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5.1 Introduction

The governing equations describing a planar isentropic dusty gas flow can be written
as [94]

Ot T V0 + 0V = 0;
(5.1)

o (ve +ovy) + Py =0,
where p, P and v are the density, pressure and the velocity along the z-axis, re-
spectively. x and t are the single spatial co-ordinate and time, respectively. The
pressure P can be defined for ideal gas as P(p) = ko”, where k is positive constant
and 7 is specific heat ratio satisfying 1 <~ < 3. The present chapter concerns with
the dusty gas flow which is the mixture of ideal gas and small solid dust particles.

The EoS for the dusty gas flow is defined by

P(e) ZE((l_QZ)f, (5.2)

where € > 0 is a constant and the parameters Z and I are called the volume fraction

of the solid particles and the Griineisen coefficient, defined as (See [112] )

_ 1+ A5)

(1+A8v)’
where Z = V,/V,, B = csp/cp, A =kp/(1 — k) and v = ¢,/c,. Here, k, = mg,/m,
is the mass fraction of dust particles, where m, and m, are the mass of the dust
particles and total mass of the mixture respectively. The parameters V,, V;, csp,
¢, and ¢, are known as the volumetric extension of the solid particles, total volume
of the mixture, the specific heat of solid particles, the specific heat of the gas at
constant pressure and at constant volume, respectively. The mass fraction £, and

volume fraction Z are related by Z = 6o, 0 = k,/0s,, where g, is the specific density
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of the dust particles. The dusty gas is a mixture of an ideal gas and small solid
dust particles. In this composition the volume of the solid particle do not occupy
more than five percent of the total volume of the mixture. The study of non-linear
waves in dusty gas flow have significant role due to its applications to coal mines
blast, volcanic and cosmic explosions, underground, metalized propellant, nozzle
flow, lunar ash flow, supersonic flight in polluted air and many engineering science
Problems (See [2], [113], [114], [115], [116], [117], [118]). Also, in many astrophysical
phenomena, the composition of dust particles and gases play crucial role.

The system (5.1) with (5.2) can be written in the conservative form as

ot + (ov), =0,

w0 (o e () ) =0 o

For zero-pressure dusty gas flow, the system (5.3) can be written as when ¢ — 0

o+ (ov), =0, (5.4

(0v), + (ev*), =0,

which is called the transport equation or pressureless Euler system. The author in
[119] and [120] have used it to modal the motion of free particles which stick under
collision. In [121], the author used the system (5.4) for the formation of large scale

structures in the universe.

In the present study, we investigate the concentration and cavitation phenomenon in

the solution of Riemann Problem by employing two-parameter flux approximation
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in the system (5.3) motivated by [34, 41|, written as

o: + (ov — 201v), =0,

(5.5)
I
(ov), + (gvg — a10? + eay ((1_99@)) ) =0,

where o > 2aq, aq, a9 > 0.

Physically, the perturbation technique is utilized to lead some dynamical process of
fluids, therefore it is worthwhile to study the problem by flux approximation which
plays a crucial role in computational and theoretical problem from its application
point of view. Here, we employ a approximation in the flux which contain the
pressure perturbation portion. We solve the Riemann Problem of the system (5.5)

with the following initial data,

where vy and o4 are constants.

The motivation of this study is to analyze the phenomena of the concentration
and cavitation in the solution to the Riemann Problem for the isentropic dusty gas
flow by introducing two parameter flux approximation in the governing equations
due to its wide applications in the area of aerodynamics, cosmology, astrophysics
and engineering. Many researchers and scientists from several areas of science and
engineering are working currently on the Riemann Problem for homogeneous and
non-homogeneous models. From last two decades, study of the solution of the Rie-
mann Problem for the homogeneous and non-homogeneous hyperbolic systems cre-
ated great interest among the researchers. Recently, [89, 94, 102, 122, 123] have
investigated the Riemann solutions for the homogeneous and non-homogeneous gas-

dynamic models. Also, [56] have studied the two dimensional Riemann Problem for
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the homogeneous Chaplygin gas model. In recent years, many authors like as [93],

[124] and [125] have studied the Riemann solution for the dusty gasdynamics.

