Chapter 2

Analytical solutions for
correlation functions of
ordered phases

2.1 Introduction

The correlation functions (CFs) take different values for the same thermodynamic
state of the system based on the basis used. However, the probability of occurrence
of a specific atomic configuration on the selected cluster called cluster variable (CV)
and the thermodynamic properties such as enthalpy, entropy, etc. remain invariant
irrespective of the basis chosen. Sluiter and Kawazoe (2005) have shown that for a
linear transformation of basis, the energy of the system remains invariant. Some of the
bases used in literature are orthogonal basis, variable basis, mixed basis, tensorial basis
(van de Walle, 2008), solvent basis, etc. Of these bases, orthogonal basis is widely used
and variable basis is gaining greater attention in the recent times.

Sanchez et al. (1984) have provided general guidelines for selection of values in
orthogonal basis for multi-component systems. In orthogonal basis, the CFs form an
independent set of configurational variables. The variable basis is also introduced by
Sanchez (2010). In this basis, the energy of formation of an alloy gets separated into
two components: the energy of formation of random alloy as a function of composition
and the ordering energy. The cluster expansion coefficients are composition dependent
and the series converges faster in this basis. The mixed basis introduced by Laks et al.
(1992) uses reciprocal method to obtain the CECs of the system. Due to the conditions

used in this method, the pair interactions that are not necessary are set equal to ‘0’
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and short ranged pairs are chosen in preference to long ranged ones. This method is
able to predict the short range as well as the long range superlattices. Sarma et al.
(2012) have used solvent basis for the disordered solid solution phases in which the CVs
that are exclusively occupied by solute atoms become the CFs. Further, they expressed
each CF as a product of random value of the corresponding CV and its departure from
its random value. Such a transformation has resulted in factoring of the random values
from the CVs and cancellation of terms corresponding to point CF's in the excess Gibbs
energy expressions. These simplified equilibrium equations do not underflow even for

compositions in the solvent rich ends.

In this Chapter, a new set of bases referred to as the sublattice solvent bases
is introduced. Using these bases, the methodology followed to obtain the values of
the CFs and their derivatives with respect to the point CF (ug) and the long range
order parameter (&) is discussed. Further, this methodology is demonstrated to obtain
the limiting CFs and their derivatives in the sublattice solvent bases as well as in
the orthogonal basis for the B2 and L1, phases at the corresponding stoichiometric

compositions.

The details of the limiting values and derivatives of CFs in the orthogonal basis
are provided in Appendix A for the BCC based ordered phases B32 and D03 using
T approximation, FCC based ordered L1, phase using T and TO approximations,
L1y and L1; phases using TO approximation, CPH based B19 and D09 phases using
triangle-tetrahedron (TT) and TO approximations.

2.2 CE-CVM formulation for an ordered phase
having two sublattices

Consider a crystalline system exhibiting long range chemical order having N
atomic sites corresponding to two sublattices, say a and . In a binary system, the «
and [ sublattice sites are occupied preferentially by, say atoms of components A and
B respectively. The configuration of the system at the atomic level can be described

using a site occupation operator (Inden, 2005) for each of the sites ¢ on the sublattice
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A defined as
if atom X (= A or B) is present onthe site i of
PX; = the sublattice A (= awor 3) (2.1)

0 otherwise

In the absence of vacancies, every site is occupied by one of the atoms of the chosen

system. Hence, for the site 7 on the sublattice A, it follows that

1= pg,i + p%,i (2.2)

Another operator, called site operator (o7), is defined as

A_ A A Ao\
O; =TADA; T TBPB, (2.3)

where 73 and 73 take different numerical values, which serve as labels for A and B
atoms respectively. This set of values is known as the basis.

These equations can be expressed in matrix form as follows.

1 1 1 A
= Pas (2.4)
ANERAIEY
The rows of the square matrix on the right hand side are orthogonal if
l-73+1-74=0 or mh=-72 (2.5)
The columns of the above square matrix are orthogonal if
1-1+72-m15=0 or (T/i‘)zzl (2.6)
Thus, the square matrix is orthogonal only if
A=+l =F1 (2.7)

This leads to the commonly used orthogonal basis {r3,7} = {+1,¥1}. As shown
by Sanchez et al. (1984), the orthogonal basis is complete. It follows that any
other basis for which the basis matrix is non-singular is also complete. Any other
choice of basis such as {73,732} = {0,1} or {1,0}, is not orthogonal. For the case
of disordered structures, these bases are referred to as solvent bases. For ordered

phases such bases are defined specific to each sublattice, and are accordingly referred
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to as sublattice—solvent bases by Gorrey et al. (2020). Zhang and Sluiter (2016) have
discussed the completeness of a basis which is essentially equivalent to the solvent basis
utilized here.

