Chapter 3

Symmetric Division Deg Index for Trees

and Unicyclic Graphs

3.1 Introduction

In this chapter, we study the range of the SDD index for molecular graphs, that is the upper
bound and lower bound for SDD index. We also give tight bounds by presenting the first lower
bound, second lower bound, third lower bound, and fourth lower bound of SDD index for trees
and unicyclic graphs with maximum degree 4 that admits perfect matching. Also, we calculate the
upper bounds of these trees and unicyclic graphs. A molecular graph which has a perfect matching
plays an important role in the analysis of the resonance energy and stability of the molecules [122].
So, we are interested in studying the behavior of SDD index for the class of molecular graphs that

admits perfect matching.

Before proving the desired results we recall the definition of SDD index and a useful lemma. For

a simple graph G, the symmetric division deg SDD index [68] is defined as

SpD@G) = 3 {ZE“)+M}, (3.1)

wveE(G) 'U) (U)
where d(u) and d(v) denotes the degree of the vertices u and v of an edge uwv € E(G).

Suppose the degree of the vertex u € V(G) is ¢ and the degree of the vertex v € V(G) is j, then
the edge e = uv is referred as ij-edge and the total number of ij-edges is denoted by e;;. Let
,L'Q +.]2

S(i,j) = P (3.2)

then SDD index in Equation (3.1) can be reformulated as

SDD(G) = e;;S(i, ). (3.3)

i<j

Recall that for trees and unicyclic graphs, the pair (i,7) takes values from 1 < 4,5 < 4 and (1,1)

does not arise since we consider non-trivial and connected graphs.
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Lemma 3.1.1. [75] If G has K pendants paths, then

SDD(G) > %K +2lB(G)]

The chapter is organized as follows. In Section 3.2.1 and 3.3.1 discusses the lower bounds of SDD
index for the class of trees and unicyclic graph that admits perfect matching. In Section 3.2.2 and
3.3.2, we present the upper bounds of trees and unicyclic graphs with maximum degree 4 that

admits perfect matching.

3.2 Trees with Perfect Matching

In this section, we obtain the first four lower bounds and an upper bound for the SDD index of
trees with a perfect matching. Also, we identify the collection of trees which attains these bounds.
By definition, the SDD index depends on the degree of the vertices which can be seen immediately

from the following Lemma 3.2.1.

Lemma 3.2.1. If G is a connected graph, then min{S(1,z)} > max{S(u,v)}, where u,v,x €

{2,3,4} and equality holds only for z =2, u =2 and v = 4.

Proof. We prove this lemma by direct calculation.
Since S(1,2) = 5/2, S(1,3) = 10/3, S(1,4) = 17/4, 5(2,2) = 2, S(2,3) = 13/6, S(2,4) = 5/2,
S5(3,3) =2, 5S(3,4) = 25/12, and S(4,4) = 2. O

Remark: We make the following observations from the above lemma:
1. The number of edges with degree pair (4,%) contributes a very small value compared to the
other degree pair edges.
2. The number of edges with degree pair (1,2) play a crucial role in determining the value of
SDD index.
Based on these observations and the above lemma we proceed to determine the bounds for SDD
index and the collection of trees which attains these bounds.

For positive integer m > 2, let T(m) be the set of trees on 2m vertices and having a perfect

matching.
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3.2.1 Lower Bounds for SDD Index

First, we identify special classes of trees required for our proof.
Let G;(m), (i = 1,2,3 and m > 4) and G4(m), for m > 6 be the collection of trees from T(m)
such that a tree T € G;(m), 1 < i < 4, has the following set of edge-degree pair cardinalities on

2m vertices:

EIn = {612 = 3,622 =2m — 7,623 = 3},
E;n == {612 = 2,613 = 1,622 =2m — 6,623 = 2},
E3" = {e12 = 4,e32 = 2m — 10, €23 = 4,33 = 1},

Ej" ={e1a =4,e22 = 2m — 11, e23 = 6},

respectively. See Figure 3.1, where T}, € G1(m), T2 € Ga(m), T2 € G3(m), T € G4(m).

