Chapter 4

Delta shock wave solution of the
Riemann Problem for the
non-homogeneous modified

S

Chaplygin gasdynamics

“In mathematics, the art of proposing a question

must be held of higher value than solving it”

—~Georg Cantor

*“The contents of this chapter have been published in Journal of Dynamics and Differen-
tial Equations 1-18, 33 (2020)”.
DOTI: https://doi.org/10.1007/s10884-020-09914-8

53



Chapter 4. Delta shock wave solution of the Riemann Problem... 54

4.1 Introduction

This chapter investigates the classical and non-classical Riemann solution for the
inhomogeneous system of partial differential equations which is of great interest to
many researchers in applied mathematics and engineering sciences. The study of
the hyperbolic systems have significant physical background which is interesting as
it leads to diverse complex problems in Mathematics. For instance, authors in [97]
have studied for the first time the homogeneous MCG equation model. In exotic
background of fluid phenomenon, the MCG model plays an important role to de-
scribe the accelerated expansion of the universe and evolution of the perturbations
of energy density. Also, It describes the dark energy and dark matter in the unified
form. For further applications related to the modified Chaplygin gas equation, the
interested reader is referred to [98, 4, 99, 100, 101] and references cited therein.

In this chapter, we propose to consider the following one-dimensional modified Chap-

lygin gas equation with constant external force term as,

0o+ 0, (ov) =0,
(4.1)

O; (ov) + 95 (0v* + P) = np,

where p is the density and v is the velocity of the gas. The parameter 7 is a con-
stant. Here the constant external force term appearing in the momentum equation
of the model is treated as a coulomb-like friction term. The scalar P = P(p, a) is
known as the modified Chaplygin gas pressure defined as P(o,«) = ap(p), where
the parameter o > 0 is constant.

The equation of state for the MCG equation is satisfied by the pressure p, given by

p(@)ZQ(A—EQ>,

Y
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where the parameter A > 0 and B > 0 are constants. The present chapter is mainly

devoted to the Riemann Problem for the MCG model (4.1) with the initial data

(0,v)(z,0) = (4.2)

where vy and o4 are constants.
If, we take n = 0 in (4.1), it becomes the modified Chaplygin gas model which is
studied by [46] when pressure vanishes. For A = 0, B = 1 and n = 0, the system

(4.1) reduces into the homogeneous system of the Chaplygin gas equation as

atg + a&? (QU) = 07
(4.3)

O (ov) + 0, (gv2 — %) =0,

which was proposed by [5], [86], and [87] to compute the lifting force in aerodynamics
by using some mathematical approximations. The Chaplygin gas model is also
utilized to discuss the concept of dark matter and dark energy related mathematical
problems. Authors in [56] have studied the two dimensional Riemann Problem for
the homogeneous Chaplygin gas model (4.3). The author in [89, 102] has studied
the solution of the Riemann Problem with constant and variable initial data for

non-homogeneous hyperbolic system. The governing equations

00+ 9, (0v) =0,
(4.4)

9y (ov) + 0 (0v* + p(0)) = 0,

with

B
plo) = ——, B>0,0<a<l, (4.5)



Chapter 4. Delta shock wave solution of the Riemann Problem... 56

is known as the generalized Chaplygin gas dynamics. Authors in [103] have studied
the Riemann Problem for the system (4.4) and (4.5) with initial conditions (4.2). An
exact solution to the Riemann Problem (4.4) and (4.5) with friction is also developed
in [91]. Further, authors in [104, 105] have introduced system (4.4) and (4.5) for
dark energy because of its dark energy like evolution. Study of modified Chaplygin
gas (MCG) model have advantage to unite the explanation of the dark matter and
dark energy. Also, the Riemann Problem for hyperbolic model of two phase flow is
studied in [106]. For more details of two phase model in conservative form the inter-
ested readers are referred to [107, 108, 109, 110]. In this study, it is shown that the
Riemann Problem for the MCG in the presence of external force, has non-classical
wave solution in a special situation. Delta shock is also a non-classical non-linear
wave on which at least one of the state variables become a singular measure. The
Rankine-Hugoniot conditions which are used to study the strength, position and
propagation speed for the singular wave, are derived. The concept of — function in
classical discontinuous solution was proposed by [111]. For more interesting results
related to delta shock (non-classical wave solution), interested readers are referred
to [34, 45, 46, 51]. The curved delta shock wave solution was firstly introduced
in the study of the Riemann Problem for the pressureless Euler system with the
Coulomb-like friction term. The constant external force term (Coulomb-like friction
term) appearing in the momentum equation of the MCG model was used first time
in [95]. The advantage of the source term appearing in the MCG model (4.1) is that
the inhomogeneous model (4.1) can be reformulated in to the homogeneous conser-
vation form which enable us to determine the solution of the Riemann Problem for
the MCG model which causes to bent all the waves including shock wave, contact
discontinuity, rarefaction wave and delta shock wave into the parabolic shape, and

