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Appendix A 

 

 

Elements of the stiffness matrix  

 

 

�̅�11 = 𝐴11𝛼
2 + 𝐴66𝛽

2                                                                                                                                                                                      

�̅�12 = (𝐴12 + 𝐴66)𝛼𝛽                                                        

�̅�13 = −(𝐵11𝛼
3 + 𝐵12𝛼𝛽2 + 2𝐵66𝛼𝛽2 )                         

�̅�14 = Ω1𝐵11𝛼
2 + 𝐶11𝛼

2 + Ω1𝐵66𝛽
2 + 𝐶66𝛽

2                

�̅�15 = (Ω2𝐵12 + 𝐷12 + Ω2𝐵66 + 𝐷66 )𝛼𝛽 

 

 

 

�̅�31 = −(𝐵11𝛼
3 + 𝐵12𝛼𝛽2 + 2𝐵66𝛼𝛽2)                            

�̅�32 = −(𝐵22𝛽
3 + 𝐵12𝛼

2𝛽 + 2𝐵66𝛼
2𝛽 )                         

�̅�33 = 𝐺11𝛼
4 + 2𝐺12𝛼

2𝛽2 + 4𝐺66𝛼
2𝛽2 + 𝐺22𝛽

4            

�̅�34 = −(
Ω1𝐺11𝛼

3 + 𝐻11𝛼
3 + 2Ω1𝐺66𝛼𝛽2

+2𝐻66𝛼𝛽2 + Ω1𝐺12𝛼𝛽2 + 𝐻12𝛼𝛽2 
)             

�̅�35= −(
Ω2𝐺12𝛼

2𝛽 + 𝐼12𝛼
2𝛽 + 2Ω2𝐺66𝛼

2𝛽

+2𝐼66𝛼
2𝛽 + Ω2𝐺22𝛽

3 + 𝐼22𝛽
3 

)                                                                                                                 

 

 

 

�̅�51 = (Ω2𝐵12 + 𝐷12 + Ω2𝐵66 + 𝐷66 )𝛼𝛽                            

�̅�52 = Ω2𝐵22𝛽
2 + 𝐷22𝛽

2 + Ω2𝐵66𝛼
2 + 𝐷66𝛼

2                         

�̅�53 = −(
Ω2𝐺12𝛼

2𝛽 + 𝐼12𝛼
2𝛽 + 2Ω2𝐺66𝛼

2𝛽

+2𝐼66𝛼
2𝛽 + Ω2𝐺22𝛽

3 + 𝐼22𝛽
3 

)                          

�̅�54 = (
Ω1Ω2𝐺12 + Ω1𝐼12 + Ω2𝐻12 + 𝑀12

+ Ω1Ω2𝐺66 + Ω1𝐼66 + Ω2𝐻66 + 𝑀66
)𝛼𝛽                                                                                                                            

�̅�55 = 

(

 
 

Ω2
2𝐺22𝛽

2 + 2Ω2𝐼22𝛽
2 + 𝑃22𝛽

2

+ Ω2
2𝐺66𝛼

2 + 2Ω2𝐼66𝛼
2 + 𝑃66𝛼

2

+ Ω2
2𝐴𝐴11 + 2Ω2𝐸𝐸11 + 𝑆𝑆11

 )

 
 

                 

 

 

 

 

 

 

 

 

 

 

�̅�21 = (𝐴12 + 𝐴66)𝛼𝛽                                                                                                                                           

�̅�22 =  𝐴66𝛼
2 + 𝐴22𝛽

2 

�̅�23 = −(𝐵22𝛽
3 + 𝐵12𝛼

2𝛽 + 2𝐵66𝛼
2𝛽 ) 

�̅�24 = (Ω1𝐵66 + 𝐶66 + Ω1𝐵12 + 𝐶12 )𝛼𝛽 

�̅�25 = Ω2𝐵22𝛽
2 + 𝐷22𝛽

2 + Ω2𝐵66𝛼
2 + 𝐷66𝛼

2 

�̅�41 = Ω1𝐵11𝛼
2 + 𝐶11𝛼

2 + Ω1𝐵66𝛽
2 + 𝐶66𝛽

2                            

�̅�42 = (Ω1𝐵66 + 𝐶66 + Ω1𝐵12 + 𝐶12 )𝛼𝛽                         

�̅�43 = −(
Ω1𝐺11𝛼

3 + 𝐻11𝛼
3 + 2Ω1𝐺66𝛼𝛽2

+2𝐻66𝛼𝛽2 + Ω1𝐺12𝛼𝛽2 + 𝐻12𝛼𝛽2 
)            

�̅�44 = 

(

 
 

Ω1
2𝐺11𝛼

2 + 2Ω1𝐻11𝛼
2 + 𝐿11𝛼

2

+ Ω1
2𝐺66𝛽

2 + 2Ω1𝐻66𝛽
2 + 𝐿66𝛽

2

+ Ω1
2𝐴𝐴22 + 2Ω1𝐹𝐹22 + 𝑈𝑈22

 )

 
 

             

�̅�45= (
Ω1Ω2𝐺12 + Ω1𝐼12 + Ω2𝐻12 + 𝑀12

+ Ω1Ω2𝐺66 + Ω1𝐼66 + Ω2𝐻66 + 𝑀66
)𝛼𝛽                                                                                                                

 

[�̅�] =

[
 
 
 
 
 
�̅�11 �̅�12 �̅�13

�̅�21 �̅�22 �̅�23

�̅�31

�̅�41

�̅�51

�̅�32

�̅�42

�̅�52

�̅�33

�̅�43

�̅�53

    

�̅�14 �̅�15

�̅�24 �̅�25

�̅�34

�̅�44

�̅�54

�̅�35

�̅�45

�̅�55]
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Appendix B 

 

 

Elements of the mass matrix  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

�̅�11 = 𝐼0̅;  �̅�12 = 0;  �̅�13 = −𝐼1̅𝛼; �̅�14 = 𝐼3̅; �̅�15 = 0; 

�̅�21 = 0;  �̅�22 =  𝐼0̅; �̅�23 = −𝐼1̅𝛽; �̅�24 = 0;  �̅�25 = 𝐼6̅; 

�̅�31 = −𝐼1̅𝛼; �̅�32 = −𝐼1̅𝛽; �̅�33 = 𝐼2̅(𝛼
2 + 𝛽2) + 𝐼0̅; 

�̅�34 = −𝐼4̅𝛼; �̅�35 = −𝐼7̅𝛽; �̅�41 = 𝐼3̅;  �̅�42 = 0;   

�̅�43 = −𝐼4̅𝛼; �̅�44 = 𝐼5̅;  �̅�45 = 0; 

�̅�51 = 0;  �̅�52 = 𝐼6̅;  �̅�53 = −𝐼7̅𝛽; �̅�54 = 0;  �̅�55 = 𝐼8̅ 

 

[𝑀] =

[
 
 
 
 
 
�̅�11 �̅�12 �̅�13

�̅�21 �̅�22 �̅�23

�̅�31

�̅�41

�̅�51

�̅�32

�̅�42

�̅�52

�̅�33

�̅�43

�̅�53

    

�̅�14 �̅�15

�̅�24 �̅�25

�̅�34

�̅�44

�̅�54

�̅�35

�̅�45

�̅�55]
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