Chapter 3

On injective objects and existence of
injective hulls in Q-TOP/(Y, o)

3.1 Introduction

Cagliari and Mantovani [7] gave a characterization of injective objects (with
respect to the class of embeddings in the category TOP of topological spaces) in
the comma category TOP/B. In [9], we can find a result related to the existence
of an injective hull of an object in the comma category TOP,/B (B € TOP, and
TOP, is the category of Ty-topological spaces).

It is well known that the category TOP, is a reflective subcategory of the
category TOP. In [8] (see also [42]), Cagliari and Mantovani considered the re-
flector 7 : TOP— TOP, and they mentioned that for any topological space Y,
by virtue of the reflector 7, corresponding to each object (X, f) of the comma
category TOP/Y we have the object (Xy, fo), where Xy = 7(X) and fo = 7(f),
of the category TOP/Y), which is called as the Ty-reflection of (X, f). Cagliari
and Mantovani [8| gave a characterization of injective objects (with respect to the
class of embeddings in TOP) in the comma category TOP /Y with the help of
their Ty-reflection. Cagliari and Mantovani [8] also proved that the existence of
an injective hull of (X, f) in the comma category TOP/Y is equivalent to the
existence of an injective hull of its Ty-reflection (X, fo) in the comma category
TOP/Y, (and in the comma category TOP(/Y)).

29
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As mentioned in the first chapter of the thesis, Solovyov [36] introduced the
notion of ()-topological spaces and ()-continuous maps and studied the category
Q-TOP of Q-topological spaces (where @ is a fixed member of a fixed variety of
Q-algebras). Solovyov [36] also introduced the concept of stratified @-topological
spaces and Tp-Q-topological spaces. Singh and Srivastava [32| proved that the
category Q-TOP, of Ty-Q-topological spaces is a reflective subcategory of -
TOP. In [32], for a given Q-topological space (X, 7), Singh and Srivastava defined
an equivalence relation ~ on X as, for every z1,x9 € X, 21 ~ x5 if a(x1) = (),
for every a € 7. By taking X = X / ~, the set of equivalence classes, and 7
to be the corresponding quotient Q-topology on X induced by the quotient map
gx : X = X, qx(z) = [z] (where [z] is the equivalence class of z), and 7, they
proved that gx : (X, 7) — (X, 7) is a Q-TOPy-reflection for (X, 7) and as a result
of this Q-TOP, is a reflective subcategory of Q-TOP (cf. Theorem 4.1 in [32]).
Consequently, we have the reflector (cf. Proposition 4.22 and Definition 4.23 in
[1]) R : Q-TOP— Q-TOP, give by R((X,7)) = (X,7) and if f : (X,7) —
(Y,0) is a Q-continuous map, then R(f) = f, where f : (X,7) — (V,6) is
the unique Q-continuous map such that gy o f = f o gx. Thus for a given Q-
topological space (Y, o), corresponding to each object ((X,7), f) of the comma
category Q-TOP/(Y, o), we have the object ((X,7), f) of the comma category
Q-TOP,/(Y &), which is called as the Tj-reflection of ((X,7), f).

Motivated by Cagliari and Mantovani [8], in this chapter, we have obtained
a characterization of injective objects (with respect to the class of embeddings
in Q-TOP) in the comma category Q-TOP/(Y,0), when (Y, 0) is a stratified ©-
topological space, with the help of their Ty-reflection. Further, we have proved that
for any Q-topological space (Y, o), the existence of an injective hull of ((X, 1), f)
in the comma category Q-TOP/(Y, o) is equivalent to the existence of an injective
hull of its T-reflection ((X,7), f) in the comma category Q-TOP/(Y,5) (and in
the comma category Q-TOP/(Y,)).

3.2 Comma category, injective objects and injec-

tive hulls

Definition 3.2.1. [1] Let C be a category and B be an object of C. Then
objects of the comma category C/B are pairs (X, f), where X is a C-object
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and f : X — B is a C-morphism. Given any two objects (X, f) and (Y, g) of
C/B, a C/B-morphism h : (X, f) — (Y,g) is a C-morphism h : X — Y such
that goh = f.

Let H be a class of morphisms in a category C.

Definition 3.2.2. [8] An object [ is H-injective if for all A : X — Y in H and
a morphism f : X — I, there exists a morphism ¢g : Y — I such that go h = f.

Definition 3.2.3. [§8] A morphism h : X — I in H is H-essential if for every
morphism k : I — Y, the composite koh : X — Y liesin Honlyifk:1I - Y
does; if, in addition, I is H-injective, then h : X — I is an H-injective hull of
X.

Definition 3.2.4. [8] An object (X, f) of the comma category C/B is said to be

‘H-injective if for any commutative diagram in C
U
|
v

with h : U — V in H, there exists a morphism s : V' — X for which the

= X

l

(3.2.1)

~

B

|

v

following diagram commutes:

U—s X
f (3.2.2)

s

h

N

Definition 3.2.5. [8] A C/B-morphism j : (Y,g) = (X, f) with j: Y — X in H
is said to be H-essential if for any C/B-morphism k : (X, f) — (Z, h) such that
koj:Y — Zisin H, necessarily k : X — Z is in H follows; if in addition (X, f)
is H-injective, then j : (Y, g) — (X, f) is said to be an H-injective hull of (Y g)
in C/B.

From now onwards, injective, essential, injective hull in Q-TOP (Q-TOP) and
in any comma category Q-TOP/(Y,0) (Q-TOP,/(Z,n)) will denote respectively
‘H-injective, H-essential and H-injective hull for H the class of embeddings in
O-TOP (Q-TOP).
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3.3 Ty-reflection

Let (X, 7) be a Q-topological space. Singh and Srivastava [32] defined a relation
~ on X as, for every x1,29 € X, 11 ~ 29 if a(z1) = a(xs), for every o € 7. Then
it can be easily proved that ~ is an equivalence relation on X. Let X=X / ~, the
set of equivalence classes, and let qx : X — X be defined as, qx (z) = [z], for every
x € X, where [z] is the equivalence class of z. Let 7 = {f € QX | Bogx € T}.
Then (X' ,7) is a Ty-Q-topological space. It can also be easily verified that for a
given Ty-Q-topological space (Z,n) and a Q-continuous map f : (X,7) — (Z,n),
there exists a unique Q-continuous map f : (X,7) — (Z,n) such that f'ogx = f.
Hence qx : (X,7) = (X,7) is a Q-TOP-reflection for (X, 7) and as a result of
this Q-TOP, is a reflective subcategory of Q-TOP (cf. Theorem 4.1 in [32]).
Consequently, we have the reflector (cf. Proposition 4.22 and Definition 4.23 in
[1]) R : Q-TOP— Q-TOP, give by R((X,7)) = (X,7) and if f: (X,7) — (Y,0)
is a (Q-continuous map, then R(f) = f, where f : (X,7) — (Y,&) is the unique

(Q-continuous map such that the following diagram commutes:

l l (33.1)

Thus corresponding to each object ((X,7), f) of the category Q-TOP/(Y,0),
we have the object ((X, 7), f) of the category Q—TOPO/(Y/, 7). (X, 7), f) is called
the Top-reflection of ((X,7), f).