the solution of the Riemann Problem for the model (4.1) is not self-similar solution.
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The motivation of this study is to obtain the exact solution (classical and non-
classical wave solution both) to the Riemann Problem for the MCG equation with
constant external force due to its wide applications in the area of aerodynamics,
cosmology, astrophysics and engineering. Many researchers and scientists from sev-
eral areas of science and engineering are working currently on the Riemann Problem
for homogeneous and non-homogeneous model. From last two decades, study of
the solution of the Riemann Problem for the homogeneous and non-homogeneous
Chaplygin gas equation have great interest among the researchers. The Riemann
Problem with classical and non-classical wave solution for the MCG model in the
presence of constant external force is not studied by any researcher till now.

This chapter is structured into following sections as: In section (4.1), the inhomo-
geneous system (4.1) is modified into homogeneous conservative system by using
new state variables and obtain the general properties of the modified system. Fur-
thermore, the classical Riemann solution for modified system is discussed and non-
classical solution involved in the Riemann solution for the modified system in certain
situations is also obtained. The R-H relations are obtained for the delta shock and
studied the exact location, strength and propagation speed of delta shock wave. In
section (4.3), we obtain the solution of the Riemann Problem for the inhomogeneous
system (4.1) with the help of result obtained in section (4.2) for the modified conser-
vative system. The Rankine-Hugoniot conditions are derived. Section (4.4) contains

conclusions of this study.

4.2 Riemann Problem for modified system

We study the Riemann solution for the modified homogeneous conservative form of

(4.1) by introducing new variable for the velocity, u(z,t) = v(x,t) — nt.
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Authors in [96] have introduced this new state variable to discuss the Riemann Prob-
lem for inhomogeneous shallow water equations. On insertion of this new velocity in
(4.1), we obtain the following conservation form of the MCG model with constant

external force

0o+ 0, (0(u+nt)) =0,
(4.6)

0 (ou) + 0, (gu(u +nt) + « <AQ — %)) =0.

We consider the Riemann Problem for the modified conservative model (4.6) with

the same initial data,

(Q,,U,), T < Oa
(0,u)(z,0) = (4.7)
(04,v4), x> 0.

Now, the Riemann solution for the original model (4.1) and (4.2) can be determined
from the corresponding ones to the system (4.6) and (4.7) by utilizing the new state
variables, (o,v)(z,t) = (o,u + nt)(x,t). Reformulating (4.6) into the quasi-linear
form as

MU, + NU, = 0, (4.8)

0 1 0 u—+ nt 0
where U = M = and N = "

u u o u(u—i—nt)—kozA—Foé—g o(2u + nt)
Let A\(0,u) and As(p,u) are two eigenvalues of the matrix N given by

1/2

Mo, u) =u+nt — (a(A + g)) v Do(o,u) = u+ 1t + <a(A + g)) . (4.9)

and the right eigenvectors corresponding to both eigenvalues are

Tr Tr

dy = {_Q <a(A—|— Q%))ﬂ ,dy = {g (a(A—i— g))m} : (4.10)
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Thus, it leads to V; - d; = A« (a(A+ Q—BQ)>_1/2 40,1 =1,2, for A > 0,a > 0.
Here, V represents the gradient operator with respect to (g,u). Since for A >
0,a > 0, VA; - d; # 0 which implies that the characteristic fields corresponding to
the eigenvalues A\; and Ay are genuinely nonlinear. Hence the associated elementary
waves are either rarefaction waves (continuous solution) or shock waves (bounded
discontinuous solution) denoted by R and S, respectively. Along these characteristic

fields the Riemann invariants are defined as

w=u— (a(AJrg))m—\/ﬂ(ln <<A+§)1/2—\/Z> +1n9> :

a <a(A+§))l/2+\/ﬂ<1n <<A+§)1/2—\/Z) +1ng> | (4.11)

Now, our attention is to study all the elementary waves composing of the Riemann
solution for the modified model (4.6) in detail. Firstly, we study the rarefaction wave
which is continuous solution satisfying (4.6) which may be computed by solving the
integral curve of both characteristic fields. It is noticeable that 1-Riemann invariant
(2-Riemann invariant) is conserved in the l-rarefaction wave (2-rarefaction wave),
respectively.