HTH g

I T2 € Ga(m)
TTL e Gy (m)

8 Lo
S & SUURRNUIE SO SO0

T3 € Gs(m) T € Ga(m)

FIGURE 3.1: Representative trees from the collection G;(m), i = 1,2,3,4.
Theorem 3.2.1. Let T € T(m), m > 2.
1. SDD(T) > 4m — 1 and equality holds if and only if T' = P5,,, where P, is the path graph
on 2m vertices.

2. If T € T(m) \ {Pam},m > 4, then SDD(T') > 4m. Equality holds if and only if T' € G1(m).

3. If T € T(m) \ {Pam, G1(m)},m > 4, then SDD(T) > 4m + 2. Equality holds if and only if

T e Gy(m),m>4orTeGs(m), m>5.

4. T € T(m) \ {Pm,Gi(m)}(@ =1,2,3), m > 6, then SDD(T) > 4m + 1. Equality holds if
and only if T € G4(m).
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Proof. When T = Pa,y,, then SDD(T) = 25(1,2) + (2m — 3)5(2,2) = 4m — 1. Suppose G is a
graph of 2m vertices different from path graph P,,,. Let K denote the number of pendant paths
in G. Then G has atleast 3 pendant paths, that is K > 3. Now we make the cases depending on
K.

Case 1. If K = 3, then G has exactly one vertex w € V(G) of degree three. Since G has a perfect
matching, any vertex of G has at most one pendant neighbour. We have the following two subcases.
Subcase 1.1. If w has no pendant neighbour: Then, SDD(G) = 35(1,2)+35(2,3)+2(2m—7) =
4m. Observe that, G satisfies the edge requirement of G1(m) and hence G € G1(m).

Subcase 1.2. If w has a pendant neighbour: Then, SDD(G) = S(1,3)+25(1,2)+25(2, 3)+2(2m—
6) = 4m + 2. Observe that, G satisfies the edge requirement of Go(m) and hence G € Ga(m).
Case 2. If K = 4, then we have two subcases:

Subcase 2.1. G have two vertices wy, ws € V(G) of degree three. Since G has a perfect matching,

any vertex of G has at most one pendant neighbour, then we have following subcases:

1. If wy, wy have no pendant neighbours and wq, we are adjacent: Then, SDD(G) = 45(1,2) +
45(2,3) +2(2m —9) = 4m+ 3. Observe that, G satisfies the edge requirement of G3(m) and
hence G € G3(m)

2. If w1, ws have no pendant neighbours and wy, w2 are not adjacent: Then, SDD(G) =
45(1,2)+65(2,3) +2(2m — 11) = 4m + 1. Observe that, G satisfies the edge requirement of
G4(m) and hence G € G4(m).

3. If wy or ws have a pendant neighbour: Then, SDD(G) > 35(1,2) + S(1,3) + 35(2,3) +

2(2m —8) =4m+ 3 > 4m + 1.

Subcase 2.2. If G has no vertex of degree three: Then, G has one vertex of degree four and
other vertices are of degree one or two. Since, from Lemma 3.2.1, S(1,4) > S(1,2), we get
SDD(G) > 45(1,2) +45(2,4) +2(2m —9) =4m +2 > 4m + 1.

Case 3. If K > 5, then from Lemma 3.1.1

2
SDD(G) > S K +2(2m — 1) > 4m + 1.

Corollary 3.2.1. Theorem 3.2.1 is also true for any tree that admits a perfect matching.
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Proof. If G is a tree and max degree Ag < 4, then the result follows from the Theorem 3.2.1. If
max degree Ag > 5, then number of pendant paths K is greater than or equal to 5 in G. Therefore,

by Lemma 3.1.1, we have SDD(G) > 2K +2(2m — 1) > 4m + 1. O

3.2.2 Upper Bounds for SDD Index

In this section, we obtain the upper bounds for the SDD index of trees with a perfect matching
particularly, trees with maximum degree four. Before proving the results, we define two interesting

collections of trees.

Let Gs(m), (for m > 4 and m even) and Gg(m) (m > 7 and m odd) be the collection of trees
on 2m vertices with a perfect matching M, such that a tree T' € G5(m) and T € Gg(m) has the

following sets of edge-degree pair cardinalities

2 -2 2 —4
E;(T):{euzm—'_ = - = }

2 ;€14 =

and

m+1 m—3 m—+1 m-—7
E?n(T){612 > ye13 =1,e14 = 5 762427634276442}

respectively. See Figure 3.2, where 17, € G5(m) and TP, € Gg(m) respectively.

