Chapter 2
Second Reformulated Zagreb Index for Graphs

With Cyclomatic Number At Most Three

2.1 Introduction

In this chapter, we focus on finding the bounds of the second reformulated Zagreb index. In
particular, we give the bounds for special graph classes having cyclomatic number at most three,
namely the trees, unicyclic graphs, bicyclic graphs, and tricyclic graphs. To study the bounds
for these graphs, we present a simple approach by using six graph operations/transformations.

Further, we also find the extremal graphs which attain these bounds.

For a simple graph G, first and second Reformulated Zagreb indices [67] are defined as

EM(G)= Y dgle), EM(G)=> dgle).da(f),

e€E(G) e~f
where e ~ f means the edge e and f are adjacent in the graph G, that is, the edge e and f have a

common vertex. Further, if e = wwv, then note that dg(e) = dg(u) + dg(v) — 2.

The organization of the chapter is as follows: In Section 2.2, we give 6 transformations which
increases and decreases the value of the second reformulated Zagreb index. In section 2.3.1, we
compute the upper and lower bounds of FMs(G) for tree. In section 2.3.2, we compute the bounds
of EM5(G) for unicyclic graphs. In section 2.3.4, we compute the bounds of EMs(G) for tricyclic

graphs. In this process, we also find the graphs which attain these bounds.

2.2 Graph Transformations

In this section, we discuss graph transformation as defined in [102, 121] and show how they impact

on the second reformulated Zagreb index.

15
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2.2.1 Graph Transformations to Increase the Index Value

In this subsection, we discuss three graph transformations that are useful for finding the upper

bounds of EMs(G).

Transformation A: Let G be a non-trivial graph and u be any vertex of Gy. Let G be a graph
obtained from Gy by joining w to the center of a star such that dg, (v) > 2, and {wy,wa, ..., wi}

is the set of pendant neighbours of v in Gy, see Figure 2.1. Here, we say that G, is obtained from

G1 by transformation A and write as G2 = G1 — {vwy, vwa, ..., vw} + {uwy, vwa, ..., uws}.
w1 w1y
w2 w2
v :
D — v
Wy Wy
Gl G2

FIGURE 2.1: Representation of transformation A.
Lemma 2.1. If G5 is obtained by applying transformation A on Gy, then

EMQ(G1) < EMQ(GQ)

Proof: Let Ng,(u) = {z € V(Gy) : uz € E(Gp)}. From the definition of EM5(G), we have

EM(G1) = > dg, (ei)da, (e;) + Y > da, (ur)de, (zy)

ei~ej,eq,e;EE(Go\{u}) zENG, (u) YENgG,(z)\{u}
+ Y de,(zu)de, (wy) + Y de, (zu)dg, (uwv)
z,yENgG, (u) TENG, (u)

3 de, (wo)da, (vwr) + Y (4, 0) - 1)2,

=1
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and
EM(Gs) = > da, (en)da, (es) + Y > (da,(ua) + t)dg, (wy)
ei~ej,ei,e; EE(Go\{u}) zENgG, (u) YENg,(z)\{u}
+ Z (dg, (zu) + t)(dg, (uy) + t) + Z (de, (zu) + t)dg, (uv)
z,yENG (u) z€NgG, (u)
tt—1) )
+t Z (dg, (zu) + t)(dg, (u) +t —1) + T(dGl(“) +t—1)
z€NgG, (u)
+t(dg, (u) +t —1)%
Then,
EMy(Gy) — EMy(Gy) = > > tde(wy)+ > Hde, (zu) + da, (uy) + 1)
z€Ng, (u) yENG, (x)\{u} z,yENg, (u)
+ Y tde, (u) +t—1)(de, (vu) +t + 1) — 3 (dg, (u) + t — 1)
z€NgG (u)
tt—1)

+

5 ((day (u) + 2t = 1)(dg, (u) — 1)) +t(de, (u) +1 — 1)?

t(dg, (u) +t — 1)

v

> 0.