For a given left state (o_,u_), the state (g, u) can be connected to the state (o_,u_)

in the phase plane by the 1-rarefaction wave curve denoted by Ri(o_,u_) is

d B 1/2
G =AM =u+nt— (a(A—l—;)) :

Rio- u-): qu— flo,0) =u_ — f(o—, 0,0) = w_, (4.12)

Al(@*au*) S )\l(Qa U’)7

\
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where

_ 0

+\/A_a{ln <(A+§)1/2—\/Z> - <1n <(A+Q£)/\/Z>>?

+VAa(lnp—1Inp_).

flo-,0,a) = /gg <a(A+ ?)>1/2d@ = — (Oé(fH g))m + (a(A+

(4.13)

On differentiating u of second equation of (4.12) with respect to o, we obtain that
‘é—z < 0 and %2‘ > (0 which implies that the 1-rarefaction wave is made up of half
branch of Ry(o_,u_) satisfying u > u_ and ¢ < p_, which is convex in (g, u) plane.

From first equation of (4.12), we obtain

1
2

SSRS

nt = u— (a(A + §)> v . (4.14)

Using (4.14) in second equation of (4.12), we obtain the solution (p,u) at a point

(z,t) inside the 1-rarefaction wave which is given by

o (G (o () )

1 4 w_ — T 4+ It 1/2
u(r,t) = (%— 5nt+\/ozA <1+Eexp2 (—;A 2" )) ]

(4.15)
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Analogously, the 2-rarefaction wave curve denoted by Ry(0—,u_) in the phase plane

1S
.

dx B 1/2
E:)\g:u—l—nt—F(oz(A—i—?)) ,
RQ(Q_’U_) : U+f(Q,C¥) :U_—l-f(Q_,Q,OZ) =< (416)

Xo(0—,u_) < Aa(p,u).

\

As before, we differentiate u of second equation of (4.16) with respect to g, we obtain
that Z—Z > 0 and % < 0. Thus, the 2-rarefaction wave is made up of half branch
of Ro(o—,u_) satisfying u > u_ and ¢ > p_ which is concave in nature in the (o, u)
plane. From first equation of (4.16), we obtain

r 1 B\ ?

Using (4.17) in (4.16), we obtain the solution (p,u) at a point (z,t) inside the 2-

rarefaction wave which is given by

o= (2 (o (1)) ).

. 1/2
o fx 1 4 z,—;—ir%nt
u(x,t)-(t 277t+\/aA(1—l—BeXp2( Joa )> )

(4.18)

Now, we obtain the shock wave which is bounded discontinuous solution, satisfying
the R-H relations and the entropy conditions. Let the propagating speed of the
bounded discontinuity at x = x(t) is denoted by £(t) = 2/(t), then R-H relations for

(4.6) are

—&(t) [o] + [o(u +nt)] =0,
(4.19)

() [ou] + |oulu+nt) +a (42— 2)| =0,

where [o] = o, — o with g, = o(z(t) — 0,t), 0, = o(x(t) + 0,t) represents the jump
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of o across the discontinuity.

If £(t) # 0, then from (4.19) we obtain

r 01

(or — 0)) <Qru7‘<ur +7t) +a (AQT -~ E) —ow(uw +nt) — (Agl — E)) o

= (oyur — orw)(or (ur + nt) — or(w + nt)).

After simplifying (4.20), yields

ur:ulj:(QT—gl)\/ a (A+ b > (4.21)

01 0r 010r

Thus, for a given left state (o_,v_), the possible states can be connected to (o_,v_)

on the right by 1-shock wave curve, denoted by S;(o_,v_), should satisfy

(

&i(t) = ==+,

0—0-

Si(omyv ) du— v :_\/L (4+2) -0, (4.22)

o-0

v_ > u, 0 < Q.
\

Analogously, the 2-shock wave curve, denoted by Sy(0_,v_), should satisfy

Solo v ) Qu—v — \/L (A+ )00, (4.23)

-0

v_ > u,0_ > Q.
\

It is clear that the set of possible states, connected on the right, consist of the 1-shock
wave S1(o_,v_), l-rarefaction wave curve R;(o_,v_), 2-Shock wave Ss(o_,v_) and
the 2-rarefaction wave Ry(o_,v_). Thus, for the given state (o_,v_), the phase plane

can be divided into four regions by the curves of the elementary waves R;(o_,v_),



Chapter 4. Delta shock wave solution of the Riemann Problem... 63

FIGURE 4.1: The (p,u) phase plane for the model (4.6).

