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Jahnátek, M., Setyawan, W., Wang, S., Xue, J., Rasch, K., Chepulskii,
R. V., Taylor, R. H., Gomez, G., Shi, H., Supka, A. R., Al Orabi,
R. A. R., Gopal, P., Cerasoli, F. T., Liyanage, L., Wang, H., Siloi,
I., Agapito, L. A., Nyshadham, C., Hart, G. L. W., Carrete, J.,
Legrain, F., Mingo, N., Zurek, E., Isayev, O., Tropsha, A., Sanvito,
S., Hanson, R. M., Takeuchi, I., Mehl, M. J., Kolmogorov, A. N., Yang,
K., D’Amico, P., Calzolari, A., Costa, M., Gennaro, R. D., Nardelli,
M. B., Fornari, M., Levy, O., and Curtarolo, S. (2018). The AFLOW
Fleet for Materials Discovery. Pages 1–28 of: Handbook of Materials Modeling.
Cham: Springer International Publishing.

Vul, D. A., and de Fontaine, D. (1992). On the Choice of a Maximal Cluster in
the Cluster Variational Method. MRS Proceedings, 291, 401–406.

van de Walle, A. (2008). A Complete Representation of StructureProperty
Relationships in Crystals. Nat. Mater., 7 (6), 455–458.

Wang, J., Osawa, M., Yokokawa, T., Harada, H., and Enomoto, M. (2007).
Modeling the Microstructural Evolution of Ni-Base Superalloys by Phase Field
Method Combined with CALPHAD and CVM. Comp. Mater. Sci., 39 (4), 871–879.

Williams, E. J. (1935). The Effect of Thermal Agitation on Atomic Arrangement in
Alloys-III. Proc. Roy. Soc. Lond. A, 152 (875), 231–252.
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Appendix A

Thermodynamics of ordered phases
in the limit of perfect ordering

A.1 BCC based ordered phases

A.1.1 Thermodynamics of B32 phase using tetrahedron
approximation

The tetrahedron cluster considered for B32 phase is shown in Figure A.1 and the
details of the (sub-)clusters, their designations, multiplicities and K-B coefficients are
given in Table A.1.

β

β

β

β

β

α

α

α

α

α

1

2

3

4

Figure A.1: The irregular tetrahedron basic cluster in B32 phase along with the
sublattice sites designated α and β.

The average composition of the system and the LRO parameters are related to
the sublattice point CFs as

u0 � �u0.1 � u0.2�~2 and ξ � �u0.2 � u0.1�~2
A-1



Table A.1: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for B32 phase using tetrahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j
Irregular

tetrahedron
ααββ

(1,4,2,3)
4.1 1 1

Isosceles triangle

αββ
(1,2,3)

3.2 6
-1

ααβ
(1,4,2)

3.1 6

II-n pair
αβ

(1,3)
2.1 3 1

I-n pair

ββ
(2,3)

1.3 1

1
αβ

(1,2)
1.2 2

αα
(1,4)

1.1 1

point

β
(2)

0.2 1~2
-1

α
(1)

0.1 1~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 � η1η

3
3η

3~2
4 ; v0

1.2 �
η

3~2
4

η1

; v0
1.3 �

η1η
3~2
4

η3
3

; v0
2.1 �

η4

η2

v0
3.1 �

η2
3η

3
4

η2

; v0
3.2 �

η3
4

η2η2
3

; v0
4.1 �

η5
4

η2
2

The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � �v0
1.1 �2 � v0

1.1 � 3v0
1.2 � 3v0

2.1� � 3v0
3.1

v0�1.2�0 �
3

2
v0

1.2 ��v0
1.1 � v

0
1.3� � 3

v0
3.1 � v

0
3.2

2
v0�1.3�0 � v0

1.3 �2 � 3v0
1.2 � v

0
1.3 � 3v0

2.1� � 3v0
3.2

v0�2.1�0 � v0
2.1 ��v0

1.1 � v
0
1.3� � v0

3.1 � v
0
3.2

v0�3.1�0 �
v0

3.1

2
��3 � 5v0

1.1 � 4v0
1.2 � 3v0

1.3 � 4v0
2.1 � 3

v0
3.1

v0
1.1

�
2v0

3.1 � v
0
3.2

v0
1.2

�
v0

3.1

v0
2.1

� � v0
4.1

v0�3.2�0 �
v0

3.2

2
�3 � 3v0

1.1 � 4v0
1.2 � 5v0

1.3 � 4v0
2.1 �

v0
3.1 � 2v0

3.2

v0
1.2

� 3
v0

3.2

v0
1.3

�
v0

3.2

v0
2.1

� � v0
4.1

v0�4.1�0 � v0
4.1 ��3v0

1.1 � 3v0
1.3 �

v0
3.1

v0
1.1

�
v0

3.1 � v
0
3.2

v0
1.2

�
v0

3.2

v0
1.3

�
v0

4.1

v0
3.1

�
v0

4.1

v0
3.2

�
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and

v0�1.1�ξ � v0
1.1 ��4 � v0

1.1 � 3v0
1.2 � 3v0

3.1� � 3v0
3.1

v0�1.2�ξ �
v0

1.2

2
��8 � 3v0

1.1 � 2v0
1.2 � 3v0

1.3 � 6v0
2.1� � 3

v0
3.1 � v

0
3.2

2
v0�1.3�ξ � v0

1.3 ��4 � 3v0
1.2 � v

0
1.3 � 3v0

2.1� � 3v0
3.2

v0�2.1�ξ � v0
2.1 ��3 � v0

1.1 � 2v0
1.2 � v

0
1.3 � v

0
2.1� � v0

3.1 � v
0
3.2

v0�3.1�ξ �
v0

3.1

2
��17 � 5v0

1.1 � 8v0
1.2 � 3v0

1.3 � 10v0
2.1 � 3

v0
3.1

v0
1.1

�
2v0

3.1 � v
0
3.2

v0
1.2

�
v0

3.1

v0
2.1

� � v0
4.1

v0�3.2�ξ �
v0

3.2

2
��17 � 3v0

1.1 � 8v0
1.2 � 5v0

1.3 � 10v0
2.1 �

v0
3.1 � 2v0

3.2

v0
1.2

� 3
v0

3.2

v0
1.3

�
v0

3.2

v0
2.1

� � v0
4.1

v0�4.1�ξ � v0
4.1 ��14 � 3v0

1.1 � 6v0
1.2 � 3v0

1.3 � 8v0
2.1 �

v0
3.1

v0
1.1

�
v0

3.1 � v
0
3.2

v0
1.2

�
v0

3.2

v0
1.3

�
v0

4.1

v0
3.1

�
v0

4.1

v0
3.2

�
Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � 1; u0

1.2 � �1; u0
1.3 � 1; u0

2.1 � �1

u0
3.1 � 1; u0

3.2 � �1; u0
4.1 � 1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � �2; u0�1.2�0 � 0; u0�1.3�0 � 2; u0�2.1�0 � 0

u0�3.1�0 � �1; u0�3.2�0 � �1; u0�4.1�0 � 0

u0�1.1�ξ � 2; u0�1.2�ξ � �2; u0�1.3�ξ � 2; u0�2.1�ξ � �2

u0�3.1�ξ � 3; u0�3.2�ξ � �3; u0�4.1�ξ � 4

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ0 and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3

u0�2.1�00 � 2v0
2.1; u0�3.1�00 � 2v0

1.1 � 2v0
1.2 � 2v0

2.1; u0�3.2�00 � 2v0
1.2 � 2v0

1.3 � 2v0
2.1

u0�4.1�00 � 2v0
1.1 � 4v0

1.2 � 2v0
1.3 � 4v0

2.1

u0�1.1�ξ0 � �2v0
1.1; u0�1.2�ξ0 � 0; u0�1.3�ξ0 � 2v0

1.3

u0�2.1�ξ0 � 0; u0�3.1�ξ0 � �2v0
1.1; u0�3.2�ξ0 � �2v0

1.3

u0�4.1�ξ0 � 2v0
1.3 � 2v0

1.1

and

u0�1.1�ξξ � 2v0
1.1; u0�1.2�ξξ � �2v0

1.2; u0�1.3�ξξ � 2v0
1.3

u0�2.1�ξξ � �2v0
2.1; u0�3.1�ξξ � 2v0

1.1 � 2v0
1.2 � 2v0

2.1; u0�3.2�ξξ � �2v0
1.2 � 2v0

1.3 � 2v0
2.1

u0�4.1�ξξ � 2v0
1.1 � 4v0

1.2 � 2v0
1.3 � 4v0

2.1
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A.1.2 Thermodynamics of D03 phase using tetrahedron
approximation

The tetrahedron cluster considered for D03 phase is shown in Figure A.2 and the
details of the (sub-)clusters, their designations, multiplicities and K-B coefficients are
given in Table A.2.
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β
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α

α

α

1

2

3

4

Figure A.2: The irregular tetrahedron basic cluster in D03 phase along with the
sublattice sites designated α,β and γ.

Table A.2: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for D03 phase using tetrahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Irregular tetrahedron
αβγγ�3,1,2,4� 4.1 6 1

Isosceles triangle

βγγ�1,2,4� 3.3 3

-1αγγ�3,2,4� 3.2 3

αβγ�3,1,2� 3.1 6

II-n pair

γγ�2,4� 2.2 3~2
1αβ�3,1� 2.1 3~2

I-n pair

βγ�1,2� 1.2 2

1αγ�3,2� 1.1 2

cont. . .
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cont. . .
Clusters Ordered cluster Designation Multiplicity γi.j

Point

γ�2� 0.3 1~2
-1β�1� 0.2 1~4

α�2� 0.1 1~4
The average composition of the system and the LRO parameters are related to

the sublattice point CFs as

u0 � �u0.1 � u0.2 � 2u0.3�~4, ξ1 � �2u0.3 � u0.2 � u0.1�~4 and ξ2 � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

1

η1η3
3η

3~2
4

; v0
1.2 �

η1

η
3~2
4

; v0
2.1 �

1

η2η2
3η4

; v0
2.2 �

η2

η4

v0
3.1 �

1

η2η4
3η

3
4

; v0
3.2 �

η2

η2
1η

5
3η

3
4

; v0
3.3 �

η2
1η2

η3η3
4

; v0
4.1 �

1

η6
3η

5
4

The limiting first derivatives of the transformed CFs with respect to u0, ξ1 and ξ2, in
the sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξk , are:

v0�1.1�0 �
3

2
v0

1.1 ��2 � v0
1.1 � v

0
1.2 � v

0
2.1 � v

0
2.2� � 3

v0
3.1 � v

0
3.2

2

v0�1.2�0 �
v0

1.2

2
��2 � 3v0

1.1 � 5v0
1.2 � 3v0

2.1 � 3v0
2.2� � 3

v0
3.1 � v

0
3.3

2
v0�2.1�0 � 2v0

2.1 ��1 � v0
1.1 � v

0
1.2� � 2v0

3.1

v0�2.2�0 � v0
2.2 ��1 � 2v0

1.1 � 2v0
1.2 � v

0
2.2� � v0

3.2 � v
0
3.3

v0�3.1�0 �
v0

3.1

2
��9 � 2v0

1.1 � 8v0
1.2 � 4v0

2.2 �
2v0

3.1 � v
0
3.2

v0
1.1

�
2v0

3.1 � v
0
3.3

v0
1.2

�
v0

3.1

v0
2.1

� � v0
4.1

v0�3.2�0 �
v0

3.2

2
��11 � 2v0

1.1 � 6v0
1.2 � 4v0

2.1 � 6v0
2.2 �

2v0
3.1 � 4v0

3.2

v0
1.1

�
v0

3.2

v0
2.2

� � v0
4.1

v0�3.3�0 � v0
3.3 ��5

2
� 3v0

1.1 � 5v0
1.2 � 2v0

2.1 � 3v0
2.2 �

v0
3.1 � 2v0

3.3

v0
1.2

�
v0

3.3

2v0
2.2

� � v0
4.1

v0�4.1�0 � v0
4.1 ��7 � 6v0

1.2 � 4v0
2.2 �

v0
3.1 � v

0
3.2

v0
1.1

�
v0

3.1 � v
0
3.3

v0
1.2

�
v0

4.1

v0
3.1

�
v0

4.1

2v0
3.2

�
v0

4.1

2v0
3.3

�
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v0�1.1�ξ1 �
v0

1.1

2
��2 � 5v0

1.1 � 3v0
1.2 � 3v0

2.1 � 3v0
2.2� � 3

v0
3.1 � v

0
3.2

2

v0�1.2�ξ1 �
3

2
v0

1.2 ��2 � v0
1.1 � v

0
1.2 � v

0
2.1 � v

0
2.2� � 3

v0
3.1 � v

0
3.3

2
v0�2.1�ξ1 � 2v0

2.1 ��1 � v0
1.1 � v

0
1.2� � 2v0

3.1

v0�2.2�ξ1 � v
0
2.2 ��1 � 2v0

1.1 � 2v0
1.2 � v

0
2.2� � v0

3.2 � v
0
3.3

v0�3.1�ξ1 � v
0
3.1 ��9

2
� 4v0

1.1 � v
0
1.2 � 2v0

2.2 �
2v0

3.1 � v
0
3.2

2v0
1.1

�
2v0

3.1 � v
0
3.3

2v0
1.2

�
v0

3.1

2v0
2.1

� � v0
4.1

v0�3.2�ξ1 � v
0
3.2 ��5

2
� 5v0

1.1 � 3v0
1.2 � 2v0

2.1 � 3v0
2.2 �

v0
3.1 � 2v0

3.2

v0
1.1

�
v0

3.2

2v0
2.2

� � v0
4.1

v0�3.3�ξ1 �
v0

3.3

2
��11 � 6v0

1.1 � 2v0
1.2 � 4v0

2.1 � 6v0
2.2 �

2v0
3.1 � 4v0

3.3

v0
1.2

�
v0

3.3

v0
2.2

� � v0
4.1

v0�4.1�ξ1 � v
0
4.1 ��7 � 6v0

1.1 � 4v0
2.2 �

v0
3.1 � v

0
3.2

v0
1.1

�
v0

3.1 � v
0
3.3

v0
1.2

�
v0

4.1

v0
3.1

�
v0

4.1

2v0
3.2

�
v0

4.1

2v0
3.3

�
and

v0�1.1�ξ2 �
v0

1.1

2
��4 � v0

1.1 � 3v0
1.2 � 3v0

2.1� � 3

2
v0

3.1

v0�1.2�ξ2 �
v0

1.2

2
��4 � 3v0

1.1 � v
0
1.2 � 3v0

2.1� � 3

2
v0

3.1

v0�2.1�ξ2 � v
0
2.1 ��1 � v0

2.1�
v0�2.2�ξ2 � 2v0

2.2 ��1 � v0
1.1 � v

0
1.2� � v0

3.2 � v
0
3.3

v0�3.1�ξ2 � v
0
3.1 ��4 �

3

2
v0

1.1 �
3

2
v0

1.2 � 3v0
2.1 �

v0
3.1

v0
1.1

�
v0

3.1

v0
1.2

�
v0�3.2�ξ2 � v

0
3.2 ��9

2
� 2v0

1.1 � 3v0
1.2 � 2v0

2.1 �
v0

3.1

v0
1.1

�
v0

3.2

2v0
2.2

� � v0
4.1

v0�3.3�ξ2 � v
0
3.3 ��9

2
� 3v0

1.1 � 2v0
1.2 � 2v0

2.1 �
v0

3.1

v0
1.2

�
v0

3.3

2v0
2.2

� � v0
4.1

v0�4.1�ξ2 � v
0
4.1 ��7 � 3v0

1.1 � 3v0
1.2 � 4v0

2.1 �
v0

3.1

v0
1.1

�
v0

3.1

v0
1.2

�
v0

4.1

2v0
3.2

�
v0

4.1

2v0
3.3

�
Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � �1; u0

1.2 � 1; u0
2.1 � �1; u0

2.2 � 1

u0
3.1 � �1; u0

3.2 � �1; u0
3.3 � 1; u0

4.1 � �1
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The limiting first derivatives of the CFs with respect to u0, ξ1 and ξ2, in the
orthogonal basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � 0; u0�1.2�0 � 2; u0�2.1�0 � 0; u0�2.2�0 � 2

u0�3.1�0 � �1; u0�3.2�0 � �1; u0�3.3�0 � 3; u0�4.1�0 � �2

u0�1.1�ξ1 � �2; u0�1.2�ξ1 � 0; u0�2.1�ξ1 � 0; u0�2.2�ξ1 � 2

u0�3.1�ξ1 � �1; u0�3.2�ξ1 � �3; u0�3.3�ξ1 � 1; u0�4.1�ξ1 � �2

u0�1.1�ξ2 � �1; u0�1.2�ξ2 � 1; u0�2.1�ξ2 � �2; u0�2.2�ξ2 � 0

u0�3.1�ξ2 � �2; u0�3.2�ξ2 � �1; u0�3.3�ξ2 � 1; u0�4.1�ξ2 � �2

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ10, u
0�i.j�ξ20, u

0�i.j�ξ1ξ1 and u0�i.j�ξ2ξ2 , are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�2.1�00 � 2v0
2.1

u0�2.2�00 � 2v0
2.2; u0�3.1�00 � 2v0

1.1 � 2v0
1.2 � 2v0

2.1; u0�3.2�00 � 4v0
1.1 � 2v0

2.2

u0�3.3�00 � 4v0
1.2 � 2v0

2.2; u0�4.1�00 � 4v0
1.1 � 4v0

1.2 � 2v0
2.1 � 2v0

2.2

u0�1.1�ξ10 �0; u0�1.2�ξ10 �0; u0�2.1�ξ10 � � 2v0
2.1

u0�2.2�ξ10 �2v0
2.2; u0�3.1�ξ10 � � 2v0

2.1; u0�3.2�ξ10 � � 2v0
2.2

u0�3.3�ξ10 �2v0
2.2; u0�4.1�ξ10 � � 2v0

2.1 � 2v0
2.2

u0�1.1�ξ20 � � v
0
1.1; u0�1.2�ξ20 �v

0
1.2; u0�2.1�ξ20 �0

u0�2.2�ξ20 �0; u0�3.1�ξ20 � � v
0
1.1 � v

0
1.2; u0�3.2�ξ20 � � 2v0

1.1

u0�3.3�ξ20 �2v0
1.2; u0�4.1�ξ20 � � 2v0

1.1 � 2v0
1.2

u0�1.1�ξ1ξ1 � �2v0
1.1; u0�1.2�ξ1ξ1 � �2v0

1.2; u0�2.1�ξ1ξ1 � 2v0
2.1

u0�2.2�ξ1ξ1 � 2v0
2.2; u0�3.1�ξ1ξ1 � �2v0

1.1 � 2v0
1.2 � 2v0

2.1; u0�3.2�ξ1ξ1 � �4v0
1.1 � 2v0

2.2

u0�3.3�ξ1ξ1 � �4v0
1.2 � 2v0

2.2; u0�4.1�ξ1ξ1 � �4v0
1.1 � 4v0

1.2 � 2v0
2.1 � 2v0

2.2

and

u0�1.1�ξ2ξ2 � 0; u0�1.2�ξ2ξ2 � 0; u0�2.1�ξ2ξ2 � �2v0
2.1; u0�2.2�ξ2ξ2 � 0

u0�3.1�ξ2ξ2 � �2v0
2.1; u0�3.2�ξ2ξ2 � 0; u0�3.3�ξ2ξ2 � 0; u0�4.1�ξ2ξ2 � �2v0

2.1
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A.2 FCC based ordered phases

A.2.1 Thermodynamics of L10 phase using tetrahedron –
octahedron approximation

The tetrahedron–octahedron clusters considered for L10 phase is shown in Figure
A.3 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.3.

α

α

α

α

αα

β

β

β

β β

α

α

α

α

α
β

1

2 3

4

5

6

7
8

9

10

11

Figure A.3: The tetrahedron–octahedron basic clusters in L10 phase along with the
sublattice sites designated α and β.

Table A.3: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for L10 phase using tetrahedron–octahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Octahedron

ααββββ�O2�
�1,6,3,4,5,7�

9.2 1~2
1

ααααββ�O1�
�6,8,9,10,5,11�

9.1 1~2

Square pyramid

αββββ
�1,3,4,5,7�

8.4 1

0
ααβββ

�1,6,3,4,5�
8.3 2

αααββ
�6,8,9,5,11�

8.2 2

ααααβ
�6,8,9,10,5�

8.1 1

cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Square

ββββ
�3,4,5,7�

7.4 1~2
0

ααββ�O2�
�1,6,4,5�

7.3 1

ααββ�O1�
�6,9,5,11�

7.2 1

αααα
�6,8,9,10�

7.1 1~2

Irregular tetrahedron

αβββ
�1,3,4,5�

6.4 4

0
ααββ�O2�
�1,6,3,4�

6.3 2

ααββ�O1�
�6,8,5,11�

6.2 2

αααβ
�6,8,9,5�

6.1 4

Regular tetrahedron
ααββ

�1,2,3,4�
5.1 2 1

Isosceles triangle

βββ
�3,4,5�

4.6 2

0

αββ�O2�
�1,3,7�

4.5 2

αββ�O1�
�6,5,11�

4.4 2

ααβ�O2�
�1,6,3�

4.3 2

ααβ�O1�
�6,9,5�

4.2 2

ααα
�6,8,9�

4.1 2

Equilateral triangle

αββ
�1,3,4�

3.2 4

-1
ααβ

�1,2,3�
3.1 4

II-n pair

ββ�O2�
�3,7�

2.4 1

0
ββ�O1�
�5,11�

2.3 1~2
αα�O2�
�1,6�

2.2 1~2
αα�O1�
�6,9�

2.1 1

cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

I-n pair

ββ
�3,4�

1.3 1

1αβ
�1,3�

1.2 4

αα
�1,2�

1.1 1

Point

β
�3�

0.2 1~2
-1

α
�1�

0.1 1~2
The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � u0.2�~2 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

η1η2
3η

1~8
9

η2
4η

3~2
6

º
η5η7; v0

1.2 �
η

1~8
9

η1

¾
η5η7

η6

; v0
1.3 �

η1η2
4η

1~8
9

η2
3η

3~2
6

º
η5η7

v0
2.1 �

η2η
1~16
9

η6

º
η7; v0

2.2 � η2η
2
4η6

º
η7η8η

1~16
9 ; v0

2.3 �
η2η6η

1~16
9

η2
4

¾
η7

η8

v0
2.4 �

η2η
1~16
9

η6

º
η7; v0

3.1 �
η3η5η

3~2
7 η

1~4
8 η

1~4
9

η1η2
4η

2
6

; v0
3.2 �

η2
4η5η

3~2
7 η

1~4
9

η1η3η2
6η

1~4
8

v0
4.1 �

η2
1η2η4

3η5η7η
3~16
9

η3
4η

3
6η

1~4
8

; v0
4.2 �

η2η5η7η
1~4
8 η

3~16
9

η2
1η4η6

; v0
4.3 �

η2η4η5η7η
3~16
9

η2
1η6η

1~4
8

v0
4.4 �

η2η5η7η
1~4
8 η

3~16
9

η2
1η4η6

; v0
4.5 �

η2η4η5η7η
3~16
9

η2
1η6η

1~4
8

; v0
4.6 �

η2
1η2η3

4η5η7η
1~4
8 η

3~16
9

η4
3η

3
6

v0
5.1 �

η2
5η

3
7η

1~4
9

η2
1η

3
6

; v0
6.1 �

η2η2
3η

3~2
5 η2

7η
7~16
9

η1η4
4η

7~2
6

º
η8; v0

6.2 �
η2η

3~2
5 η2

7η
7~16
9

η3
1η

2
4η

5~2
6

º
η8

v0
6.3 �

η2η2
4η

3~2
5 η2

7η
7~16
9

η3
1η

5~2
6

º
η8

; v0
6.4 �

η2η4
4η

3~2
5 η2

7η
7~16
9

η1η2
3η

7~2
6

º
η8

; v0
7.1 �

η4
1η

2
2η

8
3η

2
5η

2
7η

3~8
9

η4
4η

4
6

v0
7.2 �

η2
2η

2
5η

2
7η

3~8
9

η4
1η

2
4η

2
6

º
η8; v0

7.3 �
η2

2η
2
4η

2
5η

2
7η

3~8
9

η4
1η

2
6

º
η8

; v0
7.4 �

η4
1η

2
2η

4
4η

2
5η

2
7η

3~8
9

η8
3η

4
6

v0
8.1 �

η2
2η

4
3η

2
5η

3
7η

5~8
9

η6
4η

6
6

º
η8; v0

8.2 �
η2

2η
2
5η

3
7η8η

5~8
9

η4
1η

4
4η

4
6

; v0
8.3 �

η2
2η

4
4η

2
5η

3
7η

5~8
9

η4
1η

4
6η8

v0
8.4 �

η2
2η

6
4η

2
5η

3
7η

5~8
9

η4
3η

6
6

º
η8

; v0
9.1 �

η3
2η

2
5η

9~2
7 η

3~2
8 η

15~16
9

η4
1η

6
4η

7
6

; v0
9.2 �

η3
2η

6
4η

2
5η

9~2
7 η

15~16
9

η4
1η

7
6η

3~2
8
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The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � v0
1.1 �1 � 3v0