Using Eqs. (2.2) and (2.3), we get

A A A A

T — 07 —Tr + 07

A _'B 7 A _ A 7
pA,z’ TN A and pB,i - A A (28>

B~ TA T8 ~TA

For the choice of 73 = -1 and 73 = 1 the site occupation operators become

1+ 0
, and pj. = i
7 2 P 2

(2.9)
CE-CVM is formulated in terms of a basic cluster or set of clusters of atomic sites. A
specific occupation of these sites by A or B atoms constitutes a cluster configuration.
Each symmetry-wise distinct cluster in the disordered cluster is identified with a serial
number <. On ordering, there is a loss of symmetry and as a result each cluster
of type ¢ may give rise to several symmetry-wise distinct clusters designated as i.J.
The probability of occurrence of a specific configuration of atoms on a cluster in
the structure can be expressed as the average of the product of the appropriate site
occupation operators in the structure (Inden, 2005). This averaged product is referred
to as cluster variable (CV), denoted by y J for configuration X of cluster type i.j. The

point CVs are identical to the mole fractions on that sublattice as shown below. Using

Eq. (2.9), the mole fractions can be expressed as

2§ = (pha) = (1= 09)/2) = (1~ ug.)/2
23 = (pf,) = {(1+08)/2) = (1 +ups)/2 210
2R = () = ((1=00)/2) = (1 - ug2) /2

vp = (p) = (1 +07))[2) = (1 +up2)/2

where we have introduced the point CFs, (o) = ug; and (af ) = ugo. Accordingly, the

point CFs can be expressed as

upy =1-22% =225 -1 2.11)
_1_9.8 _9.8 _ '
g =1-22,, =225 -1

In a similar manner, CVs corresponding to larger clusters can be expressed as linear

functions of the CFs (u;;), which are defined as the averages of the products of site
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operators corresponding to symmetry-wise distinct clusters of the type 4.j (Inden,
2005).

The point CFs corresponding to the two sublattices of the ordered phase are
related to point CF of its disordered counterpart (ug) through

Mp.1Uo.1 + Mo.2U.2
Ug = m = 1M.1Uo.1 + Mo.2Up.2 (2-12)
0

The multiplicities of the ordered clusters are denoted as m;; and are equal to the
number of such clusters present in the structure per atomic site. Here, mg; and mgo
are the multiplicities of the point clusters on « and [ sublattice sites, which are also
equal to the respective site fractions with mg being unity.

The Bragg-Williams long range order parameter £ can be defined as
g = Ig - I‘% = (U/O.Q - uO.l) /2 (213)

Using cluster expansion (Inden, 2005; Sanchez et al., 1984), the configurational
energy of the system is expressed as a trilinear sum of the products of all the w; ;, their
respective energy coefficients e; and the m, ;, i.e.,

U = Z eimi.juij (214)
i
The e; in the above summation are taken to be identical for the disordered as well as

the ordered structures. The configurational energy of mixing is written as
Umm=U—(1—ZEB)UA—$BUB (2.15)

where Uy and Ug are the energies of pure A and pure B.

The CVM configurational entropy of mixing is written in terms of the Boltzmann
entropy summations of the subclusters (5;;) using the K-B overlap correction
coefficients (;;) such that each symmetry-wise distinct cluster is counted only once

(Inden, 2005; Kikuchi, 1951), as in the following.
7.

Here the S; j can be written in terms of Boltzmann entropy summation of all the CVs

pertaining to that cluster. As an example, for the first neighbour pair af cluster,

Sij = ~R(yah myh + vip sk + yph Myph +ysh nygh) (2.17)

23



The configurational Helmholtz energy of mixing is thus written as

For a given set of CECs, the equilibrium values of CFs corresponding to a

thermodynamic state defined by xg and T, are given by

(8A ) =0 and (8A ) =0 (2.19)
85 u au” Uk, k1455

i.j

It is convenient to introduce a set of dimensionless parameters 7; as in the following,

_27’1' €;
i = 2.2
7 exp( RT ) (2.20)

in which, r; is the number of sites in the ith cluster. The limiting values of the
CFs in the limit of perfect ordering and other results are discussed in terms of these
dimensionless parameters. For the ordering system, for which e; > 0, the value of 7,
varies smoothly from 0 to 1 as T varies from 0 to co. However for the phase separating
system, e; < 0, and accordingly n; varies from 1 to oo as T varies from 0 to co. This is

depicted in Figure 4.1.