Transformation B: Let u and v be any two vertices of a simple connected graph G such that
there is a path of length ¢t > 1, P, = uo(= u),u1,...,u—1,u:(= v) which connect the vertices u
and v, see Figure 2.2. Here, we say that G5 is obtained from G; by transformation B and write

as Go = G1 — {uguy, urus, . .. up—u }+ {wug, wus, . .., wus }, where w = uov.

U Uy

Gl GQ

FIGURE 2.2: Representation of transformation B.

Lemma 2.2. If G5 is obtained from Gy using transformation B, then

EMQ(Gl) < EMQ(GQ)
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Proof: Let dg, (u) = a+ 1, and dg,(v) = b+ 1, where a > 1, b > 1. Then the degree of edges
de,(uur) = a+1, dg, (vug—1) = b+ 1, and dg,(wu;) = (a+ b+t —1), for i = 1 to t. We prove
this lemma by making conditions on the path lengths ¢.

Case 1: When t > 3. From the definition of EM3(G), we have

EMy(G,) = Z da,(ei)da, (ej) + Z dg, (ei)dg, (e))

ei~ej,eie;EE(F1\{u}) ei~ej,eie;EE(Fo\{v})

+ Z Z dGl (’u’x)dch (wy) + Z Z dGl (vx)dGl (ch)

TENFp (u) yeNF (z)\{u} TENFR, (v) YyENR, (2)\{v}

+ > da(pw)de, (uy) + Y de,(wv)de, (vy) + Y de, (zu)de, (uu)

z,yENp, (u) z,yENR, (v) zENp, (u)

+ Z da, (zv)dg, (vui—1) + 2dg, (uuy) + 2dg, (up—1v) + 4(t — 3).

TENF, (v)
EM5(G2) = > de, (ei)de, (€;) + > de, (ei)de, (€;)
ei~ej,eq,e;€E(F1\{w}) ei~ej.eie; EE(F2\{w})

+ 0> Yo de,(wa)de, (zy) + > > day(wr)dg, (zy)
rENF, (w) YyENF, (z)\{w} 2ENF, (w) YyENF, (z)\{w}

+ Z dG2 (‘T’w)dG'z (wy) + Z dG2 (Iw)dG2 (wy)
z,yENp, (w) z,YyENF, (w)

+1 Z da, (mw)(dGz (w) — 1) +1 Z da, (mw)(dGz (w) - 1)

TENF, (w) TENF, (w)

FY Y de(ew)do,(wy) + it~ 1)(do, (w) ~ 1)

TENp; (W) yENF, (w)

since dg, (w) = dg, (u) + dg, (v) +t — 2, Np, (w) = Np, (u) and Np,(w) = Ng,(v). Then

EMQ(GQ) - EMQ(Gl) > Z Z dG2 (xw)dGz (wy) + %t(t - 1)(dG2 (’UJ) - 1)2

2ENF, () YENk, (w)

— 2dg, (uuy) — 2dg, (ug—1v) — 4(t — 3)
>(a+b+t—1)2—2(a+1)—2(b+1)—4(t —3)
>2(a+1)(b+1)

> 0.
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Case 2: When t = 2. From the definition of EM5(G), we have

EM5(G) = > de, (€i)de, (¢;) + 3 de, (ei)de, (€;)
ei~vej,eie; EE(F1\{u}) ei~ej,eie; EE(F2\{v})
+ ) . day(ua)de, (zy) + Y Y. do(va)dg, (wy)
z€NF, (u) yENF, (z)\{u} zENF, (v) YENF, (z)\{v}
+ Z da, (zu)dg, (uy) + Z de, (zv)dg, (vy) + Z da, (zu)de, (uur)
z,yENF, (u) z,yENE, (v) zENF, (u)
+ Z da, (zv)dg, (vur) + dg, (uuy)dg, (u1v).
TENF, (v)
EM5(Gs) = > de, (ei)de, (€;) + > de, (ei)de, (€;)
ei~ej,eq,e;€E(F1\{w}) ei~ej.eie; EE(F2\{w})
+ Y Y de,(wa)de, (zy) + Y > day(wr)dg, (zy)
z€NF, (w) YyENF, (z)\{w} 2zENF, (w) YENF, (z)\{w}
+ Z dGz (I’U})dG2 (wy) + Z dGz (:vw)d92 ('wy)
z,yENp, (w) z,yEN R, (w)
+2 Y dey(ew)(de,(w) 1) +2 Y de, (aw)(de, (w) — 1)
zENF, (w) TENR, (w)