Nowadays, we know that when v_ < vy, the Riemann solution of (5.1) and (5.2)
consists two contact discontinuities and a vacuum state between them and when
v_ > vy, only a - shock wave connecting the left state (¢_,v_) and the right state
(04,vy) directly. Thus, it is of great interest to discuss the formation of §- shock
wave and vacuum state in the solutions to the Riemann Problem (5.1) and (5.2) by
taking the parameters tending to zero. Now, we recall some main results in detail
about the J- shock wave in the theory of hyperbolic conservation laws. [34] investi-
gated initially the formation of d- shock and vacuum state for the Riemann solutions
to the isentropic and non-isentropic pressureless Euler system by using the vanish-
ing pressure approach, respectively. Initially, [126] have considered the formation of
delta shock wave and vacuum state by using the two parameter flux approximation
by the vanishing pressure and magnetic field. [52] have studied the limiting solution
of the Riemann Problem for multidimensional zero pressure gasdynamic equation
by employing vanishing viscosity approach. In addition, [47], [45] and [42] have in-
vestigated the formation of §- shock and vacuum state for the Riemann solutions
for the Aw—Rascle model, modified Chaplygin gas model and relativistic fluid by
using the vanishing pressure approach, respectively. Also, the authors [46], [37] and
[40] have discussed the concentration phenomenon in the vanishing pressure limit of
the Riemann solution for the modified Chaplygin gas and extended Chaplygin gas
models, respectively. Recently, the concentration and cavitation phenomenon in the
solutions of the Riemann Problem have investigated by many authors like [41], [39],
[38]. But the concentration and cavitation in the solution to the Riemann Problem
for the isentropic dusty gas flow by introducing two parameter flux approximation

technique is not studied by any researcher till now.
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The complete structure of this chapter is summarized into sections as: In section
(5.2), the delta shock and vacuum states for the transport equations are derived.
The R-H relations are obtained for the delta shock and studied the exact location,
strength and propagation speed of delta shock wave. In section (5.4), we structure
the Riemann solution for the approximated system. Section contains the detailed
study of the concentration phenomenon in the solution of approximated system un-
der the flux approximation. Further, in section (5.5), we discuss the the phenomenon
of cavitation in the solution of approximated system under the flux approximation.

Ultimately, section (5.6) contains conclusions of this study.

5.2 Delta - shocks and vacuum states for the sys-

tem (5.4)

The matrix form of the transport equation can be written as

U+ MU)U, =0, (5.7)
0 v
where U = M = ¢
v 0 v
The characteristic roots of the matrix M(U) are A\; = Ay = v and correspond-

ing right eigenvectors are R;o = <1 ()>T which satisfy VA; = 0,7 = 1,2, where
V = (0,,0,). Therefore the characteristic fields for both characteristic roots are
linearly degenerate. Hence the elementary waves associated with the characteristic
fields are nothing but contact discontinuities.

The solutions of the Riemann Problem (5.4) with (5.6) can be described as: If v_ <

v, then there is no characteristic passing through the region {(z,t) : v_t < x < vit},
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0

FIGURE 5.1: Structure of the Riemann solution for v_ < v4.
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0

FI1GURE 5.2: Characteristic analysis of delta shock.

so the vacuum appears in this region. The solution of Riemann Problem (5.4) with

(5.6) can be written as (See Figure 5.1)

(

(0_,v_), —00 < x < v_t,
(0,0) (x,1) = vacuum, v_t <z < v4l, (5.8)
(Q-i—uv-f—)u U+t <T < 0.