We mention here that if (X, 7) is a Ty-@Q-topological space, then ¢x : (X,7) —
(X,7) is an isomorphism in Q-TOP.

Proposition 3.3.1. Let (X, 7) be a Q-topological space. Then gx : (X,7) —
(X, 7) is initial and final in Q-TOP.

Proof. By the definition of 7, it follows that gx : (X, 7) — (X,7) is final. Now let
o € 7. Define 5 : X — Q as B([z]) = a(x). Then it can be easily proved that 3 is
well defined and S o gx = a. Thus o gy € 7 and this implies that f € 7. Thus
a = foqy, where § € 7. Therefore ¢gx : (X, 7) — (X,f') is initial in Q-TOP. [J
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Proposition 3.3.2. Let (X, 7) and (Y, o) be Q-topological spaces. A ()-continuous
map f : (X,7) = (Y,0) is an embedding in Q-TOP if and only if f is one-one
and f:(X,7) = (Y,5) is an embedding in Q-TOP.

Proof. Suppose first that the map f : (X,7) — (Y,0) is an embedding in Q-
TOP. Then f is one-one and f : (X,7) — (Y,0) is initial in Q-TOP. Now
we have to prove that f : (X,7) — (Y,4) is an embedding in Q-TOP. Let
f([1)) = f([z2]) = (Foax) (1) = (f o ax)(@2) = (av o f)(w1) = (ay © [)(w2) =
[fle)] = [f(w2)] = ulf(21)) = u(f(x2)), for every u € 0 = (uo f)(x1) =
(uo f)(xg), for every u € o = [z1] = [x2] (as f : (X,7) — (Y, 0) is initial, so
T ={uof|ue€o}) = fisoneone. Now let 8 € 7, then foqx € 7 and so
Bogx =wuo f, for some u € o. Also u = v o gy, for some v € 6. Thus fogx =
uof =wvogyof =vo(gyof) = Uo(foqx) = (vof)oqx = f=vof (as gx is onto).
Hence f : (X,7) — (Y,4) is initial in Q-TOP. Therefore f : (X,7) = (Y,5) is
an embedding in Q-TOP.

Conversely, suppose that f is one-one and f : (X,7) — (Y, &) is an embedding
in @Q-TOP. We have to show that f : (X,7) — (Y, 0) is an embedding in Q-TOP.
Since f is one-one, it is sufficient to show that f : (X,7) — (Y, o) is initial. Let
o € 7, then a = B o gy, for some 3 € 7. Then since f : (X,7) = (Y,&) is initial
andﬁe%,ﬁzvof, for some v € 7. Sooz:Bqu:vofqu:vo(fqu):
vo(gyof) = (vogy)of =wuof, where u =vogqy € 0. Thus a = uo f, where u € o.
Hence f: (X,7) — (Y, 0) is initial in Q-TOP. Therefore f : (X,7) — (Y, 0) is an
embedding in Q-TOP.

In view of Proposition 1.2.23, we have the following result:

Proposition 3.3.3. Let (X, 7) and (Y,0) be Q-topological spaces and let f :
(X,7) — (Y,0) be an initial map in Q-TOP such that f is bijective. Then
f:(X,7) — (Y,0) is an isomorphism in Q-TOP.

Proposition 3.3.4. (1], Proposition 11.18) In any category, monomorphisms,

regular monomorphisms and retractions are pullback stable.

Remark 3.3.5. We know that Q-TOP is a topological category over Set (cf.
Theorem 1.2.42) and since the category Set is complete, Q-TOP is complete (cf.
Definition 12.2 and Corollary 21.17 in [1]). Hence by Theorem 12.4 in [1], it follows
that Q-TOP has pullbacks.
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Proposition 3.3.6. Let (X,7) and (Y,0) be @Q-topological spaces and let ¢ :
(Y,o) — (X,7) be a Q-continuous map. Let p : (W,6) — (Y, o) be a pullback of
qx 1 (X,7) = (X, 7) along ¢ : (Y,0) — (X,7) in the category Q-TOP

(W, 0) -, (Y,0)

gl lq (3.3.2)

(X, 7)) — (X, 7)

qx

Then j : (W,0) — (Y,&) is an isomorphism in Q-TOP.

Proof. First we will prove that the map p : (W,0) — (Y, 0) is initial in Q-TOP.
Let (Z,n) be a Q-topological space and let f : Z — W be a map such that
pof:(Z,n) — (Y,0) is Q-continuous. Then, gx o (go f) = qo (po f). So
qx o (go f): (Z,n) = (X,7) is Q-continuous, but since qx : (X,7) — (X,7) is
initial in Q-TOP, go f : (Z,n) — (X, 7) is Q-continuous. Now since the diagram
3.3.2 is a pullback, there exists a unique @Q-continuous map h : (Z,n) — (W,0)

such that the following diagram commutes:

(Z.m) rel

(W,0) —— (Y, 0) (3.3.3)

N

Now if h # f, then if we consider the diagram 3.3.3 in the category Set, then in
Set we have two maps f,h : Z — W for which the diagram 3.3.3 commutes, but
this will be a contradiction because the diagram 3.3.2, if considered in the category
Set, is a pullback square in Set also. Thus h = f and hence f : (Z,n) — (W, 0)
is @-continuous. Therefore p : (W, 0) — (Y, o) is initial in Q-TOP. Now consider

the following commutative diagram in Q-TOP:
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(W,0) —— (Y,0)

qwl lqy (3.3.4)

(W7 é) T> (i/: 5-)

Since p : (W,0) — (Y,0) is initial in Q-TOP, as in the proof of Proposition
3.3.2, we can prove that p : (W,é) — (Y,6) is initial in Q-TOP. Now since qx
is onto, i.e. ¢x is a retraction in Set and since the diagram 3.3.2, if considered
in the category Set, is a pullback square in Set also, by Proposition 3.3.4, p
is a retraction in Set, i.e. p is onto. Since gy o p = p o qw and both p and
qy are onto, p o gy is onto. This implies that p is onto. Next, we will prove
that p is one-one. Let p([wi]) = p([wa]) = (Do qw)(w1) = (p o qw)(we) =
(gv o p)(w1) = (qv o p)(w2) = [p(w1)] = [p(w2)] = u(p(w1)) = u(p(ws)), for
every u € 0 = (uop)(wy) = (uop)(ws), for every u € 0 = [w;] = [we] (since
0 ={uop|lueco}asp: (W, 0)— (Y,o0) is initial in Q-TOP). This implies that
p is one-one. Thus § : (W, é) — (Y,4) is initial in Q-TOP and p is bijective.
Therefore by Proposition 3.3.3, p : (W,0) — (Y,) is an isomorphism in Q-
TOP. O

3.4 A characterization of injective objects in Q-

TOP/(Y, o)

Proposition 3.4.1. [2] Let B be a set. Then injective objects (with respect to
the class of injective maps in the category Set) in the comma category Set/B are

precisely surjective maps over B.