2.3 Correlation functions in sublattice solvent
bases

Sarma et al. (2012) have considered non-orthogonal basis with 74 = 0 and 75 = 1
for obtaining the values of the CF's and their derivatives with respect to composition in
the limit of infinite dilution of B atoms in solvent of A atoms for disordered structures.
For this choice, the CVs for configurations in which all the sites are occupied by the
solute atoms, i.e., B atoms, become identical to the CF's in the new basis. This choice
of basis is referred to as A-solvent basis.

In the present Chapter, a separate solvent basis is chosen for each sublattice with
74 = 0 and 75 = 1 for the a sublattice and Tﬁ =1 and Tg = 0 for the 3 sublattice, as
the o sublattice is preferentially occupied by A atoms and  sublattice by B atoms.
For this choice, the CVs for configurations in which all o sublattice sites are occupied
by B atoms and all 5 sublattice sites occupied by A atoms become identical to the
corresponding CF. These bases are referred to as the sublattice-solvent bases. Each

of the CVs for which the cluster configurations exclusively contain wrong occupancies
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Figure 2.1: The irregular tetrahedron basic cluster [1-2-3-4] in the B2 phase along with
the sublattice sites designated o and f.

(which are identical to the corresponding CFs) in the sublattice solvent bases can be
expressed as product of its random value and a new variable (v; ;) denoting its departure

from the random value.
ij o q
Vinag = (#8)7 (#1) vij (2.21)

where p and ¢ are the number of a and [ sites respectively in the ¢.jth cluster.
This transformation of CFs leads to a considerable simplification of the equilibrium
equations analogous to those given in Eq. (2.19). These new variables v;; can be
referred to as transformed CFs which take the value of unity corresponding to random
occupation of the sites in each of the sublattices. The CFs in the orthogonal basis can
be expressed in terms of those in the sublattice solvent bases by using equations such as
Eq. (2.11). The values of the CFs and their derivatives with respect to uy and £ at the
stoichiometric composition in the limit of perfect ordering are calculated using these
bases. Subsequently, these values are used to calculate the CFs and their derivatives
in the orthogonal basis. The procedure is demonstrated using T approximation for B2

and L1, phases respectively in the next two Sections.
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2.4 Analytical solutions for the CFs of B2 phase

The irregular tetrahedron cluster in B2 phase is shown in Figure 2.1. The details
of the distinct clusters in the B2 ordered phase, their designations, m; ; and 7; ; (Inden,

2005) are given in Table 2.1.

Table 2.1: Details of the clusters, their designations (i.j), multiplicities (m; ), number
of sub-clusters k.l present in each cluster i.j (nf!) and K-B coefficients (v; ;) for the

i.j
B2 structure using T approximation.
Ordered | . . 4 _ , . . . , .
Clusters B9 cluster | I | M ni,jl nf’f nf’; n? ]-2 nf,jl n}.jl ngf nY ]-1 Yij
[rregular aafp
tetrahedron | (1,3,2,4) 416 1 2 2 1 1 4 2 2 1
abp
32| 6 0 1 0 1 0 2 2 1
Isosceles (1,2,4) 1
triangle aafs i
(1,3.2) 3.1 6 0 0 1 0 1 2 1 2
(g i) 2213/2| 0 0 0 1 0 0 2 0
[I-n pair o;oz 1
(1,3) 2113/2| 0 0 0 0 1 0 0 2
. af
[-n pair (1,2) 1.1 4 0 0 0 0 0 1 1 1 1
(g) 02|1/2| 0 0 0 0 0 0 1 0
Point o -1

01]1/2] 0 0 0 0 0 0 0 1

The point CFs corresponding to the two sublattices in the B2 phase are related
to point CF (ug) of the disordered A2 phase through

up = (uo1 +uo2) [2 (2.22)
Recall the definion of £ given in Eq. (2.13) as
¢ =g —af = (uo2 - ug1) /2