\

If v_ > vy, then the solution contains a delta shock (weighted 6 measure) supported

on a line due to overlap of characteristics in domain {(z,t) : v4t < x < v_t}. The
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characteristic analysis of the delta shock is shown by Figure 5.2. To define the

measure solution, we provide the following definition.

Definition 5.1. Let I' = {(z,t)|x = x(t),t > 0} is a smooth curve, then the two-

dimensional weighted d-measure function f(t)or supported on I is defined as

uumnwmmwwziwﬂwwamww7
where ¢(z(t),t) € Cg°(R x R).

From above definition, we can obtain a family of J-measure solutions ( delta shock

solution) with the parameter ¢ in the case v_ > v, as
o(x,t) = oo(x,t) + f(t)or, v(x,t) = vo(z,t), (5.9)

where go(z,t) = o_ + [o]x(z — o), vo(2,t) = v_ + [v]x(z — ot), f(t) = 1Dy
and I' = {(ot,t) : t > 0}, in which [g] = 04 — - is jump in p across the discontinuity
curve and x(z) is characteristic function defined by x(x) = 0 when =z < 0 and
x(z) =1 when x > 0.

Then the pair (g, v) constructed above is called delta shock solution, it satisfies the

following conditions

(0, ¢¢) + (0v, ¢z) = 0,

(5.10)
<QU7 ¢t> + <QU27 ¢I> = 07
for every test function ¢(x,t) € C§°(R x Ry), where
(e.0)= [ [ woduat+ (70,0,
Rr S0 (5.11)

(0v.6) = /R ) / (aovo) ddadt + (o £(1)5r, ).
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Also, the delta shock solution satisfies the following Rankine-Hugoniot jump condi-

tions )
G ==
L = olol — oo, (5-12)
AW = olov] - [0,

and must satisfy the delta entropy condition to ensure the uniqueness of the delta

shock solution A(o4,v4) < o < Ao—,v_), i.e.

vy <o <v_. (5.13)

On solving (5.9) with initial data f(0) = 0,2(0) = 0, we obtain the following results

o= \/%rjr—\/\/gg:iv_, z(t) =ot, f(t) = (v- —vy)y/oro-t. (5.14)

Therefore, the delta shock wave solution for the transport equations with (5.4) and

(5.6) is obtained by (5.9) with (5.12) and (5.14).

5.3 Solution of Riemann Problem (5.5) and (5.6)

The system (5.5) can be written in conservation form as
U, +F(U), =0,

where
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The eigenvalues p; and puy are given as follows

el o2 ecol" o2
#lzv—\/m(g—%yl% M22U+\/W(9_2a1)7 (515)

and the associated right eigenvectors and left eigenvectors are

Tr Tr
_ eaapl' 2 _ easlpl'—2
Ry = (1 - m) » Ra= (1 WQ(Q—M) - (516)

—0o)T —2a o —0o)" —2q
L= (3 3R, La= (- 3/EEEERD), G

Since, Vp;.Ri # 0,i = 1,2, where V = (0,, d,) . This implies that the characteristic
fields corresponding to eigenvalues p; and o are genuinely nonlinear and, therefore

the associated elementary waves are shock wave and rarefaction waves.

5.3.1 Smooth solution

For the self-similar solution of the system (5), we substitute (o,v)(z,t) = (0,v)(£),

where { = 7 in (5.5) and (5.6), we obtain the following boundary value Problem

—&0¢ + (ov — 2aqv), = 0,

- (5.18)
& (ov), + (QU2 — oqv? + eay <(1_99@)> )g =0,

and (0,v)(+00) = (04, v4).