T e

T5 EGs TG EGG

FIGURE 3.2: Representative trees from the collection G5(m) and Gg(m).

Theorem 3.2.2. Let T € T(m), where m > 4. Then

(45m — 26) : if m is even,

ool

SDD(T) <
(45m — 27) : if m is odd.

oo

Equality holds if and only if T € G5(m) or Gg(m), for m # 5.
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Proof. Let

£(45m — 26) : if m is even,
o(m) = (3.4)
£(45m — 27) + if m is odd.

Under a perfect matching, any non-pendant vertex has at most one pendant neighbour. Number

of pendant vertices for a tree T' € T(m) < m. We prove the theorem in two cases.

T1 T3
T

T4 T6
Ts
T7 TQ
O—Q—I—::—I—Q—.
oo
°
°
T1o T1o
T

FIGURE 3.3: Collection of trees with m—pendant vertices on T(m) , m =4,5,6,7.

T

m

FIGURE 3.4: Collection of trees with atmost one vertex of degree 4 in T(m).

Case 1. Let T € T(m) has m pendant vertices.

Now we prove this case by induction on m. It is easily seen that, T(4) contains 77,75, where
Ty € Gs(m) (see Figure 3.3). By direct calculations SDD(Ty) = 18 < ¢(4) and SDD(T») =

19.25 = ¢(4). Thus the result is true for m = 4.
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If m = 5, then T(5) contains 73,7y (see Figure 3.3). Here SDD(T3) = 23.33 < ¢(5) and
SDD(Ty) = 24.33 < ¢(5), in that case equality does not hold.

If m = 6, T(6) contains Ty, Tg, T, Ty (see Figures 3.3, 3.2, respectively). Note that SDD(T5) =
28.66 < ¢(6), SDD(Ty) = 29.66 < ¢(6), and SDD(Ty) = 29.41 < ¢(6), SDD(T) = 30.5 = ¢(6).
Thus the result is true for m = 6.

If m = 7, then T(7) contains Ty, Ty, Tio, T11, Th2, T¥ (see Figures 3.3, 3.2 respectively). By direct
calculation, we get that SDD(Tg) = 34 < ¢(7), SDD(Ty) = 35 < ¢(7), SDD(T1o) = 34.75 < ¢(7),
SDD(Ty1) = 34.5 < ¢(7), SDD(Ty12) = 35.58 < ¢(7), and SDD(T?) = 36 = ¢(7). The result
holds for m = 7.

Suppose the theorem holds for T(n), n < m where each non-pendant vertex of T' € T(n) is adjacent
to a pendant vertex. Let T' € T(m) and T has a perfect matching M. Suppose u is the pendant
vertex which is adjacent to a vertex v of degree two in T' € T(m), thus uv € M. Let w, be the

neighbour vertex of v other than w, then d(w,) > 3, since m > 4.

If d(w,) = 3. Denote Np(w,) = {v,u,,wr+1}, where d(u,) = 1 and d(w,+1) > 3, since each

non-pendant vertex of T € T(m) has a pendant neighbour. If T = T, (see Figure 3.4), then
1
SDD(T}) = §(16m —10) and ¢(m) — SDD(T},) > 0.

Suppose T # T, then there exist a vertex w, %, k > 1 of degree four such that w1, w2, ...,
wyr4+k—1 are vertices of degree three in 7. Let wy 41, Upt2,. .., Ur+r—1 be pendant vertices in T, since
each non-pendant vertex of T has a pendant neighbour. Suppose 4,41, Ur12, ..., Ur+r—1 are adja-
cent tO Wyy1,Wri2,y ..., Wrik—1, respectively, then {u,1Wr i1, UrpoWrioy ooy Upph—1Wrik—1}1 C
M. Let HH = T — Uy — Wy — Upp1 — Wpgl — "+ — Upgph—1 — Wrik—1 + VWpig. Then M \
{Up Wy, Uy 1Wyg 14 -« oy Upp h—1 Wy p—1} 1S & perfect matching of H; and Hy € T(m — k). By in-

duction hypothesis, we have

SDD(T) = SDD(H,) + kS(1,3) + (k — 1)5(3,3) + S(3,2) + S(3,4) — S(2,4)

1
<¢(m—k)+ E(Gélk —3).
If m — k is even, then from Equation (3.4), we gets

SDD(T) < 5(45771 — 45k — 26) + %(6% —3) = ¢(m) (Tk + 6) < ¢(m).