Ry(0—,v_), S1(0o—,v_) and Sy(o_,v_).

If vy + g0, ) <v_ —g(o_,a) is satisfied, where g(p,a) = (a(A + 5))1/2, then
the Riemann solution of (4.6) and (4.7) can not be structured by using only the
rarefaction wave and shock wave, without introducing delta shock wave. In this
non-classical situation, we introduce the phenomena of delta shock wave such as in
[88, 103]. Thus we can draw the curve for the delta shock wave through the point

(0—,v— — g(o—, «)) which is denoted by

Ss(0—,v- —glo—,a)) :v+g(o,a) =v_ —glo_, ). (4.24)

After discussing all the elementary waves, we obtain that the phase plane (g, u) is
divided into five regions (I),(I1),(III),(IV) and (V') by these curves as shown in
figure 4.1.

Now, in view of the right state (g4, v,) in the different regions, we can structure
the unique global Riemann solution of the system (4.6) and (4.7) which connects
two constant states (o—,v_) and (04, v4).

If (04,v4) € (I)UII)U(IIT)U(IV), then the Riemann solution of (4.6) and (4.7)

consists 1-wave and 2-wave with a constant state (o.,v.) (i.e. intermediate state)
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between them.
If (04,v4) € (I), then the solution of Riemann Problem of (4.6) and (4.7) consists

of rarefaction waves Ry, Ry and (0., u.) obtained by

Uy — h(0s, ) =v_ — h(o_, ) = w_,

(4.25)
e+ h(00r @) = vy + h(04,0) = 74,
1/2 1/2
where h(p, a) = (a(A + %)) + VA« <ln ((A + g) — ﬂ) +1In Q) :
Thus, the Riemann solution of system (4.6) and (4.7) can be written as
(
(0-,v-), r < X (1),
R, X7 (t) <@ < X7 (1),
(0. u) (1) = (0., uy), X{(t) <z < X5 (), (4.26)
Ry, XZ_(t) <z < X;(t)7
\(Q—HU-I—)’ X2+(t) <7z,
where
B\ 2
X7 (t) = (U_ — <a(A + —2)) t+ 77—,
0 2
. B 1/2 ntg
X ()= {u— [a(A+ 2 t4
10 = (- (ata+2)) Jes 2
512 e (4.27)
X5 (1) = | u A+ = t4
5 (1) u+<a( +93)) + 5
B\ 2 nt?
X5t = vy + (a(A+—2)) t+ 5
o1
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If (04,v4) € (I1), then the solution of Riemann Problem of (4.6) and (4.7) consists

of 1-shock wave S and 2-rarefaction waves Ry, and (g, u.) obtained by

Uy — V- = _\/g_ag* <A T g_Bg*><Q* - (4.28)

Uy + f(Q*,Oé) =v; + f(Q+7a)7

then, the Riemann solution of (4.6) and (4.7) is,

(9—70—)7 r < Xl(t)v
o Us),; Xi(t) <z < X5 (b),
(0.0)(2.) = (0s, ) (t) (t) (£29)
Ry, Xy (1) <o < X5 (1),
k(Q+7U+), X5(t) <z,
where
X\(t) = <%) t+ % (4.30)

If (04,v4+) € (III), then the solution of Riemann Problem of (4.6) and (4.7) con-
sists of 1-rarefaction wave Rj, 2-shock wave S5, and the intermediate state (o, u.)
obtained by

Uy — f(Q*,OZ) =V- — f(Q—ya)>

(4.31)
U = U = _\/Q:z-»— (A + gf@*)(g+ —04),
then, the Riemann solution of system (4.6) and (4.7) can be written as
(
(0 v-), v < Xi (1),
R, Xr(t) <2 < X7 (),
(0, u)(z,t) = (4.32)
(0es 1), X1 (t) < o < Xo(t),
k(Q+7U+)’ X2(t) <$7
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where

O+V4 — OxUsx nt?
Xot)=(—— )t + —. 4.33
) ( 0+ — O ) T (433)

If (04,vy) € (IV), then the Riemann solution of (4.6) and (4.7) consists of 1-shock

wave S7 and 2-shock wave Sy, and the intermediate constant state (0., u.) obtained

by
e = U= = _\/Q—QQ* (A T 9?9*>(Q* - 0-);
(4.34)
U = U = _\/g*o;+ (A + gfg*)(g+ —04);
then the Riemann solution of (4.6) and (4.7) can be written as,
(0-,v-), r < Xy(t),
(0, w)(z,t) = 4 (0s, us), X1(t) < 2 < Xo(t), (4.35)
(0+,v4), Xo(t) <.