For any smooth solution, the system (5.18) can be written in the following form

—&+4v 0— 20 do

. ~ 0. (5.19)
v+ v? + eal <1_—ggg> —€o+2v(p— 1) dv
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The system (5.19) provides either a constant state solution

(0,v)(&) = constant, (5.20)

or, 1-rarefaction wave solution, denoted by R; defined as

eaapl'—2
== ul—v—\/l GarT (0 — 201),

Ri(o_,v_): — \/Md (5.21)

1-02)'+1(z—2a1)

0<0-,
\

or, 2-rarefaction wave solution, denoted by Rs, defined as

5 Mo =V + \/(61(12551;‘4-21 2@1),
. 0 eaolzl'—2
R2<Q77U*) . vV=v_+ fg, \/de, (522)
0> 0.
\

For 1-rarefaction wave, we differentiate v with respect to ¢ in second equality of

(5.21), it gives that

dv el ol 2
—=— 2 0 <0,
do (1—=00)* (o —2a1)
and for 2-rarefaction wave, we differentiate v with respect to ¢ in second equality of

dv el =2 -0
do \ (1—-00)"*(0—2a1) "

Taking the limit ¢ — 24, in the second equality of (5.21) we have

(5.22), yields

. B eal' 22
gl—lgclu e +/ \/ 1—02)M1(z — 2&1)dz. (5:23)
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lim | (z —2) coole = [Lall)
2520, V(=021 (2 —200) | | (1 = 200,)T+

This implies that the integral fzgo; \/ ——caelen 21> is convergent by Cauchy cri-

Since

(1-02)1'*+1(2—2a7)

terion.

Thus from (5.23), we find that 1-rarefaction wave curve intersects the line o = 2a;

at the point <2a1,v + fgm %%dz) .

Checking the limit o — 400 in (5.22), yields

lim v — +/ eapl' 212 .
0——00 B ]. — 92 F'H Z - 20&1) .

eqpl'2F—2 - [eap 212
(1 —602)"1(z — 2a) z
+oo eap' 22 too eaol' 212
dz > \ —— | d=.
/ \/1—92F+1z—2a1)z /Q ( z :

Thus, we conclude that lim v = +o0.
o—+00

Since

we have

5.3.2 Bounded discontinuous solution

Now our attention is to discuss the bounded discontinuous solution which is called
shock wave solution satisfying the R-H conditions and entropy condition. The R-H

conditions for the shock wave at £ = 012 are derived as

—o*2[p] + [ov — 2aqv] = 0,
(5.24)

r
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where [g] = 04 — 0— denotes jump in p across the shock.

On eliminating c®*2 from (5.24), we obtain
0 r
_9 _ 2 9 e ‘
[ov][ov — 2aqv] = [g] [QU a1v° + €y ((1 — 90)) ]
Simplifying above relation, we have

(00— —an(os +0.)(v-—v,)? = canlor o) ((@_Q—eg)) - (#)) .

Since (o+0- — aq1(0+ + 0-)) > 0, which implies that

caz (o4 — 0-) ((u—QTL))F N (“—QT_Q)>F> ‘

(0r0- —ai(oy +0-))

(v-—vy) ==+

(5.25)

The Lax entropy inequalities imply that 1-shock wave satisfies the following relation

Ml(g—i—a U+) < oM< M2<Q+7U+)7 Ml(Q—, U—) > 0.a1a2’ (526>

and 2-shock wave satisfies

pa(o—,v-) <o < pa(o-,v-), p2(04, v4) < 012 (5.27)

From (26), we have

pi(os,vy) < o™ <o, v),

_\/GQQFQE__Q(Q+ —2a;) 1 o YT _\/6@2FQE_2(Q_ —2a1) 1
(1 =00 )" (0- —201) = (04 —0-) (1 =00 )" (04 —201)
(5.28)
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Similarly, for 2-shock wave, we have

\/eagFg£_2(g+ —2a7) 1 P \/EOZQFQF_Q(Q —2a7) 1
(L=00 )" (0- —2a1) (04 —0-) (1=00 )" (04 —2a1)
(5.29)

From (28) and (29), we conclude that o- < g4,vy < v_, and o_ > o4,v4 < v_,
respectively.