€
24
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If m — k is odd, then from Equation (3.4), we have

SDD(T) < ~(45m — 45k — 27) + 2(64k —3) = ¢(m) — i(?k +6) < $(m).

8
If d(w,) # 3, then d(w,.) = 4. Denote Np(w,) = {v, U, wr—1, wry1}, where d(u,) = 1, d(w,—1) > 2,
d(w,41) > 2 and one of w,_1, w,41 has degree greater than or equal to three, since each non-

pendant vertex of T has a pendant neighbour.

1
Let d(w,—1) =2 and d(w,11) = 3. If T = T8 (see Figure 3.4), then SDD(TS) = §(16m —7) and
1
¢(m) — SDD(TS) = ﬁ(7m —25) >0, since m > 7.
If T # T%, then there exists a vertex w1, k > 2 of degree four such that w1, W,42,. .., Wrip_1

are vertices of degree three in T'. Let w41, Ury2,...,Urrr—1 be the pendant vertices in T

SUppOSe Upi1, Upt2, - -, Urik—1 are adjacent to wyi1, Wyrta,. .., Wrpp—1 respectively, then {u,41
Wy 1, Up42Wpg 2y - ooy Upp o1 Wrpk—1} © M. Let Hy =T —u — v — Up — Wy — Upy1 — Wy — - —
Upgh—1 — Wrik—1 + Wp_1Wpry. Then M\ {uwv, upwp, Upy1Wri1,. .. Upyh—1Wryp—1} is a perfect

matching of Hy and Hs € T(m — k — 1). By the induction hypothesis, we have

SDD(T) = SDD(H,)+ S(1,2) + 5(2,4) + 5(1,4) + 5(3,4)
+(k—1)S(1,3) + (k — 2)S(3,3) + S(4,3) + S(4,2) — S(2,4)

1
< om—k—-1)+ —2(64k + 73).
As before from Equation (3.4), we get

SDD(T) < ¢(m)— 2i4(7k —11), since k > 2

SDD(T) < ¢(m).

Let d(wyp—1) =2, d(wpq1) =4 and Hy =T —u — v — Uy — Wy + Wr_qwWy11, then M\ {uv, u,w, } is

a perfect matching of Hy and Hy € T(m — 2). By the induction hypothesis, we have

SDD(T) = SDD(Hy) + S(1,2) + S(2,4) + S(4,1) + S(4,4)
< plm—2) + 2 = o(m).

When d(w,—1) = d(wy41) = 3: Denote Np(w,—1) = {wr—2,ur_1,w,} and Nr(wy41) = {wp, tri1,

Wyy2}, where u,_1,u,4+1 are pendant vertices, d(w,—_2) > 2, and d(w,42) > 2. Since T has perfect
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matching M, then {u,_jw,_1,u,r1w,11} C M. Suppose that Hs =T —u — v — w, — Up — Up_q —
Wp—1 — Upp] — Wpi1 + Wp—oWrpo. Then M\ {uy_wp_1,uv, upwy, tpp1w,ry1 ) is a perfect matching

of Hs and Hs € T(m — 4). By the induction hypothesis, we have

SDD(T) =SDD(Hs) + 5(1,2) + 5(2,4) + S(1,4) 4+ 25(3,4) + 25(1, 3)

+ 83, d(wy—2)) + S(3, d(wys2)) — S(d(wy—2), d(wr42)).

Since d(wy—2) > 2, d(wy42) > 2 and 5(3,2) > 5(3,4) > S(x,x) ,where z > 2, we have

241 13

+f—2:¢(m)—1—12<¢(m)‘

SDD(T) < ¢(m—4)+ o + =

Let d(wy—1) =3, d(w,y41) =4 and Hs =T —u — v — up — Wy + Wp—1Wyrp1. Then M\ {wv, u,w,}

is a perfect matching of Hg and Hg € T(m — 2). By the induction hypothesis, we have

SDD(T) = SDD(Hg)+ S(1,2) + S(2,4) + S(1,4) + S(3,4) + S(4,4) — §(3,4)
< glm—2)+ L = 6(m).