For the limiting case of perfect order in stoichiometric B2 phase, ug; = ¥1 and ugo = +1,
corresponding to ug =0 and & = +1.
The configurational energy, entropy and Helmholtz energy of mixing can be

obtained by substituting from Table 2.1 for m,; and v;; in Egs. (2.15), (2.16) and
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(2.18) respectively. The CFs in the orthogonal basis can be expressed in terms of
those in the sublattice solvent bases after transformation as given in Eq. (2.21), by

using equations such as Eq. (2.11). Thus, we obtain

upg=—-1+225+ Qxi - 490’8A:p%v1.1

Ugq =1-4xf +4 (x%)2 Vg1

Ugo =1- 4xi +4 (xi)z V2.2

ugq=1-4af - 2w§ + 8:5%3:&@1,1 +4 (:zc%)2 Vg1 —8 (96%)2 xivg,l (2.23)

Uz = —1+223 + 4xi - Sx%xivu -4 (xi)Q Vg + 82] (:L‘i)2 V3.9

ugq =1-4xf - 4xi + 161:’230%@1.1 +4 (x%)2 vy +4 (xi)2 Vo9

- 16 (:c%)2 :cﬂAvg,l - 1623 (:ci)Q V39 + 16 (x%xi)Q Va1

Using these relations, one can write the configurational energy of mixing as well as the
configurational entropy of mixing in terms of v; ;. A dimensionless ratio K = xi/x%
is introduced such that K remains finite and non-vanishing, even in the limit g — 0
and xi — (0 and is used to eliminate xi from the Helmholtz energy function. The
configuration space of (ug,&) and (ug.1,up.2) is given in Figure 2.2 showing the locus of
points corresponding to a particular value of K. The equilibrium equations in terms of

the new variables v; ; become

o€ )v =0 and

i.j

miz

(8(;;]- )v . =0 (2.24)
k.l k. l#i.5 58

Further simplification of equilibrium equations such as those in Eq. (2.24) occurs due to
factorization and subsequent cancellation of terms such as K7 (2%)"*?. This facilitates
evaluation of CF's in the limit of perfect ordering at stoichiometric composition. In the
case of ordered structures, usually £ is treated as an independent variable in addition
to up for computing the variation of other microscopic variables, v;; by solving the
equilibrium equations for chosen values of ug and &.

At the stoichiometric composition for the state of perfect order, ug=0 and =1,
i.e., xp=0 and xizO, the equilibrium equations become independent of K which can
be solved directly for v; ;. The values of the transformed CF's in this limit are denoted

by v ; and are given by

3/2

n 1274

W), = = V91 = MmN V3=
m N3
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B2(BA) V-1

Figure 2.2: The configuration space of (ug, &) and (ug 1, ug2) for B2 phase. The ground
states of the system correspond to the vertices of the configuration square. The dashed
arrow represents a particular value of K = xi/xi. Variation of K corresponds to
rotation of the dashed arrow.

3 3 2,5
0 21374 0 214 0 1274
Vg, = Usg = —5— Ujq = (2.25)
. U5 M ning Mot

The first order variation of v;; with respect to ug in the limit of perfect ordering at
stoichiometric composition can be found by considering the equilibrium equations (for

all values of i.j), corresponding to infinitesimally small changes in ug, as follows.

=0 (2.26)

uo+5u0

/ )vk.l,k.lﬂ.j,f

By considering Taylor series expansion around wugy, Eq. (2.26) becomes

(aa ) +di(aa ) Sug = 0 (2.27)
Vig Lot orwi it to Yid Lot ersigé

The first term in Eq. (2.27) vanishes at equilibrium. Note that the second term involves

a total derivative with respect to ug, the explicit and implicit variations of which can

be expressed as

( ) (aAmm) )
auo avi'j Vk.1, k145,800 Vi€

o [0A™ o
" n;z ((%m.n ( 8vi_j ) o ) dUQ =0
Vke 1, k.1#i.§,55U0

Vi j,i.j#m.n 8,00

(2.28)

Using standard abbreviated notation for partial derivatives, this equations can be

expressed as follows.

Ao+ AT mmyotmmo =0 (2.29)
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Here the subscripts 4.7 and 0 stand for partial derivative with respect to v;; and ug
respectively. The derivatives of the energy expression with respect to the CFs can be
evaluated directly at ug = 0 and £ = 1 using the equilibrium CFs, given in Eq. (2.25)
and the limiting derivatives of the transformed CFs with respect to ug, represented as

v?i. j)o are obtained as given below.