For a given left state (o_,v_), the shock curves in the phase plane, which are the
sets of states that can be connected on the right by 1-shock or a 2-shock are defined
as,

1-shock wave curve denoted by Si(o_,v_) is defined as

v \/E&Z(Qé’)(((lggg))r<(1ggg_))r)
Sl(g—v U—) = -

(00— —a1(ete-)) ’ (5.30)

0> 0,

and 2-shock wave curve, denoted by Sy(0—,v_), is defined as

v =1v_ — \/60‘2(99—)(((1999))F((199g_))r)
SQ(Q—a U—) - N

(00— —a1(ot0-)) ’ (5.31)

In addition, on differentiating v with respect to ¢ in (5.30) and (5.31), we obtain that
v, < 0 and v, > 0, respectively, which implies that the shock curves are monotone.

When ¢ — 1/6 in (5.30) we have v — —oo and when ¢ — 2q; in (5.31), we get

v — v — iogi (((1 —23(19&1))F_ (ﬂf)—eg))r)’
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FIGURE 5.3: The (p,v) phase plane for the model (1).

this implies that 2-shock wave curve intersects the line p = 2a;; at the point

| ()~ ()

From above analysis, we notice that for a given left state (o_,v_), the set of states

that can be connected on the right by a rarefaction wave or a shock wave in the
phase plane consists of 1-rarefaction wave curve R;(g_,v_), 2-rarefaction wave curve
Ra(o_,v_), 1-shock wave curve Sy (o_,v_) and 2-shock wave curve Sa(o_,v_). These
elementary curves divide phase plane into four regions as Ry Ro(0_,v_), R2S1(0—,v_),

S152(0—,v_) and SyR;(p_,v_) which is shown in Figure 5.3.
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5.4 Concentration in Riemann solution to (5.5)

and (5.6) under flux approximation

In this section, we study the phenomenon of concentration in the Riemann solution
of (5.5) and (5.6) for isentropic dusty gas flow, when (o4,v;) € S152(0—,v_) with

v_ > Vy.

5.4.1 Limiting behavior of the solution of Riemann Problem

as a1, oo tends to 0

For any aj,as > 0, we suppose (02192, v21%2) be the intermediate state in the sense
that (o_,v_) and (21?2, v21*?) are connected by 1-shock curve S;(o_,v_) with speed
o' and the states (22, v8*?) and (o4,v;) are connected by 2-shock curve

a1a2

Sa(o—,v_) with speed 05'**. They have relations

ajag r o_ T
ea2(@fla2_9)<((1Q;gfla2)> _<(1—997)) >
quaz = V- — ayag aTag ’
(Q* Qf_al(g* +Q*)) (532)
031 > 0,

on S; and

v

r ajag r
_ a1 o+ _ O
araz \/em(g+ - )<((1_99+)) <<1*9931a2>) >
=BT (o+ o2 ™™ ~ar(os +7T2)) ! (5.33)

o

O« > O+,

on S,. Then, we propose some Lemmas to analyze the limit solution of the Riemann

Problem (5.5) and (5.6) as ay, as — 0.

Lemma 5.2. lim o = 4-o00.
al,a2—>0
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Proof: If lim 0% = M, where M € (max(o—, 0+ ), +00), then from (5.32) and

al,a2—>0

(5.33), we have (see [45])

oo 0l?? r o r
cax(d™ = o) (o) — T

Vp =V = — aja o
(08 0- — o (05" + 0-))
(e5Re] o+ : 012 r
caz(or — o) ((m) - (i) )
+ a1 O
(0408 — a1y + 05%?))
Letting a1, as — 0 in above expression, we get v, —v_ = 0, i.e. v, = v_, which is

contradiction of our supposition v, < v_. Therefore, Lemma 5.2 is true.

a1ag T 2
Lemma 5.3. lim ey <( 25 > = 0-0+ <i> :

ai,a2—0 1_9Q31a2)(1_09*)

_ v
Lemma 5.4. Set o0 = N Y Then

lim 0" = lim of"* = lim o095'*" =o0.
aq,a9—0 aq,a9—0 aq,a9—0

Proof: Taking the limit as oy, s — 0 in (5.33) and noticing Lemma 5.3, we have

1o

1 QOélOéz r
li —v_— lim —— - =o.
a0 * U T anaan0 | /o_ 2 ((1 — 0o **)(1 — 99_)) 7

From R-H jump relations (5.24), we have

(o= — 201) (051 —v.)