Proposition 3.4.2. Let (X, 7) and (Y,0) be Q-topological spaces and let f :
(X,7) = (Y, 0) be an initial map in Q-TOP such that f is onto, then ((X, 1), f)
is injective in Q-TOP/(Y, o).

Proof. Let following be a commutative square in Q-TOP:

(W,6) —— (X,7)

,{ lf (3.4.1)
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where h : (W,0) — (Z,n) is an embedding in Q-TOP.
Now since f is onto, by Proposition 3.4.1, (X, f) is injective in the comma category
Set/Y. So there exists a function k : Z — X such that koh =1 and fok = g.
Now let @ € 7, then a« = o f, for some 5 € o as f: (X,7) — (Y, 0) is initial in
Q-TOP. Then aok = 3o fok=pBo(fok)=pLogenasg: (Z,n) — (Y,0)
is @-continuous. Thus k : (Z,n) — (X, 7) is Q-continuous. Hence we have a
Q-continuous map k : (Z,n) — (X, 7) such that koh = [ and fok = g. Therefore
((X,7), f) is injective in Q-TOP/(Y, o). O

Corollary 3.4.3. Let (X, 7) be a Q-topological space, then ((X, 7), ¢x) is injective

in Q-TOP/(X, 7).

Proof. Tt immediately follows from Proposition 3.3.1 and Proposition 3.4.2. ]

Proposition 3.4.4. Let ((X,7), f) be injective in Q-TOP/(Y, o) and ((Y,0), g)
be injective in Q-TOP/(Z,n). Then ((X,7),g o f) is injective in Q-TOP/(Z,n).

Proof. Let following be a commutative diagram in -TOP:

(AaTA) —l> (Xv T)
f

k (Y, o) (3.4.2)

g

v v

(B7TB) T> (Z7 77)
where k : (A,74) — (B, 7p) is an embedding in Q-TOP.

Now since ((Y,0),g) is injective in Q-TOP/(Z,n), there exists a Q-continuous

map s : (B,7g) — (Y, o) such that the following diagram commutes:

(A,74) L5 (Y, 0)

| )

(B’TB) T> (Zﬂ?)

Next since ((X, 1), f) is injective in Q-TOP/(Y, o), there exists a Q)-continuous

map s : (B, 75) — (X, 7) such that the following diagram commutes:
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(A, 74) —— (X, 7)

,{ / lf (3.4.4)

(87 TB) r— <Y7 U)

Then s'ok =1land go fos =go(fos')=gos=h. Therefore ((X,7),g0 f)
is injective in Q-TOP/(Z,n). O

The following Lemma 3.4.5 can be easily verified:
Lemma 3.4.5. Let (X,7) and (Y,0) be Ty-Q-topological spaces and let f :
(X,7) = (Y,0) be a Q-continuous map. Then f : (X,7) — (Y,0) is an em-
bedding in Q-TOP if and only if it is an embedding in Q-TOP,,.
Proposition 3.4.6. Let (X,7) and (Y,0) be Ty-Q-topological spaces and let
f: (X,7) = (Y,0) be a Q-continuous map. Then ((X,7),f) is injective in
Q-TOP/(Y,0) if and only if it is injective in Q-TOP,/(Y, o).

Proof. Suppose first that ((X,7), f) is injective in Q-TOP/(Y, ). Let following

be a commutative diagram in Q-TOP:

(A, 74) —— (X, 7)

hl lf (3.4.5)

(B,75) —— (Y, 0)

where h : (A,74) — (B, 7p) is an embedding in Q-TOP,,.
Then by Lemma 3.4.5, h : (A,74) — (B, 7p) is an embedding in Q-TOP and then
since ((X,7), f) is injective in Q-TOP/(Y, o), there exists a Q)-continuous map
s: (B,7g) = (X, 7) such that soh =1 and f os = k. Therefore ((X,7), f) is
injective in Q-TOPy/(Y, o).

Conversely, assume that ((X, 7), f) is injective in Q-TOP/(Y, o). Let following

be a commutative diagram in Q-TOP:

hl lf (3.4.6)
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where h : (W,0) — (Z,n) is an embedding in Q-TOP.
We note that since (X, 7) and (Y, 0) are To-Q-topological spaces, ¢x : (X, 7) —
(X,7) and gy : (Y,0) — (Y, &) are isomorphisms in Q-TOP. Now we will first
prove that ((X,7), f) is injective in Q-TOPy/(Y,5). Let following be a commu-
tative diagram in Q-TOP,:

ml lf (3.4.7)

(M7TM) T (Y/?&)

where m : (M, 1) — (N, 7y) is an embedding in Q-TOP,,.
Now since ((X,7), f) is injective in Q-TOPy/(Y, o), there exists a Q-continuous

map s : (M, 7)) — (X, 7) such that the following diagram commutes:

ml / lf (3.4.8)

Thus we have a Q-continuous map qx o s : (M, 7y) — (X,7) and it can be

easily verified that the following is a commutative diagram in Q-TOP:

(N, 7y) —— (X, 7)

ml V lf (3.4.9)

(M, 7y) —— (Y, 9)

Thus ((X,7), f) is injective in Q-TOP,/(Y,5). Now since h : (W,0) — (Z,n)
is an embedding in Q-TOP, by Proposition 3.3.2, h : (W,0) — (Z,7) is an
embedding in Q-TOP and then by Lemma 3.4.5, h : (W,0) — (Z,7) is an
embedding in Q-TOP,. Then since ((X,7), f) is injective in Q-TOPy/(Y,5),
there exists a Q-continuous map ' : (Z,7) — (X,7) such that the following

diagram commutes:
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ﬁl / LZ (3.4.10)

(Z.7) —— (¥.5)

Let p = gy 08’ 0qy. Then poh = gyl os’ oqzoh =gy o8 o(qz0h) =
gx os'o(hogw) = qx'o(s'oh)oqw = g odoqw = gx o(Jogw) = ax'o(gxog) = g
and fop = foqy'os'oqz = (foqy')os'oqz = (g7 0 f)os'oqz = gy o(fos')oqz =
gyl okogs =¢yl o (koqy) =gyt o(gy ok) = k. Thus we have a Q-continuous
map p: (Z,n) = (X, 7) such that poh = g and f o p = k. Therefore ((X, 1), )
is injective in Q-TOP/(Y, o). O

Proposition 3.4.7. Let (X, 7) be a Q-topological space and (Y, o) be a stratified
Q-topological space. If (X, 1), f) is injective in Q-TOP/(Y, o), then f: (X,7) —
(Y, 0) is a retraction in Q-TOP. In particular, for any x € X there exists a section
sy (Yyo) = (X,7)of f:(X,7) = (Y,0) with s,(f(z)) = =.

Proof. Consider the following commutative diagram in Q-TOP:

({a},8) —== (X,7)

le lf (3.4.11)

(Y,0) —— (V.0)

where 6 = {q | ¢ € Q}, i, : {x} — X is the inclusion map and f, : {z} = Y is
defined as f.(z) = f(x).
It can be easily seen that f, : ({z},0) — (Y, 0) is an embedding in Q-TOP. Then
since ((X,7), f) is injective in Q-TOP/(Y, o), there exists a ()-continuous map
sy (Y,0) = (X, 7) such that s, o f, =i, and fos, = idy. Therefore s,(f(z)) =z
and f: (X, 7) — (Y,0) is a retraction in Q-TOP.