1.1 � 4v0
1.2 � 2v0

2.1� � 2v0
3.1 � 2v0

4.1

v0�1.2�0 �
v0

1.2

2
��2v0

1.1 � 2v0
1.3 � v

0
2.1 � v

0
2.2 � v

0
2.3 � v

0
2.4� � v0

3.1 � v
0
3.2 �

1

2
�v0

4.2 � v
0
4.3 � v

0
4.4 � v

0
4.5�

v0�1.3�0 � v0
1.3 ��1 � 4v0

1.2 � 3v0
1.3 � 2v0

2.4� � 2v0
3.2 � 2v0

4.6

v0�2.1�0 � v0
2.1 �1 � 2v0

1.1 � 2v0
1.2 � v

0
2.1� � v0

4.1 � v
0
4.2

v0�2.2�0 � v0
2.2 ��1 � 4v0

1.2 � v
0
2.2� � 2v0

4.3

v0�2.3�0 � v0
2.3 �1 � 4v0

1.2 � v
0
2.3� � 2v0

4.4

v0�2.4�0 � v0
2.4 ��1 � 2v0

1.2 � 2v0
1.3 � v

0
2.4� � v0

4.5 � v
0
4.6

v0�3.1�0 �
v0

3.1

2
�1 � 6v0

1.1 � 6v0
1.2 � 3v0

1.3 � 4v0
2.1 � 2v0

2.2 � v
0
2.3 � 2v0

2.4 �
v0

3.1 � 2v0
4.1

v0
1.1

� 2
v0

3.2 � v
0
4.3 � v

0
4.5

v0
1.2

� � v0
5.1 � v

0
6.2

2
� v0

6.1

v0�3.2�0 �
v0

3.2

2
��1 � 3v0

1.1 � 6v0
1.2 � 6v0

1.3 � 2v0
2.1 � v

0
2.2 � 2v0

2.3 � 4v0
2.4 � 2

v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

�
v0

3.2 � 2v0
4.6

v0
1.3

� � v0
5.1 � v

0
6.3

2
� v0

6.4

v0�4.1�0 � v0
4.1 �2 � 5v0

1.1 � 7v0
1.2 �

7

2
v0

2.1 � 2
v0

3.1 � v
0
4.1

v0
1.1

� � v0
6.1 �

v0
7.1

2

v0�4.2�0 � v0
4.2 ��2v0

1.1 � 2v0
1.2 � 2v0

1.3 � v
0
2.1 � v

0
2.2 �

v0
2.3

2
� v0

2.4 �
2v0

3.2 � v
0
4.3 � v

0
4.5

v0
1.2

� � v0
6.1 �

v0
7.2

2

v0�4.3�0 � v0
4.3 ��2v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
2.1 � v

0
2.2 � v

0
2.3 �

v0
2.4

2
�

2v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

� � v0
6.3 �

v0
7.3

2

v0�4.4�0 � v0
4.4 ��v0

1.1 � v
0
1.2 � 2v0

1.3 �
v0

2.1

2
� v0

2.2 � v
0
2.3 � v

0
2.4 �

2v0
3.2 � v

0
4.3 � v

0
4.5

v0
1.2

� � v0
6.2 �

v0
7.2

2

v0�4.5�0 � v0
4.5 ��2v0

1.1 � 2v0
1.2 � 2v0

1.3 � v
0
2.1 �

v0
2.2

2
� v0

2.3 � v
0
2.4 �

2v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

� � v0
6.4 �

v0
7.3

2

v0�4.6�0 � v0
4.6 ��2 � 7v0

1.2 � 5v0
1.3 �

7

2
v0

2.4 � 2
v0

3.2 � v
0
4.6

v0
1.3

� � v0
6.4 �

v0
7.4

2

v0�5.1�0 � v0
5.1 ��3v0

1.1 � 3v0
1.3 � 2v0

2.1 � v
0
2.2 � v

0
2.3 � 2v0

2.4 �
2v0

6.1 � v
0
6.2

v0
3.1

�
v0

6.3 � 2v0
6.4

v0
3.2

�
v0�6.1�0 �

v0
6.1

2
�2 � 10v0

1.1 � 12v0
1.2 � 4v0

1.3 � 7v0
2.1 � 3v0

2.2 � v
0
2.3 � 3v0

2.4 �
2v0

3.1 � 4v0
4.1

v0
1.1

�
2v0

3.2 � 3v0
4.3 � 3v0

4.5

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
8.1 � v

0
8.2

2

v0�6.2�0 � v0
6.2 ��3v0

1.1 � 2 �v0
1.2 � v

0
2.1 � v

0
2.2 � v

0
2.4� � 3v0

1.3 � v
0
2.3 �

v0
4.1

v0
1.1

� 2
v0

3.2 � v
0
4.3 � v

0
4.5

v0
1.2
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�
v0

5.1

v0
3.1

� � v0
8.2

v0�6.3�0 � v0
6.3 ��3v0

1.1 � 2 �v0
1.2 � v

0
2.1 � v

0
2.3 � v

0
2.4� � 3v0

1.3 � v
0
2.2 � 2

v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

�
v0

4.6

v0
1.3

�
v0

5.1

v0
3.2

� � v0
8.3

v0�6.4�0 �
v0

6.4

2
��2 � 4v0

1.1 � 12v0
1.2 � 10v0

1.3 � 3v0
2.1 � v

0
2.2 � 3v0

2.3 � 7v0
2.4 �

2v0
3.1 � 3v0

4.2 � 3v0
4.4

v0
1.2

�
2v0

3.2 � 4v0
4.6

v0
1.3

� 2
v0

5.1

v0
3.2

� � v0
8.3 � v

0
8.4

2

v0�7.1�0 � v0
7.1 �3 � 8v0

1.1 � 12v0
1.2 � 6v0

2.1 � 4
v0

3.1 � v
0
4.1

v0
1.1

� � v0
8.1

v0�7.2�0 � v0
7.2 ��1 � 2 �v0

1.1 � v
0
1.2 � v

0
2.2 � v

0
2.4� � 4v0

1.3 � v
0
2.1 � v

0
2.3 �

4v0
3.2 � 2v0

4.3

v0
1.2

� 2
v0

4.5

v0
1.2

� � v0
8.2

v0�7.3�0 � v0
7.3 �1 � 4v0

1.1 � 2 �v0
1.2 � v

0
1.3 � v

0
2.1 � v

0
2.3� � v0

2.2 � v
0
2.4 �

4v0
3.1 � 2v0

4.2

v0
1.2

� 2
v0

4.4

v0
1.2

� � v0
8.3

v0�7.4�0 � v0
7.4 ��3 � 12v0

1.2 � 8v0
1.3 � 6v0

2.4 � 4
v0

3.2 � v
0
4.6

v0
1.3

� � v0
8.4

v0�8.1�0 � v0
8.1 �2 �1 � v0

1.3 � v
0
2.2 � v

0
2.4� � 8v0

1.1 � 10v0
1.2 � 6v0

2.1 �
v0

2.3

2
�

2v0
3.1 � 4v0

4.1

v0
1.1

� 2
v0

4.3 � v
0
4.5

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
9.1

2

v0�8.2�0 � v0
8.2 ��5v0

1.1 � 5v0
1.2 � 4v0

1.3 �
7

2
v0

2.1 � 3v0
2.2 � v

0
2.3 � 3v0

2.4 � 2
v0

4.1

v0
1.1

�
2v0

3.2 � 3v0
4.3 � 3v0

4.5

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
9.1

2

v0�8.3�0 � v0
8.3 ��4v0

1.1 � 5v0
1.2 � 5v0

1.3 � 3v0
2.1 � v

0
2.2 � 3v0

2.3 �
7

2
v0

2.4 �
2v0

3.1 � 3v0
4.2 � 3v0

4.4

v0
1.2

� 2
v0

4.6

v0
1.3

� 2
v0

5.1

v0
3.2

� � v0
9.2

2

v0�8.4�0 � 2v0
8.4 ��1 � v0

1.1 � 5v0
1.2 � 4v0

1.3 � v
0
2.1 �

v0
2.2

4
� v0

2.3 � 3v0
2.4 �

v0
3.2

v0
1.3

�
v0

4.2 � v
0
4.4

v0
1.2

� 2
v0

4.6

v0
1.3

�
v0

5.1

v0
3.2

� � v0
9.2

2

v0�9.1�0 � 4v0
9.1 �1

4
� 2v0

1.1 � 2v0
1.2 � v

0
1.3 �

3

2
v0

2.1 � v
0
2.2 �

v0
2.3

4
� v0

2.4 �
v0

4.1

v0
1.1

�
v0

4.3 � v
0
4.5

v0
1.2

�
v0

5.1

v0
3.1

�
v0�9.2�0 � 4v0

9.2 ��1

4
� v0

1.1 � 2v0
1.2 � 2v0

1.3 � v
0
2.1 �

v0
2.2

4
� v0

2.3 �
3

2
v0

2.4 �
v0

4.2 � v
0
4.4

v0
1.2

�
v0

4.6

v0
1.3

�
v0

5.1

v0
3.2

�
and

v0�1.1�ξ � v0
1.1 ��5 � 3v0

1.1 � 4v0
1.2 � 2v0

2.1� � 2v0
3.1 � 2v0

4.1
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v0�1.2�ξ �
v0

1.2

2
��10 � 2v0

1.1 � 10v0
1.2 � 2v0

1.3 � v
0
2.1 � v

0
2.2 � v

0
2.3 � v

0
2.4� � v0

3.1 � v
0
3.2

�
1

2
�v0

4.2 � v
0
4.3 � v

0
4.4 � v

0
4.5�

v0�1.3�ξ � v0
1.3 ��5 � 4v0

1.2 � 3v0
1.3 � 2v0

2.4� � 2v0
3.2 � 2v0

4.6

v0�2.1�ξ � v0
2.1 ��3 � 2v0

1.1 � 2v0
1.2 � v

0
2.1� � v0

4.1 � v
0
4.2

v0�2.2�ξ � v0
2.2 ��3 � 4v0

1.2 � v
0
2.2� � 2v0

4.3

v0�2.3�ξ � v0
2.3 ��3 � 4v0

1.2 � v
0
2.3� � 2v0

4.4

v0�2.4�ξ � v0
2.4 ��3 � 2v0

1.2 � 2v0
1.3 � v

0
2.4� � v0

4.5 � v
0
4.6

v0�3.1�ξ �
v0

3.1

2
��23 � 6v0

1.1 � 18v0
1.2 � 3v0

1.3 � 4v0
2.1 � 2v0

2.2 � v
0
2.3 � 2v0

2.4 �
v0

3.1 � 2v0
4.1

v0
1.1

� 2
v0

3.2 � v
0
4.3 � v

0
4.5

v0
1.2

� � v0
5.1 � v

0
6.2

2
� v0

6.1

v0�3.2�ξ �
v0

3.1

2
��23 � 3v0

1.1 � 18v0
1.2 � 6v0

1.3 � 2v0
2.1 � v

0
2.2 � 2v0

2.3 � 4v0
2.4 � 2

v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

�
v0

3.2 � 2v0
4.6

v0
1.3

� � v0
5.1 � v

0
6.2

2
� v0

6.1

v0�4.1�ξ � v0
4.1 ��10 � 5v0

1.1 � 7v0
1.2 �

7

2
v0

2.1 � 2
v0

3.1 � v
0
4.1

v0
1.1

� � v0
6.1 �

v0
7.1

2

v0�4.2�ξ � v0
4.2 ��10 � 2v0

1.1 � 8v0
1.2 � 2v0

1.3 � v
0
2.1 � v

0
2.2 �

v0
2.3

2
� v0

2.4 �
2v0

3.2 � v
0
4.3

v0
1.2

�
v0

4.5

v0
1.2

�
� v0

6.1 �
v0

7.2

2

v0�4.3�ξ � v0
4.3 ��10 � 2v0

1.1 � 9v0
1.2 � v

0
1.3 � v

0
2.1 � v

0
2.2 � v

0
2.3 �

v0
2.4

2
�

2v0
3.1 � v

0
4.2

v0
1.2

�
v0

4.4

v0
1.2

�
� v0

6.3 �
v0

7.3

2

v0�4.4�ξ � v0
4.4 ��10 � v0

1.1 � 9v0
1.2 � 2v0

1.3 �
v0

2.1

2
� v0

2.2 � v
0
2.3 � v

0
2.4 �

2v0
3.2 � v

0
4.3

v0
1.2

�
v0

4.5

v0
1.2

�
� v0

6.2 �
v0

7.2

2

v0�4.5�ξ � v0
4.5 ��10 � 2v0

1.1 � 8v0
1.2 � 2v0

1.3 � v
0
2.1 �

v0
2.2

2
� v0

2.3 � v
0
2.4 �

2v0
3.1 � v

0
4.2

v0
1.2

�
v0

4.4

v0
1.2

�
� v0

6.4 �
v0

7.3

2

v0�4.6�ξ � v0
4.6 ��10 � 7v0

1.2 � 5v0
1.3 �

7

2
v0

2.4 � 2
v0

3.2 � v
0
4.6

v0
1.3

� � v0
6.4 �

v0
7.4

2

v0�5.1�ξ � v0
5.1 ��18 � 3v0

1.1 � 12v0
1.2 � 3v0

1.3 � 2v0
2.1 � v

0
2.2 � v

0
2.3 � 2v0

2.4 �
2v0

6.1 � v
0
6.2

v0
3.1

�
v0

6.3

v0
3.2

� 2
v0

6.4

v0
3.2

�
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v0�6.1�ξ �
v0

6.1

2
��36 � 10v0

1.1 � 26v0
1.2 � 4v0

1.3 � 7v0
2.1 � 3v0

2.2 � v
0
2.3 � 3v0

2.4 �
2v0

3.1 � 4v0
4.1

v0
1.1

�
2v0

3.2 � 3v0
4.3 � 3v0

4.5

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
8.1 � v

0
8.2

2

v0�6.2�ξ � v0
6.2 ��18 � 3v0

1.1 � 14v0
1.2 � 3v0

1.3 � 2v0
2.1 � 2v0

2.2 � v
0
2.3 � 2v0

2.4 �
v0

4.1

v0
1.1

� 2
v0

3.2 � v
0
4.3 � v

0
4.5

v0
1.2

�
v0

5.1

v0
3.1

� � v0
8.2

v0�6.3�ξ � v0
6.3 ��18 � 3v0

1.1 � 14v0
1.2 � 3v0

1.3 � 2v0
2.1 � v

0
2.2 � 2v0

2.3 � 2v0
2.4 � 2

v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

�
v0

4.6

v0
1.3

�
v0

5.1

v0
3.2

� � v0
8.3

v0�6.4�ξ �
v0

6.4

2
��36 � 4v0

1.1 � 26v0
1.2 � 10v0

1.3 � 3v0
2.1 � v

0
2.2 � 3v0

2.3 � 7v0
2.4 � 2

v0
3.2

v0
1.3

�
2v0

3.1 � 3v0
4.2 � 3v0

4.4

v0
1.2

� 4
v0

4.6

v0
1.3

� 2
v0

5.1

v0
3.2

� � v0
8.3 � v

0
8.4

2

v0�7.1�ξ � v0
7.1 ��17 � 8v0

1.1 � 12v0
1.2 � 6v0

2.1 � 4
v0

3.1 � v
0
4.1

v0
1.1

� � v0
8.1

v0�7.2�ξ � v0
7.2 ��17 � 2v0

1.1 � 14v0
1.2 � 4v0

1.3 � v
0
2.1 � 2v0

2.2 � v
0
2.3 � 2v0

2.4 � 2
2v0

3.2 � v
0
4.3 � v

0
4.5

v0
1.2

� � v0
8.2

v0�7.3�ξ � v0
7.3 ��17 � 4v0

1.1 � 14v0
1.2 � 2v0

1.3 � 2v0
2.1 � v

0
2.2 � 2v0

2.3 � v
0
2.4 � 2

2v0
3.1 � v

0
4.2 � v

0
4.4

v0
1.2

� � v0
8.3

v0�7.4�ξ � v0
7.4 ��17 � 12v0

1.2 � 8v0
1.3 � 6v0

2.4 � 4
v0

3.2 � v
0
4.6

v0
1.3

� � v0
8.4

v0�8.1�ξ � 2v0
8.1 ��13 � 4v0

1.1 � 9v0
1.2 � v

0
1.3 � 3v0

2.1 � v
0
2.2 �

v0
2.3

4
� v0

2.4 �
v0

3.1 � 2v0
4.1

v0
1.1

�
v0

4.3 � v
0
4.5

v0
1.2

�
v0

5.1

v0
3.1

� � v0
9.1

2

v0�8.2�ξ � v0
8.2 ��26 � 5v0

1.1 � 19v0
1.2 � 4v0

1.3 �
7

2
v0

2.1 � 3v0
2.2 � v

0
2.3 � 3v0

2.4 � 2
v0

4.1

v0
1.1

�
2v0

3.2 � 3v0
4.3 � 3v0

4.5

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
9.1

2

v0�8.3�ξ � v0
8.3 ��26 � 4v0

1.1 � 19v0
1.2 � 5v0

1.3 � 3v0
2.1 � v

0
2.2 � 3v0

2.3 �
7

2
v0

2.4 �
2v0

3.1 � 3v0
4.2 � 3v0

4.4

v0
1.2

� 2
v0

4.6

v0
1.3

� 2
v0

5.1

v0
3.2

� � v0
9.2

2

v0�8.4�ξ � 2v0
8.4 ��13 � v0

1.1 � 9v0
1.2 � 4v0

1.3 � v
0
2.1 �

v0
2.2

4
� v0

2.3 � 3v0
2.4 �

v0
3.2

v0
1.3

�
v0

4.2 � v
0
4.4

v0
1.2

� 2
v0

4.6

v0
1.3

�
v0

5.1

v0
3.2

� � v0
9.2

2
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v0�9.1�ξ � 4v0
9.1 ��35

4
� 2v0

1.1 � 6v0
1.2 � v

0
1.3 �

3

2
v0

2.1 � v
0
2.2 �

v0
2.3

4
� v0

2.4 �
v0

4.1

v0
1.1

�
v0

4.3 � v
0
4.5

v0
1.2

�
v0

5.1

v0
3.1

�
v0�9.2�ξ � 4v0

9.2 ��35

4
� v0

1.1 � 6v0
1.2 � 2v0

1.3 � v
0
2.1 �

v0
2.2

4
� v0

2.3 �
3

2
v0

2.4 �
v0

4.2 � v
0
4.4

v0
1.2

�
v0

4.6

v0
1.3

�
v0

5.1

v0
3.2

�
Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � 1; u0

1.2 � �1; u0
1.3 � 1; u0

2.1 � 1

u0
2.2 � 1; u0

2.3 � 1; u0
2.4 � 1; u0

3.1 � 1

u0
3.2 � �1; u0

4.1 � �1; u0
4.2 � 1; u0

4.3 � 1

u0
4.4 � �1; u0

4.5 � �1; u0
4.6 � 1; u0

5.1 � 1

u0
6.1 � �1; u0

6.2 � 1; u0
6.3 � 1; u0

6.4 � �1

u0
7.1 � 1; u0

7.2 � 1; u0
7.3 � 1; u0

7.4 � 1

u0
8.1 � 1; u0

8.2 � �1; u0
8.3 � 1; u0

8.4 � �1

u0
9.1 � 1; u0

9.2 � 1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � �2; u0�1.2�0 � 0; u0�1.3�0 � 2; u0�2.1�0 � �2

u0�2.2�0 � �2; u0�2.3�0 � 2; u0�2.4�0 � 2; u0�3.1�0 � �1

u0�3.2�0 � �1; u0�4.1�0 � 3; u0�4.2�0 � �1; u0�4.3�0 � �1

u0�4.4�0 � �1; u0�4.5�0 � �1; u0�4.6�0 � 3; u0�5.1�0 � 0

u0�6.1�0 � 2; u0�6.2�0 � 0; u0�6.3�0 � 0; u0�6.4�0 � �2

u0�7.1�0 � �4; u0�7.2�0 � 0; u0�7.3�0 � 0; u0�7.4�0 � 4

u0�8.1�0 � �3; u0�8.2�0 � 1; u0�8.3�0 � 1; u0�8.4�0 � �3

u0�9.1�0 � �2; u0�9.2�0 � 2

and

u0�1.1�ξ � 2; u0�1.2�ξ � �2; u0�1.3�ξ � 2; u0�2.1�ξ � 2

u0�2.2�ξ � 2; u0�2.3�ξ � 2; u0�2.4�ξ � 2; u0�3.1�ξ � 3

u0�3.2�ξ � �3; u0�4.1�ξ � �3; u0�4.2�ξ � 3; u0�4.3�ξ � 3

u0�4.4�ξ � �3; u0�4.5�ξ � �3; u0�4.6�ξ � 3; u0�5.1�ξ � 4

u0�6.1�ξ � �4; u0�6.2�ξ � 4; u0�6.3�ξ � 4; u0�6.4�ξ � �4

u0�7.1�ξ � 4; u0�7.2�ξ � 4; u0�7.3�ξ � 4; u0�7.4�ξ � 4

u0�8.1�ξ � 5; u0�8.2�ξ � �5; u0�8.3�ξ � 5; u0�8.4�ξ � �5

u0�9.1�ξ � 6; u0�9.2�ξ � 6
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The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ0 and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3