35 3
v(l 10~ "5 v, ('Ug.l - Ug‘z) + B (Ug.l - Uga)
U?2.1)0 = V34 ( 1+ 407, qu) - 209,
(

U(zz)o 7122 1- 41)11 +v§2) +2’U32
209 . =9 9
v o= e [ =+ 200, =308 + 205, + 2L 32 3L 0 (2.30)
(3.1)0 ~ Y31 1.1 2.1 2.2 0 0 4.1
2 V11 20y
0 0 0
Vg, — 20 )
0 _.0 (L 50 o0 0 3.1 3.2 3.2 0
U2y = V321 5 2011 =20y, + 305 + 0 + 520 ) + V41
1.1 2.2
0 0 0 0
Ve —v v v
U(04.1)O = ,Ué(l).l _41)8.1 + 41}(2)_2 + 2—3'1 0 3.2 _ _é'l + - é-l )
V11 Us1 V3o

By considering Taylor series expansion of equilibrium equations given in Eq. (2.24)
with respect to &, the derivatives of the CFs with respect to £ can be calculated using

the equation
AlDe + AGD mnyVomame =0 (2.31)

The limiting derivatives of the transformed CFs with respect to £ at ug = 0 and

E=1, U?i.j)g’ are given by

1 3
U?Ll)g = 5”?.1 (_8 + 807, + 309, + 31)(2).2) 5 (U??.l + ng)

(21)5 U21( 3+4U11+021)_21}g.1
0(22)5—1’22( 3+4U11+022) 2“?(3.2

17 209 +vd, 09
Us.aye = U | = + 80l + Buly 4 2y - G — ) -0 (2.32)
Vi1 Vg1

1 v, +209, 0l
U(3 2)¢ = = V39 G + 80y, + 209, + 309, - 3.1 32 _ Us2 }_,0

0 =09 0 0 0 . . . .
Uia Us1  Usa

A similar methodology can be used to obtain limiting values of higher order derivatives

of the CFs.
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Using Eq. (2.23), the limiting values of the CFs at ug = 0 and § = 1, u?.j are
found to be

Ug.l = 1 Ugo =—1; U2.1 =1 (2.33)

Considering the total derivative of CFs in the orthogonal basis with respect to ug and
&, the limiting first derivatives of the CFs (with respect to uy and &), u(()l.. iy and u(()i. e
respectively, are calculated as

u((]l.l)O = 0 u[()2.1)0 =-2; u(()2.2)0 =2
u(()3.1)0 =-1; “[()3.2)0 =-1 “(()4.1)0 =0
Urae = =2 Une = 2 Up.zye = 2
u(()?,.l)g = 3 u(()3.2)§ =-3; u(()4_1)f =4 (2.34)

Similarly, the limiting values of second derivatives of the CFs in the orthogonal
basis With respect to ug and &, u(()i' )00 and u?i. Deer and the mixed derivatives u?i' 7)o
respectively, are found to be

0 _ 9,0 . 0 —_ 9,0

U1 1y00 = 2V1.15 Uy 1y00 = 2V2.1

u(()2.2)00 =208 ; u[()3.1)00 =40 + 209,

u(()3.2)00 = 4o | = 20953 u(()4.1)00 = —8u7 + 2051 + 205, (2.35)
0 -0 0 _ 0

Uy 1ye0 = U5 U(g1)e0 = ~2V21
0 0 . 0 _ 0

U2.2ye0 = 205, 9; U3.1)e0 = —2v354

“((]3.2)50 = =209 5; u(()4.1)£0 = —209, + 209, (2.36)
0 _ 0 . 0 _ 9,0

Uayge = ~20105 U 1yee = 2021

U(()Q.z)gg = 2095 “(()3.1)55 = 4v) | + 200,

u((]3.2)5g = —dvy | = 209 5; U(()4.1)§5 =8vy + 205 1 + 205, (2.37)

Calculation of the third derivatives of the CFs in the orthogonal basis involves
first derivative of the CF's in the sublattice solvent bases, which are given in Egs. (2.30)
and (2.32).

2.5 Analytical solutions for the CFs of L1y phase

The tetrahedron cluster used in the formulation for L1, phase is shown in Figure
2.3. This structure consists of two sublattices, o and . The details of the distinct
clusters, the corresponding ordered CFs and their distribution over the sublattices,

multiplicities and the K-B coefficients are given in Table 2.2.
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Figure 2.3: The regular tetrahedron basic cluster [1-2-3-4] in the L1, phase along with

the sublattice sites designated « and /.