]

Let (X, 7) be a @-topological space and let x € X. Consider the subset {z' €
X | 2 ~ z} of X (note that ~ is the equivalence relation on X defined in the
starting of the section 3). Clearly this subset gives the equivalence class [z] of x.

We will denote this subset of X by C, where it is considered as a subset of X
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and it will be denoted by [x] where it is considered as an element of X, to avoid

confusions.

Proposition 3.4.8. Let (X,7) and (Y,0) be Q-topological spaces and let f :
(X,7) = (Y,0) be a @Q-continuous map. Then f(C,) C Cfy, for every x € X.

Proof. Let y € f(C,), then y = f(a'), for some 2’ € C,. Now let 8 € o. Then
since [ : (X,7) — (Y,0) is Q-continuous, § o f € 7 and then since ' ~ =,
(60 N)a) = (Bo f)lx) = AU()) = B(f(x)). Thus f(&') ~ f(x). This implies
that y = f(2') € Cf). Therefore f(C,) C Cyy).

]

Proposition 3.4.9. ([1], Proposition 9.5) Every retract of an injective object is

injective.

Proposition 3.4.10. Let (X, 7) and (Y, 0) be Q-topological spaces. If (X, 1), f)
is injective in Q-TOP/(Y, ), then ((X,7), f) is injective in Q-TOP,/(Y,5).

Proof. We know that in the category Set, retractions are precisely onto maps and
since gx is onto, ¢y is a retraction in Set. So there exists a map ¢ : X — X such
that gxog = id¢. This implies that (gxog)([z]) = [z], for every z € X = [¢([z])] =
[z], for every x € X = a(g[z]) = a(x), for every a € 7 and for every z € X.
Now we will show that g : (X,7) — (X,7) is Q-continuous. Let a € 7. Then
((aog)ogx)(z) = alg(z])) = a(x), for every x € X. Thus (enog)ogy =a € 7.
Hence aog € 7. So g : (X,7) — (X,7) is Q-continuous. Now gy o fog =
(gyo f)og= (fqu)og: fo(qug) = foid~ = f Thus we have morphisms
g (X,7).f) = (X,7).qv o f) and gx : (X,7).qv o f) = ((X.7),f) in Q-
TOP/(Y, &) such that gxog = idg. Thus ((X,7), f) is a retract of ((X,7), gy o f)
in Q-TOP/(Y,5). By Proposition 3.4.4 and Corollary 3.4.3, ((X,7),qy o f) is
injective in Q-TOP/(Y,&) and then by Proposition 3.4.9, ((X,7), f) is injective
in Q-TOP/(Y,5). Therefore by Proposition 3.4.6, ((X,7), f) is injective in Q-
TOP,/(Y,5).

]

The following Theorem 3.4.11 is concerned with the extension of Theorem 2.6
of [8], in the category Q-TOP/(Y, o).
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Theorem 3.4.11. Let (X, 7) be a Q-topological space and (Y, ) be a stratified
Q-topological space. Then ((X,7), f) is injective in Q-TOP/(Y, o) if and only if

1. f(Cy) = Cfay, for every x € X.

2. Its Ty-reflection ((X,7), f) is injective in Q-TOPy/(Y,5).

Proof. Let ((X, 1), f) be injective in Q-TOP/(Y, o).

(1) Let # € X. Then by Proposition 3.4.8, f(C;) C Cf). Now we have to show
that Cru) C f(C;). By Proposition 3.4.7, there exists a section s, : (Y,0) —
(X,7) of f:(X,7) = (Y,0) such that s,(f(z)) =« and f o s, =idy. Then since
by Proposition 3.4.8, 5,(Ct@)) € Cls,of)@)s 52(Crz)) € Co (as sz(f(z)) = ).
Then f(s:(Crw))) € f(Ca) = (f 0 5:)(Cw)) € f(Ca) = idy(Cyw)) € f(Ca) =
Crw) C f(Cy). Therefore f(Cy) = Cyy).

(2) Follows from Proposition 3.4.10

Conversely, assume that (1) and (2) hold. Let following be a commutative
diagram in Q-TOP:

(W,0) —— (X,7)

hl lf (3.4.12)

(Z:n) —— (Y,0)

where h : (W,0) — (Z,n) is an embedding in Q-TOP.
Now since ((X,7), f) is injective in Q-TOP, /(Y , &), by Proposition 3.4.6, (X, 7), f)
is injective in Q-TOP/(Y,5). So there exists a Q-continuous map s : (Z,1) —
(X . f) such that the following diagram commutes:

hl / lf (3.4.13)

(2777) 7 (Y’ U) T> (}N/?&)

Let X = {[z,] | j € J}. Now let w € m~*(C,.), then (soh)(w) = (gx om)(w) =

J

[m(w)] = [z;] (as m(w) € Cy,, [m(w)] = [z;]). So h(w) € s ({[z,]}). Thus for
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each j € J, we have a map h; : m~'(C,,) = s~ ' ({[z;]}) defined as h;(

ff)r every w € m_l(ij). Next let z € s~ ({[z;]}), then (gy on)(2) = (f o s)(2) =
f(s(2)) = f([z;]) = (fogx)(x;) = (gv o f)(x;). This implies that [n(z)] = [f(x;)].
So n(z) ~ f(x;) and hence n(z) € Cy,). Thus for each j € J, we have a map
n; : s ' ({[z;]}) = Cf,) defined as n;(z) = n(z), for every z € s~ ({[z;]}). Now

consider the following commutative diagram in category Set:

w) = h(w),

mNC,,) —2— Cy,

h]l ij (3.4.14)