\

However, when (gi,u;) € (V), then non-classical situation appears where the
Cauchy problem usually does not own a weak L°°-solution. In the framework of
non-classical solution, we determine the solution of the Riemann Problem (4.6) and
(4.7), containing a weighted J-measure (i.e. delta shock) supported on a curve,
should be defined as in [34, 90]. For more exact definition of the non-classical
wave solution with delta measure initial data we recommend the reader to the ref.

34, 45, 111, 51].

Definition 4.1. If the primitive variables ¢ and u be a pair of distributions where
o(z,t) = o(x,t) + y(x,t)6(") in which singular part is defined by

y(x, f;)é(F) = Zie/\ yi(xv t>5(7i>7

where A is finite index set and g, u € L>®°(Rx R, ). Then the primitive variables (den-

sity and velocity) constitute the delta shock wave solution of the Riemann Problem
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(4.6) and (4.7) if it satisfies (See [38]),

(0, 00) + (e(u+nt), dz) = 0,
(4.36)
(ou, &) + (ou(u+nt) + a (Ao + £) 6,) = 0.
for all ¢ € C§°(R x Ry). The inner product is defined as
B
(ou(u +nt) + a (A@ + —> , bz)
¢ (4.37)

= /oo /oo (@U(u +nt) + a (Aé + %)) Odrdt + (yus(us + nt)ds, Gu)-
0 —00

Here we use the symbol S for the smooth delta shock wave curve, us is the value of

u and (AQ + %) vanishes on the curve S.

If (04,u4) € (V), then the piecewise smooth Riemann solution of (4.6) and (4.7) is

assumed as )
(0-,v-), z < x(t),
(0. u)(@,t) = § (y()o(z — x(t)), us), == x(t), (4.38)
k(Q+’U+)’ ZE>SL’(t>,

where x = x(t) represents the delta shock wave curve, y(t) is strength of delta shock
wave and ug is the assignment of u on the delta shock curve.
Now, we check that the delta shock wave solution (4.38) to the Riemann Problem

(4.6) and (4.7) should hold the generalized R-H conditions given as

d:(ci(tt) _ a(t) = us + nt,
WO = o(t)[o] — [o(u+nt)], (4.39)
d(y(t)us)

) = o(t)loul — [oulut i) + o (A0+ 2)]
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with the initial data x(0) = 0,y(0) = 0.

Let @ be any point on the delta shock wave curve I' : (z,t)|z = x(t) and let ¢ be a

small ball with center P. Then we consider that ( intersects to the curve I" at the

point Q1 = (z(t1),t1) and Q2 = (x(t2),t2), where t; < to, which cuts the ball into

two part (_ (left hand part) and (, (right hand part). Then, we have

I = / /C (060 + olu + t),) dudt
- / /< (0-1 + 0-(v_ + 1t)y) dadt
T / /C (ot oles -+ ) ded

b [ 0 (0,0 + s+ a0, 1)

t1

- / /< ((0-6): + (o-(v_ + 7t)),) dudt
n / /C (08} + (olvy + nt)d).) dadt
+ / Cy(t)dg((t), ),

t1

where ¢(z,t) € C5°(¢). Using divergence theorem, we get

I :/ —o_¢dx + o_(v_ + nt)pdt
ac_

+ / opdbdr + 0 (vg +nt)dt + / "y () dd(a (). 1)
¢+

t1

_ /t t2 (<@+ o) o o t) 9+<”+”t)> et

4 / (D) do(t), ),

t1

where 9(y is the boundary of (...

Hence, the second equation of (4.39) holds when I; vanishes for any test function
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o(z,t) € C§°(C). Similarly we check third equality of (4.39)

aB
— . Ao — .
I, //C (guqﬁ + (gu(u—l—nt) + adAp . )¢ )dxdt
= // <Qv¢t + (QU(U +nt) + aAo_ — O;—B) qﬁz) dxdt
¢— _

B
+ //<+ (Q+U+¢t + <Q+U+(U+ +nt) + Aoy — O;—Jr) (bx) dxdt
+ [ ott)us 6+ Gus - nt)o) d

t1

t2 dx
= [ ((eos 00§ 4 oo o )+ 0o~ 00)
t1

(o (- ) - gt +m0)) oteto). O

0— O+

| () usd(a(t), 1),

t1
Thus, the third equation of (4.39) holds when I, vanishes for any test function
¢(z,1) € C5°(C).
Now, to guarantee the uniqueness of the solution for the system (4.6) it is necessary

that it should obey the over-compressive entropy condition for the delta shock wave

as
M(04,ur) < Ag(og,us) < o(t) < A(o—,u_) < Aa(o—,u_), (4.40)
such that
B B
vy + a(A+Q—2><U5<v_— a<A+—2>. (4.41)
+ -