Table 2.2: The clusters, their designations (i.j), multiplicities (m;;), number of

sub-clusters k.l present in each cluster i.j (n
L1, phase using T approximation.

k.l
i.J

) and K-B coefficients (;;) for the

Ordered .
Cluster | /" uster | &0 | Maa | M0y | mE5 | 0 | mig | g | g | ndy | e | g
aaff
Tetrahedron (1.2.34) 31 2 1121211412121
' afp o214 ol 10l 121021
Equilateral (1,3,4) 0
triangle aafs
(1.2.3) o1 4 ol o | 1 lo | 2] 1] 1]2
BB
(3.4) 13/ 1ol ool 1100|210
I-n pair &g) 12 4l olololol 1ol 1] 1]
o
(12) 111 lololololol| 1] 0] 2
(g) 02|12/ 00| o0o|lo ] o]0 1]o0
Point o 5
0 0112/ 0] oo oo 0] 0|1

Using these data, the configurational energy and the entropy of mixing for

the L1y phase are written based on Eqgs. (2.15) and (2.16) in the orthogonal basis.

Subsequently, the Helmholtz energy expression is obtained using Eq. (2.18).
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The CFs in the orthogonal basis can be expressed in terms of those in the
sublattice solvent bases in a manner similar to that followed for the B2 phase and
are given below.

upy = 1—daf +4(a3) o1,

Uro=—-1+22% + 2:c§ - 4x%x§’ul,2

Uz =1- 4xi +4 (;Ei)2 V13

Ugq =1-4af - 2x§ +4 (x%)2 v+ 8:5%‘%711)1,2 -8 (x%)2 xivm (2.38)

Uz = —1+ 223 + 4xi — Sx%xivl,g -4 (xi)Q vy 3+ 82p (xi)Q V9.9

ugq =1-4xf - 4xi +4 (95%)2 v+ 16x%xi’u1,2 +4 (a:i)Q V1.3

- 16 (:B%)2 xivz,l - 1628 (x§)2 Vgo + 16 (a:%xif V3.1

As in the case of B2 phase, a dimensionless ratio K = xﬁ/x% is introduced such that
K remains a finite non-zero number, even in the limit 3 - 0 and xi — 0 and is used
to eliminate zf\ from the equilibrium equations. The transformed energy expression
is used to write the equilibrium equations as given in Eq. (2.24). The equilibrium
equations can be significantly simplified after making this substitution and can be
solved for the limiting values of the CFs at the stoichiometric composition at uy = 0
and £ = 1. The limiting values of the CFs thus obtained are as follows.

V13 M\/M3
vl = MmN/ D : 1

V1.2 ; Vi3 =

m 773
5 b 2
U(Q).l = %; Ug.z = £3 Ug.l = n_g (2'39)
T M2 m

The limiting values of first derivatives of the CFs with respect to ug and & respectively
are evaluated using Egs. (2.29) and (2.31) in terms of limiting values of the transformed

CF's given in Eq. (2.39). These are given by
0?1.1)0 =01, (_1 —v)y + 4”?.2) - 203,
0?1.2)0 =01, (_U?.l + U?.:&) + U5 = V3o

0 _,0 0 0 0
V(1.3)0 = V1.3 (1 —dvpg + U1.3) + 2035

3 v, vl =9 09
0 _.0 {_1_5,0 o 20 Y 21 " V22| Usa 2 40
Vi.1y0 = Va1 | =1 =201, + 301, QUs= 0 T o | T o (2.40)
Vi1 Ui
3 v9, —vY, Y vl
0 _.0 0 0 0 2.1~ Va2 2.2 3.1
V19 Ui 2
0 0 0 0
v ). —w v
0 _.0 0 0 2.1 2.1 ~ U2 2.2
V(310 = V3.1 | =3V11 +3U13 = 0 + 2—1}0 + 0 )
1.1 1.2 1.3
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and

0 _.0 0 0 0
VU1.1)e = Vi1 (_3 Ut 4”1.2) - 20y,

0 _.0 0 0 0 0 0
V(1.2)e = V12 (_3 + Uy + 3019+ Ul.s) —Usq — Vg

0 0 0 0 0

0 0 0
v v +v v
0 _ .0 0 0 0 1.2 2.1 2.2 3.1
v v 2
1.1 1.2
3 o), +v),  v) 03
0 _ .0 0 0 0 2.1 2.2 2.2 3.1
Vigo)ye = Voo | =7+ SV + TV o + 2073 - ——F—= — 4~ | = =~
2 Ui Vi3 2
0 0 0 0
(Y +v v
0 _ 0 0 0 0 2.1 2.1 2.2 2.2
1.1 1.2

(2.41)

0
Ui

Using the relations among the CFs in the sublattice-solvent bases and those in

the orthogonal basis, the limiting values, the first and the second derivatives of the

CF's with respect to uy and £ are evaluated and are given in Table 2.3.