u0�2.1�00 � 2v0
2.1; u0�2.2�00 � 2v0

2.2; u0�2.3�00 � 2v0
2.3

u0�2.4�00 � 2v0
2.4; u0�3.1�00 � 2v0

1.1 � 4v0
1.2; u0�3.2�00 � 4v0

1.2 � 2v0
1.3

u0�4.1�00 � �4v0
1.1 � 2v0

2.1; u0�4.2�00 � �4v0
1.2 � 2v0

2.1; u0�4.3�00 � �4v0
1.2 � 2v0

2.2

u0�4.4�00 � 4v0
1.2 � 2v0

2.3; u0�4.5�00 � 4v0
1.2 � 2v0

2.4; u0�4.6�00 � 4v0
1.3 � 2v0

2.4

u0�5.1�00 � 2v0
1.1 � 8v0

1.2 � 2v0
1.3; u0�6.1�00 � �4v0

1.1 � 6v0
1.2 � 2v0

2.1

u0�6.2�00 � 2v0
1.1 � 8v0

1.2 � 2v0
2.3; u0�6.3�00 � �8v0

1.2 � 2v0
1.3 � 2v0

2.2

u0�6.4�00 � 6v0
1.2 � 4v0

1.3 � 2v0
2.4; u0�7.1�00 � 8v0

1.1 � 4v0
2.1

u0�7.2�00 � �8v0
1.2 � 2v0

2.1 � 2v0
2.3; u0�7.3�00 � �8v0

1.2 � 2v0
2.2 � 2v0

2.4

u0�7.4�00 � 8v0
1.3 � 4v0

2.4; u0�8.1�00 � 8v0
1.1 � 8v0

1.2 � 4v0
2.1

u0�8.2�00 � �4v0
1.1 � 12v0

1.2 � 2v0
2.1 � 2v0

2.3; u0�8.3�00 � �12v0
1.2 � 4v0

1.3 � 2v0
2.2 � 2v0

2.4

u0�8.4�00 � 8v0
1.2 � 8v0

1.3 � 4v0
2.4; u0�9.1�00 � 8v0

1.1 � 16v0
1.2 � 4v0

2.1 � 2v0
2.3

u0�9.2�00 � �16v0
1.2 � 8v0

1.3 � 2v0
2.2 � 4v0

2.4

u0�1.1�ξ0 � �2v0
1.1; u0�1.2�ξ0 � 0; u0�1.3�ξ0 � 2v0

1.3

u0�2.1�ξ0 � �2v0
2.1; u0�2.2�ξ0 � �2v0

2.2; u0�2.3�ξ0 � 2v0
2.3

u0�2.4�ξ0 � 2v0
2.4; u0�3.1�ξ0 � �2v0

1.1; u0�3.2�ξ0 � �2v0
1.3

u0�4.1�ξ0 � 4v0
1.1 � 2v0

2.1; u0�4.2�ξ0 � �2v0
2.1; u0�4.3�ξ0 � �2v0

2.2

u0�4.4�ξ0 � �2v0
2.3; u0�4.5�ξ0 � �2v0

2.4; u0�4.6�ξ0 � 4v0
1.3 � 2v0

2.4

u0�5.1�ξ0 � 2v0
1.3 � 2v0

1.1; u0�6.1�ξ0 � 4v0
1.1 � 2v0

2.1; u0�6.2�ξ0 � 2v0
2.3 � 2v0

1.1

u0�6.3�ξ0 � 2v0
1.3 � 2v0

2.2; u0�6.4�ξ0 � �4v0
1.3 � 2v0

2.4; u0�7.1�ξ0 � �8v0
1.1 � 4v0

2.1

u0�7.2�ξ0 � 2v0
2.3 � 2v0

2.1; u0�7.3�ξ0 � 2v0
2.4 � 2v0

2.2; u0�7.4�ξ0 � 8v0
1.3 � 4v0

2.4

u0�8.1�ξ0 � �8v0
1.1 � 4v0

2.1; u0�8.2�ξ0 � 4v0
1.1 � 2v0

2.1 � 2v0
2.3; u0�8.3�ξ0 � 4v0

1.3 � 2v0
2.2 � 2v0

2.4

u0�8.4�ξ0 � �8v0
1.3 � 4v0

2.4; u0�9.1�ξ0 � �8v0
1.1 � 4v0

2.1 � 2v0
2.3; u0�9.2�ξ0 � 8v0

1.3 � 2v0
2.2 � 4v0

2.4

and

u0�1.1�ξξ � 2v0
1.1; u0�1.2�ξξ � �2v0

1.2; u0�1.3�ξξ � 2v0
1.3

u0�2.1�ξξ � 2v0
2.1; u0�2.2�ξξ � 2v0

2.2; u0�2.3�ξξ � 2v0
2.3

u0�2.4�ξξ � 2v0
2.4; u0�3.1�ξξ � 2v0

1.1 � 4v0
1.2; u0�3.2�ξξ � �4v0

1.2 � 2v0
1.3

u0�4.1�ξξ � �4v0
1.1 � 2v0

2.1; u0�4.2�ξξ � 4v0
1.2 � 2v0

2.1; u0�4.3�ξξ � 4v0
1.2 � 2v0

2.2

u0�4.4�ξξ � �4v0
1.2 � 2v0

2.3; u0�4.5�ξξ � �4v0
1.2 � 2v0

2.4; u0�4.6�ξξ � 4v0
1.3 � 2v0

2.4

u0�5.1�ξξ � 2v0
1.1 � 8v0

1.2 � 2v0
1.3
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u0�6.1�ξξ � �4v0
1.1 � 6v0

1.2 � 2v0
2.1; u0�6.2�ξξ � 2v0

1.1 � 8v0
1.2 � 2v0

2.3

u0�6.3�ξξ � 8v0
1.2 � 2v0

1.3 � 2v0
2.2; u0�6.4�ξξ � �6v0

1.2 � 4v0
1.3 � 2v0

2.4

u0�7.1�ξξ � 8v0
1.1 � 4v0

2.1; u0�7.2�ξξ � 8v0
1.2 � 2v0

2.1 � 2v0
2.3

u0�7.3�ξξ � 8v0
1.2 � 2v0

2.2 � 2v0
2.4; u0�7.4�ξξ � 8v0

1.3 � 4v0
2.4

u0�8.1�ξξ � 8v0
1.1 � 8v0

1.2 � 4v0
2.1; u0�8.2�ξξ � �4v0

1.1 � 12v0
1.2 � 2v0

2.1 � 2v0
2.3

u0�8.3�ξξ � 12v0
1.2 � 4v0

1.3 � 2v0
2.2 � 2v0

2.4; u0�8.4�ξξ � �8v0
1.2 � 8v0

1.3 � 4v0
2.4

u0�9.1�ξξ � 8v0
1.1 � 16v0

1.2 � 4v0
2.1 � 2v0

2.3; u0�9.2�ξξ � 16v0
1.2 � 8v0

1.3 � 2v0
2.2 � 4v0

2.4
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A.2.2 Thermodynamics of L12 phase using tetrahedron
approximation

The tetrahedron cluster considered for L12 phase is shown in Figure A.4 and the
details of the (sub-)clusters, their designations, multiplicities and K-B coefficients are
given in Table A.4.

β

β

β

α

α

α

α

α

α

β

β

β

α

4

3

1

2

Figure A.4: The tetrahedron basic cluster in L12 phase along with the sublattice sites
designated α and β.

Table A.4: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for L12 phase using tetrahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Regular tetrahedron
αβββ�1,2,3,4� 3.1 2 1

Equilateral triangle

βββ�2,3,4� 2.2 2

0αββ�1,2,3� 2.1 6

I-n pair

ββ�2,3� 1.2 3

-1αβ�1,2� 1.1 3

Point

β�2� 0.1 3~4
5α�1� 0.1 1~4
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The average composition of the system and the LRO parameters are related to
the sublattice point CFs as

u0 � �u0.1 � 3u0.2�~4 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

1

η1η2
2

º
η3

; v0
1.2 �

η1º
η3

; v0
2.1 �

1

η1η3
2η3

; v0
2.2 �

η3
1

η2η3

; v0
3.1 �

1

η4
2η

2
3

The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � 2v0
1.1 ��1 � v0

1.1 � v
0
1.2� � 2v0

2.1

v0�1.2�0 � v0
1.2 ��1 � 2v0

1.1 � 3v0
1.2� � v0

2.1 � v
0
2.2

v0�2.1�0 � v0
2.1 ��4 �

3

2
v0

1.1 � 5v0
1.2 � 2

v0
2.1

v0
1.1

�
v0

2.1 � v
0
2.2

2v0
1.2

� � v0
3.1

2

v0�2.2�0 � v0
2.2 ��2 �

9

2
v0

1.1 � 6v0
1.2 � 3

v0
2.1 � v

0
2.2

2v0
1.2

� � v0
3.1

2

v0�3.1�0 � 3v0
3.1 ��2 � 3v0

1.2 �
v0

2.1

v0
1.1

�
v0

2.1 � v
0
2.2

2v0
1.2

�
and

v0�1.1�ξ � v0
1.1 ��2 � 2v0

1.1 � v
0
1.2� � v0

2.1

v0�1.2�ξ �
v0

1.2

2
��5 � 6v0

1.1 � 3v0
1.2� � 3v0

2.1 � v
0
2.2

2

v0�2.1�ξ � v0
2.1 ��5 �

19

4
v0

1.1 �
5

2
v0

1.2 �
v0

2.1

v0
1.1

�
3v0

2.1 � v
0
2.2

4v0
1.2

� � v0
3.1

4

v0�2.2�ξ �
3

4
v0

2.2 ��8 � 9v0
1.1 � 4v0

1.2 �
3v0

2.1 � v
0
2.2

v0
1.2

� � 3

4
v0

3.1

v0�3.1�ξ � 9v0
3.1 ��1 � v0

1.1 �
v0

1.2

2
�
v0

2.1

6v0
1.1

�
3v0

2.1 � v
0
2.2

12v0
1.2

�
Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � �1; u0

1.2 � 1; u0
2.1 � �1; u0

2.2 � 1; u0
3.1 � �1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � 0; u0�1.2�0 � 2; u0�2.1�0 � �1; u0�2.2�0 � 3; u0�3.1�0 � �2
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u0�1.1�ξ � �2; u0�1.2�ξ � 1; u0�2.1�ξ � �
5

2
; u0�2.2�ξ �

3

2
; u0�3.1�ξ � �3

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ0 and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�2.1�00 � 4v0
1.1 � 2v0

1.2

u0�2.2�00 � 6v0
1.2; u0�3.1�00 � 6v0

1.1 � 6v0
1.2

u0�1.1�ξ0 � �v0
1.1; u0�1.2�ξ0 � v0

1.2; u0�2.1�ξ0 � �2v0
1.1 � v

0
1.2

u0�2.2�ξ0 � 3v0
1.2; u0�3.1�ξ0 � �3v0

1.1 � 3v0
1.2

u0�1.1�ξξ � �
3

2
v0

1.1; u0�1.2�ξξ �
v0

1.2

2
; u0�2.1�ξξ � �3v0

1.1 �
v0

1.2

2

u0�2.2�ξξ �
3

2
v0

1.2; u0�3.1�ξξ � �
9v0

1.1 � 3v0
1.2

2
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A.2.3 Thermodynamics of L12 phase using tetrahedron –
octahedron approximation

The tetrahedron–octahedron clusters considered for L12 phase is shown in Figure
A.5 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.5.

α

β

β
β

β
β

β

α

α

α

α

α

β
β

α

α

1

2 3

4

5

6

7
8

9

10

11

Figure A.5: The tetrahedron–octahedron basic clusters in L12 phase along with the
sublattice sites designated α and β.

Table A.5: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for L12 phase using tetrahedron–octahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Octahedron

ββββββ�O2�
�1,3,4,5,6,7�

9.2 1~4
1

ααββββ�O1�
�8,10,5,6,9,11�

9.1 3~4
Square pyramid

βββββ
�1,3,4,5,6�

8.3 3~2
0αββββ

�8,5,6,9,11�
8.2 3~2

ααβββ
�8,10,5,6,9�

8.1 3

Square

ββββ�O2�
�1,4,5,6�

7.3 3~4
0ββββ�O1�

�5,6,9,11�
7.2 3~4

ααββ
�8,10,5,11�

7.1 3~2
cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Irregular tetrahedron

ββββ
�1,3,4,5�

6.3 3

0αβββ
�8,5,6,9�

6.2 6

ααββ
�8,10,5,6�

6.1 3

Regular tetrahedron
αβββ

�1,2,3,4�
5.1 2 1

Isosceles triangle

βββ�O2�
�1,3,6�

4.4 3

0

βββ�O1�
�5,6,9�

4.3 3

αββ
�8,5,11�

4.2 3

ααβ
�8,10,5�

4.1 3

Equilateral triangle

βββ
�1,3,4�

3.2 2

-1
αββ

�2,1,3�
3.1 6

II-n pair

ββ�O2�
�1,6�

2.3 3~4
0ββ�O1�

�5,11�
2.2 3~2

αα
�8,10�

2.1 3~4
I-n pair

ββ
�1,3�

1.2 3

1
αβ

�2,1�
1.1 3

Point

β
�1�

0.2 3~4
-1

α
�2�

0.1 1~4
The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � 3u0.2�~4 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

η
1~8
9

η1η2
3

¾
η7η8

η5η6

; v0
1.2 � η1η

2
4η

1~8
9

¾
η6η7η8

η5

; v0
2.1 � η2η

2
4η6

º
η7η8η

1~16
9
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v0
2.2 �

η2η
1~16
9

η6

º
η7; v0

2.3 � η2η
2
4η6

º
η7η8η

1~16
9 ; v0

3.1 �
η2

4η
3~2
7 η

5~4
8 η

1~4
9

η1η3
3η5

v0
3.2 �

η3
1η

6
4η

3~2
7 η

3~4
8 η

1~4
9

η3η5

; v0
4.1 �

η2η4η7η
3~4
8 η

3~16
9

η2
1η

4
3η5η6

; v0
4.2 �

η2η4η7η
3~4
8 η

3~16
9

η2
1η

4
3η5η6

v0
4.3 �

η2
1η2η3

4η6η7η
5~4
8 η

3~16
9

η5

; v0
4.4 �

η2
1η2η5

4η6η7η
3~4
8 η

3~16
9

η5

; v0
5.1 �

η6
4η

3
7η

3~2
8 η

1~4
9

η4
3η

2
5

v0
6.1 �

η2η2
4η

2
7η

2
8η

7~16
9

η3
1η

6
3η

3~2
5

º
η6

; v0
6.2 �

η2η4
4η

2
7η

2
8η

7~16
9

η1η4
3η

3~2
5

º
η6; v0

6.3 �
η5

1η2η10
4 η

2
7η8η

7~16
9

η2
3η

3~2
5

º
η6

v0
7.1 �

η2
2η

2
4η

2
7η

3~2
8 η

3~8
9

η4
1η

8
3η

2
5η

2
6

; v0
7.2 �

η4
1η

2
2η

4
4η

4
6η

2
7η

2
8η

3~8
9

η2
5

; v0
7.3 �

η4
1η

2
2η

8
4η

2
7η8η

3~8
9

η2
5

v0
8.1 �

η2
2η

4
4η

3
7η

3
8η

5~8
9

η4
1η

8
3η

2
5

; v0
8.2 �

η2
2η

6
4η

2
6η

3
7η

7~2
8 η

5~8
9

η4
3η

2
5

; v0
8.3 �

η8
1η

2
2η

14
4 η

3
7η

3~2
8 η

5~8
9

η4
3η

2
5η

2
6

v0
9.1 �

η3
2η

6
4η6η

9~2
7 η

9~2
8 η

15~16
9

η4
1η

8
3η

2
5

; v0
9.2 �

η12
1 η

3
2η

18
4 η

9~2
7 η

3~2
8 η

15~16
9

η8
3η

2
5η

3
6

The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � v0
1.1 ��2 � 2v0

1.1 � 2v0
1.2 � v

0
2.1 � v

0
2.2� � 2v0

3.1 � v
0
4.1 � v

0
4.2

v0�1.2�0 � v0
1.2 ��3 � 2v0

1.1 � 5v0
1.2 � v

0
2.2 � v

0
2.3� � v0

3.1 � v
0
3.2 � v

0
4.3 � v

0
4.4

v0�2.1�0 � v0
2.1 ��1 � 4v0

1.1 � v
0
2.1� � 2v0

4.1

v0�2.2�0 � v0
2.2 ��1 � 2v0

1.1 � 2v0
1.2 � v

0
2.2� � v0

4.2 � v
0
4.3

v0�2.3�0 � v0
2.3 ��3 � 4v0

1.2 � v
0
2.3� � 2v0

4.4

v0�3.1�0 �
v0

3.1

2
��11 � 3v0

1.1 � 12v0
1.2 � 3v0

2.1 � 4v0
2.2 � 2v0

2.3 � 2
v0

3.1 � v
0
4.1 � v

0
4.2

v0
1.1

�
v0

3.2 � 2v0
4.4

v0
1.2

�
�
v0

5.1 � v
0
6.1

2
� v0

6.2

v0�3.2�0 �
v0

3.2

2
��13 � 9v0

1.1 � 18v0
1.2 � 6v0

2.2 � 3v0
2.3 �

3v0
3.1 � 6v0

4.3

v0
1.2

� � v0
5.1 � 3v0

6.3

2

v0�4.1�0 � v0
4.1 ��4 � 5v0

1.1 � 3v0
1.2 � 2v0

2.1 �
3

2
v0

2.2 �
2v0

3.1 � v
0
4.1 � v

0
4.2

v0
1.1

� � v0
6.1 �

v0
7.1

2

v0�4.2�0 � v0
4.2 ��4 � 2v0

1.1 � 4v0
1.2 �

3

2
v0

2.1 � 2v0
2.2 �

2v0
3.1 � v

0
4.1 � v

0
4.2

v0
1.1

� � v0
6.2 �

v0
7.1

2

v0�4.3�0 � v0
4.3 ��6 � 3v0

1.1 � 9v0
1.2 �

3

2
v0

2.2 � 2v0
2.3 � 2

v0
3.2 � v

0
4.4

v0
1.2

� � v0
6.2 �

v0
7.2

2

v0�4.4�0 � v0
4.4 ��6 � 4v0

1.1 � 8v0
1.2 � 2v0

2.2 �
3

2
v0

2.3 � 2
v0

3.1 � v
0
4.3

v0
1.2

� � v0
6.3 �

v0
7.3

2

v0�5.1�0 �
3

2
v0

5.1 ��6 � 6v0
1.2 � v

0
2.1 � 2v0

2.2 � v
0
2.3 �

v0
6.1 � 2v0

6.2

v0
3.1

�
v0

6.3

v0
3.2

�
v0�6.1�0 � v0

6.1 ��8 � 5v0
1.1 � 7v0

1.2 � 3v0
2.1 � 3v0

2.2 � v
0
2.3 � 2

v0
3.1 � v

0
4.1 � v

0
4.2

v0
1.1

�
v0

4.4

v0
1.2

�
v0

5.1

v0
3.1

� � v0
8.1

A-23



v0�6.2�0 � v0
6.2 ��9 � v0

1.1 � 10v0
1.2 � 2v0

2.1 � 3v0
2.2 � 2v0

2.3 �
2v0

3.1 � 3v0
4.1 � 3v0

4.2

2v0
1.1

�
v0

3.2 � 2v0
4.4

v0
1.2

�
v0

5.1

v0
3.1

� � v0
8.1 � v

0
8.2

2

v0�6.3�0 � v0
6.3 ��10 � 7v0

1.1 � 13v0
1.2 � 5v0

2.2 � 2v0
2.3 �

2v0
3.1 � 5v0

4.3

v0
1.2

�
v0

5.1

v0
3.2

� � v0
8.3

v0�7.1�0 � v0
7.1 ��7 � 6v0

1.1 � 6v0
1.2 � 3v0

2.1 � 3v0
2.2 � 2

2v0
3.1 � v

0
4.1 � v

0
4.2

v0
1.1

� � v0
8.1

v0�7.2�0 � v0
7.2 ��11 � 4v0

1.1 � 16v0
1.2 � 2v0

2.2 � 4v0
2.3 � 4

v0
3.2 � v

0
4.4

v0
1.2

� � v0
8.2

v0�7.3�0 � v0
7.3 ��9 � 8v0

1.1 � 12v0
1.2 � 4v0

2.2 � 2v0
2.3 � 4

v0
3.1 � v

0
4.3

v0
1.2

� � v0
8.3

v0�8.1�0 � v0
8.1 ��12 � 5v0

1.1 � 11v0
1.2 � 4v0

2.1 �
9

2
v0

2.2 � 2v0
2.3 �

2v0
3.1 � 3v0

4.1 � 3v0
4.2

v0
1.1

� 2
v0

4.4

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
9.1

2

v0�8.2�0 � v0
8.2 ��14 � 16v0

1.2 �
5

2
v0

2.1 � 4v0
2.2 � 4v0

2.3 � 2
v0

4.1 � v
0
4.2

v0
1.1

�
2v0

3.2 � 4v0
4.4

v0
1.2

� 2
v0

5.1

v0
3.1

� � v0
9.1

2

v0�8.3�0 � v0
8.3 ��14 � 10v0

1.1 � 18v0
1.2 � 8v0

2.2 �
5

2
v0

2.3 �
2v0

3.1 � 8v0
4.3

v0
1.2

� 2
v0

5.1

v0
3.2

� � v0
9.2

2

v0�9.1�0 � v0
9.1 ��17 � 4v0

1.1 � 16v0
1.2 � 5v0

2.1 � 6v0
2.2 � 4v0

2.3 � 4
v0

4.1 � v
0
4.2

v0
1.1

� 4
v0

4.4

v0
1.2

� 4
v0

5.1

v0
3.1

�
v0�9.2�0 � v0

9.2 ��19 � 12v0
1.1 � 24v0

1.2 � 12v0
2.2 � 3v0

2.3 � 12
v0

4.3

v0
1.2

� 4
v0

5.1

v0
3.2

�
and

v0�1.1�ξ �
v0

1.1

2
��8 � 8v0

1.1 � 2v0
1.2 � 3v0

2.1 � v
0
2.2� � v0

3.1 �
3v0

4.1 � v
0
4.2

2

v0�1.2�ξ �
v0

1.2

2
��7 � 6v0

1.1 � 5v0
1.2 � v

0
2.2 � v

0
2.3� � 1

2
�3v0

3.1 � v
0
3.2 � v

0
4.3 � v

0
4.4�

v0�2.1�ξ �
v0

2.1

2
��5 � 4v0

1.1 � 3v0
2.1� � v0

4.1

v0�2.2�ξ �
v0

2.2

2
��5 � 6v0

1.1 � 2v0
1.2 � v

0
2.2� � 3v0

4.2 � v
0
4.3

2

v0�2.3�ξ �
v0

2.3

2
��3 � 4v0

1.2 � v
0
2.3� � v0

4.4

v0�3.1�ξ �
v0

3.1

4
��35 � 27v0

1.1 � 12v0
1.2 � 9v0

2.1 � 4v0
2.2 � 2v0

2.3 � 2
v0

3.1 � 3v0
4.1 � v

0
4.2

v0
1.1

�
v0

3.2 � 2v0
4.4

v0
1.2

�
�

1

4
�v0

5.1 � 3v0
6.1 � 2v0

6.2�
v0�3.2�ξ �

3

4
v0

3.2 ��11 � 9v0
1.1 � 6v0

1.2 � 2v0
2.2 � v

0
2.3 �

3v0
3.1 � 2v0

4.3

v0
1.2

� � 3

4
�v0

5.1 � v
0
6.3�
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v0�4.1�ξ �
v0

4.1

2
��16 � 13v0

1.1 � 3v0
1.2 � 6v0

2.1 �
3

2
v0

2.2 �
2v0

3.1 � 3v0
4.1 � v

0
4.2

v0
1.1

� � 2v0
6.1 � v

0
7.1

4

v0�4.2�ξ � v0
4.2 ��8 � 7v0

1.1 � 2v0
1.2 �

9

4
v0

2.1 � v
0
2.2 �

2v0
3.1 � 3v0

4.1 � v
0
4.2

2v0
1.1

� � 2v0
6.2 � 3v0

7.1

4

v0�4.3�ξ � v0
4.3 ��7 �

9

2
v0

1.1 �
9

2
v0

1.2 �
3

4
v0

2.2 � v
0
2.3 �

v0
3.2 � v

0
4.4

v0
1.2

� � 6v0
6.2 � v

0
7.2

4

v0�4.4�ξ � v0
4.4 ��7 � 6v0

1.1 � 4v0
1.2 � v

0
2.2 �

3

4
v0

2.3 �
3v0

3.1 � v
0
4.3

v0
1.2

� � 2v0
6.3 � v

0
7.3

4

v0�5.1�ξ �
3

4
v0

5.1 ��18 � 12v0
1.1 � 6v0

1.2 � 3v0
2.1 � 2v0

2.2 � v
0
2.3 �

3v0
6.1 � 2v0

6.2

v0
3.1

�
v0

6.3

v0
3.2

�
v0�6.1�ξ �

v0
6.1

2
��28 � 21v0

1.1 � 7v0
1.2 � 9v0

2.1 � 3v0
2.2 � v

0
2.3 � 2

v0
3.1 � 3v0

4.1 � v
0
4.2

v0
1.1

�
v0

4.4

v0
1.2

�
v0

5.1

v0
3.1

� � v0
8.1

2

v0�6.2�ξ �
v0

6.2

4
��54 � 38v0

1.1 � 20v0
1.2 � 12v0

2.1 � 6v0
2.2 � 4v0

2.3 �
2v0

3.1 � 9v0
4.1 � 3v0

4.2

v0
1.1

�
2v0

3.2 � 4v0
4.4

v0
1.2

� 2
v0

5.1

v0
3.1

� � 3v0
8.1 � v

0
8.2

4

v0�6.3�ξ �
v0

6.3

2
��26 � 21v0

1.1 � 13v0
1.2 � 5v0

2.2 � 2v0
2.3 �

6v0
3.1 � 5v0

4.3

v0
1.2

� 3
v0

5.1

v0
3.2

� � v0
8.3

2

v0�7.1�ξ �
v0

7.1

2
��27 � 22v0

1.1 � 6v0
1.2 � 9v0

2.1 � 3v0
2.2 �

4v0
3.1 � 6v0

4.1 � 2v0
4.2

v0
1.1

� � v0
8.1

2

v0�7.2�ξ � v0
7.2 ��23

2
� 6v0

1.1 � 8v0
1.2 � v

0
2.2 � 2v0

2.3 � 2
v0

3.2 � v
0
4.4

v0
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� � 3

2
v0

8.2

v0�7.3�ξ � v0
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� 12v0
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2.2 � v
0
2.3 �

6v0
3.1 � 2v0

4.3

v0
1.2

� � v0
8.3

2

v0�8.1�ξ �
v0

8.1

4
��80 � 58v0
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1.2 � 24v0

2.1 � 9v0
2.2 � 4v0

2.3 �
4v0

3.1 � 18v0
4.1 � 6v0

4.2

v0
1.1

� 4
v0

4.4

v0
1.2

� 4
v0

5.1
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3.1

� � v0
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4
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8.2 ��19 � 12v0

1.1 � 8v0
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4
v0
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2.3 �
3v0

4.1 � v
0
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v0
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�
v0
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v0
1.2

�
v0

5.1
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� � 3
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v0
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5
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2.3 �
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� 3
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5.1

v0
3.2
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v0�9.1�ξ � v0
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1.1 � 8v0
1.2 �
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v0

2.1 � 3v0
2.2 � 2v0

2.3 �
6v0
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v0
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4.4

v0
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� 2
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�
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Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � �1; u0

1.2 � 1; u0
2.1 � 1; u0

2.2 � 1

u0
2.3 � 1; u0

3.1 � �1; u0
3.2 � 1; u0

4.1 � 1

u0
4.2 � �1; u0

4.3 � 1; u0
4.4 � 1; u0

5.1 � �1

u0
6.1 � 1; u0

6.2 � �1; u0
6.3 � 1; u0

7.1 � 1

u0
7.2 � 1; u0

7.3 � 1; u0
8.1 � 1; u0

8.2 � �1

u0
8.3 � 1; u0

9.1 � 1; u0
9.2 � 1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � 0; u0�1.2�0 � 2; u0�2.1�0 � �2; u0�2.2�0 � 2

u0�2.3�0 � 2; u0�3.1�0 � �1; u0�3.2�0 � 3; u0�4.1�0 � �1

u0�4.2�0 � �1; u0�4.3�0 � 3; u0�4.4�0 � 3; u0�5.1�0 � �2

u0�6.1�0 � 0; u0�6.2�0 � �2; u0�6.3�0 � 4; u0�7.1�0 � 0

u0�7.2�0 � 4; u0�7.3�0 � 4; u0�8.1�0 � 1; u0�8.2�0 � �3

u0�8.3�0 � 5; u0�9.1�0 � 2; u0�9.2�0 � 6

and

u0�1.1�ξ � �2; u0�1.2�ξ � 1; u0�2.1�ξ � 3; u0�2.2�ξ � 1

u0�2.3�ξ � 1; u0�3.1�ξ � �
5

2
; u0�3.2�ξ �

3

2
; u0�4.1�ξ �

7

2

u0�4.2�ξ � �
5

2
; u0�4.3�ξ �

3

2
; u0�4.4�ξ �

3

2
; u0�5.1�ξ � �3

u0�6.1�ξ � 4; u0�6.2�ξ � �3; u0�6.3�ξ � 2; u0�7.1�ξ � 4

u0�7.2�ξ � 2; u0�7.3�ξ � 2; u0�8.1�ξ �
9

2
; u0�8.2�ξ � �

7

2

u0�8.3�ξ �
5

2
; u0�9.1�ξ � 5; u0�9.2�ξ � 3

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�2.1�00 � 2v0
2.1

u0�2.2�00 � 2v0
2.2; u0�2.3�00 � 2v0

2.3; u0�3.1�00 � 4v0
1.1 � 2v0

1.2

u0�3.2�00 � 6v0
1.2; u0�4.1�00 � �4v0

1.1 � 2v0
2.1; u0�4.2�00 � 4v0

1.1 � 2v0
2.2

u0�4.3�00 � 4v0
1.2 � 2v0

2.2; u0�4.4�00 � 4v0
1.2 � 2v0

2.3; u0�5.1�00 � 6v0
1.1 � 6v0

1.2

u0�6.1�00 � �8v0
1.1 � 2v0

1.2 � 2v0
2.1; u0�6.2�00 � 6v0

1.1 � 4v0
1.2 � 2v0

2.2; u0�6.3�00 � 10v0
1.2 � 2v0

2.3

u0�7.1�00 � �8v0
1.1 � 2v0

2.1 � 2v0
2.2; u0�7.2�00 � 8v0

1.2 � 4v0
2.2; u0�7.3�00 � 8v0

1.2 � 4v0
2.3

u0�8.1�00 � �12v0
1.1 � 4v0

1.2 � 2v0
2.1 � 2v0

2.2; u0�8.2�00 � 8v0
1.1 � 8v0

1.2 � 4v0
2.2; u0�8.3�00 � 16v0

1.2 � 4v0
2.3
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u0�9.1�00 � �16v0
1.1 � 8v0

1.2 � 2v0
2.1 � 4v0

2.2; u0�9.2�00 � 24v0
1.2 � 6v0

2.3

u0�1.1�ξ0 � �v0
1.1; u0�1.2�ξ0 � v0

1.2; u0�2.1�ξ0 � �3v0
2.1

u0�2.2�ξ � v0
2.2; u0�2.3�ξ0 � v0

2.3; u0�3.1�ξ0 � �2v0
1.1 � v

0
1.2

u0�3.2�ξ0 � 3v0
1.2; u0�4.1�ξ � 2v0

1.1 � 3v0
2.1; u0�4.2�ξ0 � �2v0

1.1 � v
0
2.2

u0�4.3�ξ0 � 2v0
1.2 � v

0
2.2; u0�4.4�ξ0 � 2v0

1.2 � v
0
2.3; u0�5.1�ξ � �3v0

1.1 � 3v0
1.2

u0�6.1�ξ0 � 4v0
1.1 � v

0
1.2 � 3v0

2.1; u0�6.2�ξ0 � �3v0
1.1 � 2v0

1.2 � v
0
2.2; u0�6.3�ξ0 � 5v0

1.2 � v
0
2.3

u0�7.1�ξ0 � 4v0
1.1 � 3v0

2.1 � v
0
2.2; u0�7.2�ξ0 � 4v0

1.2 � 2v0
2.2; u0�7.3�ξ0 � 4v0

1.2 � 4v0
2.3

u0�8.1�ξ0 � 6v0
1.1 � 2v0

1.2 � 3v0
2.1 � v

0
2.2; u0�8.2�ξ0 � �4v0

1.1 � 4v0
1.2 � 2v0

2.2; u0�8.3�ξ0 � 8v0
1.2 � 2v0

2.3

u0�9.1�ξ0 � 8v0
1.1 � 4v0

1.2 � 3v0
2.1 � 2v0

2.2; u0�9.2�ξ0 � 12v0
1.2 � 3v0

2.3

and

u0�1.1�ξξ � �
3

2
v0

1.1; u0�1.2�ξξ �
v0

1.2

2
; u0�2.1�ξξ �

9

2
v0

2.1

u0�2.2�ξξ �
v0

2.2

2
; u0�2.3�ξξ �

v0
2.3

2
; u0�3.1�ξξ � �3v0

1.1 �
v0

1.2

2

u0�3.2�ξξ �
3

2
v0

1.2; u0�4.1�ξξ � 3v0
1.1 �

9

2
v0

2.1; u0�4.2�ξξ � �3v0
1.1 �

v0
2.2

2

u0�4.3�ξξ � v0
1.2 �

v0
2.2

2
; u0�4.4�ξξ � v0

1.2 �
v0

2.3

2
; u0�5.1�ξξ � �

9v0
1.1 � 3v0

1.2

2

u0�6.1�ξξ � 6v0
1.1 �

v0
1.2 � 9v0

2.1

2
; u0�6.2�ξξ � �

9v0
1.1 � v

0
2.2

2
� v0

1.2; u0�6.3�ξξ �
5v0

1.2 � v
0
2.3

2

u0�7.1�ξξ � 6v0
1.1 �

9v0
2.1 � v

0
2.2

2
; u0�7.2�ξξ � 2v0

1.2 � v
0
2.2; u0�7.3�ξξ � 2v0

1.2 � v
0
2.3

u0�8.1�ξξ � 9v0
1.1 � v

0
1.2 �

9v0
2.1 � v

0
2.2

2
; u0�8.2�ξξ � �6v0

1.1 � 2v0
1.2 � v

0
2.2; u0�8.3�ξξ � 4v0

1.2 � v
0
2.3

u0�9.1�ξξ � 12v0
1.1 � 2v0

1.2 �
9

2
v0

2.1 � v
0
2.2; u0�9.2�ξξ � 6v0

1.2 �
3

2
v0

2.3
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A.2.4 Thermodynamics of L11 phase using tetrahedron –
octahedron approximation

The tetrahedron–octahedron clusters considered for L11 phase is shown in Figure
A.6 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.6.

β

β

β

β

β

α

α

β

β

α

α

α

α

α

1

2

3

4

5

6

7 8

Figure A.6: The tetrahedron–octahedron basic clusters in the L11 phase along with the
sublattice sites designated α and β.

Table A.6: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for L11 phase using tetrahedron–octahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Octahedron
αααβββ
�1,3,5,6,8�

9.1 1 1

Square pyramid

ααβββ
�1,5,4,6,8�

8.2 3

0
αααββ

�1,3,5,4,6�
8.1 3

Square
ααββ

�1,3,6,8�
7.1 3 0

Irregular tetrahedron

αβββ
�1,4,6,8�

6.3 3

0ααββ
�1,3,4,6�

6.2 6

αααβ
�1,3,5,6�

6.1 3

cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Regular tetrahedron

αβββ
�5,6,7,8�

5.2 1

2
αααβ

�1,2,3,4�
5.1 1

Isosceles triangle

αββ
�1,4,8�

4.2 6

0
ααβ

�1,3,6�
4.1 6

Equilateral triangle

βββ
�4,6,8�

3.4 1

-1
αββ

�1,4,6�
3.3 3

ααβ
�1,3,4�

3.2 3

ααα
�1,2,3�

3.1 1

II-n pair
αβ

�1,8�
2.1 3 0

I-n pair

ββ
�3,4�

1.3 3/2

1αβ
�1,4�

1.2 3

αα
�1,5�

1.1 3/2

Point

β
�4�

0.2 1/2

-1
α
�1�

0.1 1/2

The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � u0.2�~2 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

η1η2
4

8
º
η9

¾
η7

η5η6η8

; v0
1.2 �

1

η1η
1~8
9

¾
η6η7

η5

; v0
1.3 �

η1

η2
4η

1~8
9

¾
η7η8

η5η6

v0
2.1 �

º
η7

η2η
1~16
9

; v0
3.1 �

η3
1η3η6

4η
3~2
7

η5η
3~4
8 η

1~4
9

; v0
3.2 �

η2
4η

3~2
7

η1η3η5η
1~4
8 η

1~4
9

v0
3.3 �

η3η
3~2
7 η

1~4
8

η1η2
4η5η

1~4
9

; v0
3.4 �

η3
1η

3~2
7 η

3~4
8

η3η6
4η5η

1~4
9

; v0
4.1 �

η4η7

η2η5
4
º
η8η

3~16
9
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v0
4.2 �

η7η
1~4
8

η2η4η5η
3~16
9

; v0
5.1 �

η6
4η

3
7

η2
3η

2
5η

1~4
9

; v0
5.2 �

η2
3η

3
7

η6
4η

2
5η

1~4
9

v0
6.1 �

η1η4
4η

2
7

η
3~2
5 η2

º
η6η8η

7~16
9

; v0
6.2 �

η2
7

º
η6

η1η2η
3~2
5 η

7~16
9

; v0
6.3 �

η1η2
7η8

η2η4
4η

3~2
5

º
η6η

7~16
9

v0
7.1 �

η2
7

η2
2η

2
5η

3~8
9

; v0
8.1 �

η2
4η

3
7

η2
2η

2
5

º
η8η

5~8
9

; v0
8.2 �

η3
7

º
η8

η2
2η

2
4η

2
5η

5~8
9

v0
9.1 �

η
9~2
7

η3
2η

2
5η

15~16
9

The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � v0
1.1 ��1 � 3v0

1.1 � 4v0
1.2 � 2v0

2.1� � v0
3.1 � v

0
3.2 � 2v0

4.1

v0�1.2�0 � 2v0
1.2 ��v0

1.1 � v
0
1.3� � v0

3.2 � v
0
3.3 � v

0
4.1 � v

0
4.2

v0�1.3�0 � v0
1.3 �1 � 4v0

1.2 � 3v0
1.3 � 2v0

2.1� � v0
3.3 � v

0
3.4 � 2v0

4.2

v0�2.1�0 � v0
2.1 ��v0

1.1 � v
0
1.3� � v0

4.1 � v
0
4.2

v0�3.1�0 �
v0

3.1

2
��5 � 12v0

1.1 � 15v0
1.2 � 9v0

2.1 � 3
v0

3.1 � 2v0
4.1

v0
1.1

� � v0
5.1 � 3v0

6.1

2

v0�3.2�0 �
v0

3.2

2
��3 � 8v0

1.1 � 7v0
1.2 � 6v0

1.3 � 3v0
2.1 �

v0
3.2 � 2v0

4.1

v0
1.1

� 2
v0

3.3 � v
0
4.1 � v

0
4.2

v0
1.2

�
�
v0

5.1 � v
0
6.1

2
� v0

6.2

v0�3.3�0 �
v0

3.3

2
�3 � 6v0

1.1 � 7v0
1.2 � 8v0

1.3 � 3v0
2.1 � 2

v0
3.2 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.3 � 2v0
4.2

v0
1.3

�
�
v0

5.2 � v
0
6.3

2
� v0

6.2

v0�3.4�0 �
v0

3.4

2
�5 � 15v0

1.2 � 12v0
1.3 � 9v0

2.1 � 3
v0

3.4 � v
0
4.2

v0
1.3

� � v0
5.2 � 3v0

6.3

2

v0�4.1�0 �
v0

4.1

2
��2 � 8v0

1.1 � 6v0
1.2 � 4v0

1.3 � 3v0
2.1 �

v0
3.1 � v

0
3.2 � 2v0

4.1

v0
1.1

�
v0

3.2 � v
0
3.3 � v

0
4.1 � v

0
4.2

v0
1.2

�
�

1

2
�v0

6.1 � v
0
6.2 � v

0
7.1�

v0�4.2�0 �
v0

4.2

2
�2 � 4v0

1.1 � 6v0
1.2 � 8v0

1.3 � 3v0
2.1 �

v0
3.2 � v

0
3.3 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.3 � v
0
3.4 � 2v0

4.2

v0
1.3

�
�

1

2
�v0

6.2 � v
0
6.3 � v

0
7.1�

v0�5.1�0 � 3v0
5.1 ��1 � 2v0

1.1 � 2v0
1.2 � v

0
1.3 � v

0
2.1 �

v0
6.1

2v0
3.1

�
v0

6.1 � 2v0
6.2

2v0
3.2

�
v0�5.2�0 � 3v0

5.2 �1 � v0
1.1 � 2v0

1.2 � 2v0
1.3 � v

0
2.1 �

v0
6.3

2v0
3.4

�
2v0

6.2 � v
0
6.3

2v0
3.3

�
v0�6.1�0 � v0

6.1 ��3 � 7v0
1.1 � 7v0

1.2 � 3v0
1.3 � 4v0

2.1 �
v0

3.1 � 3v0
4.1

v0
1.1

�
v0

3.3 � v
0
4.1 � v

0
4.2

v0
1.2

�
v0

5.1

2v0
3.1
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�
v0

5.1

2v0
3.2

� � v0
8.1

v0�6.2�0 �
v0

6.1

2
��10v0

1.1 � 10v0
1.3 �

v0
3.2 � 2v0

4.1

v0
1.1

�
v0

3.2 � v
0
3.3 � 3v0

4.1 � 3v0
4.2

v0
1.2

�
v0

3.3 � 2v0
4.2

v0
1.3

�
v0

5.1

v0
3.2

�
v0

5.2

v0
3.3

� � v0
8.1 � v

0
8.2

2

v0�6.3�0 � v0
6.3 �3 � 3v0

1.1 � 7v0
1.2 � 7v0

1.3 � 4v0
2.1 �

v0
3.2 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.4 � 3v0
4.2

v0
1.3

�
v0

5.2

2v0
3.3

�
v0

5.2

2v0
3.4

� � v0
8.2

v0�7.1�0 �
v0

7.1

2
��10v0

1.1 � 10v0
1.3 �

v0
3.1 � v

0
3.2 � 2v0

4.1

v0
1.1

� 2
v0

3.2 � v
0
3.3 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.3 � v
0
3.4 � 2v0

4.2

v0
1.3

� � v0
8.1 � v

0
8.2

2

v0�8.1�0 �
v0

8.1

2
��4 � 16v0

1.1 � 8v0
1.2 � 12v0

1.3 � 5v0
2.1 �

v0
3.1 � 6v0

4.1

v0
1.1

�
2v0

3.3 � 4v0
4.1 � 4v0

4.2

v0
1.2

�
v0

3.3 � 2v0
4.2

v0
1.3

�
v0

5.1

v0
3.1

� 2
v0

5.1

v0
3.2

�
v0

5.2

v0
3.3

� � v0
9.1

2

v0�8.2�0 �
v0

8.2

2
�4 � 12v0

1.1 � 8v0
1.2 � 16v0

1.3 � 5v0
2.1 �

v0
3.2 � 2v0

4.1

v0
1.1

�
v0

3.4 � 6v0
4.2

v0
1.3

�
2v0

3.2 � 4v0
4.1 � 4v0

4.2

v0
1.2

�
v0

5.1

v0
3.2

� 2
v0

5.2

v0
3.3

�
v0

5.2

v0
3.4

� � v0
9.1

2

v0�9.1�0 � 3v0
9.1 ��3v0

1.1 � 3v0
1.3 �

v0
4.1

v0
1.1

�
v0

4.1 � v
0
4.2

v0
1.2

�
v0

4.2

v0
1.3

�
v0

5.1

6v0
3.1

�
v0

5.1

2v0
3.2

�
v0

5.2

2v0
3.3

�
v0

5.2

6v0
3.4

�
and

v0�1.1�ξ � v0
1.1 ��5 � 3v0

1.1 � 4v0
1.2 � 2v0

2.1� � v0
3.1 � v

0
3.2 � 2v0

4.1

v0�1.2�ξ � v0
1.2 ��5 � 2v0

1.1 � 3v0
1.2 � 2v0

1.3 � 2v0
2.1� � v0

3.2 � v
0
3.3 � v

0
4.1 � v

0
4.2

v0�1.3�ξ � v0
1.3 ��5 � 4v0

1.2 � 3v0
1.3 � 2v0

2.1� � v0
3.3 � v

0
3.4 � 2v0

4.2

v0�2.1�ξ � v0
2.1 ��3 � v0

1.1 � 2v0
1.2 � v

0
1.3 � v

0
2.1� � v0

4.1 � v
0
4.2

v0�3.1�ξ �
v0

3.1

2
��23 � 12v0

1.1 � 15v0
1.2 � 9v0

2.1 � 3
v0

3.1 � 2v0
4.1

v0
1.1

� � v0
5.1 � 3v0

6.1

2

v0�3.2�ξ �
v0

3.2

2
��23 � 8v0

1.1 � 13v0
1.2 � 6v0

1.3 � 9v0
2.1 �

v0
3.2 � 2v0

4.1

v0
1.1

� 2
v0

3.3 � v
0
4.1 � v

0
4.2

v0
1.2

�
� v0

6.2 �
v0

5.1 � v
0
6.1

2

v0�3.3�ξ �
v0

3.3

2
��23 � 6v0

1.1 � 13v0
1.2 � 8v0

1.3 � 9v0
2.1 � 2

v0
3.2 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.3 � 2v0
4.2

v0
1.3

� 23�
� v0

6.2 �
v0

5.2 � v
0
6.3

2
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v0�3.4�ξ �
v0

3.4

2
��23 � 15v0

1.2 � 12v0
1.3 � 9v0

2.1 � 3
v0

3.4 � 2v0
4.2

v0
1.3

� � v0
5.2 � 3v0

6.3

2

v0�4.1�ξ �
v0

4.1

2
��20 � 8v0

1.1 � 12v0
1.2 � 4v0

1.3 � 7v0
2.1 �

v0
3.1 � v

0
3.2 � 2v0

4.1

v0
1.1

�
v0

3.2 � v
0
3.3 � v

0
4.1 � v

0
4.2

v0
1.2

�
�

1

2
�v0

6.1 � v
0
6.2 � v

0
7.1�

v0�4.2�ξ �
v0

4.2

2
��20 � 4v0

1.1 � 12v0
1.2 � 8v0

1.3 � 7v0
2.1 �

v0
3.2 � v

0
3.3 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.3 � v
0
3.4 � 2v0

4.2

v0
1.3

�
�

1

2
�v0

6.2 � v
0
6.3 � v

0
7.1�

v0�5.1�ξ � 3v0
5.1 ��6 � 2v0

1.1 � 3v0
1.2 � v

0
1.3 � 2v0

2.1 �
v0

6.1

2v0
3.1

�
v0

6.1 � 2v0
6.2

2v0
3.2

�
v0�5.2�ξ � 3v0

5.2 ��6 � v0
1.1 � 3v0

1.2 � 2v0
1.3 � 2v0

2.1 �
2v0

6.2 � v
0
6.3

2v0
3.3

�
v0

6.3

2v0
3.4

�
v0�6.1�ξ � v0

6.1 ��18 � 7v0
1.1 � 10v0

1.2 � 3v0
1.3 � 7v0

2.1 �
v0

3.1 � 3v0
4.1

v0
1.1

�
v0

3.3 � v
0
4.1 � v

0
4.2

v0
1.2

�
v0

5.1

2v0
3.1

�
v0

5.1

2v0
3.2

� � v0
8.1

v0�6.2�ξ �
v0

6.2

2
��36 � 10v0

1.1 � 20v0
1.2 � 10v0

1.3 � 14v0
2.1 �

v0
3.2 � 2v0

4.1

v0
1.1

�
v0

3.2 � v
0
3.3 � 3v0

4.1 � 3v0
4.2

v0
1.2

�
v0

3.3 � 2v0
4.2

v0
1.3

�
v0

5.1

v0
3.2

�
v0

5.2

v0
3.3

� � v0
8.1 � v

0
8.2

2

v0�6.3�ξ � v0
6.3 ��18 � 3v0

1.1 � 10v0
1.2 � 7v0

1.3 � 7v0
2.1 �

v0
3.2 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.4 � 3v0
4.2

v0
1.3

�
v0

5.2

2v0
3.3

�
v0

5.2

2v0
3.4

� � v0
8.2

v0�7.1�ξ �
v0

7.1

2
��17 � 10v0

1.1 � 20v0
1.2 � 10v0

1.3 � 6v0
2.1 �

v0
3.1 � v

0
3.2 � 2v0

4.1

v0
1.1

� 2
v0

3.2 � v
0
3.3 � v

0
4.1 � v

0
4.2

v0
1.2

�
v0

3.3 � v
0
3.4 � 2v0

4.2

v0
1.3

� � v0
8.1 � v

0
8.2

2

v0�8.2�ξ �
v0

8.2

2
��52 � 12v0

1.1 � 28v0
1.2 � 16v0

1.3 � 21v0
2.1 �

v0
3.2 � 2v0

4.1

v0
1.1

�
2v0

3.2 � 4v0
4.1 � 4v0

4.2

v0
1.2

�
v0

3.4 � 6v0
4.2

v0
1.3

�
v0

5.1

v0
3.2

� 2
v0

5.2

v0
3.3

�
v0

5.2

v0
3.4

� � v0
9.1

2

v0�9.1�ξ �
v0

9.1

2
��10 � 18v0

1.1 � 36v0
1.2 � 18v0

1.3 � 30v0
2.1 � 6

v0
4.1

v0
1.1

� 6
v0

4.1 � v
0
4.2

v0
1.2

� 6
v0

4.2

v0
1.3

�
v0

5.1

v0
3.1

�
3v0

5.1

v0
3.2

�
3v0

5.2

v0
3.3

�
v0

5.2

v0
3.4

�
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Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � 1; u0