Let d(w,—1) =d(wyy1) =4 and H; =T —u— v — up — Wy + Wp—1wWrp1. Then M\ {uv, u,w,} is a

perfect matching of Hy and H7 € T(m — 2). By the induction hypothesis, we have

SDD(T) = SDD(H;)+ S(1,2) + S(2,4) + S(1,4) + S(4,4)
< Glm-2)+ 7 = g(m).

Hence in this case result is true.

Case 2. When T' € T(m) has less than m pendant vertices, that is T has at least one vertex which
has no pendant neighbour.

Clearly, from Lemma 3.2.1, the contribution of a vertex in the SDD index is maximum if that

vertex has a pendant neighbour. Hence SDD(T) < ¢(m). O

3.3 Unicyclic Graphs with Perfect Matching

For positive integer m > 2, let U(m) be the set of unicyclic graphs of 2m vertices with a perfect

matching.
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3.3.1 Lower Bounds for SDD Index

In this section, we obtain the first four lower bounds for the SDD index of unicyclic graphs with a

perfect matching. Also, we identify the collection of unicyclic graphs which attains these bounds.

Before proving the main result, we define some collection of unicyclic graphs.
Let C1, Cy, for m > 3, Cs, for m > 4, Cy, for m > 4, and C5, for m > 5 be the collections of

unicyclic graphs, such that for G € C;(m)(i = 1,2,3,4,5) has an edge set

E1(m) = {e12 = 1,20 = 2m — 4, €23 = 3},
Ey(m) = {e13 = 1,e20 = 2m — 3, €33 = 2},
Es(m) = {812 = 2,622 =2m — 7,623 = 4,633 = 1}’

Ey(m) = {e12 = 2, €92 = 2m — 8,93 = 6},

and E5(m) = {e12 = 3,22 = 2m — 9, ea3 = 3, e33 = 3}, respectively.

Theorem 3.3.1. Let G € U(m), m > 2.

1. SDD(G) > 4m and equality holds if and only if G = Cy,,,, where Cs,,, be a cyclic graph of

2m vertices.

2. If G € Um) \ {Cn},m > 3, then SDD(G) > 4m + 1 and equality hold if and only if
G € Ci(m).

3. If G € U(m) \ {Cyn, C1(m)},m > 3, then SDD(G) > 4m + 2 and equality holds if and only
if G e Cy(m),m>3or GeCs(m), m>4.

4. If G € Um) \ {Cn, C;(m)}(i = 1,2,3), m > 4, then SDD(G) > 4m + 2 and equality holds
if and only if G € Cy(m >4), or G € C5(m > 5).

Proof. For m > 2, let G € U(m) be a 2m vertex unicyclic graph. We prove the theorem by making
cases on the number of pendant paths, say K.

Case 1. If K =0, then G has no pendant path, therefore G = Cy,;, and SDD(G) = 4m.

Case 2. If K =1, then G has exactly one vertex w € V(G) of maximum degree three.

If w has no pendant neighbour, then SDD(G) = S(1,2)+35(2,3) +2(2m —4) = 4m + 1. Observe
that, G satisfies the edge requirement of Cy(m) and hence G € C1(m).

If w has a pendant neighbour, then SDD(G) = S(1,3) +25(2,3) 4+ 2(2m — 3) = 4m + 5. Observe
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that, G satisfies the edge requirement of Cy(m) and hence G € Ca(m)

Case 3. If K = 2, then we have two subcases: Either G has no vertex of degree four or G has a
vertex of degree four.

Subcase 3.1. If G has no vertex of degree four, then G contains two vertices wy,ws € V(G) of

degree three. Now we have the following subcases.

1. If wy and ws are adjacent and both w; and we have no pendant neighbour, then SDD(G) =
25(1,2) + 45(2,3) + 5(3,3) + 2(2m — 7) = 4m + 3. Observe that, G satisfies the edge

requirement of C3(m) and hence G € Cs(m).

2. If w; and wy are not adjacent and both w; and ws have no pendant neighbour, then
SDD(G) = 25(1,2) + 65(2,3) + 2(2m — 8) = 4m + 2. Observe that, G satisfies the edge

requirement of C4(m) and hence G € Cy(m).

3. If wy or wy has a pendant neighbour: Then, there are at least three edges in G connecting
the vertices of degree two and three, we have

SDD(G) > S(1,2) + S(1,3) +35(2,3) +2(2m — 5) = 4m + & > 4m + 2.

