Chapter 2

Weak, modified, and function projective
synchronization of Cohen-Grossberg neural

networks

2.1 Introduction

In this chapter, we investigate MFPS of general Cohen-Grossberg neural networks
(CGNNs), introduced in previous section 1.2.4, with parameter mismatches. The
master and slave systems contain discrete and distributed delays that have been
introduced in the subsection 1.3.1. The concept of projective synchronization was
first studied by Mainieri and Rahacek [75] in 1999 in which they synchronized the
slave and the response systems up to a constant scaling factor. Later on more general
cases of projective synchronization, defined in the section 1.4, have been investigated

in the literature [76, 77, 78, 79, 80, 81, 82].

47
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2.2 Model description and mathematical

preliminaries

We consider a CGNN with mixed time-varying delays as a drive system

Yi(zi(t Zaljf] x;(t wafj z;(t —7(t)))

—Zd,]/ v5(s)) ds + I,

L (21)

where ¢ = 1,2, ...,n. This can be written in more concise form as

t

T(x(t)) — Af(x(t)) = Bf(x(t = (1)) — D f(x(s))ds + 11,

t—1o (t)

(2.2)

where n represents the number of neurons in the neural network; x(t) = [z (%), ...,
z,(t)]7 € R™ is the state vector associative with the neurons at time t;a(z(t)) =
diag(aq (z(t)), aa(x(t)), ..., an(z,(t))) is a diagonal matrix of the state dependent
amplification functions; T(¢) = [y1(¢),v2(¢), ..., 7. (t)]" € R™ denotes a column vector
of appropriately behaved functions ;f(z(t)) = [fi(z1(t)), fo(z2(t)), ..., falz,(0)]F €
R™ denotes a column vector of activation functions at time t with f(0) = 0; 7 (¢)
is discrete and 7»(t) is distributed time-varying delays ; A = (aj)nxn, B = (bij)nxn,
and D = (d;j)nxn denote connections weight matrices at time ¢, time-varying delay
71(t) and distributed delay 7»(t) respectively. I = [I1, I3, I3, ..., I,,] is a column vector
of external constant inputs to neurons. The initial condition of equation (2.2) is

denoted by z(t) = ¢(t) € C(|—7,0],R"), where C ([-7,0],R") denotes the set of
all continuous functions from [—7,0] to R™ and ¢(t) = [¢1(t), p2(t), ..., D (t)]T
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a column vector of continuous functions. Throughout this chapter the following

hypotheses will be considered.

Assumption 2.1. There exists 7,,7; > 0 such that

0<Bi(u(t)) <mni; i=1,2,3,...,n.

Assumption 2.2. For any u,v € R", there exist constants p; > 0,7 = 1,2, ..., n,such

that
filw) — fi(v)

0< il IR < i=1,2,...n.
u—7v

Assumption 2.3. For any u,v € R", there exist constants o; > 0, p; >0, ¢; >0, i =

1,2,....n, such that

17 (@) =2 (©)llp <oillu = vll,,
1fi(w) = fi)llp <pillu = vllp,

173 (u) = Li(v)llp <oillu —vll,.

The p-norm is defined in the section 1.3.3. There is an another norm that is used

in this chapter is w—norm defined as

n Wi
| M|, = mjaxz J|mijy, (2.3)
i=1 7

and the matrix measure induced from the w— norm is defined as
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Assumption 2.4. Let us consider that 0 < 7 (t), 72(t) < 7, Vt.

The following lemma will be used to prove the theorems.
Lemma 2.2.1. [83] If U(t) > 0, Vt € (—o0, 00),

DT (T(t) < &i(t) + &0)W(t) +&5(t)  sup  U(s),

t—7(t)<s<t

for t > to, where &;(t) > 0,&(t) <0,
U(t+h)—W(t
h

&3(t) > 0 are continuous functions and 7(t) > 0.
)

DT (U(t)) = limp_yo+ is the upper right Dini’s derivative of W(¢). If

30 > 0, such that

&(1) +&5(t) < =0 <0, ¢ =1,

then U(t) < % + SUP_pocpey, U(s)e W 70) where € = supy<scoog,(s) and p* =

infizi {p(t): p(t) + &(t) + &(t)er O = 0}

2.3 Main results

In this section, the problem of the weak MFPS between coupled CGNNs systems

with mixed time-varying delays and parameter mismatch is formulated.