1.2 � �1; u0
1.3 � 1; u0

2.1 � �1

u0
3.1 � �1; u0

3.2 � 1; u0
3.3 � �1; u0

3.4 � 1

u0
4.1 � 1; u0

4.2 � �1; u0
5.1 � �1; u0

5.2 � �1

u0
6.1 � �1; u0

6.2 � 1; u0
6.3 � �1; u0

7.1 � 1

u0
8.1 � �1; u0

8.2 � 1; u0
9.1 � �1

The limiting first derivatives of the CFs with respect to u0 and ξ in the orthogonal
basis in the limit of perfect ordering,u0�i.j�0 and u0�i.j�ξ, are:

u0
1.10 � �2; u0

1.20 � 0; u0
1.30 � 2; u0

2.10 � 0

u0
3.10 � 3; u0

3.20 � �1; u0
3.30 � �1; u0

3.40 � 3

u0
4.10 � �1; u0

4.20 � �1; u0
5.10 � 2; u0

5.20 � �2

u0
6.10 � 2; u0

6.20 � 0; u0
6.30 � �2; u0

7.10 � 0

u0
8.10 � 1; u0

8.20 � 1; u0
9.10 � 0

and

u0
1.1ξ � 2; u0

1.2ξ � �2; u0
1.3ξ � 2; u0

2.1ξ � �2

u0
3.1ξ � �3; u0

3.2ξ � 3; u0
3.3ξ � �3; u0

3.4ξ � 3

u0
4.1ξ � 3; u0

4.2ξ � �3; u0
5.1ξ � �4; u0

5.2ξ � �4

u0
6.1ξ � �4; u0

6.2ξ � 4; u0
6.3ξ � �4; u0

7.1ξ � 4

u0
8.1ξ � �5; u0

8.2ξ � 5; u0
9.1ξ � �6

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3; u0�2.1�00 � 2v0

2.1

u0�3.1�00 � �6v0
1.1; u0�3.2�00 � 2v0

1.1 � 4v0
1.2; u0�3.3�00 � 4v0

1.2 � 2v0
1.3; u0�3.4�00 � 6v0

1.3

u0�4.1�00 � 2v0
1.1 � 2v0

1.2 � 2v0
2.1; u0�4.2�00 � 2v0

1.2 � 2v0
1.3 � 2v0

2.1

u0�5.1�00 � 6v0
1.2 � 6v0

1.1; u0�5.2�00 � 6v0
1.2 � 6v0

1.3

u0�6.1�00 � �6v0
1.1 � 4v0

1.2 � 2v0
2.1; u0�6.2�00 � 2v0

1.1 � 6v0
1.2 � 2v0

1.3 � 2v0
2.1

u0�6.3�00 � 4v0
1.2 � 6v0

1.3 � 2v0
2.1; u0�7.1�00 � 2v0

1.1 � 4v0
1.2 � 2v0

1.3 � 4v0
2.1

u0�8.1�00 � �6v0
1.1 � 8v0

1.2 � 2v0
1.3 � 4v0

2.1; u0�8.2�00 � 2v0
1.1 � 8v0

1.2 � 6v0
1.3 � 4v0

2.1

u0�9.1�00 � �6v0
1.1 � 12v0

1.2 � 6v0
1.3 � 6v0

2.1

u0�1.1�ξ0 � �2v0
1.1; u0�1.2�ξ0 � 0; u0�1.3�ξ0 � 2v0

1.3; u0�2.1�ξ0 � 0

u0�3.1�ξ0 � 6v0
1.1; u0�3.2�ξ0 � �2v0

1.1; u0�3.3�ξ0 � �2v0
1.3; u0�3.4�ξ0 � 6v0

1.3

u0�4.1�ξ0 � �2v0
1.1; u0�4.2�ξ0 � �2v0

1.3; u0�5.1�ξ0 � 6v0
1.1; u0�5.2�ξ0 � �6v0

1.3
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u0�6.1�ξ0 � 6v0
1.1; u0�6.2�ξ0 � 2v0

1.3 � 2v0
1.1; u0�6.3�ξ0 � �6v0

1.3; u0�7.1�ξ0 � 2v0
1.3 � 2v0

1.1

u0�8.1�ξ0 � 6v0
1.1 � 2v0

1.3; u0�8.2�ξ0 � 6v0
1.3 � 2v0

1.1; u0�9.1�ξ0 � 6v0
1.1 � 6v0

1.3

and

u0
1.1ξξ � 2v0

1.1; u0
1.2ξξ � �2v0

1.2; u0
1.3ξξ � 2v0

1.3; u0
2.1ξξ � �2v0

2.1

u0
3.1ξξ � �6v0

1.1; u0
3.2ξξ � 2v0

1.1 � 4v0
1.2; u0

3.3ξξ � �4v0
1.2 � 2v0

1.3; u0
3.4ξξ � 6v0

1.3

u0
4.1ξξ � 2v0

1.1 � 2v0
1.2 � 2v0

2.1; u0
4.2ξξ � �2v0

1.2 � 2v0
1.3 � 2v0

2.1

u0
5.1ξξ � �6v0

1.1 � 6v0
1.2; u0

5.2ξξ � �6v0
1.2 � 6v0

1.3

u0
6.1ξξ � �6v0

1.1 � 4v0
1.2 � 2v0

2.1; u0
6.2ξξ � 2v0

1.1 � 6v0
1.2 � 2v0

1.3 � 2v0
2.1

u0
6.3ξξ � �4v0

1.2 � 6v0
1.3 � 2v0

2.1; u0
7.1ξξ � 2v0

1.1 � 4v0
1.2 � 2v0

1.3 � 4v0
2.1

u0
8.1ξξ � �6v0

1.1 � 8v0
1.2 � 2v0

1.3 � 4v0
2.1; u0

8.2ξξ � 2v0
1.1 � 8v0

1.2 � 6v0
1.3 � 4v0

2.1

u0
9.1ξξ � �6v0

1.1 � 12v0
1.2 � 6v0

1.3 � 6v0
2.1
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A.3 CPH based ordered phases

A.3.1 Thermodynamics of B19 phase using triangle–tetrahedron
approximation

The triangle–tetrahedron clusters considered for B19 phase is shown in Figure
A.7 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.7.

α

α

β β

β β

α

α α α

β

β β

β β

α

β

1

2

3

4

5

6

7

8

Figure A.7: The triangle–tetrahedron basic clusters in B19 phase along with the
sublattice sites designated α and β.

Table A.7: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for B19 phase using triangle–tetrahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Regular tetrahedron

ααββ�T2, ααOP �
�2,6,1,3�

6.2 1

1
ααββ�T1, ααIP �

�4,6,3,5�
6.1 1

Equilateral triangle �OP�
αββ�T2�
�6,1,3�

5.4 1

0
αββ�T1�
�6,3,5�

5.3 2

ααβ�T2�
�2,6,1�

5.2 2

ααβ�T1�
�4,6,3�

5.1 1

Equilateral triangle �OB� αββ
�6,5,7�

4.2 1~2
1

ααβ
�4,6,8�

4.1 1~2
cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Equilateral triangle �TB� αββ
�2,1,3�

3.2 1~2
-1

ααβ
�4,6,5�

3.1 1~2
I-n pair �OP�

ββ
�3,5�

2.3 1~2
-1αβ

�4,3�
2.2 2

αα
�2,6�

2.1 1~2

I-n pair �IP�
ββ

�1,3�
1.4 1~2

-1
αβ�T2�
�2,1�

1.3 1

αβ�T1�
�4,5�

1.2 1

αα
�4,6�

1.1 1~2
Point

β
�1�

0.2 1~2
5

α
�2�

0.1 1~2
The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � u0.2�~2 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 � η1η5

º
η3η4η6; v0

1.2 �
1

η1η5

¾
η3η6

η4

; v0
1.3 �

η5

η1

¾
η4η6

η3

v0
1.4 �

η1

η5

¾
η6

η3η4

; v0
2.1 � η2η

2
5

º
η6; v0

2.2 �

º
η6

η2

v0
2.3 �

η2

η2
5

º
η6; v0

3.1 �
1

η1η5

¾
η3η6

η4

; v0
3.2 �

η5

η1

¾
η4η6

η3

v0
4.1 �

η3
5η

3~2
6

η1

¾
η4

η3

; v0
4.2 �

η
3~2
6

η1η3
5

¾
η3

η4

; v0
5.1 �

η1η6

η2
2

º
η3η4

v0
5.2 �

η2
5η6

η1

¾
η4

η3

; v0
5.3 �

η6

η1η2
5

¾
η3

η4

; v0
5.4 �

η1η6

η2
2

º
η3η4

v0
6.1 �

η
3~2
6

η1η2η2
5

¾
η3

η4

; v0
6.2 �

η2
5η

3~2
6

η1η2

¾
η4

η3

A-36



The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in
the sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � v0
1.1 ��1 � v0

1.1 � v
0
1.2 � v

0
1.3 � 2v0

2.2� � v0
3.1 � v

0
4.1

2
� v0

5.1

v0�1.2�0 � v0
1.2 ��1 �

v0
1.1

2
�
v0

1.4

2
� v0

2.2 � v
0
2.3� � v0

3.1 � v
0
4.2

2
� v0

5.3

v0�1.3�0 � v0
1.3 �1 �

v0
1.1

2
�
v0

1.4

2
� v0

2.1 � v
0
2.2� � v0

3.2 � v
0
4.1

2
� v0

5.2

v0�1.4�0 � v0
1.4 �1 � v0

1.2 � v
0
1.3 � v

0
1.4 � 2v0

2.2� � v0
3.2 � v

0
4.2

2
� v0

5.4

v0�2.1�0 � v0
2.1 ��1 � 2v0

1.3 � v
0
2.1 � 2v0

2.2� � 2v0
5.2

v0�2.2�0 �
v0

2.2

2
��v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � v

0
2.1 � v

0
2.3� � 1

2
�v0

5.1 � v
0
5.2 � v

0
5.3 � v

0
5.4�

v0�2.3�0 � v0
2.3 �1 � 2v0

1.2 � 2v0
2.2 � v

0
2.3� � 2v0

5.3

v0�3.1�0 � v0
3.1 ��5

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � 2v0

2.2 � v
0
2.3 �

v0
4.1

2v0
1.1

�
v0

4.2

v0
1.2

� � v0
6.1

v0�3.2�0 � v0
3.2 �5

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � v

0
2.1 � 2v0

2.2 �
v0

4.1

v0
1.3

�
v0

4.2

2v0
1.4

� � v0
6.2

v0�4.1�0 � v0
4.1 �1

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � 2v0

2.1 �
v0

3.1 � 2v0
5.1

2v0
1.1

�
v0

3.2 � 2v0
5.2

v0
1.3

�
v0�4.2�0 � v0

4.2 ��1

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � 2v0

2.3 �
v0

3.1 � 2v0
5.3

v0
1.2

�
v0

3.2 � 2v0
5.4

2v0
1.4

�
v0�5.1�0 � v0

5.1 ��1 � v0
1.1 � v

0
1.2 � v

0
1.4 � v

0
2.1 � 2v0

2.2 �
v0

2.3

2
�
v0

4.1 � v
0
5.1

2v0
1.1

�
v0

5.2 � v
0
5.4

v0
2.2

� � v0
6.1

2

v0�5.2�0 �
v0

5.2

2
��2v0

1.1 � v
0
1.2 � 2v0

1.3 � v
0
1.4 � 3v0

2.1 � v
0
2.2 � v

0
2.3 �

v0
4.1 � v

0
5.2

v0
1.3

�
v0

5.1 � v
0
5.3

v0
2.2

� 2
v0

5.2

v0
2.1

� � v0
6.2

2

v0�5.3�0 �
v0

5.3

2
��v0

1.1 � 2v0
1.2 � v

0
1.3 � 2v0

1.4 � v
0
2.1 � v

0
2.2 � 3v0

2.3 �
v0

4.2 � v
0
5.3

v0
1.2

�
v0

5.2 � v
0
5.4

v0
2.2

� 2
v0

5.3

v0
2.3

� � v0
6.1

2

v0�5.4�0 � v0
5.4 �1 � v0

1.1 � v
0
1.3 � v

0
1.4 �

v0
2.1

2
� 2v0

2.2 � v
0
2.3 �

v0
4.2 � v

0
5.4

2v0
1.4

�
v0

5.1 � v
0
5.3

v0
2.2

� � v0
6.2

2

v0�6.1�0 � v0
6.1 ��3

2
� v0

1.1 � 2v0
1.4 � v

0
2.1 � v

0
2.2 �

3

2
v0

2.3 �
v0

4.1

2v0
1.1

�
v0

4.2

v0
1.2

�
v0

5.2 � v
0
5.4

v0
2.2

�
v0

5.3

v0
2.3

�
v0

6.1

2v0
3.1

�
v0�6.2�0 � v0

6.2 �3

2
� 2v0

1.1 � v
0
1.4 �

3

2
v0

2.1 � v
0
2.2 � v

0
2.3 �

v0
4.1

v0
1.3

�
v0

4.2

2v0
1.4

�
v0

5.1 � v
0
5.3

v0
2.2

�
v0

5.2

v0
2.1

�
v0

6.2

2v0
3.2

�
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and

v0�1.1�ξ � v0
1.1 ��3 � v0

1.1 � v
0
1.2 � v

0
1.3 � 2v0

2.2� � v0
3.1 � v

0
4.1

2
� v0

5.1

v0�1.2�ξ �
v0

1.2

2
��6 � v0

1.1 � 4v0
1.2 � v

0
1.4 � 2v0

2.2 � 2v0
2.3� � v0

3.1 � v
0
4.2

2
� v0

5.3

v0�1.3�ξ �
v0

1.3

2
��6 � v0

1.1 � 4v0
1.3 � v

0
1.4 � 2v0

2.1 � 2v0
2.2� � v0

3.2 � v
0
4.1

2
� v0

5.2

v0�1.4�ξ � v0
1.4 ��3 � v0

1.2 � v
0
1.3 � v

0
1.4 � 2v0

2.2� � v0
3.2 � v

0
4.2

2
� v0

5.4

v0�2.1�ξ � v0
2.1 ��3 � 2v0

1.3 � v
0
2.1 � 2v0

2.2� � 2v0
5.2

v0�2.2�ξ �
v0

2.2

2
��6 � v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � v

0
2.1 � 4v0

2.2 � v
0
2.3� � 1

2
�v0

5.1 � v
0
5.2 � v

0
5.3 � v

0
5.4�

v0�2.3�ξ � v0
2.3 ��3 � 2v0

1.2 � 2v0
2.2 � v

0
2.3� � 2v0

5.3

v0�3.1�ξ � v0
3.1 ��13

2
� v0

1.1 � 3v0
1.2 � v

0
1.3 � v

0
1.4 � 2v0

2.2 � v
0
2.3 �

v0
4.1

2v0
1.1

�
v0

4.2

v0
1.2

� � v0
6.1

v0�3.2�ξ � v0
3.2 ��13

2
� v0

1.1 � v
0
1.2 � 3v0

1.3 � v
0
1.4 � v

0
2.1 � 2v0

2.2 �
v0

4.1

v0
1.3

�
v0

4.2

2v0
1.4

� � v0
6.2

v0�4.1�ξ � v0
4.1 ��15

2
� v0

1.1 � v
0
1.2 � 3v0

1.3 � v
0
1.4 � 2v0

2.1 � 4v0
2.2 �

v0
3.1 � 2v0

5.1

2v0
1.1

�
v0

3.2 � 2v0
5.2

v0
1.3

�
v0�4.2�ξ � v0

4.2 ��15

2
� v0

1.1 � 3v0
1.2 � v

0
1.3 � v

0
1.4 � 4v0

2.2 � 2v0
2.3 �

v0
3.1 � 2v0

5.3

v0
1.2

�
v0

3.2 � 2v0
5.4

2v0
1.4

�
v0�5.1�ξ � v0

5.1 ��7 � v0
1.1 � v

0
1.2 � 2v0

1.3 � v
0
1.4 � v

0
2.1 � 4v0

2.2 �
v0

2.3

2
�
v0

4.1 � v
0
5.1

2v0
1.1

�
v0

5.2 � v
0
5.4

v0
2.2

� � v0
6.1

2

v0�5.2�ξ �
v0

5.2

2
��14 � 2v0

1.1 � v
0
1.2 � 6v0

1.3 � v
0
1.4 � 3v0

2.1 � 7v0
2.2 � v

0
2.3 �

v0
4.1 � v

0
5.2

v0
1.3

� 2
v0

5.2

v0
2.1

�
v0

5.1 � v
0
5.3

v0
2.2

� � v0
6.2

2

v0�5.3�ξ �
v0

5.3

2
��14 � v0

1.1 � 6v0
1.2 � v

0
1.3 � 2v0

1.4 � v
0
2.1 � 7v0

2.2 � 3v0
2.3 �

v0
4.2 � v

0
5.3

v0
1.2

�
v0

5.2 � v
0
5.4

v0
2.2

� 2
v0

5.3

v0
2.3

� � v0
6.1

2

v0�5.4�ξ � v0
5.4 ��7 � v0

1.1 � 2v0
1.2 � v

0
1.3 � v

0
1.4 �

v0
2.1

2
� 4v0

2.2 � v
0
2.3 �

v0
4.2 � v

0
5.4

2v0
1.4

�
v0

5.1 � v
0
5.3

v0
2.2

� � v0
6.2

2

v0�6.1�ξ � v0
6.1 ��23

2
� v0

1.1 � 4v0
1.2 � 2v0

1.3 � 2v0
1.4 � v

0
2.1 � 5v0

2.2 �
3

2
v0

2.3 �
v0

4.1

2v0
1.1

�
v0

4.2

v0
1.2

�
v0

5.2 � v
0
5.4

v0
2.2

�
v0

5.3

v0
2.3

�
v0

6.1

2v0
3.1

�
v0�6.2�ξ � v0

6.2 ��23

2
� 2v0

1.1 � 2v0
1.2 � 4v0

1.3 � v
0
1.4 �

3

2
v0

2.1 � 5v0
2.2 � v

0
2.3 �

v0
4.1

v0
1.3

�
v0

4.2

2v0
1.4

�
v0

5.1 � v
0
5.3

v0
2.2

�
v0

5.2

v0
2.1

�
v0

6.2

2v0
3.2

�
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Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � 1; u0

1.2 � �1; u0
1.3 � �1; u0

1.4 � 1

u0
2.1 � 1; u0

2.2 � �1; u0
2.3 � 1; u0

3.1 � 1

u0
3.2 � �1; u0

4.1 � 1; u0
4.2 � �1; u0

5.1 � 1

u0
5.2 � 1; u0

5.3 � �1 u0
5.4 � �1; u0

6.1 � 1

u0
6.2 � 1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � �2; u0�1.2�0 � 0; u0�1.3�0 � 0; u0�1.4�0 � 2

u0�2.1�0 � �2; u0�2.2�0 � 0; u0�2.3�0 � 2; u0�3.1�0 � �1

u0�3.2�0 � �1; u0�4.1�0 � �1; u0�4.2�0 � �1; u0�5.1�0 � �1

u0�5.2�0 � �1; u0�5.3�0 � �1; u0�5.4�0 � �1; u0�6.1�0 � 0

u0�6.2�0 � 0

and

u0�1.1�ξ � 2; u0�1.2�ξ � �2; u0�1.3�ξ � �2; u0�1.4�ξ � 2

u0�2.1�ξ � 2; u0�2.2�ξ � �2; u0�2.3�ξ � 2; u0�3.1�ξ � 3

u0�3.2�ξ � �3; u0�4.1�ξ � 3; u0�4.2�ξ � �3; u0�5.1�ξ � 3

u0�5.2�ξ � 3; u0�5.3�ξ � �3 u0�5.4�ξ � �3; u0�6.1�ξ � 4

u0�6.2�ξ � 4

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3

u0�1.4�00 � 2v0
1.4; u0�2.1�00 � 2v0

2.1; u0�2.2�00 � 2v0
2.2

u0�2.3�00 � 2v0
2.3; u0�3.1�00 � 2v0

1.1 � 4v0
1.2; u0�3.2�00 � 4v0

1.3 � 2v0
1.4

u0�4.1�00 � 2v0
1.1 � 4v0

1.3; u0�4.2�00 � 4v0
1.2 � 2v0

1.4; u0�5.1�00 � 2v0
1.1 � 4v0

2.2

u0�5.2�00 � �2v0
1.3 � 2v0

2.1 � 2v0
2.2; u0�5.3�00 � 2v0

1.2 � 2v0
2.2 � 2v0

2.3; u0�5.4�00 � �2v0
1.4 � 4v0

2.2

u0�6.1�00 � 2v0
1.1 � 4v0

1.2 � 4v0
2.2 � 2v0

2.3; u0�6.2�00 � �4v0
1.3 � 2v0

1.4 � 2v0
2.1 � 4v0

2.2

u0�1.1�ξ0 � �2v0
1.1; u0�1.2�ξ0 � 0; u0�1.3�ξ0 � 0; u0�1.4�ξ0 � 2v0

1.4

u0�2.1�ξ0 � �2v0
2.1; u0�2.2�ξ0 � 0; u0�2.3�ξ0 � 2v0

2.3; u0�3.1�ξ0 � �2v0
1.1

u0�3.2�ξ0 � �2v0
1.4; u0�4.1�ξ0 � �2v0

1.1; u0�4.2�ξ0 � �2v0
1.4; u0�5.1�ξ0 � �2v0

1.1

u0�5.2�ξ0 � �2v0
2.1; u0�5.3�ξ0 � �2v0

2.3; u0�5.4�ξ0 � �2v0
1.4 u0�6.1�ξ0 � 2v0

2.3 � 2v0
1.1

u0�6.2�ξ0 � 2v0
1.4 � 2v0

2.1

A-39



and

u0�1.1�ξξ � 2v0
1.1; u0�1.2�ξξ � �2v0

1.2; u0�1.3�ξξ � �2v0
1.3

u0�1.4�ξξ � 2v0
1.4; u0�2.1�ξξ � 2v0

2.1; u0�2.2�ξξ � �2v0
2.2

u0�2.3�ξξ � 2v0
2.3; u0�3.1�ξξ � 2v0

1.1 � 4v0
1.2; u0�3.2�ξξ � �4v0

1.3 � 2v0
1.4

u0�4.1�ξξ � 2v0
1.1 � 4v0

1.3; u0�4.2�ξξ � �4v0
1.2 � 2v0

1.4; u0�5.1�ξξ � 2v0
1.1 � 4v0

2.2

u0�5.2�ξξ � 2v0
1.3 � 2v0

2.1 � 2v0
2.2; u0�5.3�ξξ � �2v0

1.2 � 2v0
2.2 � 2v0

2.3; u0�5.4�ξξ � �2v0
1.4 � 4v0

2.2

u0�6.1�ξξ � 2v0
1.1 � 4v0

1.2 � 4v0
2.2 � 2v0

2.3; u0�6.2�ξξ � 4v0
1.3 � 2v0

1.4 � 2v0
2.1 � 4v0

2.2
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A.3.2 Thermodynamics of B19 phase using tetrahedron –
octahedron approximation

The tetrahedron–octahedron clusters considered for B19 phase is shown in Figure
A.8 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.8.
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β