1oy Y

O« o-

o102 = o2 |

aras _ /U:(IO(Q + (Q+ — 20&1)(’01_1;2 Uflaz)

O+ — O«
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Taking the limit as aq, as — 0, we have

lim o' = lim 05'*? = lim v =o.
al,a2—>0 al,a2—>0 al,a2—>0

From Lemma 5.4, it is noticeable that when aq, ay tend to 0, the speed of 1-shock
St and 2-shock S5 and intermediate velocity coincide at o, which determine the 6-
shock speed for the transport equations, and the intermediate density p2*** becomes
singular.

From Lemma 5.2 and Lemma 5.4, we have the following result.

Lemma 5.5.
a1 an
Ty

lim 0512 dn = olo] — [ov],

ay,ae—0 [ ajag
91

and
o.;‘l @9

. aloo, 10
lim 0, vy
aj,ae—0 [ ajag
1

dn = oov] — [ov”].

5.4.2 Delta - shock wave

We now show the following theorem characterizing the limit as a;,as — 0 in the

case vy < v_ and (o4,v4) € S1.52(0—,v_).

Theorem 5.6. Let vy < v_ and (04,v4) € S152(0—,v-) and let (0***?,v*1*?) is a
two shocks solution of Riemann Problem (5.5) and (5.6). Then, when ayay — 0,
0™ and o™ *?v*1*? converge in the sense of distribution and limit functions of p“1*?

and 012012 qre the sum of step functions and a d-measure with weights

Vito? V1+ o2

respectively, which forms a 6- shock wave solution of transport equations (5.4) with

(5.6).



Chapter 5. Concentration and Cavitation in the Riemann Solution......

99

Proof: Take ¢ = %. Then, for each fixed oy, s > 0, the solution of Riemann

t

Problem can be written as

(

(Q_7U—)7 C<U?1a27

(Q(naz’valaz) — (QSIQQ,U31a2)7 0_?1042 < C < 0_5410427

(Q+7U+)7 C > 012)41042’

\

which satisfies the following weak formulation

_ / ((Umaz _ C)Qamz _ 2041Ua1a2) ¢’dc _ / 0“2 pd¢ = 0,

[e.9]

[ee] Q12 r
(a5 )eY oo 1o, 010 0 ’
/_oo <<Q ’ _a1>(v 2)2_Q v 2<+6<1—996¥1a2> ) (bdg
— / Qala2v061062¢d€ — 07

for any test function ¢ € C§°(R* x R).

Taking the first integral of (5.35) and on decomposing it, we have

/ ((Umoo _ C)Qmw _ 2alva1a2) gb/dC

2

> U;)‘IQQ 0.;10‘2 +00
) (/ ey ) (07272 = g™ — 2010™) §'dC.
— 00 U?IQQ 0.0‘10‘2

The limit of the sum of first and third terms of RHS of (5.37), we have

U‘f‘lag +oo /
lim </ _|_/ > ((Ualaz _ C)Qmaz _ 2alva1a2) (b d<
ag,az—0 N Fo1e2

2

a1a2

1 ajop ajop ajazy 4’
N a1%g2n—>0 </—oo ((U C)Q 20(1'1) ) ¢ dC)

+00
+ lim (/ (02192 — () ™% — 207 v ?) gb/dg>

ag,a2—0 ajag
P

(5.34)

(5.35)

(5.36)

(5.37)
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+o0
— (o]d]  [ov]) #(0) + / B¢ — 0)pdC,
where
o—, (<o,
W¢ - o) =
o+, (>o.