Let us consider an another CGNN as a slave system whose parameters are different

from the drive system (2.2) as

y(t) == By@) [ I'(y@) = Pfy(t) = Qf(y(t —m(t) — R fy(s))ds +J

+ U(t),and y(t) = ¢(t), te[-7,0], (2.5)

where y(t) = [y1(t),y2(t), ..., yn(t)]T € R™ is a state vector; B(y(t)) € R™" is a

diagonal matrix for which Assumption 2.1 is already stated; I'(y(t)) is appropriately
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behaved function satisfies Assumption 2.3 ; P € R"*" @ € R™" and R € R"*"
are constant matrices; ¢(t) € C ([—7,0],R") is the initial condition of equation
(2.5). The controller is chosen as U(t) = —((t) (z(t) — A(t)y(t)), where A(t) =
diag (v1(t), v2(), ..., v (t)) is a diagonal matrix of order n and v;(t) is continuously
differentiable function with bound, v;(t) # 0,7 = 1,2, ..., n, for all t. {(t) is coupling

strength matrix.

In order to achieve a weak MFPS, we construct an error system from drive and

response systems (2.2)-(2.5) as follows:

e(t) = y(t) — A(t)x(t). (2.6)

From the equations (2.2) and (2.5), we get

é(t) = — C()e(t) = Bly(O) I (e(t) + Bly(t)) Pf(e(t) + Bly(t)Qf (et — (1))

+ 5(y(t))R/ f(e(s))ds + H(x(t), At), 71(t), 72(1)), (2.7)

t—7o (t)

H ((t), At), 7, 72) =By(O)) I (A@)x () + A(t)e(x(8)T (2(1))
+B(y@) PF(A@)x(t)) = At)a(z(t)) Af (2(1))
+B(y@)QF(A)x(t = (1)) — Al)a(x () Bf (x(t = (1))

t

+ B(y(t))R/t o f(A(s)z(s))ds — A(t)a(z(t))

x D f(s))ds + J(A(t)a(z(t)) = By(L)). (2.8)

t*TQ(t)

From literature survey [84, 85, 86] on dynamics of neural networks with parameter

mismatches. It is seen that the parameter mismatches is unfavorable for the complete
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synchronization. Chen and Cao [85] have considered the mismatched parameters
between the chaotic neural networks for projective synchronization problem. Our

aim is to find weak MFPS between the CGNNs (2.2) and (2.5).

It is clear from equation (2.7) that the effect of parameter mismatches and the scaling
function A(t) cause the error system having non-zero equilibrium point. However,
a small synchronization error bound can be obtained up to which a weak MFPS is

achieved.

Definition 2.3.1. The weak MFPS is said to be achieved between the drive and slave
systems (2.2)-(2.5) with an error bound € > 0 if there exists a scaling function matrix

A(t) and T" > 0 such that

ly(t) = Az @), < e,

forall t > T .

Remark 2.3.1. It can be observed from Definition (2.3.1) if the scaling function
matrix is a zero matrix i.e.,/A(t) = 0 then the problem becomes stability analysis
of CGNN with mixed time-varying delays. In the case of A(t) = I where [ is an

identity matrix, the problem is called quasi-synchronization.

Assumption 2.5. Let us assume that the states of driven system z(¢) is bounded i.e.,

w(t) € {x(t) : =(@®)ll, < G}, VE = —T.
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For p =1, 00,w, we have

[ (2 (1), At), 1 (1), 72 (D)l < (15O o[l (A@) 2 @), + [ A@) [plalz @Ol T (@)l
H Bl Pl f (A@)2(E)]]
H A lpllaCz @)l Allo |l f (@),
H 8GN QUpLf (A2 (E =)l
H 1A lpllaCz @)l Bllplf (2 =71 (@)l

t

+ IIB(y(t))IIpIIRIIp/ 1 (ACs)z(s)llpds

t—T2(t)