s ({lw]Y) == Crey

where f; : Cp; — Cj, is defined as fj(z) = f(x), for every x € C,; and
m; :m 1 (Cy,) = Oy, is defined as m;(w) = m(w), for every w € m™'(C,,). Now
by (1), fj : Ca; — Cy(ayy is onto and so by Proposition 3.4.1, (Cy,, f;) is injective
in the comma category Set/Cy(,,). Also since h is one-one, h; is one-one. So there
exists a map g; : s~ ({[z;]}) = Cs, such that g; o h; = m; and f; 0 g; = n;. Thus
for each j € J, we have a map g; : s~ ({[2;]}) = C, such that g; o h; = m; and
fj0g; =n,. Note that since X = Ujesl@il}, Z = U,cs 57 ({l25]}). Thus we can
define amap g : Z — X as g(z) = g;(2), if z € s ({|z;]}). Now we have to prove
that fog=mn,goh=mand g: (Z,n) — (X, 7) is Q-continuous. Let z € Z, then
there exists a unique j € J such that z € s7'({[x;]}). Then (fog)(z) = f(g(2)) =
f(gi(2)) = fi(g;(2)) = (fj 0 gj)(2) = nj(z) = n(z). This implies that f o g = n.
Now consider (g o h)(w) = g(h(w)) = g;(h(w)), if h(w) € s~ ({[z;]}). Now if
h(w) € s7'({[z;]}), then (s o h)(w) = [z;] = (ax o m)(w) = [x;] = [m(w)] =
[2;] = m(w) ~ z; = m(w) € Cy;, = w e m (C,,) and so h(w) = h;(w). Thus
if h(w) € s7'({[;]}), then (g o h)(w) = g;(h(w)) = g;(h;(w)) = (g; © hy)(w) =
mj(w) = m(w). Thus g o h = m. Now to show that g : (Z,n) = (X,7) is @Q-
continuous. Let o € 7, then a = (o gx, for some § € 7. Now let z € Z, then
there exists a unique j € J such that z € s7'({[z,]}). Now consider (a0 g)(z) =
(Boaxog)(z) = (Boax)(g(z)) = (B0oax)(g;(2)) = B(lg;(2)]) = B([z,]) (since
9i(2) € Gy, 19;(2)] = [2;]). Thus (a0 g)(z) = B([z;]) = B(s(2)) = (Bos)(z). Thus
aog=LPfosenass: (Z,n) — (X,7)is Q-continuous. Hence g : (Z,n) — (X, 7)
is -continuous. Therefore ((X,7), f) is injective in Q-TOP/(Y, o).
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3.5 Existence of injective hulls in Q-TOP/(Y,0)

Proposition 3.5.1. Let (X,7) and (Y,0) be Ty-Q-topological spaces. Then
((X,7), f) has an injective hull in Q-TOP/(Y, 0) if and only if it has an injective
hull in @-TOP/(Y,0) and in this case injective hulls coincide.

Proof. Suppose first that ((X, 7), f) has an injective hull j : (X, 7), f) = ((Z,7n), g)
in @Q-TOP,/(Y,0). Then ((Z,n),g) is injective in Q-TOP(/(Y, o) and then by
Proposition 3.4.6, ((Z,n),g) is injective in Q-TOP/(Y,o). Furthermore, j :
(X,7) = (Z,n) is an embedding in Q-TOP, and then by Lemma 3.4.5, j :
(X,7) — (Z,n) is an embedding in Q-TOP. Now we have to prove that j :
(X,7),f) = ((Z,n),9) is essential in Q-TOP/(Y,o). We note that since j :
(X,7) = (Z,n) is an embedding in Q-TOP, by Proposition 3.3.2, j : (X,7) —
(Z,7) is an embedding in Q-TOP and hence j : (X,7) — (Z,7) is an embedding in
Q-TOP, by Lemma 3.4.5. Now we will first prove that j : (X, 7), f) = ((Z,7),§)
is essential in Q-TOP,/(Y,5). Let h: ((Z,7),§) — ((A,74),m) be a morphism
in Q-TOP,/(Y,5) such that hoj : (X,7) — (A,74) is an embedding in Q-
TOP,,. Since composition of embeddings is an embedding, ho j o gx : (X,7) —
(A,74) is an embedding in Q-TOP, and then since ho jo gy = (hoqyz) o j,
(hogz)oj: (X,7) = (A,74) is an embedding in Q-TOP,. Thus we have
a morphism h o qz : ((Z,n),9) — ((A,74),qy' o m) in Q-TOPy/(Y, o) such
that (hoqz)oj : (X,7) = (A,74) is an embedding in Q-TOP,. Then since
Jj:((X,71), f) = ((Z,1n),g) is essential in Q-TOP,/(Y,0), hoqz : (Z,n) = (A, Ta)
is an embedding in Q-TOP,. Now since (Z,7n) € Q-TOPy, qz : (Z,n) — (Z,7)
is an isomorphism in Q-TOP( and so by Proposition 1.2.20(1), it is essential in
Q-TOP, and then since hoqy : (Z,n) — (A, 74) is an embedding in Q-TOPy, h :
(Z,7) — (A, 74) is an embedding in Q-TOP,. Thus j : (X, 7), f) = ((Z,7), ) is
essential in Q-TOP,/(Y,5). Next let k : ((Z,n),9) — (W, 8),1) be a morphism
in Q-TOP/(Y,0) such that ko j: (X,7) = (W,6) is an embedding in Q-TOP.
Then by Proposition 3.3.2, koj : (X,7) — (W, ) is an embedding in Q-TOP and
then by Lemma 3.4.5, it is an embedding in Q-TOP,. Thus we have a morphism
k:((Z,7),5) = (W,0),]) in Q-TOPy/(Y,5) such that ko j : (X,7) — (W,0)
is an embedding in Q-TOP,. Then since j : ((X,7),f) = ((Z,7),§) is essen-
tial in Q-TOP,/(Y,5), k : (Z,77) — (W,I) is an embedding in Q-TOP, and
hence it is an embedding in Q-TOP by Lemma 3.4.5. Now we will prove that k
is one-one. Let k(z1) = k() = (qw o k)(21) = (qw 0 k)(22) = (ko qz)(z1) =
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(kogqy)(22) = 21 = 2 (since kogqy is one-one as both k and ¢z are one-one). Hence
k is one-one. Thus by Proposition 3.3.2, k : (Z,n) — (W, 0) is an embedding in Q-
TOP. Hence j: ((X,7), f) — ((Z,7n),9) is essential in Q-TOP/(Y, o). Therefore
J:((X,7), f) — ((Z,n),9) is an injective hull of ((X,7), f) in Q-TOP/(Y,0).

Conversely, let ((X,7), f) have an injective hull j : ((X,7),f) — ((Z,n),9)
in Q-TOP/(Y,0). Now since (X,7) € Q-TOPy, qx : (X,7) — (X,7) is an
isomorphism in Q-TOP and hence ¢x : (X,7) — (X, 7) is an embedding in Q-
TOP. Also since j : (X,7) — (Z,n) is an embedding in Q-TOP, by Proposition
3.3.2,7: (X,7) = (Z,7) is an embedding in Q-TOP. Thus jogx : (X, 7) = (Z,7)
is an embedding in Q-TOP and since jogx = qz 074, qz0j : (X,7) — (Z,7) is an
embedding in Q-TOP. Thus we have a morphism ¢z : ((Z,7),9) — ((Z,7), ¢y 0g)
in Q-TOP/(Y, o) such that qz0j : (X,7) — (Z,7) is an embedding in Q-TOP and
then since j : (X, 7), f) = ((Z,n),g) is essential in Q-TOP/(Y,0), qz : (Z,n) —
(Z,7) is an embedding in Q-TOP. Hence gz : (Z,1) — (Z,7) is initial in Q-
TOP and ¢y is bijective and thus by Proposition 3.3.3, ¢z : (Z,1) — (Z,7) is an
isomorphism in Q-TOP. Now since Q-TOP is an isomorphism closed subcategory
of Q-TOP, (Z,n) € Q-TOP,. Thus j : (X,7),f) — ((Z,n),g) is a morphism
in @Q-TOP,/(Y,0). Now since j : (X,7) — (Z,n) is an embedding in Q-TOP,
by Lemma 3.4.5, j : (X,7) — (Z,n) is an embedding in Q-TOP,. It can also
be easily verified that j : ((X,7), f) = ((Z,n),g) is essential in Q-TOP/(Y, o).
We also note that since ((Z,n),g) is injective in Q-TOP/(Y, o) by Proposition
3.4.6, it is injective in Q-TOPy/(Y,0). Therefore j : (X, 7),f) = ((Z,n),9) is
an injective hull of ((X,7), f) in @Q-TOP,/(Y,0). O

Definition 3.5.2. [41] Let m : U — B and e : A — U be morphisms in a
category C. Then a pullback complement of the pair (m,e) in the category
C is a pullback diagram

e

A—
P

such that, given any pullback diagram

U
m (3.5.1)
;

—

e
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X 45U
Y

B

l

|

g

and a morphism h : X — A with e o h = d, there is a unique morphism
h:Y — Pwithéoh'=gand W ok =moh.