Y Y dey(ewde,(wy) + (dey(w) — 1),

TENp; (W) YENF, (w)

since dg, (w) = dg, (u) + dg, (v), Ng, (w) = Np, (u) and Ng,(w) = Ng,(v). Then

EMy(Go) = EMy(Gh) > Y Y da,(aw)da, (wy) + (da, (w) —1)°
z€Np, (w) yENF, (w)

—dg, (uuy)dg, (u1v)
>(a+b+1)2?—(a+1)(b+1)

> 0.
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Case 3: When t = 1. From the definition of EM3(G), we have

EM5(Gh) = > de, (ei)de, (¢;) + 3 de, (ei)de, (€;)
ei~ej.ei,e; EE(Fi\{u}) ei~vej.ei e €E(Fa\{v})
+ Z Z da, (’U,l‘)dgl (a:y) + Z Z da, (Ux)dGl (xy)
zENF, (v) YyENF (z)\{u} TENF, (v) YENF, (z)\{v}
+ Z da, (zu)dg, (uy) + Z da, (zv)dg, (vy) + Z da, (zu)dg, (uv)
z,yENF, (u) z,YyENF, (v) zENF, (u)
+ Z de, (zv)dg, (vu).
TENF, (v)
EM5(G2) = > de, (ei)de, (€;) + > de, (ei)de, (€;)
ei~vej,eie; €EE(F\{w}) ei~vej,eie; EE(F2\{w})
+ Z Z da, (wm)dch (xy) + Z Z da, (wx)dG1 (xy)
zENFp, (w) YENF, (z)\{w} TENF, (w) YENF, (x)\{w}
+ Z da, (xw)dG2 (wy) + Z da, (SU'LU)dG2 (wy)
x,yENF, (w) x,YE N, (w)
+ Z da, (l‘w)(dGz (U}) - 1) + Z da, (xw)(dGz (w) -1
TENF, (w) TENF, (w)

+ Z Z dG2 (xw)dGz (wy)>

TENF, (W) yENF, (w)

since dg, (w) = dg, (u) + dg, (v) — 1, Np,(w) = Np, (u) and Ng,(w) = Ng,(v). Then

EMy(Gy) — EMy(Gy) > > > de,(zw)da, (wy)

z€NF, (w) yENF, (w)

> 0.

Transformation C: Suppose u and v are any two vertices of a simple connected graph Gy. Let
G1 be the graph obtained from Gy by adding pendant vertices {v1,va, ..., v}, {u1,us,...,u.} at
v and u respectively as shown in Figure 2.3. Now we have two possibilities for a transformation
namely, Gy = G1 — {uuy, uus, ..., uu, } + {vug, vusa, ..., vu,}, and Gz = Gy — {vvy,vva, ..., 00} +

{uvy, uve, ..., uv }. Here, we say that Go and G5 are obtained from (1 by transformation C.

Lemma 2.3. If graphs G2 and G3 are obtained from graph Gy by transformation C, then either
EMQ(Gl) < EMQ(G2) or EMQ(G]) < EMQ(Gg)
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Uy

U1

.
~~

Ut
G1

2%

Gs

FIGURE 2.3: Representation of transformation C.

Proof: Let dg,(u) = p, dg,(v) = q. Without loss of generality, we assume that dg,(v) < dg, (u),
let p = g+ a, where a > 0. Now, we prove this lemma by making conditions on the vertices v and
.

Case 1: If vertex u and v are not adjacent. Then, we have two subcases.