+ ||/1(t)||p||a($(t))||p||D||p/

t—7o (t

t

| 1f (2 (s)llpds

1A [l @) ] + 1115w E) -

Using Assumptions (2.1)-(2.5), we get

|H ((t) A, 7). @)y < (1Al + 1Bl neCo A®) | + (1Pl + Q1) Gy AD,
+ @Rl + 9IDI)eCorl| AW + (70 + 7o) LAy

+lAD I[P + ll T lp, (2.9)

where 7 = max; {T_]Z} ,p=max; {p;},0 = max; {0;},7 = max; {1;}, 0 = max; {o;}.
From (2.9), ||H (x(t), A(t), 71(t), 2(t)||, is bounded for V¢ > —7. Suppose that

= = suppo| [H (x(1), At), (1), 7a(1)] |, (2.10)

where = < oo.

Theorem 2.1. Suppose the Assumptions (2.1), (2.3) and (2.4) are true. Then
the error system (2.7) is said to be exponential convergent within a small domain

D containing the origin if there exists a matriz measure p,(.)(p = 1,00,w) and a
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non-singular matrix T' such that

pp(=TCOT ) + ol Tl T M+ pall PN TN T ™ Wl + 2ol QU T 117

+ipl| Tl | T I 1Rl 2(t) < =01 < 0,9t >0, (2.11)

where

1 -
D= {e e R[[le®)], < ”T”éﬂ} |
1

and 91 1s a positive real number.
Proof. Let T is nonsingular matrix then the chosen Lyapunov function is given by
Vie(t) = [[Te®)ll, (2.12)

The Dini derivative of the equation (2.12) with respect to ¢ along the solution of

error system (2.7) is

_ g 1 Te(t + 1)l — [Te®)]ly

D*(V(e(t))) = .
_ g 1 Tet) + hTe(t) + o(h)ll, — [Te(®)]ly
h—0+ h
:g%{nw) + AT (= C(e(t) — Bly®) T (e(t))

+ By() PFe(t) + By1)Qf (e(t = (1))

SBR[ Flels)ds + Hla(0). A0, m(0) m(0)

t—To(t)

+ O, — IITe(t)IIp}-
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DV (e(t) < Tan 3 [ITe(t) + h(=TCOT ) Te(t)l, ~ [ Te)],

TN (D)l + ITAWE)PF )],
+ITBy()Qf (et — (D))l

AR / Fe(s))ds]l,

t—1o (t)

+ | TH (2(t), At), 71 (£), 72(t) [l

Using Assumptions (2.1), (2.3) and (2.4), we get

D+(V(6(t))) < Tim H[ + h(_TC(t)T_l)Hp —1

T h—0+ h

+ @ TI Ty + A TU | PIIT ) |1 Tet)
+ (AT QT + I T RILITl7a(t))

x sup || Te(s)llp + [Tlpl Hllp (2.13)

sEt—T,t]

[Te®)]l,

D (V(e(®) SITIIHI + (=TT + 0l Tl 1T,
+apI T PIIT ) + (7RI T Il IT

+ﬁPHTHpHRHpHT_lHpT2(t)> sup |[Te(s)ll,- (2.14)

SE[t—T,t]
Let
&) = TN H|lp,

&(t) = mp(=TCOT) + el TN T lp + 2 Tl Pl 17,

&(t) = pl TN QU NT ™ I + Aol Tl IR 57 (2)-
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Then by using &(t), &(t) and &5(¢) in inequality (2.13), we get

D¥(V(e(t) < &u(t) + &(t) + &(t) sup || Te(s)llp, t > 0.

t—7<s<t

Now, using (2.11) and Lemma (2.2.1) (Generalized Halanay inequality), we obtain

View) < T L Gip vies)e . (2.15)
0 se[—7,0]

where 1 = infiso {u(t) : p(t) + &(t) + &(t)e" ™ = 0}. The equation (2.12) can be

written as

1T,V (e() = 1T H I | Te@®)llp = lle(®)]: (2.16)

Vie®) = [ITe(®)ll, < I Tl,lle®)ll,- (2.17)

By using the inequalities (2.16) and (2.17) in the inequality (2.3), we get

1T TIE e -
le@l, < # HITHLITN, sup le(s)llpe™ " (2.18)

s€[—1,0]