Subcase 3.2. If G has one vertex of degree four:

Then, SDD(G) > 25(1,2) +45(2,4) 4+ 2(2m — 6) = 4m + 3 > 4m + 2, since S(1,4) > S(1,2).
Case 4. If K = 3, then we have two subcases: Either G has at least one pendant path of length
one or has no pendant path of length one.

Subcase 4.1. If G has no pendant path of length one, then we have following subcases.

1. If maximum degree of Ag = 3, then there exist three vertices wy,ws,ws € V(G) of degree
three. If wq,ws, w3 are pairwise adjacent, then G € Cs(m) and SDD(G) = 35(1,2) +
35(2,3) +35(3,3) + 2(2m — 9) = 4m + 2. Observe that, G satisfies the edge requirement of
C5(m) and hence G € C5(m). If at most two pairs of the vertices wy, ws, w3 are adjacent,

then at least five edges connecting vertices of degree two and three exist in G. In that case

SDD(G) > 35(1,2) +55(2,3) + 2(2m — 8) = 2m + g > 4m + 2.

2. If G has a vertex of degree at least four: Then,

SDD(G) > 35(1,2) + 5(2,4) + 2(2m — 5) = 4m + g > dm + 2.
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Subcase 4.2. If G has at least one pendant path of length one, since S(1,4) > S(1,3) and S(2,4) >
S(2,3), then we have

SDD(G) >25(1,2) + 5(1,3) +2(2m — 3) = 4m + g > 4dm + 2.

Case 5. If K > 4, then by Lemma 3.1.1, we have SDD(G) > 4m + % > 4m + 2. O

3.3.2 Upper Bounds for SDD Index

In this section, we obtain upper bounds for the SDD index of unicyclic graphs (which has maximum
degree four) with a perfect matching. Before proving the results, we define two collections of

unicyclic graphs which are required for our proof.

Let Co(m) (m > 6 and m even) and Cy(m) (m > 5 and m is odd) be two collection of unicyclic

graphs, such that for each G € C,(m), Cy(m) has the following sets of edge-degree pair cardinalties

on 2m vertices Eo(G) = {e12 = %, e1 = %,e21 = %, eas = B} and By(G) = {en = 5L e1g =
Lewn = mT_l,€24 = mT_l,€34 =2,e44 = mT_3} respectively, see Figure 3.5, where G,(m) € C,(m),
and Gy(m) € Cy(m).

(a) Go(m) € Co(m) (b) Gy(m) € Cy(m)

FIGURE 3.5: Representative graphs for Co(m), Cs(m).

Theorem 3.3.2. Let G € U(m), m > 4. Then

(45m) : if m is even,

ool

SDD(G) <
(45m —1) :if m is odd.

o=

Equality holds if and only if G € C,(m) or Cy(m), (m >5) .



Chapter 3. SDD Index for Trees and Unicyclic Graphs 67

Proof. Let

(45m) :if m is even,
¢(m) = (3.5)
(45m —1) :if m is odd.

|

ool

Since under perfect matching, any non-pendant vertex has at-most one pendant neighbour, the
number of pendant vertices in G < m. We now make cases based on number of pendants.

Case 1. Let G € U(m) has m pendant vertices.

We prove by induction on m: For m = 4, U(4) contains @1 and G4(4) (see Figure 3.6). By direct
computation, we get SDD(Q1) = 22.08 < ¢(4) and SDD(G4(4)) = 21.33 < ¢(4). Observe that in
this case, equality does not hold.

When m = 5, U(5) contains Gy (5), G4(5), Q2, Q3 (see Figures 3.5, 3.6). Note that

SDD(Q,) = 2741 < ¢(5), SDD(Qs3) = 27.16 < ¢(4),

SDD(Ga(5)) = 26.66 < ¢(5), SDD(Gy(5)) = 28 = ¢(5).

Thus the result is true for m = 5.
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FIGURE 3.6: Collection of unicyclic graph with m—pendant vertices on U(m) for m =4,5,6, 7.
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When m = 6, U(6) contains Q; (i =4,5,6,7,8), G4(6) and G4(6) (see Figures 3.5, 3.6). Note that
by direct computation, we have

SDD(Q4) = 33.33 < ¢(6), SDD(Qs) = 33.33 < ¢(6), SDD(Qg) = 33.5 < ¢(6),

SDD(Q7) = 32.5 < ¢(6), SDD(Qs) = 32.75 < ¢(6), SDD(G4(6)) = 32 < ¢(6),

and SDD(G,(6)) = 33.75 = ¢(6).