Subcase 1.1: If Ng,(u) N Ng,(v) = 0, then from the definition of EM(G), we have

EM(G1) = > dg, (ei)da, (ej) + Y > de, (ur)dg, (zy)
ei~vej,ei,e; €E(Go\{u,w}) zENg, (v) yENg, (@) \{u}
+ Y de(muw)de, (uy) + > > dg, (vr)dg, (zy)
z,yENG, (u) z€Ng, (v) yENg, (z)\{v}
+ Z de, (zv)dg, (vy) +r(g+a+r—1) Z de, (zu)
z,yENg, (v) zENg, (u)
—1 t(t—1
tilgrt-1) > @a@w+r“2 Nq+a+r—nz+47;l@+t—mi
z€Ng, (v)
EMy(G2) = > de,(en)de, (e) + ) > (de(uz) —r)dg, (zy)
ei~ej,eie; EE(Go\{u,v}) zENG, (u) yENgG, (z)\{u}
+ Y (o (zu) —r)(de, (uy) =)+ Y Y. (de,(vx) +1)dg, (vy)
x,yENG (u) 2ENG, (v) YENG, (z)\{v}
+ ) (da, (@) +r)(de,(vy) + 1)+ (r+t)(gHr+t—1) > (dg,(zv) +71)
IvyENG() (v) LEENGO (v)

n (r+ t)(r2+ t—1)

(q+r+t—1)%
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and EMy(Gs) = > dg, (e)da, (e) + Y Y. (e (uz) + t)dg, (xy)

eirvej, e e; EE(Go\{u,v}) z€Ng, (u) yENg, (2)\{u}

Y (e (eu) +6)(de (uy) + )+ Y Y (e (ve) —t)de, (ay)

z,YyENG (u) 2ENG, (v) YENgG, (z)\{v}

+ Z (dGl(xv)—t)(dcl(vy)—t)—i-<r+t)(r2+t_1)(q+a+r+t—1)2

z,yENG, (v)

+(r+t)g+at+r+t—1) Z (dg, (zu) + ).
zENG, (u)

Then, EM2(Gy) — EMy(Gy) = —r Y > da, (ay)
zE€NG, (u) yENg,(z)\{u}

—r Z (dg, (zu) +dg, (uy) —7r) —r(¢+r+a—1) Z dg, (zu)

z,yENgG, (u) zE€Ng,, (u)
+ro Yy Yo da@y)+r Y (da(wv) +da, (vy) + 1)
TENG,(v) YyENG,(2)\{v} z,y€NG, (v)

+r(g+r+2t—1) Z da,(@v) +qr(r+t)(g+r+t—1)+rt(g+r+t—1)2

z€Ng, (v)
+ %Tt(t —1(2q+r+2t—-2)+ %r(r -1(t-a)2¢+2r+t+a—2), (2.1)
and EMy(Gs) — EMy(Gy) =t ) > de(zy)

2ENGy (u) yENG, (@)\{u}

+t Y (da,(zu) +dg, (uy) +t) +tg+2r+t+a—1) > dg,(zu)

zvyENGO (u) QTENGO (u)
-1 Z Z dGl (l'y) -t Z (dG1 (13’0) =+ dG1 (Uy) - t)
z€Ng, (v) YyENG, (x)\{v} z,y€ENg, (v)
—tlg+t—-1) Z dg,(zv) +tlg+a)(r+t)(g+r+t+a—1)
2€NG, (v)

1
—|—irt(r—1)(2q—|—27“+t—|—2a—2)—|—rt(q—|—r+t—|—a—1)2

Jr%t(tf1)(7"Jra)(2q+7’+2t+af2). (2.2)

Note that if either of the expressions (2.1) or (2.2) is greater than 0, then the lemma holds. Suppose
EM5(Gs) — EM3(G1) <0, then we will show that EMy(Gs) — EM2(G1) has to be greater than 0.
We will now find a relation from Equation (2.1) by letting FM5(G2) — EM2(G1) < 0 and use the
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same to prove our claim. That is, we get

1
q(rth)(quTthfl)+t(q+r+t71)2+§(7’f1)(tfa)(2q+2r+t+af2)
1
+§t(t—1)(2q+r+2t—2)

Z Z dg, (zy) + Z (dg, (zu) +dg, (uy) — 1)

zENG (u) yENg,(z)\{u} z,YENg, (u)