ββ

α

α

α α

α

β

β

β

β

α

α α

β

1

2

3

4

5

6

7

8

9

10

Figure A.8: The tetrahedron–octahedron basic clusters in B19 phase along with the
sublattice sites designated α and β

Table A.8: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for B19 phase using tetrahedron–octahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Octahedron

ααββββ�O2�
�3,6,4,5,7,8�

13.2 1~2
1

ααααββ�O1�
�2,3,9,10,1,8�

13.1 1~2

Square pyramid

αββββ
�3,4,5,7,8�

12.4 1

0
ααβββ

�3,6,4,5,7�
12.3 2

αααββ
�2,3,9,1,8�

12.2 2

ααααβ
�2,3,9,10,1�

12.1 1

cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Square

ββββ
�4,5,7,8�

11.4 1~2
0

ααββ�O2�
�3,6,4,7�

11.3 1

ααββ�O1�
�2,9,1,8�

11.2 1

αααα
�2,3,9,10�

11.1 1~2

Irregular tetrahedron-2

αβββ
�3,4,5,8�

10.4 2

0
ααββ�O2�
�3,6,4,8�

10.3 1

ααββ�O1�
�2,10,1,8�

10.2 1

αααβ
�2,3,10,8�

10.1 2

Irregular tetrahedron-1

αβββ
�3,4,5,7�

9.4 2

0
ααββ�O2�
�3,6,4,5�

9.3 1

ααββ�O1�
�2,3,1,8�

9.2 1

αααβ
�2,9,10,8�

9.1 2

Regular tetrahedron

ααββ�T2, ααOP �
�7,9,3,8�

8.2 1

1
ααββ�T1, ααIP �

�2,3,4,8�
8.1 1

Isosceles triangle

βββ
�4,5,7�

7.6 2

0

αββ�O2�
�3,4,7�

7.5 2

αββ�O1�
�2,1,8�

7.4 2

ααβ�O2�
�3,6,4�

7.3 2

ααβ�O1�
�2,9,1�

7.2 2

ααα
�2,3,9�

7.1 2

cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Equilateral triangle �OP�
αββ�O2, ββOP�

�4,8,3�
6.4 2

-1
αββ�O2, ββIP�

�3,7,8�
6.3 1

ααβ�O1, ααOP�
�2,10,1�

6.2 2

ααβ�O1, ααIP�
�9,10,1�

6.1 1

Equilateral triangle �OB� αββ
�3,4,5�

5.2 1~2
-1

ααβ
�2,3,1�

5.1 1~2
Equilateral triangle �TB� αββ

�7,8,9�
4.2 1~2

-1
ααβ

�2,3,4�
4.1 1~2

II-n pair

ββ�O2�
�4,7�

3.4 1

0
ββ�O1�
�1,8�

3.3 1~2
αα�O2�
�3,6�

3.2 1~2
αα�O1�
�2,9�

3.1 1

I-n pair �OP�
ββ

�4,8�
2.3 1~2

1αβ
�9,10�

2.2 2

αα
�3,9�

2.1 1~2

I-n pair �IP�
ββ

�4,5�
1.4 1~2

1
αβ�O2�
�3,4�

1.3 1

αβ�O1�
�2,1�

1.2 1

αα
�9,10�

1.1 1~2
Point

β
�1�

0.2 1~2
-1

α
�2�

0.1 1~2
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The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � u0.2�~2 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

η1η6
º
η4η5η8η11

8
º
η13

η2
7η10

º
η9

; v0
1.2 �

η6
º
η5η8η11

8
º
η13

η1
º
η4η9η12

v0
1.3 �

º
η4η8η11η12

8
º
η13

η1η6
º
η5η9

; v0
1.4 �

η1η2
7

º
η8η11

8
º
η13

η6
º
η4η5η9η10

v0
2.1 �

η2η2
6

º
η8η11

8
º
η13

η2
7η9

º
η10

; v0
2.2 �

º
η8η11

8
º
η13

η2
º
η10

v0
2.3 �

η2η2
7

º
η8η11

8
º
η13

η2
6η9

º
η10

; v0
3.1 �

º
η11η3

16
º
η13º

η9η10

v0
3.2 � η3η

2
7

º
η9η10η11η12

16
º
η13; v0

3.3 �
η3
º
η9η10η11

16
º
η13

η2
7

º
η12

v0
3.4 �

η3
16
º
η13

º
η11º

η9η10

; v0
4.1 �

»
η4η8η3

11η12η
3~8
13

η1η6η2
7η10

»
η5η3

9

v0
4.2 �

η6η2
7

»
η5η8η3

11η
3~8
13

η1η10η12

»
η4η3

9

; v0
5.1 �

η3
6

»
η5η3

8η
3
11

8
º
η13

η1η2
7η10

º
η4η9η12

v0
5.2 �

η2
7

»
η4η3

8η
3
11η12

8
º
η13

η1η3
6η10

º
η5η9

; v0
6.1 �

η1η8

»
η4η5η3

11
4
º
η12η13

η2
2η

2
7η9η10

v0
6.2 �

η2
6η8

»
η5η3

11

η1η2
7η9η10η4

4

¾
η13

η12

; v0
6.3 �

η1η2
7η8η

3~2
11

η2
2

º
η4η5η9η10

4

¾
η13

η12

v0
6.4 �

η2
7η8

»
η4η3

11
4
º
η12η13

η1η2
6η9η10

º
η5

; v0
7.1 �

η1η2η3η3
6η8

º
η4η5η11η

3~16
13

η3
7

4
º
η12

»
η3

9η
3
10

v0
7.2 �

η3η6η8η11η
3~16
13

º
η5

η1η2η7
º
η4η9η10

4
º
η12

v0
7.3 �

η3η7η8η11
4
º
η12η

3~16
13

º
η4

η1η2η6
º
η5η9η10

v0
7.4 �

η3η6η8η11η
3~16
13

º
η5

η1η2η7
º
η4η9η10

4
º
η12

; v0
7.5 �

η3η7η8η11
4
º
η12η

3~16
13

º
η4

η1η2η6
º
η5η9η10

v0
7.6 �

η1η2η3η3
7η8η11

4
º
η12η

3~16
13

η3
6

»
η4η5η3

9η
3
10

; v0
8.1 �

»
η4η3

8η
3
11η

3~4
12 η

3~8
13

η1η2η2
6η

2
9

»
η5η3

10

v0
8.2 �

η2
6

»
η5η3

8η
3
11η

3~8
13

η1η2η2
9η

3~4
12

»
η4η3

10

; v0
9.1 �

η3η4
6η

2
8

º
η5η2

11η
5~16
13

η1η4
7

4
º
η12

»
η4η3

9η
3
10

v0
9.2 �

η3η2
6η

2
8η

2
11η

5~16
13

º
η5

η1η2
2η

2
7

»
η4η9η3

10
4
º
η12

; v0
9.3 �

η3η2
7η

2
8η

2
11

4
º
η12η

5~16
13

º
η4

η1η2
2η

2
6

»
η5η9η3

10
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v0
9.4 �

η3η4
7η

2
8

º
η4η2

11
4
º
η12η

5~16
13

η1η4
6

»
η5η3

9η
3
10

; v0
10.1 �

η3η5η2
6η

2
11η

7~16
13

η2η4
7η

2
10

�η8

η9

�3~2

v0
10.2 �

η3η5η2
6η

2
11

»
η3

8η
7~16
13

η2
1η2η4η2

7η10

»
η3

9η12

; v0
10.3 �

η3η4η2
7η

2
11

»
η3

8η12η
7~16
13

η2
1η2η5η2

6η10

»
η3

9

v0
10.4 �

η3η4
7η

2
11η

7~16
13

η2η5η2
6η

2
10

�η8

η9

�3~2
; v0

11.1 �
η2

1η
2
2η

2
3η4η5η6

6η
2
8η

2
11η

3~8
13

η4
7η

2
9η

2
10

v0
11.2 �

η2
3η5η2

6η
2
8η

2
11η

3~8
13

η2
1η

2
2η4η2

7η9η10
º
η12

; v0
11.3 �

η2
3η4η2

7η
2
8η

2
11

º
η12η

3~8
13

η2
1η

2
2η5η2

6η9η10

v0
11.4 �

η2
1η

2
2η

2
3η

4
7η

2
8η

2
11η

3~8
13

η4η5η6
6η

2
9η

2
10

; v0
12.1 �

η2
3η5η5

6η
3
11

»
η5

8η13

η6
7η

3
10

4
º
η12

»
η5

9

v0
12.2 �

η2
3η5η3

6η
3
11

»
η5

8η13

η2
1η

2
2η4η4

7η
2
10

4
º
η12

»
η3

9

; v0
12.3 �

η2
3η4η4

7η
3
11

4
º
η12

»
η5

8η13

η2
1η

2
2η5η3

6η
2
10

»
η3

9

v0
12.4 �

η2
3η

6
7η

3
11

4
º
η12

»
η5

8η13

η5η5
6η

3
10

»
η5

9

; v0
13.1 �

η3
3η5η4

6η
3
8

»
η9

11η
11~16
13

η2
1η

2
2η4η6

7

»
η5

9η
7
10

v0
13.2 �

η3
3η4η6

7η
3
8

»
η9

11η
11~16
13

η2
1η

2
2η5η4

6

»
η5

9η
7
10

The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � v0
1.1 �1 � v0

1.1 � v
0
1.2 � v

0
1.3 � 2v0

2.1 � 2v0
2.2 � 2v0

3.1� � v0
4.1 � v

0
5.1

2
� v0

6.1 � 2v0
7.1

v0�1.2�0 � v0
1.2 �1 �

v0
1.1

2
�
v0

1.4

2
� v0

2.1 � v
0
2.2 � v

0
3.1 � v

0
3.3� � v0

4.2 � v
0
5.1

2
� v0

6.2 � v
0
7.2 � v

0
7.4

v0�1.3�0 � v0
1.3 ��1 �

v0
1.1

2
�
v0

1.4

2
� v0

2.2 � v
0
2.3 � v

0
3.2 � v

0
3.4� � v0

4.1 � v
0
5.2

2
� v0

6.4 � v
0
7.3 � v

0
7.5

v0�1.4�0 � v0
1.4 ��1 � v0

1.2 � v
0
1.3 � v

0
1.4 � 2v0

2.2 � 2v0
2.3 � 2v0

3.4� � v0
4.2 � v

0
5.2

2
� v0

6.3 � 2v0
7.6

v0�2.1�0 � v0
2.1 �1 � 2 �v0

1.1 � v
0
1.2 � v

0
2.2 � v

0
3.1� � v0

2.1� � 2v0
6.2 � 2v0

7.1

v0�2.2�0 �
v0

2.2

2
��v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � v

0
2.1 � v

0
2.3 � v

0
3.1 � v

0
3.2 � v

0
3.3 � v

0
3.4�

�
1

2
�v0

6.1 � v
0
6.2 � v

0
6.3 � v

0
6.4 � v

0
7.2 � v

0
7.3 � v

0
7.4 � v

0
7.5�

v0�2.3�0 � v0
2.3 ��1 � 2 �v0

1.3 � v
0
1.4 � v

0
2.2 � v

0
3.4� � v0

2.3� � 2v0
6.4 � 2v0

7.6

v0�3.1�0 � v0
3.1 �1 � v0

1.1 � v
0
1.2 � v

0
2.1 � v

0
2.2 � v

0
3.1� � v0

7.1 � v
0
7.2

v0�3.2�0 � v0
3.2 ��1 � 2v0

1.3 � 2v0
2.2 � v

0
3.2� � 2v0

7.3

v0�3.3�0 � v0
3.3 �1 � 2v0

1.2 � 2v0
2.2 � v

0
3.3� � 2v0

7.4

v0�3.4�0 � v0
3.4 ��1 � v0

1.3 � v
0
1.4 � v

0
2.2 � v

0
2.3 � v

0
3.4� � v0

7.5 � v
0
7.6

v0�4.1�0 � v0
4.1 ��1

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � 2 �v0

2.1 � v
0
2.2 � v

0
3.1 � v

0
3.2 � v

0
3.4� � v0

2.3
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�
v0

5.1 � 4v0
7.1

2v0
1.1

�
v0

5.2 � 2v0
7.3 � 2v0

7.5

v0
1.3

� � v0
8.1

v0�4.2�0 � v0
4.2 �1

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � v

0
2.1 � 2 �v0

2.2 � v
0
2.3 � v

0
3.1 � v

0
3.3 � v

0
3.4�

�
v0

5.1 � 2v0
7.2 � 2v0

7.4

v0
1.2

�
v0

5.2 � 4v0
7.6

2v0
1.4

� � v0
8.2

v0�5.1�0 � v0
5.1 �3

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � 2v0

2.1 � 2v0
3.1 � v

0
3.3 �

v0
4.1

2v0
1.1

�
v0

4.2

v0
1.2

� � 2v0
9.1 � v

0
9.2

v0�5.2�0 � v0
5.2 ��3

2
� v0

1.1 � v
0
1.2 � v

0
1.3 � v

0
1.4 � 2v0

2.3 � v
0
3.2 � 2v0

3.4 �
v0

4.1

v0
1.3

�
v0

4.2

2v0
1.4

� � v0
9.3 � 2v0

9.4

v0�6.1�0 � v0
6.1 �1

2
� v0

1.1 � v
0
1.3 � v

0
1.4 � 2v0

2.1 � 2v0
2.2 �

v0
2.3

2
� 2v0

3.1 � v
0
3.2 �

v0
3.3

2
� v0

3.4 �
v0

6.1 � 2v0
7.1

2v0
1.1

�
v0

6.3 � v
0
7.3 � v

0
7.5

v0
2.2

� � v0
8.1 � v

0
9.2

2
� v0

10.1

v0�6.2�0 �
v0

6.2

2
�3 � 4v0

1.1 � 2v0
1.2 � v

0
1.3 � v

0
1.4 � 3v0

2.1 � v
0
2.2 � v

0
2.3 � 5v0

3.1 � v
0
3.2 � 2v0

3.3 � v
0
3.4 �

v0
6.2

v0
1.2

�
v0

6.2 � 2v0
7.1

v0
2.1

�
v0

6.4 � v
0
7.3 � v

0
7.5

v0
2.2

�
v0

7.2 � v
0
7.4

v0
1.2

� � 1

2
�v0

8.2 � v
0
9.1 � v

0
10.1 � v

0
10.2�

v0�6.3�0 � v0
6.3 ��1

2
� v0

1.1 � v
0
1.2 � v

0
1.4 �

v0
2.1

2
� 2v0

2.2 � 2v0
2.3 � v

0
3.1 �

v0
3.2

2
� v0

3.3 � 2v0
3.4

�
v0

6.1 � v
0
7.2 � v

0
7.4

v0
2.2

�
v0

6.3 � 2v0
7.6

2v0
1.4

� � v0
8.2 � v

0
9.3

2
� v0

10.4

v0�6.4�0 �
v0

6.4

2
��3 � v0

1.1 � v
0
1.2 � 2v0

1.3 � 4v0
1.4 � v

0
2.1 � v

0
2.2 � 3v0

2.3 � v
0
3.1 � 2v0

3.2 � v
0
3.3 � 5v0

3.4

�
v0

6.2 � v
0
7.2 � v

0
7.4

v0
2.2

�
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9.3 � 2v0
9.4

v0
5.2

� � v0
13.2

2

v0�12.4�ξ � v0
12.4 ��25 � v0

1.1 � 4v0
1.2 � 5v0

1.3 � 4v0
1.4 �

v0
2.1

2
� 8v0

2.2 � 4v0
2.3 � v

0
3.1 � v

0
3.2 � v

0
3.3 � 6v0

3.4

�
v0

4.2 � v
0
6.3 � 2v0

7.6

2v0
1.4

�
v0

6.4 � 2v0
7.6

v0
2.3

�
v0

7.2 � v
0
7.4

v0
2.2

�
v0

8.1

v0
6.4

�
v0

8.2

2v0
6.3

�
v0

9.3 � 2v0
9.4

2v0
5.2

�
�
v0

13.2

2

v0�13.1�ξ � v0
13.1 ��33 � 4v0

1.1 � 6v0
1.2 � 6v0

1.3 � 2 �v0
1.4 � v

0
3.2 � v

0
3.3 � v

0
3.4� � 4v0

2.1 � 10v0
2.2 � v

0
2.3

� 6v0
3.1 � 2

v0
7.1

v0
2.1

� 2
v0

7.3 � v
0
7.5

v0
2.2

�
v0

8.1

v0
6.1

� 2
v0

8.2

v0
6.2

�
2v0

9.1 � v
0
9.2

v0
5.1

�
v0�13.2�ξ � v0

13.2 ��33 � 2 �v0
1.1 � v

0
3.1 � v

0
3.2 � v

0
3.3� � 6v0

1.2 � 6v0
1.3 � 4v0

1.4 � v
0
2.1 � 10v0

2.2 � 4v0
2.3

� 6v0
3.4 � 2

v0
7.2 � v

0
7.4

v0
2.2

� 2
v0

7.6

v0
2.3

� 2
v0

8.1

v0
6.4

�
v0

8.2

v0
6.3

�
v0

9.3 � 2v0
9.4

v0
5.2

�
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Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � 1; u0

1.2 � �1; u0
1.3 � �1; u0

1.4 � 1

u0
2.1 � 1; u0

2.2 � �1; u0
2.3 � 1; u0

3.1 � 1

u0
3.2 � 1; u0

3.3 � 1; u0
3.4 � 1; u0

4.1 � 1

u0
4.2 � �1; u0

5.1 � 1; u0
5.2 � �1; u0

6.1 � 1

u0
6.2 � 1; u0

6.3 � �1; u0
6.4 � �1; u0

7.1 � �1

u0
7.2 � 1; u0

7.3 � 1; u0
7.4 � �1; u0

7.5 � �1

u0
7.6 � 1; u0

8.1 � 1; u0
8.2 � 1; u0

9.1 � �1

u0
9.2 � 1; u0

9.3 � 1; u0
9.4 � �1; u0

10.1 � �1

u0
10.2 � 1; u0

10.3 � 1; u0
10.4 � �1; u0

11.1 � 1

u0
11.2 � 1; u0

11.3 � 1; u0
11.4 � 1; u0

12.1 � 1

u0
12.2 � �1; u0

12.3 � 1; u0
12.4 � �1; u0

13.1 � 1

u0
13.2 � 1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � �2; u0�1.2�0 � 0; u0�1.3�0 � 0; u0�1.4�0 � 2

u0�2.1�0 � �2; u0�2.2�0 � 0; u0�2.3�0 � 2; u0�3.1�0 � �2

u0�3.2�0 � �2; u0�3.3�0 � 2; u0�3.4�0 � 2; u0�4.1�0 � �1

u0�4.2�0 � �1; u0�5.1�0 � �1; u0�5.2�0 � �1; u0�6.1�0 � �1

u0�6.2�0 � �1; u0�6.3�0 � �1; u0�6.4�0 � �1; u0�7.1�0 � 3

u0�7.2�0 � �1; u0�7.3�0 � �1; u0�7.4�0 � �1; u0�7.5�0 � �1

u0�7.6�0 � 3; u0�8.1�0 � 0; u0�8.2�0 � 0; u0�9.1�0 � 2

u0�9.2�0 � 0; u0�9.3�0 � 0; u0�9.4�0 � �2; u0�10.1�0 � 2

u0�10.2�0 � 0; u0�10.3�0 � 0; u0�10.4�0 � �2; u0�11.1�0 � �4

u0�11.2�0 � 0; u0�11.3�0 � 0; u0�11.4�0 � 4; u0�12.1�0 � �3

u0�12.2�0 � 1; u0�12.3�0 � 1; u0�12.4�0 � �3; u0�13.1�0 � �2

u0�13.2�0 � 2

and

u0�1.1�ξ � 2; u0�1.2�ξ � �2; u0�1.3�ξ � �2; u0�1.4�ξ � 2

u0�2.1�ξ � 2; u0�2.2�ξ � �2; u0�2.3�ξ � 2; u0�3.1�ξ � 2

u0�3.2�ξ � 2; u0�3.3�ξ � 2; u0�3.4�ξ � 2; u0�4.1�ξ � 3

u0�4.2�ξ � �3; u0�5.1�ξ � 3; u0�5.2�ξ � �3; u0�6.1�ξ � 3

u0�6.2�ξ � 3; u0�6.3�ξ � �3; u0�6.4�ξ � �3; u0�7.1�ξ � �3

u0�7.2�ξ � 3; u0�7.3�ξ � 3; u0�7.4�ξ � �3; u0�7.5�ξ � �3
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u0�7.6�ξ � 3; u0�8.1�ξ � 4; u0�8.2�ξ � 4; u0�9.1�ξ � �4

u0�9.2�ξ � 4; u0�9.3�ξ � 4; u0�9.4�ξ � �4; u0�10.1�ξ � �4

u0�10.2�ξ � 4; u0�10.3�ξ � 4; u0�10.4�ξ � �4; u0�11.1�ξ � 4

u0�11.2�ξ � 4; u0�11.3�ξ � 4; u0�11.4�ξ � 4; u0�12.1�ξ � 5

u0�12.2�ξ � �5; u0�12.3�ξ � 5; u0�12.4�ξ � �5; u0�13.1�ξ � 6

u0�13.2�ξ � 6

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3

u0�1.4�00 � 2v0
1.4; u0�2.1�00 � 2v0

2.1; u0�2.2�00 � 2v0
2.2

u0�2.3�00 � 2v0
2.3; u0�3.1�00 � 2v0

3.1; u0�3.2�00 � 2v0
3.2

u0�3.3�00 � 2v0
3.3; u0�3.4�00 � 2v0

3.4; u0�4.1�00 � 2v0
1.1 � 4v0

1.3

u0�4.2�00 � 4v0
1.2 � 2v0

1.4; u0�5.1�00 � 2v0
1.1 � 4v0

1.2; u0�5.2�00 � 4v0
1.3 � 2v0

1.4

u0�6.1�00 � 2v0
1.1 � 4v0

2.2; u0�6.2�00 � �2v0
1.2 � 2v0

2.1 � 2v0
2.2; u0�6.3�00 � �2v0

1.4 � 4v0
2.2

u0�6.4�00 � 2v0
1.3 � 2v0

2.2 � 2v0
2.3; u0�7.1�00 � �2v0

1.1 � 2v0
2.1 � 2v0

3.1; u0�7.2�00 � �2v0
1.2 � 2v0

2.2 � 2v0
3.1

u0�7.3�00 � �2v0
1.3 � 2v0

2.2 � 2v0
3.2; u0�7.4�00 � 2v0

1.2 � 2v0
2.2 � 2v0

3.3; u0�7.5�00 � 2v0
1.3 � 2v0

2.2 � 2v0
3.4

u0�7.6�00 � 2v0
1.4 � 2v0

2.3 � 2v0
3.4; u0�8.1�00 � 2v0

1.1 � 4v0
1.3 � 4v0

2.2 � 2v0
2.3

u0�8.2�00 � �4v0
1.2 � 2v0

1.4 � 2v0
2.1 � 4v0

2.2; u0�9.1�00 � �2 �v0
1.1 � v

0
2.1 � v

0
2.2 � v

0
3.1� � 4v0

1.2

u0�9.2�00 � 2v0
1.1 � 4v0

1.2 � 4v0
2.2 � 2v0

3.3; u0�9.3�00 � �4v0
1.3 � 2v0

1.4 � 4v0
2.2 � 2v0

3.2

u0�9.4�00 � 4v0
1.3 � 2 �v0

1.4 � v
0
2.2 � v

0
2.3 � v

0
3.4� ; u0�10.1�00 � �2 �v0

1.1 � v
0
1.2 � v

0
2.1 � v

0
3.1� � 4v0

2.2

u0�10.2�00 � �4v0
1.2 � 4v0

2.2 � 2v0
2.1 � 2v0

3.3; u0�10.3�00 � �4v0
1.3 � 4v0

2.2 � 2v0
2.3 � 2v0

3.2

u0�10.4�00 � �2 ��v0
1.3 � v

0
1.4 � v

0
2.3 � v

0
3.4� � 4v0

2.2; u0�11.1�00 � 4v0
1.1 � 4v0

2.1 � 4v0
3.1

u0�11.2�00 � �4v0
1.2 � 4v0

2.2 � 2v0
3.1 � 2v0

3.3; u0�11.3�00 � �4v0
1.3 � 4v0

2.2 � 2v0
3.2 � 2v0

3.4

u0�11.4�00 � 4v0
1.4 � 4v0

2.3 � 4v0
3.4; u0�12.1�00 � 4 �v0

1.1 � v
0
1.2 � v

0
2.1 � v

0
2.2 � v

0
3.1�

u0�12.2�00 � �2 �v0
1.1 � v

0
2.1 � v

0
3.1 � v

0
3.3� � 6v0

1.2 � 6v0
2.2

u0�12.3�00 � 2 �v0
1.4 � v

0
2.3 � v

0
3.2 � v

0
3.4� � 6v0

1.3 � 6v0
2.2

u0�12.4�00 � �4 ��v0
1.3 � v

0
1.4 � v

0
2.2 � v

0
2.3 � v

0
3.4�

u0�13.1�00 � 4v0
1.1 � 8v0

1.2 � 4v0
2.1 � 8v0

2.2 � 4v0
3.1 � 2v0

3.3

u0�13.2�00 � �8v0
1.3 � 4v0

1.4 � 8v0
2.2 � 4v0

2.3 � 2v0
3.2 � 4v0

3.4

u0�1.1�ξ0 � �2v0
1.1; u0�1.2�ξ0 � 0; u0�1.3�ξ0 � 0; u0�1.4�ξ0 � 2v0

1.4

u0�2.1�ξ0 � �2v0
2.1; u0�2.2�ξ0 � 0; u0�2.3�ξ0 � 2v0

2.3; u0�3.1�ξ0 � �2v0
3.1

u0�3.2�ξ0 � �2v0
3.2; u0�3.3�ξ0 � 2v0

3.3; u0�3.4�ξ0 � 2v0
3.4; u0�4.1�ξ0 � �2v0

1.1

u0�4.2�ξ0 � �2v0
1.4; u0�5.1�ξ0 � �2v0

1.1; u0�5.2�ξ0 � �2v0
1.4; u0�6.1�ξ0 � �2v0

1.1

u0�6.2�ξ0 � �2v0
2.1; u0�6.3�ξ0 � �2v0

1.4; u0�6.4�ξ0 � �2v0
2.3; u0�7.1�ξ0 � 2v0

1.1 � 2v0
2.1 � 2v0

3.1
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u0�7.2�ξ0 � �2v0
3.1; u0�7.3�ξ0 � �2v0