When m = 7, U(6) contains Q; (1 = 9,10,11,12,13,14), G4(7) and Gy(7) (see Figures 3.5, 3.6,

3.7), then by direct calculation, we have

SDD(Qy) = 38.083 < ¢(7), SDD(Q10) = 38.83 < #(7), SDD(Q11) = 38.66 < ¢(7),
SDD(Q12) = 36.33 < ¢(7), SDD(Q13) =39.25 < ¢(7), SDD(Q14) = 38.41 < $(7),
SDD(Gq(7)) = 37.33 < ¢(7), and SDD(Gy(7)) = 39.25 = ¢(7).

Thus equality holds for m = 6 and m = 7.

Q14
O Q13

FIGURE 3.7: Collection of unicyclic graph with m—pendant vertices on U(m) for m = 7.

Suppose the result holds for U(n)(n < m), where each non-pendant vertex of G € U(n) has a
pendant neighbour. Let M be the perfect matching of G € U(m) and suppose each non-pendant

vertex of G has a pendant neighbour.

Let w,uq,uo, ..., Upr,...,um—_1 be the pendant vertices which are adjacent to the vertices v, wy, wa,
ey Wy, ..., Wy—1 respectively, where d(v) > 2 and d(w;) > 2,4 =1 to m. Then {uv,u;w;} C M

for i =1 to m — 1. Now we consider the following two subcases.

Subcase 1. G has a pendant vertex u adjacent to a vertex v of degree two.

In this subcase, uv € M. Let w, be the neighbour of v other than u in G. Then d(w,) > 3.

If d(w,) = 3, denote Ng(w,) = {v,ur, wr41}, where d(w,41) > 3. If G has no vertex of degree
four, then G is not unicyclic since each non-pendant vertex of G must have a pendant neighbour,
and we get a contradiction. Hence, there exist a vertex w,yx, & > 1 of degree four in G, such
that w,41, Wrya,...,wr4—1 are vertices of degree three in G. Since G has a perfect matching M,

then {uv, upwy, Up41Wri1, .oy Upgph1Wrik—1} C M. Let C1 =G —up — Wy —Upp1 — Wpp1 — ... —
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Upgk—1 — Wrik—1 + VWppg. Then M\ {u,wp, tpp1Wpg1, ..o, Uppk—1Wrtk—1} 1 a perfect matching

of C; and C; € U(m — k). By induction hypothesis, we have

SDD(G) = SDD(Cy)+kS(1,3) + (k— 1)S(3,3) + S(2,3) + S(3,4) — S(2,4)

< ¢m—k) + %(64k7 3).

If m — k is even, then from Equation (3.5), we have

1
DD < —
SDD(G) 2

< é(45m —45k) + 1—12(64k —3) = ¢(m) — - (Th 4+ 6) < ¢(m).

If m — k is odd, then from Equation (3.5), we have

SDD(G) < - (45m — 45k — 1) + %(6416 —3) = ¢(m) Tk + 6) < p(m).

1
_ﬂ(

| =

When d(w,) # 3, then d(w,) = 4. Denote Ng(w,) = {wr_1, U, v, wr41}, where d(u,) = 1,
d(w,—1) > 2, d(w,+1) > 2 and one of w,_1, w,41 have degree greater than or equal to three, since

each non-pendant vertex of G € U(n) has a pendant neighbour.

When d(w,—1) = 2 and d(w,+1) = 3. Denote Ng(w,—1) = {u,—1,w,} and Ng(wr41) = {wr, tri1,
Wy42}, where d(w,42) > 3. Suppose G has no vertex of degree four except {w,}, then G cannot

be unicyclic in this subcase. Hence there exists a vertex w,;, kK > 2 of degree four in G such

that w1, Wy, .., wr4k—1 are all vertices of degree three. Since G has a perfect matching M,
then {uv, UpwWp, Ups1Wyt1y ooy Uprk—1Wrrk—1t C M. Let Co = G — up — Wy — Uppy — Wpaq —
= Upp k1 Wy k—1 + Wr— 1 Wyg. Then M\ {uv, upWe, Upp1Weg1y ooy Uppk—1Wrtk—1) 1S & perfect

matching of Cy and Cy € U(m — k — 1). By induction hypothesis, we have

SDD(G) = SDD(Cy) + S(1,2) + S(2,4) + S(1,4) + 25(3,4) + (k — 1)S(1,3) + (k — 2)S(3,3)

1
<¢p(m—-k—-1)+ E(Géﬂc +73).
From Equation (3.5), we have

(Th — 11) < ¢(m), k> 2.