+(@+r+a—-1) Z de, (zu) — Z Z dg, (zy)

TENG, (u) z€Ng,(v) yENg,(z)\{v}

- > (da,(w) +de,(vy) +1) = (g+r+2—1) Y de,(av)
z,y€Ng, (v) zENgG, (v)

> S da@)+ Y (de, (wu) + de, (uy) + 1)

NG, (u) yeNG, (@) \{u} z,y€Ng, (u)

+(g+2r+t+a—1) Z dg, (zu) — Z Z dg, (zy)

x€Ng, (u) zE€NG, (v) YENG,(z)\{v}

= Y (o, (wv) +de,(vy) —t) = (q+t=1) Y dg,(xv). (2:3)

z,yENg (v) z€Ng, (v)

IN

IN

Substituting for the first six terms of the right hand side of Equation (2.2) with the inequality
(2.3), we have

EM5(Gs) — EM2(Gy) > t{gir +t)(g+r+t—1) + (¢g+a)(r+t)(g+r+t+a—1)

1 1
+5(7"f1)(tfa)(2q+2r+t+af2)+it(tf1)(2q+r+2t72)

1 1
+5r(r—1)(2q+2r+t+2a—2)+5(t—1)(r+a)(2q+r+2t+a—2)
+tlg+r+t—12+r(g+r+t+a—1)7%}

> 0, since ¢ > 2, and r,t > 1.
Subcase 1.2: If Ng,(u) N Ng, (v) # 0, then from the definition of EM3(G), we have

EM,(Gy) = > dg, (e:)da, (e5) + > > da (ux)dg, (wy)

e;~e;,eq,e; EE(G()\{U,’U}) weNGO (u)\NGO (’U) yeNG(] (‘T)\{u}

+ ) de(zuyde, (uy)+ Y da, (@v)de, (vy) +tlg+t—1) > da, (xv)
z,yENG (u) z,yENg, (v) z€Ng, (v)

+r(g+a+r—1) Z dg, (zu) + Z Z dg, (vz)dg, (zy)

€NG, (u) TENG, (v)\Ng (v) yeENG, (@) \{v}

FY de(ude, () + T e

5 (g+t—1)2 (24)
zENgG, (u)ﬂNGO (v)

(g+a+r—1)7*+
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EMy(G2) = > da, (e)da, (e) + D (da, (zv) +7)(da, (vy) +7)
ei~ej.eqe;EE(Go\{u,v}) z,yENg, (v)
+ > Y. do(ur)—r)da(zy)+ Y (do,(wu) = )(da, (uy) )
2€(Ng, (u)\Nag (v) Y€(Nag (2)\{u}) z,y€Ng, (u)
+ ) Y. (e (vx) +r)da, (wy) + > (da, (uz) —r)(dg, (zv) + )
TENG, (V)\Nao (v) yENG, (2)\{v} 2€NG, (W)NNg, (v)
+t)(r+t—-1
+(r+t)g+r+t—1) Z (dg,(xv) + 1)+ (r )(T2 )(q+r+t71)2, (2.5)
zENg, (v)
and EM»(G3) = > da,(en)da, (es) + Y (da,(wu) +1)(da, (uy) + 1)
ej~ej,eqe;€E(Go\{u,v}) z,y€ENg, (u)
+ > Y (de(uz) +t)dg, (zy)
z€(Nagg (u)\Nag (v) y€(Neg (2)\{u})
+(r+t)g+a+r+t—1) Z (dg, (zu) +t)
zENG (u)
+ > > (de,(vx) = t)da, (wy) + Y (dg, (zv) — t)(de, (vy) — 1)
zE€NG, (v)\Ng, (v) yENg, (x)\{v} z,y€Ng,, (v)
+t)(r+t—-1
Y e+ ), o)~y T D g
zENgG, (u)ﬁNGO (v)
(2.6)
Then, EMs(G2) — EM5(G1) = —r Z Z de, (zy)
2zENG,(u)\Ng,(v) yENg,(z)\{u}
—r Y (da,(zu) +da, (wy) =)+ Y (dg, (2v) + da, (vy) +7)
z,y€Ng, (u) z,yENg, (v)
—r(g+r+a—-1) Z dg,(zu) +r(g+r+2t—1) Z dg, (av)
zENG (u) zENg, (v)
+r Z Z da, (Sﬁ'y) -r Z [dGI (vz) —dg, (xu)]
zE€Ng, (v)\Ng, (v) yENG,(z)\{v} 2ENG, (u)NNg, (v)