The equation (4.39) shows the relation among the strength, location and propagating
speed of the delta shock wave. The condition (4.40) is an over-compressive condition
for the delta shock wave which implies that all the characteristic lines on the both

side of the delta shock curve are not out-going.
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From equation (4.39),
dy(t
% = ug(0+ — 0-) — (04v4 — 0-v-), (4.42)
dy(t
s (s 4 ) (e1s — 0-0) — (0202 — 00)
5 (4.43)
~alus+t)(ee — o) (44 ).
0-0+
On substituting (4.42) into (4.43), we get
(04 — 0 )uj—2us(orvy —0-v_) + <Q+U-2+ —0-v2)
B (4.44)
—alor —o-) A+ = 0.
0-0+
Equation (4.44) is quadratic in us, so if o, # o we have
g = 20T Ov-H 1 (4.45)
0+ — 0-
where
2 2 B
p=1)0-0+(vy —v-)* —aloy —o-)* | A+ , (4.46)
0—0+
which enables to get,
L
o(t) =us+nt, x(t) = ust+ 57725 . y(t) = pt. (4.47)
If o = o, then from (4.44) we get
ug = V- (4.48)
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which implies that

— U_
o(t) = +at, z(t) = t+ont®,  y(t) = —(orvy — 0w )t

(4.49)

4.3 Riemann Problem for the original system (4.1)

In this section, we construct the Riemann solution for the original system (4.1) and
(4.2) for all cases. First we discuss the cases that the solution of the Riemann
Problem does not consist delta shock wave.

If (o4,vy) € (I)U(IT)U(IIT)U(IV), then we can obtain the solution of the Riemann
Problem for the original system (4.1) and (4.2) directly corresponding to the system
(4.6) and (4.7) by applying the change of variables (g, v)(x,t) = (o, u+nt), where the
position of the elementary waves (shock wave and rarefaction wave) is unchanged.
For example, let (04,v;) € (I),then the solution of the Riemann Problem for the

system (4.1) and (4.2) can be written as

(0 v- +mt), z < X (1),
(01, u1 +nt), X7 () <x < Xf(),
(0.0)(2,1) = { (os, us +1t), Xi(t) <z < X5 (b), (4.50)
(02, ug + nt), X5 (t) <x < XF (1),
(04, vy +1t), XS (t) <,

where X (t), X;H(t), X5 (), X35 (t) are defined by (4.27). This situation is illustrated
in Figure 4.2.
If (04,v4) € (V), then the weak solution, in the sense of distribution, of the Riemann

Problem for the original system (4.1) and (4.2) is defined similarly.
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Ry

R>

(0x> Usx + M)

(o—sv_ +nt) (01,01 +1t)

0 %

FIGURE 4.2: The Riemann solution to the system (4.1) and (4.2).

Definition 4.2. If the primitive variables ¢ and u be a pair of distributions where
o(z,t) = o(x,t) + y(x,t)0(I"). Then (p,u) is called the delta shock wave solution of
the RP (4.1) and (4.2) if it holds,

<Q7 ¢t> + <QU, ¢x> = 07

(v, d1) + (0v* + Ao — B, 6,) = —(no, 9),

(4.51)

for all ¢ € C§°(R x Ry). In which the inner product is defined as

B B
v ao-Zo= [ f (g FAG- E) pdudt + (y(t)bs, ). (152)

If vy + g0y, @) <v_ —g(o_,a) is satisfied, from above definition the delta shock

wave solution for the system (4.1) and (4.2) may be considered in the following form

(

(0-,v_ +nt), r < z(t),

(0, 0)(@, 1) = { (w(t)d(x — z(t)),us), = z(t), (4.53)

<Q+7U++nt)7 J}>$(t>,

\
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in which (vs +nt) be assumed as constant. As before we discuss the concept of delta
shock wave solution for the modified system here again. Now we discuss the delta
shock wave solution to the RP for the original system (4.1) and (4.2). Therefore the

delta shock wave solution (4.53) must satisfy the R-H conditions

d)d(ft) = o(t) = vs,
4 = ()l — [ov], (45)