Taking the limit of second integral of RHS of (5.37), we have

{11{12
T2

lim ((v2192 — ()12 — 201021°2) ¢p'd( = lim 2192 (0512 — g1%2)
aq,a0—0 ?1(12 aq,a0—0
O O T ) A W S e vl ks i G i SRR = e
0.20(1042 _ 0.?102 Vs — 0.;110(2 O.(lllaz 0.3102 _ 0.?1042 50102

— lim 20000 (9(0517) = 6(07")) = (0[] ~ [ov]) (06 (0) = 79 (o) — B(0) + () ) = 0.

aqy, as—0

Hence
[ oot = tola - ) oty + [ ¢~ oo

o0 —00

Now, from (5.36), we have

r
5, gesnesdg = [ (g0 = anoe? - gresnen (1)) ol
(5.38)

On decomposing the integral of RHS of (5.38), we get

011042 a1as T
1o (o3 Xe ) (e5Nel e sRes:) e /
(/ /‘11‘12 /‘110‘2> ( _al)(v )2_9 ! C+6 (1_90041042) ) d)d(

(5.39)
Taking limit ay,ay — 0, of sum of first and second integral of RHS of (5.39), we

obtain that

lim (/ / / > O110¢2 _ al)(vaw@)? _ Qoqozg oqazg) gb dg
at,02—0 ajag ajag

~

= (olov] — [v?]) (o) + / h(C — o),

—00
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where

. o-, (<o,
h(¢—o) =

O+, <> g.

and the limit of third term of (5.39) on using Lemma 5.2 and Lemma 5.3, we have

0412 ,
o hm (/ / / ) ( @awz) ¢ dq
= lim e/ (ﬂ)r¢d§+ lim 6/051% (ﬂ)rdd
arons0 | \1= ggore arar0 Joares \ 1= 02
+ lim e/m (—Qa*m )Fqs’dg
ar,az—0  Jfyaren G0
1o r o0 r
-l e ((fT) ol (25 ) ¢<o§“0‘2>>

100 r
bl (5 ) olog - o)

~

aq,a9—0
= 0.
Hence,
00 too
| e ac = (olon) ~ o) oto) + [ hic - o

Now, we consider the limits of g**?2v*1*? and p*'*? depending on ¢, then for any

test function ¢ € C°(RT x R), we have

' oo 0o ey E)
alggl_m/o /_OOQ (t o(z, t)dxdt

~ lim mt( | oo t)dc)

a1,042—>0 0 — 00

= [T e (la -t ototan+ [ hic-poict.oac ) a

—00

= /Ooot(a[g] — [ov]) p(at, t)dt + /000 /_Jroo h(x — ot)p(x, t)dxdt.
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From definition 5.1, we have

/0 " t(olg] — o)) (ot t)dt = (F(.)or, phi(.)), (5.40)

where f(t) = %ﬁg])t.

Similarly, we can get

[ e (2ot = st i

+ /Doo /_:o Wz — ot)p(x, t)dxdt, .

where f(t) = %W-

Hence proof is complete.

5.5 Cavitation in Riemann solution to (5.5) and

(5.6) under flux approximation

Here, we consider the flux approximation limit of the Riemann solution of (5.5) and
(5.6) as aj,ap — 0 in case (04,v4) € RiRy(0—,v_) with v_ < vy and pr > 0.
Let (212, v2192) be intermediate states for oy, as > 0, which connects to the left
state (o_,v_) and right state (o4, v, ) by 1- rarefaction wave and 2- rarefaction wave

curves, respectively. Then, 1-rarefaction wave satisfies

(

_ aq canT(g*12)I—2
5 = vt — \/ (1—0p>12)T+1 (QalaQ - 20@)7

6042Fg1172 ol 931% r—2
U= \/W(g— —2m) <& <ut — \/%(gfm — 20m1),

0et M <o,
(5.42)
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and 2-rarefaction wave satisfies