(41], [8]) In the category Set, pullback complement of the pair (m,e), where

m: Z — Y is one-one and e : X — 7 is a map, always exists and given by

X Z
ml Jm (3.5.3)
Y\m(2)+X — Y

e

|

whete (Y \ m(Z)) + X = {(3,1) | y € Y \m(Z)} U{(2,2) | z € X}, : X
(Y\m(Z))+ X is defined as m(z) = (z,2) and e : (Y \m(Z))+ X — Y is defined
as €(y,1) =y, é(z,2) = (moe)(x). It can also be easily verified that if e is onto,

then € is onto.

Proposition 3.5.3. Let m: (Z,n) — (Y,0) be an embedding in Q-TOP and let
e: (X,7) — (Z,n) be initial in Q-TOP. Then there exists a pullback complement
of (m,e) in Q-TOP:

(X,7) —— (Z,n)

ml lm (3.5.4)

(VVa 0) —g> (Y> 0)
where € : (W,0) — (Y, 0) is initial in Q-TOP.

Proof. Let us consider the pullback complement of the pair (m,e) in Set given by
the following;:
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X <57
w

—é>Y

and e: (Y \m(Z))+ X — Y is defined as e(y,1) =y , é(z,2) = (moe)(x). Now
let 6 = {foe| B € c}. Let foe € #, where B € 0. Then foeom =

fomoe=fo(moe)eT (asmoe: (X,7) = (Y,0) is Q-continuous). Thus

where W = (Y\m(2))+X, m: X — (Y\m(Z))+X is defined as m(x) = (z,2)
(Z

m: (X, 7) = (W, 0) is Q-continuous. Next let following be a commutative diagram
in Q-TOP:

~ A

(W,0) —— (Z,n)
ml lm (3.5.6)
(W7 9) — <Y> U)

Since the diagram 3.5.5 is a pullback square in Set, there exists a unique map

f: W — X such that the following diagram commutes:

e, (3.5.7)

— Y

e

|

Now we will show that f : (W,é) — (X, 1) is Q-continuous. Let foe € T,
where 8 €. Then foeo f=Lfoéel (asé: (W,0) = (Z,n) is Q-continuous).
Thus f: (W,0) — (X,7) is Q-continuous. Hence the diagram 3.5.4 is a pullback
square in Q-TOP. Now let following be a pullback square in Q-TOP:

(A,a) —= (Z.)

,{ lm (3.5.8)
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and let h : (A,74) — (X, 7) be a Q-continuous map such that e o h = d. Then
if we consider the diagram 3.5.8 in Set, then it is a pullback square in Set also
and since the diagram 3.5.5 is a pullback complement diagram in Set, there exists
a unique map h’' : B — W such that éoh/ = g and b’ o k = m o h. So now it is
sufficient to show that b’ : (B, 75) — (W, ) is Q-continuous. Let S oeé € 6, where
f € o. Then foeoh' = oge 15 (asg: (B,75) — (Y,0) is Q-continuous).
Thus 1’ : (B, 75) — (W, 0) is Q-continuous. Therefore the diagram 3.5.4 gives a
pullback complement of (m,e) in Q-TOP. ]

Proposition 3.5.4. [7| Let C be a category and let following be a pullback square

in C
w
|
A

If (X, f) is injective in C/Y, then (W, q) is injective in C/Z.

L} X
(3.5.9)

~

— Y

The following Theorem 3.5.5 is concerned with the extension of Theorem 2.11
of [8], in the category Q-TOP/(Y, o).

Theorem 3.5.5. Let (X, 7) and (Y, o) be Q-topological spaces and let f : (X, 7) —

(Y, o) be a Q-continuous map. Then following statements are equivalent:

1. ((X,7), f) has an injective hull in Q-TOP/(Y,0).

2. ((X,7), f) has an injective hull in Q-TOP,/(Y,5).

3. ((X,7), f) has an injective hull in Q-TOP/(Y,5).

Proof. (1) = (2) Let ((X,7), f) have an injective hull j : ((X, ), f) = ((Z,n),9)
in Q-TOP/(Y,0). We will show that j : (X, 7), f) = ((Z,7),§) is an injective
hull of ((X,7),f) in Q-TOPy/(Y,5). Now since ((Z,n),g) is injective in Q-
TOP/(Y, ), by Proposition 3.4.10 ((Z, ), §) is injective in Q-TOPy/(Y, 7). Next
since j : (X,7) = (Y,0) is an embedding in Q-TOP, j : (X,7) — (Z,7) is
an embedding in Q-TOP and then by Lemma 3.4.5, j : (X,7) — (Z,7) is an
embedding in Q-TOP,. Next let &k : ((Z,7),§) — ((W,8),1) be a morphism in
Q-TOP,/(Y,5) such that ko j: (X,7) — (W,6) is an embedding in Q-TOP,.
We have to prove that k : (Z,7) — (W, #) is an embedding in Q-TOP,. Consider
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the Q-topology {aop; | @ € 8} on W x Z, where p; : W x Z — W is the
first projection map. Let ' = W x Z and p = {aop; | a € 6}. Now we
will prove that (T,p) and (W,6) are isomorphic. Define a map h : T — W as
h([(w, z)]) = w. Let [(w, 21)] = [(w2, 22)] = (o p1)(wy, 21) = (a0 py)(wa, 22), for
every a € 0 = a(w;) = a(ws), for every o € 0 = w; = wq (since (W,0) € Q-
TOP, and if w; # wy, then there exists a € 6 such that a(w;) # a(ws)). Thus
the map h is well-defined. Now let A([(wy,21)]) = h([(we, 22)]) = w1 = wy =
a(wy) = a(wy), for every a € = (a o p)(wy,21) = (a0 p1)(wa, 29), for every
a € 0 = [(w,21)] = [(w2,22)]. Thus h is one-one and hence h is bijective. Now
let @« € 6. Then (e ohoqwxz)(w,2z) =a(w) = (aop)(w,2z) = aohoqwxz =
aop, € p=aoh € p Thush: (T,p) = (W,0) is Q-continuous. Now let
B € p, then o qwxz € p and so B o quxz = a o py, for some o € . Then
(8 0 gwr)(w,2) = (@0 p)(w, 2) = a(w) = alh(((w, 2)])) = (@0 H)([(w,2)]) =
(aohoqwxz)(w,z) = Boqwxz = aohoqyyxz and so 3 = aoh (as qwxz is onto).
Thus h : (T,5) — (W,6) is initial in Q-TOP and also & is bijective. Hence by
Proposition 3.3.3, h : (T, ) — (W,#) is an isomorphism in Q-TOP. Now define
amap k' = (koqg,idz) : (Z,n) — (W x Z,p) as k'(2) = (ko qz)(z),2). Let
aopy € p(a € 0). Then (@opyok)(z) = (@op)(K(2)) = (aop)((kogz)(2), 2) =
(awokogqyz)(z). This implies that cop; ok’ = awokoqy € n (as koqyz : (Z,n) — (W, 0)
is Q-continuous and « € ). Thus k' : (Z,n) — (W x Z, p) is Q-continuous. Now
consider (lohoqyxz0k')(z) = (lohoqwxz)(K'(2)) = (lohogwxz)((kogz)(2), 2) =
(Loh)([((kogz)(2), 2)]) = l{(kogz)(2)) = (lokoqz)(2) = (§04z)(2) = (qv 0 9)(2).
This implies that lohogy w70k’ = gy 0g. Thus we have the following commutative