Inequality (2.18) is showing the exponential convergence of the error system (2.7)

within a small domain

p={e ewlecy, < T BT,
1

containing the origin. From (2.18), we observe that for an arbitrary ¢ >0, 37 > 0

such that
N |7 [IT)l,=

el < e+ ¢

(2.19)
for any ¢t > T,

Thus from Definition (2.3.1), the weak MFPS is achieved between the systems (2.2)
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HpITNZ
61

and (2.5) with a small synchronization error bound € + L . This completes

the proof. O

Remark 2.3.2. The information about each of p; for all : = 1,2, ..., n is not found in
Theorem 2.1. So, we are going to derive the lemma based on Assumption 2.2 which
will use p; for each ¢. Based on this lemma we construct the Theorem 2.2 that will

have more precise result than Theorem 2.1.

Lemma 2.3.1. Let the Assumption (2.1) is true, and ||.||, be an induced matrix norm
on R™™ and suppose fi,(.) be the respective matrix measure, then p,(5(y(t))PF(e(t)))

< p1,(¢PK), where

F(e(t)):ch‘cw{mel(t>> falealt)) faleal®)) fn<en<t>>},

er(t) 7 ea(t) T oe3(t) T en(t)

K = diag{p1. p2, p3, ... pu}, By(t)) = diag{ﬁl(yl(t)),5z(yz(t)), ---vﬁn(yn“))}’ =
diag {71, 72, -, 7 }
and

~ _ max<07pij)7 ZfZ:]7
P = (pij)an -

Dij otherwise,

for p =1, 00, w.

Proof. We know from the definitions of P, F(e(t)), S(y(t)), Assumptions (2.1) and

.2) that _#_pi, <i<nan
2.2) th 0<f§(t<)t>)< 1<i< d

51(@1@))2911%?—&(;)) 51(?/1(75))1’1”%5—7&(;))
By(t))PF(e(t)) = : :

By (D)ot LELE . B (g () pn P22
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For p = 1, Definition 1.3.4 will confirm the following

+Z

i=1,i#j

m(B(y(t)PF(e(t))) = max lﬁj(yj( ))Pi; Bi(yi(t))pij ,(t>

and

ﬁj(yj(t))pjjf(:,;g))) < 7jmaz(0, pj;)p;,
B O T = el | <(§§))‘ < ol

Thus, we obtain the following for 1 < j <n

fle(1))
Bl yl pl] ( )

< iymax(0,p;)p; + Y |iipiipil-
i=1,i%]

5j(yj(t))py , ) Z

) i=1,i#7]

(2.20)

From inequality (2.20), we can write u,(3(y(t))PF(e(t))) < p1(¢PK) where iy (¢PK) =
max; {7;maz(0, pj;)p; + D el 7ipijp;| }. In similar way, we can show the proof

of lemma for p = oo, w. O

Theorem 2.2. Based on Assumption (2.2) and Lemma (2.3.1), if there exists a
matriz measure ji,(.) (p = 1,00, w) induced by a norm ||.||, and a nonsingular matriz

T such that

pp(=TCOT ™) + pp(TaPKT ™) + 10| Tl 1Tl + Aol T I 7 Q1

Tl T [l Rllpm(t) < =02 < 0,9 > 0. (2:21)

then the weak MFPS between the drive system (2.2) and the slave system (2.5) is

1T~ Ip=

achieved with an error bound e+ Ll 5 , where da,¢ >0, K = diag {p1, p2, P35 - Pu },
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q = diag {Mi, M2, ..., T}, and

P = (p;j)nxn ==
Dijs otherwise.

~ {ma‘r(o?pl])v Zf’L:ja

Proof. The Dini derivative of the chosen Lyapunov function in (2.12) with respect

to t along the solution of error system (2.7) is

[ Te(t + h)llp = [[Te@ll

D*(V(e(t))) = im

h—0t h
= ITe(t) + hTE() + ok, — | Te(t)l],
h—0+ h
:g—m%{ ITet) + hT( = C(t)e(t) = BN (e(t)

+ BluB)PFe(t) + Bu)QF (et — (1)
AR [ Fels)ds + H0, 40,70, 7(0)

+ O, — IITe(t)IIp}

<Tm - [ITe(t) + AT (~¢(0)elt) + By PFE()) I, — I1Te(b)], ]