SDD(G) < 6(m) — -
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If d(w,—1) = 2 and d(w,+1) = 4. Suppose C5 = G—u—v—"u, — W, +W,—1Wr41, then M\ {uv, u,w, }

is a perfect matching of C5 and C3 € U(m — 2). By induction hypothesis, we have

SDD(G) = SDD(Cs) + S(1,2) + S(2,4) + S(4,1) + S(4,4) < d(m — 2) + 4;?5

From Equation (3.5), we have

SDD(G) < é(m).

When d(w,—1) = 3 = d(wy41): Denote Ng(w,—1) = {w,—2,u,—1,w,} and Ng(w,+1) = {wy, urt1,
Wy42}, where u,_1,u,41 are pendant vertices and d(w,_3) > 2 and d(w,42) > 2. Since G has a
perfect matching M, then {u,_1wy—_1,Urp1wr41} C M. Let C4 = G —u — v — wp — Up — Up_q —
Wyp—1 — Upgp1 — Wpt1 + Wr—oWpyo. Then M\ {ur_1w,_1,u0, upw,, tpp1wp41 } is a perfect matching

of Cy and C4 € U(m — 4). By induction hypothesis, we have

SDD(G) =SDD(C4) + S(1,2) + 5(2,4) + S(1,4) + 25(3,4) + 25(1, 3)
+ 503, d(wr—2)) + 53, d(wry2)) = S(d(wr—2), d(wr42))-
Since d(wy—2) > 2, d(wy12) > 2 and S(3,2) > S(3,4) > S(x,x), for x > 2, we have

241 1

From Equation (3.5), we have
1
SDD(G) < ¢(m) — 5 < ¢(m).

When d(w,—1) = 3 and d(wy11) = 4: Let C5 = T —u—v—up — Wy +Wp_1Wry 1, then M\ {uv, upw, }

is a perfect matching of C5 and C5 € U(m — 2). By induction hypothesis, we have

SDD(G) = SDD(Cs)+ S(1,2) +5(2,4) + S(1,4) + S(3,4) + S(4,4) — 5(3,4)
< ¢p(m—2)+ %

From Equation (3.5), we have

SDD(G) < ¢(m).
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When d(w,—1) = d(w,4+1) =4: Let C6 =G —u — v —u, — wp + Wr—1wyry1. Then M\ {wv, u,w, }

is a perfect matching of Cs and Cs € U(m — 2). By induction hypothesis, we have

SDD(G) = SDD(Cs) + S(1,2) + 5(2,4) + S(1,4) + S(4,4) < p(m —2) % = ¢(m).

Hence in this subcase, the result is true.

Subcase 2. No neighbour of pendant vertices has degree two in G.

Since G is unicyclic graph which has a perfect matching and where each vertex of G has a pendant
neighbour, we have G = Cy(m), where Cy(m) is shown in (Figure 3.6) and SDD(C4(m)) = ?m

If m is even, then

H(m) — SDD(Calm)) = 17 > 0.
If m is odd, then
o(m) — SDD(Ca(m) = 22 >0

Hence in this case the result is true.
Case 2. When G € U(m) has less than m pendant vertices, that is G has a vertex which has
no pendant neighbour. Clearly, from Lemma 3.2.1, we can easily say that the SDD value of any

vertex is maximum if it has a pendant neighbour. Hence SDD(G) < ¢(m). O

3.4 Summary

In this chapter, we have found the first four lower bounds for SDD index of trees and unicyclic
graphs which admit a perfect matching and the subclasses of graphs that attain these bounds.
Further, we have also computed the upper bounds of SDD index for the collection of molecular
graphs, namely the trees and unicyclic graphs with maximum degree four that admits a perfect

matching.
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