o eanl(p*192)T
,UOthQ + \/ (1 egalaQ I'+1 Qalaz - 2061)7

r—2
alo eaal (0217212 oqan eaaTo,
v — \/ (1—67 T2y (081" = 2an) < <wy — A—604)TF1 (04 — 2a1),

| <o

(5.43)
Theorem 5.7. Assuming v_ < vy and (0****,v*'*?) is a rarefaction wave solution
of (5.5) and (5.6). Then there exist ag > 0, such that the constant density solution
occurs in the solution when 0 < a; < ag and 0 < ay < «g. Also, the rarefac-
tion waves tend to contact discontinuities (x/t = vy) connecting the states (0+,v+)
and the vacuum state (o = 0), which form vacuum state solution for the transport

equations.

Proof: Let a; = ay = ay, since (9212, v21%?) is on 1-rarefaction wave curve, we have

X2

oo _ [ eaglzl'—2 _ro- capl 2 —2 _ pao
Uy = U= o— (1—92)F+1(z—2a0)dz < v 2a0 (1—0z)F+1(z—2ao)dZ = B.

Ifv_ < vy < B*, then there exist ag; such that (g4, v,) € RiRs(0_,v_)i.e. no con-
stant density solution. However, the constant density solution occurs when B* < v,
i.e. there exist agy such that (o4,vy) € RiRa(0—,v_).

Let g(a f2a %dz — vy +v_, is a continuous function of « such that
when B* > vy, then g(ag;) > 0 and when B* < v, then g(ape) < 0. Therefore,
g(1)g(o2) < 0, which implies that there exist ag € (a1, p2) such that g(ag) = 0.

Hence, when 0 < a7 < ap and 0 < as < «p, then the intermediate state becomes

constant state such that

(Q*1a2 Uma2)(€> = (20[1,6), U?1a2 < é < U31a27
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where

e- ea 212
araz _ d
Uy v_ + /M1 \/(1 — 02)T+1(z — 201) z,

s /9+ ea 212 q
v = VL — Z.
2 T oay V(1= 02)TH (2 — 200)

Taking limit oy, as — 0, we obtain

and

] 1,02
lim of =0,
al,O(Q*)O

and

lim oM =w
1,2 F-
0417052—)0

Hence, from above result it is clear that limit solution of (5.5) and (5.6) is a solution
of transport equation containing vacuum state formed by two contact discontinuities

(x/t = vy). Theorem is proved.

5.6 Conclusions

In the present work, we investigated the phenomenon of concentration and cavitation
in the solutions of the Riemann Problem for the dusty gasdynamics by employing two
parameters flux approximation technique. It is obtained that the model considered
in this study is genuinely nonlinear for both the characteristic fields. The Riemann
solutions for the transport equations are constructed and obtained that it consists
two contact discontinuities and a vacuum state between them and a delta shock
wave solution when v_ < vy and v_ > wv,, respectively. Further, we obtained
the self similar solution for the approximated system and later on, the Rankine-

Hugoniot condition for the approximated system is derived to determine the bounded



Chapter 5. Concentration and Cavitation in the Riemann Solution...... 105

discontinuous solution. It is also obtained that for the case v_ > vy, the Riemann
solutions of approximated system converges to a delta shock wave solution of the
transport equations as ajas tend to zero and for the case v_ < vy, as ajas tend
to zero, the Riemann solutions consisting two rarefaction waves of approximated
system converges to the two contact discontinuities and vacuum state between them
connecting the left state (v_, o) to the right state (v,, 04) which is a vacuum state
solution of the transport equations. Similar analysis of the Riemann solutions for

different hyperbolic systems is investigated previously by [34, 41] and [45].

Kookookokok kokokok kok