HITBY@)T (), + ITHW1)QF (e(t — ()l + ITB(y()R

t
X / ( )f(@(S))dSHp + | TH (x(t), At), 7a(2), 72() [ (2.22)
t—mo(t
From Lemma 2.2.1, we have

P(e(t) — diag { filest) faleo®)  Fulealt) } |

er(t) 7 ea(t) T en(t)
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which can be written as f(e(t)) = F(e(t))e(t). Now putting it in the inequality

(2.22), we get

DHV(e(t) < Tan [T+ h( =TT + Ta(() PFE)T ), — 1] ITe(t)],

+iel| Tl T oI Te®)ll, + (ﬁpllTllpllQllpllT‘1||p + oI Tl Rl

x HT’le(f/)) Sup ([ Te(s)llp + Tl (2.23)

D (V(e(®)) < (1 (~TCOT™) + (T PE(eO)T ™)) [ Tet), + el T,
AT Tl + (AT INQINT ™l + ATl Rl I T l7(1))

x sup [[Te(s)llp + [T/ H [l (2.24)

t—7<t

DF(V(e®)) <ITlLl Hll» + (up(—TC(t)T’l) + 1p(TqPET™) + || T, 1T Hp)

< Te®lly + (APl T QT I + Al Tl R 1T 72(0))

x sup ||Te(s)]lp- (2.25)

t—7<s<t

Suppose

&) = Tl H ],
E(t) = (=TT ™) + pp(TaPKT ™) +ijo| T [| T I,

&(t) = apll Tl IQUNT Iy + Aol Tl | RIIT [l72(2)-

Putting these & (¢),£2(t) and &3(t) in inequality (2.25), we get

D¥(V(e(t)) < &(t) + &V (e(t) + &(t) sup V(e(s)).

t—1<s<t
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From inequality (2.21), we have &(t) + &§3(t) < —d2 < 0. According to Lemma 2.2.1

(Generalized Halanay inequality), we will have

T, = .
Vie) < o= o qup vie(s)eit,
52 s€[—1,0]

where 1} = infiso {p(t) : p(t) + &(t) + &(t)e" ™ = 0}. Using the estimations (2.16)

and (2.17), we will get the estimation of the error system (2.7) as

1T I TE e -
le@lly < =5 ——+IT ol Tl sup [leCs)lle . (2.26)

s€[—1,0]

It can be observed from the inequality (2.26) that we get the small domain D of

exponential convergence of the error system (2.7) as

-1 —
D= {ecreijry, < L TLEY
2

and it is obvious from (2.26) that for e > 0, 3 7" > 0 such that

T[T ]lp=

NE>T. (2.27)
0

le@lp <€+

Thus, the weak MFPS between the systems (2.2) and (2.5) is achieved with a small

T YT,
error bound € + %. O

If we replace the non singular matrix 7" with identity matrix I in Theorem 2.1 and

2.2, then the following corollaries can be drawn.

Corollary 2.3.1. There exists a matrix measure p,(.) (p = 1,w,00) induced by a

norm ||.||, such that

1p(=C () + on + pilll Plly + 1ol Qllp + ol Bllpm2(t) < =61 < 0,VE > 0. (2.28)
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holds then the trajectory of error system (2.7) converges exponentially in the domain

p-{cerilcwl, <5}
1

It means the slave system (2.5) achieve weak MFPS with the drive system (2.2) up

to a small error bound € + % .

Corollary 2.3.2. If there exists a matrix measure p,(.) (p = 1, 00,w) induced by a

norm ||.||, such that
pp(=C(0) + 1o (aPK) + 7 + 7l Qlp + I RIlpm2(t) < =62 < 0,98 >0, (2:29)

then weak MFPS is achieved between the slave and drive systems (2.5)-(2.2) with

an error bound € + 5 The trajectory of error system (2.7) will be exponentially

converging to a small domain

p-{ecemiewl, <5 }.
2

Remark 2.3.3. The benefits of using w-measure is if we assume w; << w; then = can
be minimized to a desired synchronization error bound that can not be possible in

others measures.