Table 2.3: The limiting values and the limiting derivatives of the orthogonal CFs for

L1y phase using T approximation.

i | wly | wigo | Ui i gy00 Ui jyeo U gpee

1.1 1 -2 2 209, 209, 209 |

1.2 | -1 0 -2 209 , 0 209,

1.3 1 2 2 209, 200, 20 4

21| 1 -1 3 200 | —40Y, 209, 209 |+ 4f,
22| -1 -1 -3 409, — 209 4 209, 4, - 200,
31| 1 0 4 1200 =80, #2005 | =209, + 2005 | 200, + 8], + 200,

2.6 Discussion and conclusions

The CVM configurational entropy of mixing (AS™7) expression contains terms

such as zfInzf, which underflow in numerical computations

for 23 < 107 (in

standard double precision calculations), corresponding to nearly perfect order. The

choice of sublattice solvent bases makes the CFs in these bases

corresponding to clusters whose sites are occupied exclusively by

identical to the CVs

solute atoms on the

respective sublattice sites. Transformation of these CFs as products of random and

non-random parts (as given in Eq. (2.21)) results in cancellation of terms such as
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g Inzy from the equilibrium equations. The equilibrium equations thus simplified
do not underflow even in the limits of perfect order and stoichiometric composition.
This offers a significant advantage in numerical computations. The limiting values
of equilibrium CFs and their derivatives with respect to ug and £ can then be easily
found. These provide a set of good initial values for the CF's for chosen values of CECs,

temperature and composition close to the state of perfect order and stoichiometric

composition.

These equilibrium equations in the simplified form when used with initial values
of transformed CF's estimated using the limiting values become amenable to numerical
solutions to much lower temperatures compared to the conventional procedures using
CFs in the orthogonal basis. An illustration of the above for B2 and L1, phases under

T approximation is given below.

For B2 phase the equilibrium values of CFs are calculated as follows. At first,

0

i.;, are substituted into the Helmholtz energy

the limiting values of the vs, namely v
expression and the equilibrium equation with respect to £ is obtained. The value of £
obtained by solving this equation (£’) and the random values (v,p4,v;; = 1) or v ; can
be considered as two different sets of initial values to obtain the equilibrium values of £
and the other CFs. The calculations are carried out for first neighbour pair interactions
for ug = 0 at two different 7; values, namely n; . (T'/T. = 1/2) and 7, corresponding to
€eq = 0.999999 (71 min). The details of the calculations such as condition number of the

Hessian matrix for the initial (k;) and the converged (k.) values of the CFs, number

of iterations, etc. are given in Table 2.4.

Table 2.4: Comparison of condition number of the Hessian matrices, number of
iterations to convergence and the equilibrium value of ¢ at two different temperatures
M1.min and 77%,(: for the random values of CFs in orthogonal basis (u,,q), CFs in the

sublattice solvent bases (vyng) and the limiting values (vf;) for B2 phase using T

approximation.
at 11.min, & = 0.999999 at n%c, & =0.983254
Initial values | wpq* Urnd vy Urnd Urnd Vi
K; - 2.25x10° | 2.03x10™ [ 591 x10% | 1.22x 10? | 2.83 x 10?
Number of | _ 13 3 8 9 4
1terations
€eq - 0.999999 0.983209
Ke - 2.04 x 102 3.49 x 10° 2.62 x 10*