diagram:

(Z,n) —E— (W x Z,p)
gl J{thOquZ (3.5.10)

(V,0) —— (V,5)

Now since gy is onto, by Proposition 3.4.1, (Y, gy) is injective in the comma
category Set/ Y and since &’ is one-one, there exists a map m : W x Z — Y such
that mo k' = g and gy om = loho qyyz. Let voqy € o, where v € &, then
vogyom = volohoqyz € p (as lohoqwxz : (WxZ,p) — (Y, &) is Q-continuous).
Thus m : (W x Z,p) — (Y,0) is Q-continuous. Hence (W x Z,p),m) € Q-
TOP/(Y,0). Now it can be easily verified that the following diagram commutes:
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(Z,n) —"— (W x Z,p)

fIZl lQsz (3.5.11)

(Z,7) ——=— (T })

Thus &' = h™'ok. Let p = k'oj. Then p = k'oj = (h~'ok)oj = h™'o(koj). Now
since h' : (W,0) — (T, p) is an isomorphism in Q-TOP, by Proposition 1.2.20, it
is an embedding in @Q-TOP. By Proposition 1.2.18(1), we know that composition
of embeddings is an embedding and since p = h™'o (ko j), p: (X,7) — (T,p) is
an embedding in Q-TOP. Also p = k' o j is one-one. Thus by Proposition 3.3.2,
p==Fkoj:(X,7) = (WxZ,p)is an embedding in Q-TOP. Thus £’ : ((Z,7n),9) —
(W x Z,p),m) is a morphism in Q-TOP/(Y,0) such that k' o j : (X,7) —
(W x Z, p) is an embedding in Q-TOP and then since j: (X, 7), f) = ((Z,7n), 9)
is essential in Q-TOP/(Y,0), k' : (Z,n) — (W x Z,p) is an embedding in Q-
TOP. Then by Proposition 3.3.2, &’ : (Z,7) — (T, p) is an embedding in Q-TOP.
Now since k' = h™ ok, h ok : (Z,7) — (T,p) is an embedding in Q-TOP.
Then by Proposition 1.2.18(2), k : (Z,7) — (W, ) is an embedding in Q-TOP
and then by Lemma 3.4.5, k : (Z,7) — (W,0) is an embedding in Q-TOP,,
Thus j : ((X,7),f) — ((Z,7),9) is essential in Q-TOP/(Y,5). Therefore j :
((X,7),f) = ((Z,7),§) is an injective hull of ((X,7), f) in Q-TOP,y/(Y,5).

(2) = (3) Follows from Proposition 3.5.1.

(3) = (1) Let j : ((X,7),f) = ((Z,n),g) be an injective hull of ((X,7), f)
in Q-TOP/(Y,5). Then by Proposition 3.5.1, j : (X,7),f) = ((Z,n),g) is
an injective hull of (X, 7), f) in Q-TOP,/(Y,5). Thus clearly (Z,n) € Q-TOP,,

Now let ¢ : (W,0) — (Z,n) be a pullback of gy : (Y,0) = (Y,5) along g : (Z,n) —
(Y,5) in Q-TOP:

pl lg (3.5.12)

We note that by Proposition 3.3.6, ¢ : (W,é) — (Z,7) is an isomorphism in

Q-TOP. Now since gojoqgx = (9o j)ogx = fogx = gy o f and the diagram
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3.5.12 is a pullback, there exists a unique Q-continuous map [ : (X,7) — (W, 6)

for which the following diagram commutes:

(X, 7) !
\
ax (W,0) —2— (Y, 0)
(3.5.13)
(X’,%) q ay

Now since ¢x : (X,7) — (X,7) and j : (X,7) — (Z,n) both are initial in
Q-TOP and composition of initial maps is initial, j o ¢gx : (X,7) — (Z,n) is
initial in @Q-TOP and since jogxy = qol, gol : (X,7) — (Z,n) is initial in
Q-TOP and then by Proposition 1.2.18(2), [ : (X,7) — (W, 0) is initial in Q-
TOP. Now let e : X — [(X) defined as e(z) = I(x) and let m : [(X) — W
be the inclusion map. Next if we take the Q-topology 8/ = {fom | § € 6} on
[(X), then we have a factorization of | : (X, 7) — (W, 0) given by | = m o e such
that e : (X,7) — ({(X),0) is onto and m : (I(X),0') — (W,0) is an embedding
in @Q-TOP. Then since [ : (X,7) — (W,0) is initial in Q-TOP and [ = moe,
e: (X, 7) = (I(X),#) is initial in Q-TOP. Thus by Proposition 3.5.3, there exists
a pullback complement of (m,e) in Q-TOP given by:

ml lm (3.5.14)

(E,TE) —é> (W, 0)

where £ = (W \ m(l(X))) + X, m : X — FE is defined as m(z) = (z,2),
€: E — W is defined as é(w, 1) = w, é(x,2) = (moe)(z) and € : (E,75) — (W, 0)
is initial in Q-TOP. Also since e is onto, € is onto. Now since € is onto and
e : (E,7g) — (W,0) is initial in Q-TOP, as in the proof of the Proposition
3.3.6, we can prove that é is bijective and € : (E,75) — (W,0) is initial in Q-
TOP and hence by Proposition 3.3.3, € : (E,T}g) — (W,é) is an isomorphism
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in @Q-TOP. Also by Proposition 3.4.2, ((E,7g), €) is injective in Q-TOP/(W,6).
Now since ((Z,n),g) is injective in Q-TOP/(Y,5) and the diagram 3.5.12 is a
pullback, by Proposition 3.5.4, ((W,0),p) is injective in Q-TOP/(Y, o). Thus
by Proposition 3.4.4, ((E,Tg),p o €) is injective in Q-TOP/(Y,0). Now since
poéom =pol = f, m: ((X,7),f) = (E,7g),p o €) is a morphism in Q-
TOP/(Y,0). Now we will prove that m : ((X,7),f) — ((F,7g),p o €) is an
injective hull of ((X,7), f) in Q-TOP/(Y,0). We know that by the Theorem
1.2.42, Q-TOP is a topological category over Set and so by Proposition 1.2.33,
regular monomorphisms in Q-TOP are precisely embeddings in (-TOP. Then
since the diagram 3.5.14 is a pullback and m : ({(X),6) — (W, 0) is an embedding
in Q-TOP, by Proposition 3.3.4, m : (X,7) — (E,7g) is an embedding in ©-
TOP. Next let k: ((E,7g),poe) = ((G,7¢), h) be a morphism in Q-TOP/(Y,0)
such that kom : (X,7) = (G, 7¢) is an embedding in Q-TOP. We have to show
that k : (E,7r) — (G, 7¢) is an embedding in Q-TOP. Now since kom : (X, 7) —
(G, 7¢) is an embedding in Q-TOP, by Proposition 3.3.2, kom : (X,7) — (G, 7¢)
is an embedding in Q-TOP. Now (§)toqzojoqx = (§)toqzo(jogqx) =
(@) ogzo(gol) =(9) " olazoq) ol = ()" o(Gogw)ol = qw ol Thus the