Remark 2.3.4. From Definition 1.3.4, we can see that matrix norm | — M|, =
| M|y, (i = 1,2,w,00) is restricted to a non-negative value. On the other hand,
matrix measure can be negative or positive or zero. Weights of interconnections
among the neurons can be negative or positive depending on inhibitory or excitatory
signals respectively. Thus, matrix measure approach gives more intuitive results than

norm.

Remark 2.3.5. If the amplification functions and scaling matrix are constant then

the obtained results will also be true for p = 2.
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2.4 Results and discussion

In this section, the following example has been considered to validate the effective-
ness of the results of our proposed theorems. Let us consider the numerical examples

of the drive and slave systems as

0) = | Tolt) = AFe0) = Bt =) =D [ flatads +1,
JZ(t) :¢(t)’ te [_7_7 0] (230)
and

t

Iy(t) — Pfy(t) — Qf (y(t —7u(t))) — R/ fy(s))ds +J

t—T2(t)

+U(1),

y(t) =p(t), tel[-r0]. (2.31)

1 0 1 0 2 —-0.11
a = , T = , A= ,
0 1 0 1 —5.0 3.2
—1.6 —0.1 —0.5 1
B = , D= ,
—0.18 —24 2 —1.8
and
1 0 0.97 0 2.1 —0.1
/6 = ) F = ) P =
0 1 0 1.1 —-5.1 3.19
—1.5 0 —0.48 1.02
Q = 7R - )

—0.15 —-2.3 2.1 -1.9
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where z(t) = [21(t), z2(t)]T and y(t) = [y1(t), y2(t)]T are the state vectors of the
systems (2.30) and (2.31) respectively. f(z(t)) = [tanhz;(¢), tanhzo(t)]” is activa-
tion function which satisfies the Assumptions 2.2 and 2.3, 7y (t) = 7(t) = % with
7 =1. Let 11(t) = 24 0.3sin(3) and vo(t) = 2 + 0.28sin(%F) are the entries of

the scaling function A(t) = diag(vy(t),v2(t)) and its norm ||A(t)||; = 2.3. External

inputs are [ = J = [0,0].

If the coupling strength ((¢) = [§§] for the linear controller U(t) = ((t)(y(t) —
A(t)z(t)), then both systems will be independent of each other as we can see in
Fig.2.1(b). Consider ((t) = [ %] and T = I, then the error system converges
exponentially to a small domain D = {e € R"||le(t)||, < 0.39} which can be seen
in Fig.2.2(a), i.e., the weak MFPS between the slave system (2.5) and the drive
system (2.2) is achieved with an error bound 0.39. But, in Fig.(2.2(b)), for A(t) =
[%° ] the small domain of convergence is reduced to an upper bound 0.14 i.e.,
D = {e € R"|||e(t)||, < 0.14}.This is happened because Z also depends on norm of
A(t). From Corollaries 2.3.1 and 2.3.2, we can see that error bound depends on = and
01 or 0. Another way to reduce the error bound is stated in Remark 2.3.3. As we

stated, for w—measure if we take w; << w;,7 # j, the error bound will be tending to

zero as shown in the Fig.2.3. Wehavenn=1,p=1,0=1.1,||P|, =7.2,(|Q]1 = 2.3

¥,
N
(
o

FIGURE 2.1: Periodic attractors of neural networks without coupling terms.
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FIGURE 2.2: Time evolution of the error system is shown in (a) for ||A(¢)]|1 = 2.3,
and in (b) for ||A(¢)|ly = 0.5.
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FIGURE 2.3: Time evaluation of the error system for w;/w; ~ 0.000001,% # j.

and || R||; = 2.92 for the systems (2.30) and (2.31). By putting these values in result
of Theorem 2.1, we get —puy(—((t)) = 42 > 10.60. For Theorem 2.2, It is obvious

that 3.30 < —pu1(—C(t)) — 1, (qPk) = 49.20. Thus all the theorems are verified.

2.5 Conclusion

This chapter discussed a weak MFPS of two different CGNNs with time-varying
delays. Due to the presence of parameter mismatches, the complete MFPS between
the drive-response systems is not possible. Therefore, a new concept, viz.,weak

MFPS is investigated with a small synchronization error bound. Based on the
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generalized Halanay inequality and Matrix measure, the state of the error system is
estimated and several generic criteria are derived. The effectiveness of our proposed

theory is validated through an example.
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