,7n) € Str-IG-Q-TOP. If (Y,0) is I, then since quotient
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Q-topological space of Iis I, (Z,n) is [ and in this case (Z,n) belongs to Str-1G-
Q-TOP. Now suppose that (Y, o) # Land let {uy : (Yx,0%) — (Y,0) | k € K} bea
coproduct in Str-Q-TOP, where K # () and each (Y}, o) is an stratified indiscrete
Q-topological space. Now since {iny : (Y, o) = (Upex Yo x {k},0%) | k € K} is
also a coproduct of {(Yy, 0%) | k € K} in Str@Q-TOP, there exists an isomorphism
9 (Upex Yo x {k},0") = (Y,0). Let h = fog. Thus we have a quotient map
h: (Uperx Yo x{k},0") = (Z,n). Let Zj, = h(Yy, x {k}) and let 7, be the stratified
indiscrete Q-topology on Zy, for every k € K. Then since h is onto, Z = (e x Zk-
Now, let a € 7, then awo h € o*. This implies that (a o h)|y,xqx € oF, for every
k€ K,ie. (aoh)ly,x is a constant map, for every k € K. Thus oy, is a con-
stant map, for every k € K and hence |z, € ny, for every k € K. Next, let a € Q7
such that |z, € n, for every k € K. Then it is easy to prove that aoh € ot and
hence o € . Thus we have a non-empty family {(Zy,n) | & € K} of stratified
indiscrete (Q-topological spaces such that Z = (J, ., Zx and for a € Q% ,a € nif
and only if «|z, € ng, for every k € K. Then by Lemma 4.4.4, (Z,n) € Str-1G-Q-
TOP. Hence Str-IG-Q-TOP is a coreflective subcategory of Str-Q-TOP. O

Theorem 4.4.6. The coreflective hull of Str-Ind-Q-TOP in the category Str-
@-TOP is Str-1G-Q-TOP.

Proof. By Proposition 4.4.5, Str-1G-Q-TOP is a coreflective subcategory of Str-
@-TOP containing Str-Ind-Q-TOP. Hence the coreflective hull of Str-Ind-Q-
TOP in Str-Q-TOP is a subcategory of Str-IG-Q-TOP. Now since the core-
flective hull of Str-Ind-Q-TOP in Str-Q-TOP is a coreflective subcategory of
Str-Q-TOP, by Theorem 4.3.9, it contains coproducts of indiscrete )-topological
spaces. Hence Str-IG-Q-TOP is a subcategory of the coreflective hull of Str-
Ind-Q-TOP in Str-Q-TOP. Therefore Str-IG-Q-TOP is the coreflective hull of
Str-Ind-Q-TOP in the category Str-Q-TOP.

4.5 Conclusion

In this chapter, we have determined the coreflective hull of (@, ({idg} U{q | q €
@})) in the category Str-Q-TOP of stratified Q-topological spaces. We have also
determined the coreflective hulls of the categories Str-Dis-Q-TOP of discrete
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Q-topological spaces and Str-Ind-Q-TOP of stratified indiscrete Q)-topological
spaces in the category Str-Q-TOP.