following diagram commutes:

(X,7) ——— (W0
ax (3.5.15)
(Xo7) Goare) (§)""oqzoj W

and hence [ = (§) "' 0 gz 0 j. We also have gog,' oGoqw = goq;'o(Goqw) =
goqy, o(qz0q)=goq=qyop. Thus the following diagram commutes:

(W,0) —— (Y, 0)
av (3.5.16)
(W,0) ——— (Y.5)
goqz og

and so p = goq,' og. Now since (Z,n) € Q-TOPy, qz : (Z,n) — (Z,7) is an
isomorphism in Q-TOP and since (§)~" : (Z,7) — (W, 6) is also an isomorphism
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in Q-TOP, (§) " oqy : (Z,n) — (W,0) is an isomorphism in Q-TOP and so
by Proposition 1.2.20(1), it is an essential embedding in -TOP and then it
can be easily seen that (§)™' o qz : ((Z,n),9) = ((W,0),p) is a morphism in
Q-TOP/(Y,5) which is essential in Q-TOP/(Y,5). Thus | = (§) 'oqz o :
((X,7),f) = ((W,0),p) is essential in Q-TOP/(Y,5). Now since | = & o,

[ =¢éomand so m = (&)"'ol. Now since (€)7' : (W,0) — (E,7g) is an
isomorphism in Q-TOP, by Proposition 1.2.20(1), it is an essential embedding
in Q-TOP. Thus we have a morphism (&)~' : (W,8),p) — ((E,7g),po &) in
Q-TOP/(Y, ) which is essential in Q-TOP/(Y,5). Then since m = (€)' o,
m: (X,7),f) = ((E,7g),p o &) is essential in Q-TOP/(Y,5). Now since k :
((E,7g),po &) = ((G,75),h) is a morphism in Q-TOP/(Y, ) such that k o m :
(X,7) — (G, 7g) is an embedding in Q-TOP, and m : (X, 7), f) = ((E,7g), poé)
is essential in Q-TOP/(Y,5), k : (E,75) — (G, 75) is an embedding in Q-TOP.
Thus by Proposition 3.3.2, to prove that k : (E,75) — (G, 7¢) is an embedding
in @Q-TOP, now it is sufficient to prove that k is one-one. Let (T, 7r) be a ©-
topological space and let «, 5 : (T, 1) — (E, 7g) be Q-continuous maps such that
koo = kof. This implies that ggokoa = ggokof = (qgok)oa = (ggok)of =
(kogg)oa = (koqg)ofB = ko(qggoa)=Fko (qgof) and since k is one-one,
geoa =qgof. Nowsince goqoéoa =qgyopoéoa =qy ohokoa and the
diagram 3.5.12 is a pullback, there exists a unique Q-continuous map from (7', 77)

to (W, 6) making the following diagram commutative

(3.5.17)

(Y,0) —— (Y,0)

Now we have poeo = (poé)off=(hok)ofS=ho(kof) =hokoa and
qoéoﬂ:qglo(joqwoéoﬂ:qélo(jo(qwoé)oﬂ:q%lo(jo(éoqE)oﬁ:
q, 0Goéo(qroB) = q,' oGoeo(qroa) = g, oGo(éoqr)oa = g, oGo(qwoé)oa =
(gt oGoqw)oéoa = qoéoa. Also we have poéoa = hokoa. Thus
here we have two @Q)-continuous maps € o a,eo 3 : (T, 7r) — (W,0) making the

diagram 3.5.17 commutative. So € o @« = € o f. Now consider a pullback of
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eoa=eof:(T,mr) — (W,0) along m : (I(X),0) — (W, 0) in Q-TOP given by
the following:

(1", 1) . > (1(X), )

t{ lm (3.5.18)

(T, 7r) #; (B, 75) —= (W,0)

Now since the diagram 3.5.14 is a pullback square, there exists a unique -

continuous map Iy : (17", 7) — (X, 7) for which the following diagram commutes:
o) /\

(3.5.19)
«oto

E TE é (W,@)

Similarly we have a unique @Q-continuous map ly : (77, 7;) — (X, 7) for which

the following diagram commutes:

t1

(1", 7r)

X

(X,7) — (I(X),0) (3.5.20)

ﬂOtQ J/ J/
m m

(E,15) —— (W,0)

Then we have oty =moly = kofoty=komoly=koaoty=komols
and moly =«aoty = komoly =kowaoty. Thus komol, = komoly and since

k om is one-one, l; = l5. Let [y = [y = ly. Thus the following diagram commutes:
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t{ ml lm (3.5.21)

(T, 7r) %; (B, 75) —=— (W,0)

Now since the diagram 3.5.14 is a pullback complement diagram, with respect to
the pullback diagram 3.5.18 and @-continuous map Iy : (77, 70) — (X, 7), there
exists a unique @-continuous map from (7', 77) to (E,7g) making the following

diagram commutative

th m
(T, 7p) e s (E,75) (3.5.22)
(W, 0)

But here we have two Q-continuous maps «, 3 : (T,7r) — (E,7g) making
the diagram 3.5.22 commutative. So o =  and hence k is one-one. Therefore
m: ((X,7),f) = ((E,7g),poé) is an injective hull of ((X, 7), f) in Q-TOP/(Y, o).

]

3.6 Conclusion

In this chapter, we have obtained a characterization of injective objects (with
respect to the class of embeddings in the category Q-TOP of Q-topological spaces)
in the comma category Q-TOP/(Y, o), when (Y, 0) is a stratified Q)-topological
space, with the help of their Tj-reflection. Further, we have proved that for any
Q-topological space (Y, o), the existence of an injective hull of ((X,7), f) in the
comma category Q-TOP/(Y,0) is equivalent to the existence of an injective hull
of its Ty-reflection ((X,7), f) in the comma category Q-TOP/(Y, ) (and in the
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comma category Q-TOP,/(Y, &), where Q-TOP, denotes the category of Ty-Q-

topological spaces).