* Due to accumulated round off errors, the calculations could not be carried out at 71, min-
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Table 2.5: Comparison of condition number of the Hessian matrices, number of
iterations to convergence and the equilibrium value of £ at two different temperatures
Mi,min and 77%,(: for the random values of CFs in orthogonal basis (u,4), CFs in the

sublattice solvent bases (vyq) and the limiting values (v);) for L1y phase using T

approximation.
at 1M1 = N1,min, at m = nica
Emin = 0.9999995. &5 = 0.9999999 Emin = 0.9998, &, = 0.9999
Initial values | u,,q* Vpnd v?_ j Upnd Vrnd UE j
K; - 225x 107 | 1.94x10™ [1.02x10"™ | 2.25x10* | 1.67 x 10°
Number of ; 17 9 12 13 9
1terations
€eq - 0.999999 0.999513
Ke - 1.69 x 10" 2.93 x 10% 5.80 x 10°

* Due to accumulated round off errors, the calculations could not be carried out at 71 min-

It can be observed from Table 2.4 that the condition number of the Hessian matrix
in the orthogonal basis in both the cases, namely, initial and converged CFs at nic, is
higher than that for all the cases of the sublattice solvent bases. However, in the case of
sublattice solvent bases, the condition number of the Hessian matrix with the random
initial values is less than that with v} ; as initial values. The number of iterations

required to convergence is reduced when v ; are used as initial values.

For L1y phase under T approximation with first neighbour pair interactions, it
is found that the Helmholtz energy approximated by substituting v? ; does not have
a minimum with respect to £ at uy = 0 within the physically permitted configuration
space defined by -1 < up < 1,-1 < ¢ <1 and 0 < 9%/ < 1. Hence, the value of

¢ corresponding to the smallest possible value of the Helmholtz energy within the

physically permitted configuration space can be found in the following manner. The

0

v; ; are substituted in the equations corresponding to CVs being equal to 0 or 1 and are

solved for £s. Among these, the maximum value of £ corresponds to the lower bound of
possible &s and is given by &, = 1 + 21y (\/1 - - 1). The initial value for & () is
chosen to be slightly greater than &,,;, using which the equilibrium state of the system

is found at two different values of £ as given in Table 2.5.

For B2 phase using T approximation, the limiting values of the CF's of the ordered
phase, v°, are used to approximate the CFs. By substituting these into the Helmholtz
energy expression, the equilibrium equation corresponding to £ is obtained. By solving

this equation, the approximate value of £ (£) is obtained at equiatomic composition as
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Figure 2.4: Comparison of the ¢ calculated using the approximated Helmholtz energy
expression (a) (£') at equiatomic composition and (b) (§') at T/T. = 0.5 with CVM
(€.q) for B2 phase with exclusive I-n pair interactions using T approximation.

a function of T[T, for exclusive first neighbour pair interactions. The comparison of £
obtained using CVM (&,,) and that of ¢ is shown in Figure 2.4 (a). Similarly at 7'/T, =
0.5, the approximate values of £ (£') are obtained as a function of composition near to
stoichiometric composition and are shown in Figure 2.4 (b). The same methodology is
utilized for L1, phase using TO approximation to obtain the equilibrium values of £ in
the temperature - composition domain where the order parameter is significantly high.
The corresponding plots are presented in Figure 2.5. From these two cases, it can be
observed that the equilibrium values of ¢ are reproduced well as functions of both T
and composition around stoichiometric composition where the system is highly ordered.
Hence, the approximate Helmholtz energy function utilized in the above calculation can
be used as an alternative to the CVM expression in the regions where &, is high for

these structures.

It is evident from the above calculations that transforming the CF's to sublattice
solvent bases yields a set of equilibrium equations using which equilibrium CFs can be
calculated to much lower temperatures in all the cases with proper selection of initial
¢ value. Hence, the methodology presented here can serve as an alternative to the
approximation of the grand potential of the ordered phases by series expansion at low
temperatures suggested by Kohan et al. (1998). Further, the present methodology
gives SRO estimates in terms of the CFs whereas the methodology followed by Kohan

et al. can yield only macroscopic thermodynamic functions.

The limiting values of CF's in the orthogonal basis and their first derivatives with
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Figure 2.5: Comparison of the £ calculated using the approximated Helmholtz energy
expression (a) (£') at stoichiometric composition and (b) (§') at T/T,. = 0.5 with CVM
(€q) for L1; phase with I-n pair interactions being 10% of II-n pair interactions using
TO approximation.

respect to ug and £ are independent of the system under consideration. However, the
second derivatives of the CFs are functions of CECs and temperature. The results for
disordered phases (Sarma et al., 2012) and those obtained in this Chapter can be used
for choosing appropriate forms of polynomials for approximating equilibrium values of

CFs for disordered as well as ordered phases as shown in Chapter 4.
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