) — o(t)[ov] — [Qv2 +a (Ag - %)] +ny(t),

in which the jump is defined as

[ov] = 0+ (v+ +nt) — 0- (v + i),

{Q"Uz +a (AQ - E)} =04 (vy + 1) + (AQ+ - E)

0 O+
B
—o_(v_+nt)* —« (Ag — Q_) .

(4.55)

For the unique solution of the Riemann Problem for the model (4.1) and (4.2), the

over-compressive entropy condition for the delta shock wave

B B
v++1/oz(A+Q—2)+nt<v5<v_—1/a<A+g—2>+nt. (4.56)
+ —

should also be assumed. Similarly we can determine y(t), o(t) and z(¢) from (4.54-
4.56) together as before determined. To study in detail, we consider the following
theorem to depict the Riemann solution of the original system (4.1) and (4.2) when

Uyt (A — Q%) <v_—y /|« (A — g%) and o_ # p, is satisfied which is illustrated
+ —

in Figure 4.3.
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Js

(04, v4 +mt)

(0—,v—+nt) (04, vy +1t)

(a)n>0 (b) n <0

FIGURE 4.3: Delta shock wave solution to the Riemann Problem (4.1) and (4.2)
for (a) n > 0 and (b) n < 0.

Theorem 4.3. Ifv, + 4/« (A — QA;) <v_ — o <A — Q%) and o_ # o4, then the

+

delta shock wave solution to the Riemann Problem (4.1) and (4.2) can be written as

(

(0_,v_ +nt), r < x(t),
(0.v)(@,t) = ¢ (y(®)d(x — 2(t),vs + t), = a(t), (4.57)
\(Q+7U++77t)7 J]>l‘<t>,

where y(t) = ut and z(t) = ust — %ntz represent the strength and position of the

delta shock wave solution (4.57) and (4.2),respectively. Here

= \/9—Q+(v+ —v-)? —afor —0-)? <A L5 ) (4.58)

00+

Us = )
O+ — 0-

Proof. Let vy +/a (A — = < v_ — A; and o # p, is satisfied, then

it is required to obtam the delta shock wave solutlon (4.57) to the Riemann Problem
(4.1) and (4.2). Consider the Rankine-Hugoniot condition (4.54). According to the

jump condition across the discontinuity, the second equality of (4.54) can be written
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as

— = = (o(t) = nt)(o+ — 0-) — (04v4 — 0-v-). (4.60)

Taking into account the assumption that vs — nt is constant and o(t) = vs, then the

third equality of (4.54) is

dy(t)

o(t)—— = (o(t) = 2n) ((e+vy — 0-v-) — (43 — 0-02)
(4.61)
—afoy — o) (A + Q_Q+) +o(tnt(or —o-) — (04 — 0 )n*t*.
On substituting (4.60) in (4.61), we get
(04 — 0 )(o(t) = nt)* = 2(01vy — 0 v )(a(t) = nt) + (030 — 0-0?)
(4.62)
+a(oy — o0-) (A + Q_Q+> =0.

Thus, if o, # o_, then o(t) = vs(t) = us + nt can be obtained by the condition
(4.56), in which g and us can be determined from (4.58) and (4.59), respectively.
The strength of the delta shock wave y(¢) = ut can be obtained directly from R-H
conditions (4.54).

Now, we check that the delta shock wave solution for the Riemann Problem (4.1)
and (4.2) must satisfy the given definition (4.50) in the sense of distribution. i.e.,

we verify that the equation (4.57) with (4.58) and (4.59) should satisfy

Dy = (o, ¢r) + {(ov, ¢:) = 0,
(4.63)

D2 - <QU7¢t> + <QUQ + OCAQ - %7 ¢CE> = _<7797 ¢>7

for any test function ¢ € C§°(R x R,). Which is a weak form of Riemann Problem
(4.1) and (4.2). The proof of this theorem is completely similar to the proof given

by the author [90]. Therefore, we only give the main steps of the proof for second
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equation of (4.51) for completeness.