3.2; u0�7.4�ξ0 � �2v0
3.3; u0�7.5�ξ0 � �2v0

3.4

u0�7.6�ξ0 � 2v0
1.4 � 2v0

2.3 � 2v0
3.4; u0�8.1�ξ0 � 2v0

2.3 � 2v0
1.1; u0�8.2�ξ0 � 2v0

1.4 � 2v0
2.1

u0�9.1�ξ0 � 2v0
1.1 � 2v0

2.1 � 2v0
3.1; u0�9.2�ξ0 � 2v0

3.3 � 2v0
1.1; u0�9.3�ξ0 � 2v0

1.4 � 2v0
3.2

u0�9.4�ξ0 � �2v0
1.4 � 2v0

2.3 � 2v0
3.4; u0�10.1�ξ0 � 2v0

1.1 � 2v0
2.1 � 2v0

3.1; u0�10.2�ξ0 � 2v0
3.3 � 2v0

2.1

u0�10.3�ξ0 � 2v0
2.3 � 2v0

3.2; u0�10.4�ξ0 � �2v0
1.4 � 2v0

2.3 � 2v0
3.4; u0�11.1�ξ0 � �4v0

1.1 � 4v0
2.1 � 4v0

3.1

u0�11.2�ξ0 � 2v0
3.3 � 2v0

3.1; u0�11.3�ξ0 � 2v0
3.4 � 2v0

3.2; u0�11.4�ξ0 � 4v0
1.4 � 4v0

2.3 � 4v0
3.4

u0�12.1�ξ0 � �4v0
1.1 � 4v0

2.1 � 4v0
3.1

u0�12.2�ξ0 � 2v0
1.1 � 2v0

2.1 � 2v0
3.1 � 2v0

3.3

u0�12.3�ξ0 � 2v0
1.4 � 2v0

2.3 � 2v0
3.2 � 2v0

3.4

u0�12.4�ξ0 � �4v0
1.4 � 4v0

2.3 � 4v0
3.4

u0�13.1�ξ0 � �4v0
1.1 � 4v0

2.1 � 4v0
3.1 � 2v0

3.3

u0�13.2�ξ0 � 4v0
1.4 � 4v0

2.3 � 2v0
3.2 � 4v0

3.4

and

u0�1.1�ξξ � 2v0
1.1; u0�1.2�ξξ � �2v0

1.2; u0�1.3�ξξ � �2v0
1.3

u0�1.4�ξξ � 2v0
1.4; u0�2.1�ξξ � 2v0

2.1; u0�2.2�ξξ � �2v0
2.2

u0�2.3�ξξ � 2v0
2.3; u0�3.1�ξξ � 2v0

3.1; u0�3.2�ξξ � 2v0
3.2

u0�3.3�ξξ � 2v0
3.3; u0�3.4�ξξ � 2v0

3.4; u0�4.1�ξξ � 2v0
1.1 � 4v0

1.3

u0�4.2�ξξ � �4v0
1.2 � 2v0

1.4; u0�5.1�ξξ � 2v0
1.1 � 4v0

1.2; u0�5.2�ξξ � �4v0
1.3 � 2v0

1.4

u0�6.1�ξξ � 2v0
1.1 � 4v0

2.2; u0�6.2�ξξ � 2v0
1.2 � 2v0

2.1 � 2v0
2.2; u0�6.3�ξξ � �2v0

1.4 � 4v0
2.2

u0�6.4�ξξ � �2v0
1.3 � 2v0

2.2 � 2v0
2.3; u0�7.1�ξξ � �2v0

1.1 � 2v0
2.1 � 2v0

3.1; u0�7.2�ξξ � 2v0
1.2 � 2v0

2.2 � 2v0
3.1

u0�7.3�ξξ � 2v0
1.3 � 2v0

2.2 � 2v0
3.2; u0�7.4�ξξ � �2v0

1.2 � 2v0
2.2 � 2v0

3.3; u0�7.5�ξξ � �2v0
1.3 � 2v0

2.2 � 2v0
3.4

u0�7.6�ξξ � 2v0
1.4 � 2v0

2.3 � 2v0
3.4; u0�8.1�ξξ � 2v0

1.1 � 4v0
1.3 � 4v0

2.2 � 2v0
2.3

u0�8.2�ξξ � 4v0
1.2 � 2v0

1.4 � 2v0
2.1 � 4v0

2.2; u0�9.1�ξξ � �2 �v0
1.1 � v

0
2.1 � v

0
2.2 � v

0
3.1� � 4v0

1.2

u0�9.2�ξξ � 2v0
1.1 � 4v0

1.2 � 4v0
2.2 � 2v0

3.3; u0�9.3�ξξ � 4v0
1.3 � 2v0

1.4 � 4v0
2.2 � 2v0

3.2

u0�9.4�ξξ � �4v0
1.3 � 2 �v0

1.4 � v
0
2.2 � v

0
2.3 � v

0
3.4� ; u0�10.1�ξξ � �2 �v0

1.1 � v
0
1.2 � v

0
2.1 � v

0
3.1� � 4v0

2.2

u0�10.2�ξξ � 4v0
1.2 � 2v0

2.1 � 4v0
2.2 � 2v0

3.3; u0�10.3�ξξ � 4v0
1.3 � 4v0

2.2 � 2v0
2.3 � 2v0

3.2

u0�10.4�ξξ � �2 �v0
1.3 � v

0
1.4 � v

0
2.3 � v

0
3.4� � 4v0

2.2; u0�11.1�ξξ � 4v0
1.1 � 4v0

2.1 � 4v0
3.1

u0�11.2�ξξ � 4v0
1.2 � 4v0

2.2 � 2v0
3.1 � 2v0

3.3; u0�11.3�ξξ � 4v0
1.3 � 4v0

2.2 � 2v0
3.2 � 2v0

3.4

u0�11.4�ξξ � 4v0
1.4 � 4v0

2.3 � 4v0
3.4; u0�12.1�ξξ � 4 �v0

1.1 � v
0
1.2 � v

0
2.1 � v

0
2.2 � v

0
3.1�

u0�12.2�ξξ � �2 �v0
1.1 � v

0
2.1 � v

0
3.1 � v

0
3.3� � 6v0

1.2 � 6v0
2.2

u0�12.3�ξξ � 6v0
1.3 � 2 �v0

1.4 � v
0
2.3 � v

0
3.2 � v

0
3.4� � 6v0

2.2

u0�12.4�ξξ � �4 �v0
1.3 � v

0
1.4 � v

0
2.2 � v

0
2.3 � v

0
3.4�

u0�13.1�ξξ � 4v0
1.1 � 8v0

1.2 � 4v0
2.1 � 8v0

2.2 � 4v0
3.1 � 2v0

3.3

u0�13.2�ξξ � 8v0
1.3 � 4v0

1.4 � 8v0
2.2 � 4v0

2.3 � 2v0
3.2 � 4v0

3.4
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A.3.3 Thermodynamics of D019 phase using triangle–tetrahedron
approximation

The triangle–tetrahedron clusters considered for D019 phase is shown in Figure
A.9 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.9.
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Figure A.9: The triangle–tetrahedron basic clusters in D019 phase along with the
sublattice sites designated α and β.

Table A.9: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for D019 phase using triangle–tetrahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Regular tetrahedron

αβββ�T2, βββOP �
�8,3,6,7�

6.2 3~2
1

αβββ�T1, βββIP �
�2,7,9,10�

6.1 1~2
Equilateral triangle �OP�

βββ
�3,6,7�

5.3 3~2
0αββ�T2�

�8,3,7�
5.2 3

αββ�T1�
�2,7,9�

5.1 3~2
Equilateral triangle �OB� βββ

�3,4,5�
4.2 1~4

1
αββ

�2,1,3�
4.1 3~4

Equilateral triangle �TB� βββ
�7,9,10�

3.2 1~4
-1

αββ
�8,6,7�

3.1 3~4
cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

I-n pair �OP� ββ
�3,6�

2.2 3~2
-1

αβ
�2,7�

2.1 3~2
I-n pair �IP�

ββ�T2�
�6,7�

1.3 3~4
-1ββ�T1�

�7,9�
1.2 3~4

αβ
�8,6�

1.1 3~2
Point

β
�1�

0.2 3~4
5

α
�2�

0.1 1~4
The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � 3u0.2�~4 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

1

η1η5
º
η3η4η6

; v0
1.2 �

η1

η5

¾
η3

η4η6

; v0
1.3 � η1η5

¾
η4

η3η6

; v0
2.1 �

1

η2η2
5

º
η6

v0
2.2 �

η2º
η6

; v0
3.1 �

1

η1η5
º
η3η4η6

; v0
3.2 �

η3
1

η
3~2
4 η3

5

¾
η3

η6

; v0
4.1 �

1

η1η3
5η

3~2
6

º
η3η4

v0
4.2 �

η3
1η

3
5

º
η4

η
3~2
3 η

3~2
6

; v0
5.1 �

η1

η2
2η

4
5η6

¾
η3

η4

; v0
5.2 �

1

η1η2
5η6

º
η3η4

; v0
5.3 �

η1η2
2

η6

¾
η4

η3

v0
6.1 �

η3
1

º
η3

η3
2η

3~2
4 η6

5η
3~2
6

; v0
6.2 �

η2

η1η2
5η

3~2
6

º
η3η4

The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:

v0�1.1�0 � v0
1.1 ��2 � v0

1.1 �
v0

1.2

2
�
v0

1.3

2
� v0

2.1 � v
0
2.2� � v0

3.1 � v
0
4.1

2
� v0

5.2

v0�1.2�0 � v0
1.2 ��v0

1.1 � 2v0
1.2 � 2v0

2.1� � v0
3.2 � v

0
4.1

2
� v0

5.1

v0�1.3�0 � v0
1.3 ��2 � v0

1.1 � 2v0
1.3 � 2v0

2.2� � v0
3.1 � v

0
4.2

2
� v0

5.3
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v0�2.1�0 � v0
2.1 ��2 � v0

1.1 � v
0
1.2 � v

0
2.1 � v

0
2.2� � v0

5.1 � v
0
5.2

v0�2.2�0 � v0
2.2 ��1 � v0

1.1 � v
0
1.3 � v

0
2.1 � 2v0

2.2� � v0
5.2 � v

0
5.3

v0�3.1�0 � v0
3.1 ��9

2
� v0

1.1 � v
0
1.2 � 2v0

1.3 � v
0
2.1 � 2v0

2.2 �
v0

4.1

v0
1.1

�
v0

4.2

2v0
1.3

� � v0
6.2

v0�3.2�0 � v0
3.2 �1

2
� 3v0

1.1 � 3v0
1.2 � 3v0

2.1 �
3v0

4.1

2v0
1.2

� � v0
6.1

v0�4.1�0 � v0
4.1 ��7

2
� v0

1.1 � 2v0
1.2 � v

0
1.3 � 2v0

2.2 �
v0

3.2 � 2v0
5.1

2v0
1.2

�
v0

3.1 � 2v0
5.2

v0
1.1

�
v0�4.2�0 �

3v0
4.2

2
��3 � 2v0

1.1 � 2v0
1.3 � 4v0

2.2 �
v0

3.1 � 2v0
5.3

v0
1.3

�
v0�5.1�0 � v0

5.1 ��3 � v0
1.1 � 2v0

1.2 �
v0

2.1

2
� 2v0

2.2 �
v0

4.1 � v
0
5.1

2v0
1.2

� 2
v0

5.2

v0
2.1

� � v0
6.1

2

v0�5.2�0 �
v0

5.2

2
��8 � v0

1.1 � 3v0
1.2 � 2v0

1.3 � 2v0
2.1 � 5v0

2.2 �
v0

4.1 � v
0
5.2

v0
1.1

� 2
v0

5.1

v0
2.1

�
v0

5.2 � v
0
5.3

v0
2.2

� � v0
6.2

2

v0�5.3�0 �
v0

5.3

2
��6 � 4v0

1.1 � 6v0
1.3 � 3v0

2.1 � 8v0
2.2 � 2

v0
5.2 � v

0
5.3

v0
2.2

�
v0

4.2 � v
0
5.3

v0
1.3

� � v0
6.2

2

v0�6.1�0 �
v0

6.1

2
��7 � 6v0

1.2 � 3v0
2.1 � 6v0

2.2 �
3v0

4.1

v0
1.2

�
6v0

5.2

v0
2.1

�
v0

6.1

v0
3.2

�
v0�6.2�0 �

v0
6.2

2
��1.3 � 4v0

1.2 � 6v0
1.3 � v

0
2.1 � 8v0

2.2 � 2
v0

4.1

v0
1.1

�
v0

4.2

v0
1.3

� 2
v0

5.1

v0
2.1

� 2
v0

5.2 � v
0
5.3

v0
2.2

�
v0

6.2

v0
3.1

�
and

v0�1.1�ξ �
v0

1.1

4
��8 � 6v0

1.1 � v
0
1.2 � v

0
1.3 � 2v0

2.1 � 2v0
2.2� � 1

4
�v0

3.1 � v
0
4.1 � 2v0

5.2�
v0�1.2�ξ � v0

1.2 ��3 �
3

2
v0

1.1 � v
0
1.2 � 3v0

2.1� � 1

4
�v0

3.2 � 3v0
4.1 � 6v0

5.1�
v0�1.3�ξ � v0

1.3 ��2 �
3

2
v0

1.1 � v
0
1.3 � v

0
2.2� � 1

4
�3v0

3.1 � v
0
4.2 � 2v0

5.3�
v0�2.1�ξ �

v0
2.1

2
��4 � v0

1.1 � v
0
1.2 � 3v0

2.1 � v
0
2.2� � v0

5.1 � v
0
5.2

2

v0�2.2�ξ �
v0

2.2

2
��5 � 3v0

1.1 � v
0
1.3 � 3v0

2.1 � 2v0
2.2� � 3v0

5.2 � v
0
5.3

2

v0�3.1�ξ �
v0

3.1

4
��17 � 10v0

1.1 � 2v0
1.2 � 4v0

1.3 � 2v0
2.1 � 4v0

2.2 � 2
v0

4.1

v0
1.1

�
v0

4.2

v0
1.3

� � v0
6.2

2

v0�3.2�ξ �
3

4
v0

3.2 ��9 � 6v0
1.1 � 2v0

1.2 � 6v0
2.1 � 3

v0
4.1

v0
1.2

� � 3v0
6.1

2

v0�4.1�ξ �
v0

4.1

4
��23 � 10v0

1.1 � 4v0
1.2 � 2v0

1.3 � 16v0
2.1 � 4v0

2.2 �
v0

3.2 � 6v0
5.1

v0
1.2

�
2v0

3.1 � 4v0
5.2

v0
1.1

�
v0�4.2�ξ �

3

4
v0

4.2 ��7 � 6v0
1.1 � 2v0

1.3 � 4v0
2.2 �

3v0
3.1 � 2v0

5.3

v0
1.3

�
v0�5.1�ξ � v0

5.1 ��11

2
�

5

2
v0

1.1 � v
0
1.2 �

15

4
v0

2.1 � v
0
2.2 � 3

v0
4.1 � v

0
5.1

4v0
1.2

�
v0

5.2

v0
2.1

� � v0
6.1

4
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v0�5.2�ξ �
v0

5.2

4
��20 � 9v0

1.1 � 3v0
1.2 � 2v0

1.3 � 10v0
2.1 � 5v0

2.2 �
v0

4.1 � v
0
5.2

v0
1.1

� 2
v0

5.1

v0
2.1

�
3v0

5.2 � v
0
5.3

v0
2.2

� � v0
6.2

4

v0�5.3�ξ �
v0

5.3

4
��22 � 12v0

1.1 � 6v0
1.3 � 9v0

2.1 � 8v0
2.2 �

v0
4.2 � v

0
5.3

v0
1.3

�
6v0

5.2 � 2v0
5.3

v0
2.2

� � 3v0
6.2

4

v0�6.1�ξ �
3v0

6.1

4
��13 � 8v0

1.1 � 2v0
1.2 � 7v0

2.1 � 2v0
2.2 � 3

v0
4.1

v0
1.2

� 2
v0

5.2

v0
2.1

�
v0

6.1

v0
3.2

�
v0�6.2�ξ �

v0
6.2

4
��33 � 16v0

1.1 � 4v0
1.2 � 6v0

1.3 � 13v0
2.1 � 8v0

2.2 � 2
v0

4.1

v0
1.1

�
v0

4.2

v0
1.3

� 2
v0

5.1

v0
2.1

�
6v0

5.2 � 2v0
5.3

v0
2.2

�
v0

6.2

v0
3.1

�
Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � �1; u0

1.2 � 1; u0
1.3 � 1; u0

2.1 � �1

u0
2.2 � 1; u0

3.1 � �1; u0
3.2 � 1; u0

4.1 � �1

u0
4.2 � 1; u0

5.1 � �1; u0
5.2 � �1; u0

5.3 � 1

u0
6.1 � �1; u0

6.2 � �1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � 0; u0�1.2�0 � 2; u0�1.3�0 � 2; u0�2.1�0 � 0

u0�2.2�0 � 2; u0�3.1�0 � �1; u0�3.2�0 � 3; u0�4.1�0 � �1

u0�4.2�0 � 3; u0�5.1�0 � �1; u0�5.2�0 � �1; u0�5.3�0 � 3

u0�6.1�0 � �2; u0�6.2�0 � �2

u0�1.1�ξ � �2; u0�1.2�ξ � 1; u0�1.3�ξ � 1; u0�2.1�ξ � �2

u0�2.2�ξ � 1; u0�3.1�ξ � �
5

2
; u0�3.2�ξ �

3

2
; u0�4.1�ξ � �

5

2

u0�4.2�ξ �
3

2
; u0�5.1�ξ � �

5

2
; u0�5.2�ξ � �

5

2
; u0�5.3�ξ �

3

2
u0�6.1�ξ � �3; u0�6.2�ξ � �3

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3

u0�2.1�00 � 2v0
2.1; u0�2.2�00 � 2v0

2.2; u0�3.1�00 � 4v0
1.1 � 2v0

1.3

u0�3.2�00 � 6v0
1.2; u0�4.1�00 � 4v0

1.1 � 2v0
1.2; u0�4.2�00 � 6v0

1.3

u0�5.1�00 � �2v0
1.2 � 4v0

2.1; u0�5.2�00 � 2v0
1.1 � 2v0

2.1 � 2v0
2.2; u0�5.3�00 � 2v0

1.3 � 4v0
2.2

u0�6.1�00 � �6v0
1.2 � 6v0

2.1; u0�6.2�00 � 4v0
1.1 � 2v0

1.3 � 2v0
2.1 � 4v0

2.2
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u0�1.1�ξ0 � � v0
1.1; u0�1.2�ξ0 �v0

1.2; u0�1.3�ξ0 �v0
1.3;

u0�2.1�ξ0 � � v0
2.1; u0�2.2�ξ0 �v0

2.2; u0�3.1�ξ0 � � 2v0
1.1 � v

0
1.3

u0�3.2�ξ0 �3v0
1.2; u0�4.1�ξ0 � � 2v0

1.1 � v
0
1.2; u0�4.2�ξ0 �3v0

1.3

u0�5.1�ξ0 � � v0
1.2 � 2v0

2.1; u0�5.2�ξ0 � � v0
1.1 � v

0
2.1 � v

0
2.2; u0�5.3�ξ0 �v0

1.3 � 2v0
2.2

u0�6.1�ξ0 � � 3v0
1.2 � 3v0

2.1; u0�6.2�ξ0 � � 2v0
1.1 � v

0
1.3 � v

0
2.1 � 2v0

2.2

and

u0�1.1�ξξ � �
3v0

1.1

2
; u0�1.2�ξξ �

v0
1.2

2
; u0�1.3�ξξ �

v0
1.3

2

u0�2.1�ξξ � �
3v0

2.1

2
; u0�2.2�ξξ �

v0
2.2

2
; u0�3.1�ξξ � �3v0

1.1 �
v0

1.3

2

u0�3.2�ξξ �
3v0

1.2

2
; u0�4.1�ξξ � �3v0

1.1 �
v0

1.2

2
; u0�4.2�ξξ �

3v0
1.3

2

u0�5.1�ξξ � �
v0

1.2

2
� 3v0

2.1; u0�5.2�ξξ � �
1

2
�3v0

1.1 � 3v0
2.1 � v

0
2.2� ; u0�5.3�ξξ �

v0
1.3

2
� v0

2.2

u0�6.1�ξξ � �
3v0

1.2 � 9v0
2.1

2
; u0�6.2�ξξ � �3v0

1.1 �
v0

1.3 � 3v0
2.1

2
� v0

2.2
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A.3.4 Thermodynamics of D019 phase using tetrahedron –
octahedron approximation

The tetrahedron–octahedron clusters considered for D019 phase is shown in Figure
A.10 and the details of the (sub-)clusters, their designations, multiplicities and K-B
coefficients are given in Table A.10.

α

α

β

ββ

β

β β β

β

α

α

α

β

β

β β β

β

1

2

3

4

5

6

7

8

9

10

11

Figure A.10: The tetrahedron–octahedron basic clusters in D019 phase along with the
sublattice sites designated α and β.

Table A.10: The clusters, their designations, multiplicities and the corresponding K-B
coefficients (γi.j) for D019 phase using tetrahedron–octahedron approximation.