Since the delta shock curve is given by

1
z(t) = ust + 57}752. (4.64)

If ug,n > 0 or us,n < 0 (see figure 3(a) and 3(b)), then z(¢) is invertible function for

all time given by

2
Us us 2%

ta)=———+4/ =+ —. (4.65)
U UL

Since 2'/(t) changes its sign across the point (—%, —%), the point is called critical

point, on the delta shock wave curve. Thus, the inverse function of x(t) is required

to determine respectively for ¢t < —% and ¢t > —’;—‘5, as

_us U 2w o s

t(x)=< " T ! (4.66)
_us o 2 _Us
n - n + n’ t> n

For convenience, let n > 0, it follows from (4.64) that the location of delta shock

wave must satisfy z = z(t) > 0 for all the time.

do(z,t)
dt

- ¢t(xvt) + (jl_atjgbm(xvt)
= ¢z, t) + (us + nt) oz (x,t)

= ¢y(x,t) + vs(t) (2, t).
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Now, our attention is to prove the second equality Dy which is given as

Dy = /OO /oo (gvgbt + <gv2 + aAp — %) @) dxdt
/ / ( _+nt)pr + ( (v— +mt)? 4+ aAp_ — C;—?) qﬁx) dxdt

/ <g+ vy 4 nt)ds + (Q+(U+ +nt)? + adoy — Q_) gbx) dxdt

y(t)vs(t) (Ge(x(t), 1) + vs(t)Pu (1), 1)) dt.

/ o_(v_ + nt)pdtdz

+

+

S— S— S

+

+
N\NNO\

9) z(t B
< v_ +nt)? +ado — —) ¢pdxdt

(vy + nt)Pydtdx

00 /t(x)
0

oo o B
+ / (Q+ vy +nt)? + oo, — a_) ¢ dxdt

O+

[ s+ mtydoa(e) o)

We substitute the following equations in the above integral equation,

00 t(x)
/ o-(v— +nt)ppdt + / 0+ (v +nt)drdt
t(z) 0

= (o4 (vy +1i(2)) — 0 (v +nt(x))) §(x, 1(x)) (4.67)

t(z) 00
- / no+o(z, t(x))dt — / no_¢(x, t(x))dt.
0 t(x)

/0 " it (s + mt)d(a(t), 1) = — / " s 4 200(a(e), 0dt. (4.68)
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We get,

D, = / " {los (0s +t(@)) — o (v + nt(a)))} Bl t(x))da
B
0-0+

+ /000 <Q_(’U_ +nt)* — oy (vs +nt)* — alor — o-) (A + )) P(x(t), t)dt
_ OOO /Ot(x) nosd(x, t(x))dt — /OOO /t(: no-¢(x, t(x))dt

= [ s+ 2u0pota o).t

0

On applying the change of variables, we obtain

oo oo prx(t)
Dy~ [ Bwotaw.0n— [ [ oot ot

I (4.69)
- / / R ORI

where,

E(t) = (us + nt) (o4 (v +nt) — o—(v— 4+ nt)) + o (v + nt)> — 04 (v4 + nt)?
11

—aA(oy —o0-) —aB (g—_ - Z) — wlus + 2nt).

On the insertion of us from (4.45) in the above expression, yields

= 1) e o

Using p? from (4.46) in (4.70), we get

E(t) = —nut = —ny(1). (4.71)

Thus, we can conclude from the equations (4.69) and (4.71) together with second
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equality of (4.63) is satisfied in the sense of distributions. Hence, the proof is com-

plete. O

Remark 4.4. If v, + 4/« (A — 9%) <v_— |« (A — g%) and o_ = p, are satisfied,

+

then o(t) = vs can be obtained directly from (4.62) and the delta shock wave solution
to the Riemann Problem (4.1) and (4.2) can also be expressed in the form of (4.57),
where the propagating speed o(t), position z(¢) and the strength y(¢) of the delta

shock for the case p_ = p, are defined as

Uy —U_ 1
o(t) = ot z(t) = — 5 t+§77t2, y(t) = —(oyvy —o_v_)t. (4.72)

One can verify that the delta shock wave solution of Riemann Problem (4.1) and
(4.2) satisfying (4.63) in the sense of distribution for the case p_ = p is given
by (4.57). The process of the proof is completely similar to the proof as given in

theorem (4.3) for (4.63) and hence not repeated here.

4.4 Conclusions

In this study, we have discussed the classical and non-classical solution of the Rie-
mann Problem for the one-dimensional MCG model with constant external force. It
is noticed that the solution of the Riemann Problem for the non-homogeneous MCG
model can be determined directly by introducing new variable for the velocity, dis-
cussed in section (4.2), which leads to the Riemann Problem for homogeneous model.
In a special situation, we observed that the Riemann Problem for MCG model have
delta shock wave solution which is worthwhile to analyze the concentration phe-
nomenon for the dark energy and dark matter in the evolution of the universe. The

exact location, strength and propagation speed of the delta shock wave is obtained.
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Also, we analyzed that the presence of the external constant force (friction) causes
to bend all the elementary waves in the parabolic shape like shock wave, rarefaction

wave and delta shock wave in the Riemann solution of MCG model.

Skokoskoskokokoskokokskok