Clusters Ordered cluster Designation Multiplicity γi.j

Octahedron

ββββββ�O2�
�3,4,5,6,7,8�

13.2 1~4
1

ααββββ�O1�
�2,9,1,3,8,10�

13.1 3~4
Square pyramid

βββββ
�3,4,5,6,7�

12.3 3~2
0

αββββ
�2,1,3,8,10�

12.2 3~2
ααβββ

�2,9,1,3,10�
12.1 3

Square

ββββ�O2�
�3,4,6,7�

11.3 3~4
0

ββββ�O1�
�1,3,8,10�

11.2 3~4
ααββ

�2,9,1,8�
11.1 3~2

cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

Irregular tetrahedron-2

ββββ
�3,6,4,8�

10.3 3~2
0

αβββ
�2,1,8,10�

10.2 3

ααββ
�2,9,3,8�

10.1 3~2
Irregular tetrahedron-1

ββββ
�3,6,7,8�

9.3 3~2
0

αβββ
�2,1,8,10�

9.2 3

ααββ
�2,9,1,3�

9.1 3~2
Regular tetrahedron

αβββ�βββOP, T2 �
�9,3,7,8�

8.2 3~2
1

αβββ�βββIP, T1 �
�2,8,10,11�

8.1 1~2

Isosceles triangle

βββ�O2�
�3,4,6�

7.4 3

0
βββ�O1�
�1,3,8�

7.3 3

αββ
�2,1,8�

7.2 3

ααβ
�2,9,1�

7.1 3

Equilateral triangle �OP�
βββ

�3,7,8�
6.3 3~2

-1αββ�ββOP�
�2,1,10�

6.2 3

αββ�ββIP�
�2,1,3�

6.1 3~2
Equilateral triangle �OB� βββ

�6,7,8�
5.2 1~4

-1
αββ

�9,8,10�
5.1 3~4

Equilateral triangle �TB� βββ
�8,10,11�

4.2 1~4
-1

αββ
�9,7,8�

4.1 3~4
II-n pair

ββ�O2�
�3,6�

3.3 3~4
0ββ�O1�

�1,8�
3.2 3~2

αα
�2, 9�

3.1 3~4
cont . . .
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cont . . .
Clusters Ordered cluster Designation Multiplicity γi.j

I-n pair �OP� ββ
�1,10�

2.2 3~2
1

αβ
�9,1�

2.1 3~2
I-n pair �IP�

ββ�T2�
�7,8�

1.3 3~4
1ββ�T1�

�8,10�
1.2 3~4

αβ
�2,1�

1.1 3~2
Point

β
�1�

0.2 3~4
-1

α
�2�

0.1 1~4
The average composition of the system and the LRO parameters are related to the
sublattice point CFs as

u0 � �u0.1 � 3u0.2�~4 and ξ � �u0.2 � u0.1�~2
Correlation functions in the sublattice solvent bases

The limiting values of the transformed CFs in the sublattice solvent bases in the
limit of perfect ordering, v0

i.j, are:

v0
1.1 �

º
η11η12η

1~8
13

η1η6
º
η4η5η8η9

; v0
1.2 �

η1η2
7

º
η4η11η

1~8
13

η6
º
η5η8η9η10

v0
1.3 � η1η6η

2
7η10

¾
η5η3

9η11

η4η8

η12η
1~8
13 ; v0

2.1 �

º
η11η12η

1~8
13

η2η2
6

º
η8η10

;

v0
2.2 � η2η

2
7

¾
η10η11η12

η8

η
1~8
13 ; v0

3.1 � η3η
2
7

º
η9η10η11η12η

1~16
13

v0
3.2 �

η3η
1~16
13

º
η11º

η9η10

; v0
3.3 � η3η
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The limiting first derivatives of the transformed CFs with respect to u0 and ξ, in the
sublattice solvent bases in the limit of perfect ordering, v0�i.j�0 and v0�i.j�ξ, are:
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3.1 � 2v0
3.2 �
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v0

7.2

4
��32 � 14v0
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3.3
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Correlation functions in the orthogonal basis

The limiting values of the CFs in the orthogonal basis in the limit of perfect
ordering, u0

i.j, are:

u0
1.1 � �1; u0

1.2 � 1; u0
1.3 � 1; u0

2.1 � �1

u0
2.2 � 1; u0

3.1 � 1; u0
3.2 � 1; u0

3.3 � 1

u0
4.1 � �1; u0

4.2 � 1; u0
5.1 � �1; u0

5.2 � 1

u0
6.1 � �1; u0

6.2 � �1; u0
6.3 � 1; u0

7.1 � 1

u0
7.2 � �1; u0

7.3 � 1; u0
7.4 � 1; u0

8.1 � �1

u0
8.2 � �1; u0

9.1 � 1; u0
9.2 � �1; u0

9.3 � 1

u0
10.1 � 1; u0

10.2 � �1; u0
10.3 � 1; u0

11.1 � 1

u0
11.2 � 1; u0

11.3 � 1; u0
12.1 � 1; u0

12.2 � �1

u0
12.3 � 1; u0

13.1 � 1; u0
13.2 � 1

The limiting first derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�0 and u0�i.j�ξ, are:

u0�1.1�0 � 0; u0�1.2�0 � 2; u0�1.3�0 � 2; u0�2.1�0 � 0

u0�2.2�0 � 2; u0�3.1�0 � �2; u0�3.2�0 � 2; u0�3.3�0 � 2
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u0�4.1�0 � �1; u0�4.2�0 � 3; u0�5.1�0 � �1; u0�5.2�0 � 3

u0�6.1�0 � �1; u0�6.2�0 � �1; u0�6.3�0 � 3; u0�7.1�0 � �1

u0�7.2�0 � �1; u0�7.3�0 � 3; u0�7.4�0 � 3; u0�8.1�0 � �2

u0�8.2�0 � �2; u0�9.1�0 � 0; u0�9.2�0 � �2; u0�9.3�0 � 4

u0�10.1�0 � 0; u0�10.2�0 � �2; u0�10.3�0 � 4; u0�11.1�0 � 0

u0�11.2�0 � 4; u0�11.3�0 � 4; u0�12.1�0 � 1; u0�12.2�0 � �3

u0�12.3�0 � 5; u0�13.1�0 � 2; u0�13.2�0 � 6

and

u0�1.1�ξ � �2; u0�1.2�ξ � 1; u0�1.3�ξ � 1; u0�2.1�ξ � �2

u0�2.2�ξ � 1; u0�3.1�ξ � 3; u0�3.2�ξ � 1; u0�3.3�ξ � 1

u0�4.1�ξ � �
5

2
; u0�4.2�ξ �

3

2
; u0�5.1�ξ � �

5

2
; u0�5.2�ξ �

3

2

u0�6.1�ξ � �
5

2
; u0�6.2�ξ � �

5

2
; u0�6.3�ξ �

3

2
; u0�7.1�ξ �

7

2

u0�7.2�ξ � �
5

2
; u0�7.3�ξ �

3

2
; u0�7.4�ξ �

3

2
; u0�8.1�ξ � �3

u0�8.2�ξ � �3; u0�9.1�ξ � 4; u0�9.2�ξ � �3; u0�9.3�ξ � 2

u0�10.1�ξ � 4; u0�10.2�ξ � �3; u0
10.3ξ � 2; u0�11.1�ξ � 4

u0�11.2�ξ � 2; u0�11.3�ξ � 2; u0�12.1�ξ �
9

2
; u0�12.2�ξ � �

7

2

u0�12.3�ξ �
5

2
; u0

13.1ξ � 5; u0�13.2�ξ � 3

The limiting second derivatives of the CFs with respect to u0 and ξ, in the orthogonal
basis in the limit of perfect ordering, u0�i.j�00, u

0�i.j�ξ and u0�i.j�ξξ, are:

u0�1.1�00 � 2v0
1.1; u0�1.2�00 � 2v0

1.2; u0�1.3�00 � 2v0
1.3

u0�2.1�00 � 2v0
2.1; u0�2.2�00 � 2v0

2.2; u0�3.1�00 � 2v0
3.1

u0�3.2�00 � 2v0
3.2; u0�3.3�00 � 2v0

3.3; u0�4.1�00 � 4v0
1.1 � 2v0

1.3

u0�4.2�00 � 6v0
1.2; u0�5.1�00 � 4v0

1.1 � 2v0
1.2; u0�5.2�00 � 6v0

1.3

u0�6.1�00 � �2v0
1.2 � 4v0

2.1; u0�6.2�00 � 2v0
1.1 � 2v0

2.1 � 2v0
2.2; u0�6.3�00 � 2v0

1.3 � 4v0
2.2

u0�7.1�00 � �2v0
1.1 � 2v0

2.1 � 2v0
3.1; u0�7.2�00 � 2v0

1.1 � 2v0
2.1 � 2v0

3.2; u0�7.3�00 � 2v0
1.2 � 2v0

2.2 � 2v0
3.2

u0�7.4�00 � 2v0
1.3 � 2v0

2.2 � 2v0
3.3; u0�8.1�00 � �6v0

1.2 � 6v0
2.1

u0�8.2�00 � 4v0
1.1 � 2v0

1.3 � 2v0
2.1 � 4v0

2.2; u0�9.1�00 � �4v0
1.1 � 2v0

1.2 � 4v0
2.1 � 2v0

3.1

u0�9.2�00 � 4v0
1.1 � 2 �v0

1.2 � v
0
2.1 � v

0
2.2 � v

0
3.2� ; u0�9.3�00 � 6v0

1.3 � 4v0
2.2 � 2v0

3.3

u0�10.1�00 � �4v0
1.1 � 4v0

2.1 � 2v0
2.2 � 2v0

3.1; u0�10.2�00 � 2 �v0
1.1 � v

0
1.2 � v

0
2.2 � v

0
3.2� � 4v0

2.1

u0�10.3�00 � 4v0
1.3 � 6v0

2.2 � 2v0
3.3; u0�11.1�00 � �4v0

1.1 � 4v0
2.1 � 2v0

3.1 � 2v0
3.2

u0�11.2�00 � 4v0
1.2 � 4v0

2.2 � 4v0
3.2; u0�11.3�00 � 4v0

1.3 � 4v0
2.2 � 4v0

3.3

u0�12.1�00 � �6v0
1.1 � 6v0

2.1 � 2 �v0
1.2 � v

0
2.2 � v

0
3.1 � v

0
3.2�

A-72



u0�12.2�00 � 4 �v0
1.1 � v

0
1.2 � v

0
2.1 � v

0
2.2 � v

0
3.2�

u0�12.3�00 � 8v0
1.3 � 8v0

2.2 � 4v0
3.3

u0�13.1�00 � �8v0
1.1 � 4v0

1.2 � 8v0
2.1 � 4v0

2.2 � 2v0
3.1 � 4v0

3.2

u0�13.2�00 � 12v0
1.3 � 12v0

2.2 � 6v0
3.3

u0�1.1�ξ0 � � v0
1.1; u0�1.2�ξ0 �v0

1.2; u0�1.3�ξ0 �v0
1.3; u0�2.1�ξ0 � � v0

2.1

u0�2.2�ξ0 �v0
2.2; u0�3.1�ξ0 � � 3v0

3.1; u0�3.2�ξ0 �v0
3.2; u0�3.3�ξ0 �v0

3.3

u0�4.1�ξ0 � � 2v0
1.1 � v

0
1.3; u0�4.2�ξ0 �3v0

1.2; u0�5.1�ξ0 � � 2v0
1.1 � v

0
1.2; u0�5.2�ξ0 �3v0

1.3

u0�6.1�ξ0 � � v0
1.2 � 2v0

2.1; u0�6.2�ξ0 � � v0
1.1 � v

0
2.1 � v

0
2.2

u0�6.3�ξ0 �v0
1.3 � 2v0

2.2; u0�7.1�ξ0 �v0
1.1 � v

0
2.1 � 3v0

3.1

u0�7.2�ξ0 � � v0
1.1 � v

0
2.1 � v

0
3.2; u0�7.3�ξ0 �v0

1.2 � v
0
2.2 � v

0
3.2

u0�7.4�ξ0 �v0
1.3 � v

0
2.2 � v

0
3.3; u0�8.1�ξ0 � � 3v0

1.2 � 3v0
2.1

u0�8.2�ξ0 � � 2v0
1.1 � v

0
1.3 � v

0
2.1 � 2v0

2.2; u0�9.1�ξ0 �2v0
1.1 � v

0
1.2 � 2v0

2.1 � 3v0
3.1

u0�9.2�ξ0 � � 2v0
1.1 � v

0
1.2 � v

0
2.1 � v

0
2.2 � v

0
3.2; u0�9.3�ξ0 �3v0

1.3 � 2v0
2.2 � v

0
3.3

u0�10.1�ξ0 �2v0
1.1 � 2v0

2.1 � v
0
2.2 � 3v0

3.1; u0�10.2�ξ0 � � v0
1.1 � v

0
1.2 � 2v0

2.1 � v
0
2.2 � v

0
3.2

u0�10.3�ξ0 �2v0
1.3 � 3v0

2.2 � v
0
3.3; u0�11.1�ξ0 �2v0

1.1 � 2v0
2.1 � 3v0

3.1 � v
0
3.2

u0�11.2�ξ0 �2v0
1.2 � 2v0

2.2 � 2v0
3.2; u0�11.3�ξ0 �2v0

1.3 � 2v0
2.2 � 2v0

3.3

u0�12.1�ξ0 �3v0
1.1 � v

0
1.2 � 3v0

2.1 � v
0
2.2 � 3v0

3.1 � v
0
3.2

u0�12.2�ξ0 � � 2 �v0
1.1 � v

0
1.2 � v

0
2.1 � v

0
2.2 � v

0
3.2�

u0�12.3�ξ0 �2v0
1.3 � 2v0

2.2 � 4v0
3.3

u0�13.1�ξ0 �4v0
1.1 � 2v0

1.2 � 4v0
2.1 � 2v0

2.2 � 3v0
3.1 � 2v0

3.2

u0�13.2�ξ0 �6v0
1.3 � 6v0

2.2 � 3v0
3.3

and

u0�1.1�ξξ � �
3

2
v0

1.1; u0�1.2�ξξ �
v0

1.2

2
; u0�1.3�ξξ �

v0
1.3

2
; u0�2.1�ξξ � �

3

2
v0

2.1

u0�2.2�ξξ �
v0

2.2

2
; u0�3.1�ξξ �

9

2
v0

3.1; u0�3.2�ξξ �
v0

3.2

2
; u0�3.3�ξξ �

v0
3.3

2

u0�4.1�ξξ � �3v0
1.1 �

v0
1.3

2
; u0�4.2�ξξ �

3

2
v0

1.2; u0�5.1�ξξ � �3v0
1.1 �

v0
1.2

2
; u0�5.2�ξξ �

3

2
v0

1.3

u0�6.1�ξξ � �
v0

1.2

2
� 3v0

2.1; u0�6.2�ξξ � �
3v0

1.1 � 3v0
2.1 � v

0
2.2

2

u0�6.3�ξξ �
v0

1.3

2
� v0

2.2; u0�7.1�ξξ �
3

2
�v0

1.1 � v
0
2.1 � 3v0

3.1�
u0�7.2�ξξ � �

1

2
�3v0

1.1 � 3v0
2.1 � v

0
3.2� ; u0�7.3�ξξ �

1

2
�v0

1.2 � v
0
2.2 � v

0
3.2�

u0�7.4�ξξ �
1

2
�v0

1.3 � v
0
2.2 � v

0
3.3� ; u0�8.1�ξξ � �

3

2
�v0

1.2 � 3v0
2.1�

u0�8.2�ξξ � �3v0
1.1 � v

0
2.2 �

v0
1.3 � 3v0

2.1

2
; u0�9.1�ξξ � 3v0

1.1 � 3v0
2.1 �

v0
1.2 � 9v0

3.1

2
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u0�9.2�ξξ � �3v0
1.1 �

1

2
�v0

1.2 � 3v0
2.1 � v

0
2.2 � v

0
3.2� ; u0�9.3�ξξ �

1

2
�3v0

1.3 � 2v0
2.2 � v

0
3.3�

u0�10.1�ξξ � 3v0
1.1 � 3v0

2.1 �
v0

2.2 � 9v0
3.1

2
; u0�10.2�ξξ � 3v0

2.1 �
1

2
�3v0

1.1 � v
0
1.2 � v

0
2.2 � v

0
3.2�

u0�10.3�ξξ � v0
1.3 �

3v0
2.2 � v

0
3.3

2
; u0�11.1�ξξ � 3v0

1.1 � 3v0
2.1 �

9v0
3.1 � v

0
3.2

2
u0�11.2�ξξ � v0

1.2 � v
0
2.2 � v

0
3.2; u0�11.3�ξξ � v0

1.3 � v
0
2.2 � v

0
3.3

u0�12.1�ξξ �
1

2
�9v0

1.1 � v
0
1.2 � 9v0

2.1 � v
0
2.2 � 9v0

3.1 � v
0
3.2�

u0�12.2�ξξ � �3v0
1.1 � v

0
1.2 � 3v0

2.1 � v
0
2.2 � v

0
3.2

u0�12.3�ξξ � 2v0
1.3 � 2v0

2.2 � v
0
3.3

u0�13.1�ξξ � 6v0
1.1 � v

0
1.2 � 6v0

2.1 � v
0
2.2 �

9

2
v0

3.1 � v
0
3.2

u0�13.2�ξξ � 3v0
1.3 � 3v0

2.2 �
3

2
v0

3.3
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Appendix B

Derivation of ∆ψ

At the phase boundary (ref. Eq. (3.28)),

∆ψ � �xAxB

�� ∂∂ξ �∂Gmix
B32

∂xB

�
ξ

��
xB

dξ

dxB

� �
xAxB

2ξ

�� ∂∂ξ �∂Gmix
B32

∂xB

�
ξ

��
xB

dξ2

dxB

(B.1)

At the phase boundary, the differential terms in the numerator as well as the

denominator in Eq. 3.43 vanish, making their ratio indeterminate. It can be evaluated

by considering

dξ2

dxB

� 2ξ
dξ

dxB

� �2ξ
�� ∂

∂xB

�∂Gmix
B32

∂ξ
�
xB

��
ξ

��∂2Gmix
B32

∂ξ2
�
xB

(B.2)

The derivatives in Eq. (B.2) are evaluated from Eq. (3.17) and substituted in Eq. (B.2)

which after simplification becomes

dξ2

dxB

� �
4u0ξ2 �1 � �u2

0 � ξ
2� �1 � η2� � η2 � 4X~3��1 � u2

0� �η2 � u2
0 �1 � η2� � 2X~3� � ξ2 �u2

0 �1 � η2� � η2 � 2X~3� (B.3)

where

X �

»
η2 � �1 � η2� �u2

0 � η2ξ2� (B.4)

The terms which are independent of ξ2 in the denominator of RHS in Eq. (B.3) together

are expanded around u0 corresponding to its value at the phase boundary, viz., u0 � u0b

(given in Eq. (3.28)) which yields

�1 � u2
0b� �η2 � u

2
0b �1 � η2� � 2Xb~3� � 2u0b �u0 � u0b��u2

0b � �1 � u2
0b� �1 � 2η2�

�
1 � �3u2

0b � 2η2ξ2� �1 � η2� � 3η2

3Xb

�� �O ��u0 � u0b�2�
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Xb in the above expression corresponds to the value of X at u0=u0b. Expanding the

terms which are independent of (u0 � u0b) in the above expression together around ξ

=0 and with substitution of boundary condition corresponding to u0 from Eq. (3.28)

yields

5

18
ξ2η2 �O �ξ4� � 5

9
u0b �u0 � u0b� �O ��u0 � u0b�2�

Substituting the above expression in Eq. (B.3) and cancelling ξ2 from the numerator

and denominator

dξ2

dxB

� �
4u0 �1 � �u2

0 � ξ
2� �1 � η2� � η2 � 4X~3�

�
13
18η2 � u2

0 �1 � η2� � 2X~3 �O �ξ2� � 5
9u0b

�u0�u0b�
ξ2 �

�u0�u0b�
ξ2 O ��u0 � u0b��

(B.5)

In the limit of u0 � u0b and ξ � 0 corresponding to the phase boundary,

�u0 � u0b�
ξ2

V
u0�u0b,ξ�0

�
du0

dξ2
�

1� dξ2du0
� �

1� dξ2

2dxB
� (B.6)

Substituting from Eq. (B.6) in Eq. (B.5), we obtain

dξ2

dxB

� �
4u0b

4�27u2
0b

18�1�u2
0b
� �

u0b

� dξ2

2dxB
�

(B.7)

The above equation can be solved for dξ2~dxB in terms of u0b to yield

dξ2

dxB

�

54u0b ��1 � u2
0b�

4 � 27u2
0b

(B.8)

Substituting from Eq. (B.8) in (3.43) and utilizing the boundary equation, Eq. (3.28),

we get

∆ψ �
135u2

0

8 � 54u2
0

�
60 � 135η2

32 � 62η2

(B.9)
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Appendix C

Determination of coefficients of the
polynomials

The coefficients of the polynomials, Pi, are chosen as rational functions of η2. In

order to determine the functional dependence of these coefficients on η2, a set of η2

values is chosen for which the equilibrium values of the CFs are numerically determined.

Based on these values, the constraints mentioned in Section 4.4 are determined. The

procedure for selection of coefficients of polynomials for pair and tetrahedron CFs is

illustrated below.

At η2 � 4, the permissible domain for the coefficients of P2 is shown in Figure C.1.

The surface represents the region where the constraints are just satisfied and the

white region represents the permissible domain. The point shown in red in the figure

represents the approximate midpoint of the permissible domain at u0 � 0 for which the

constraints are satisfied for the entire range of compositions.

The midpoint of the permissible domain is determined for each selected value of

η2 in a similar manner. The data are then fit to an appropriate rational function in η2

and the fitted functions thus obtained are given below

u2Su0�0 �
a20

4
�

�2.4675 �1 �ºη2�
4 �1 � 0.1945

º
η2�

u2Su0�0.5 �
1

4
�

9

1024
�16a20 � 4a22 � a24�

�
�0.0398 � 0.2992

º
η2

1 � 0.0374
º
η2

� g

(C.1)

The rational function fits are shown in Figure C.2 for a20 and g. From the figure it

can be observed that the deviations of the rational function fits are only marginal from
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Figure C.1: The permissible domain (white region) for the coefficients of P2.

the data. Since the data point is selected from the middle of the permissible domain,

these marginal deviations do not lead to a violation of the constraints.

Determination of the polynomial coefficient a40 corresponding to the tetrahedron

CF at η2 � 1~3, where both A2 and B32 phases are in equilibrium is discussed below.

The permissible domain (white region) for a40 satisfying all the constraints is shown

in Figure C.3. In the present case, all the constraints are satisfied for the entire range

of compositions for 0.33 @ a40 @ 1.87. The mid value in this range should be chosen as

initial value for fitting.

Next consider determination of the coefficients of the polynomials for the B32

phase. At the selected value of η2, the coefficients a20, a22 and a24 of A2 phase

determined earlier are substituted into the polynomials for the CFs of the B32

phase and the permissible domain for the remaining coefficients of the polynomial is

0 1 2 3 4 5

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0

η2

a
20

0 1 2 3 4 5
0.0

0.1

0.2

0.3

0.4

0.5

0.6

η2

g

Figure C.2: Rational functions fits to a20 and g.

A-78
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0.0
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1.5

2.0

xB

a
40

Figure C.3: The permissible domain for a40 for the A2 phase.

determined in each case. As the ordered phase has 2 point CFs, namely, u0.1 and u0.2,

the CV constraints are chosen along the edges of the configuration square shown in

Figure 2.2.

Even though the same coefficient a40 appears in the polynomials for tetrahedron

CF in both the A2 and B32 phases (ref. Eq. (4.47)), the permissible domain in

the ordered case is 0.347 @ a40 @ 1.875, which is different from that of the disordered

phase, as the constraints operating on these coefficients are different. The approximate

midpoint of the intersection of the permissible domains for both phases, namely, 1.11

is chosen to be the value of a40 corresponding to η2 � 1~3.

The values of the polynomial coefficients are determined at all other selected

values of η2 in a similar manner. These data are fitted to the rational functions of η2

given in Eq. (4.52) by least squares method. It was ensured that the fitted rational

function lies within the permissible domains of a40 for the entire range of η2 values

selected, as shown in Figure C.4.
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Figure C.4: Rational function fit to a40. The vertical lines represent the permissible
range of values for a40 corresponding to the selected values of η2.
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