+rt(g+r+t—=1)> = 12|Ng, (u) N N, (v)] + qr(r + ) (g + 7+t~ 1)

+ %r(r -D(t—a)2¢+2r+t+a— 2)%71(15 —1)(2¢+r+2t—2). (2.7)
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EMy(G3) — EMy(Gh) =t Y Y. dai(ay)

TENG, (w)\NgGg (v) yE€NG, (z)\{u}

+t Y (da,(wu) +da, (uy) +t) —t > (de, () + dg, (vy) — 1)

z,yENgG, (u) z,yENg (v)
+t(g+2r+t+a—1) Z de, (zu) —t(g+t—1) Z dg, (zv)
zENG (u) ZENG (v)
—t Z Z dGl (.%'y) +1 Z [dG1 (’U.’E) - dGl (:L"LL)]
z€Ng, (v)\Ng, (u) yENg,(z)\{v} x€Ng, (u)NNg, (v)

—t*|Ngy(u) N NG, (v)| +tlg+a)(r +t)(g+r+t+a—1)+rtlg+r+t+a—1)°

1 1
+ 57“7?(7‘ —1)(2¢+2r+t+2a—-2)+ §t(t -1(r+a)2¢+r+2t+a—2). (2.8)
Again, if one of the expressions (2.7) and (2.8) is greater than 0, then the lemma holds. Suppose
EMy(Gs) — EM3(G1) <0, then we will show that EMy(G3) — EM3(G1) has to be greater than 0.
Similar to Subcase 1.1, we will first obtain a relation from Equation (2.7) by letting EM>(G2) —
EM5(G1) <0. That is, we get

1
q(r—i—t)(‘I-l-r—i—t—1)+t(q+r+t—1)2—|—§(r—1)(t—a)(2q+2r+t+a—2)
1
+ §t(t— 1)(2¢ + r + 2t — 2) — r|Ng, (u) N Ng, (v)]

{ > Y de(@y)+ Y (d, (vu) + de, (uy) — 1)

zENG, (u)\Ngg (v) yE€NG, (z)\{u} z,yENG, (u)

+(g+r+a—-1) Z dg, (zu) — Z Z dg, (zy)

zE€Ngq (u) zE€NG, (v)\Ng, (v) yENg, (z)\{v}

- Z (dg,(xv) +dg, (vy) +7) — (¢g+7r+2t —1) Z dg, (zv)

z,yENg, (v) z€Ng, (v)

+ > (dg, (vr) = dg, (xu))}

2zENG, (u)NNg, (v)

< > Y. da@y)+ D (do,(vu) +da, (uy) + 1)

z€Ng, (u)\NGo('U) yeNGo(x)\{u} z’yGNG’o(u)

+(q+2r+t+a—1) Z de, (zu) — Z Z dg, (zy)

zE€Ng, (u) z€NG, (v)\Ng, (v) yENG, (z)\{v}

= Y ldo(av) +dey(vy) —t] = (g +t=1) Y dg,(xv)

z,yENg, (v) zE€NgG (v)

+ > [da, (vz) — de, (zu)]}- (2.9)

2ENg, (u)NNg, (v)

IN
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Substituting for the first seven terms in the right hand side of Equation (2.8) by the inequality
(2.9), we have

EMy(G3) — EMy(G1) > t{q(r +t)(q+r+t—1)+t(g+r+t—1)°
+r(q+r+t+a71)2+%(r71)(tfa)(2q+2r+t+a72)
+(q+a)(r+t)((I+r+t+a—1)+%r(r—1)(2q+2r+t+2a—2)
+%(t—1)(r+a)(2q+r+2t+a—2)+%t(t—1)(2q+r+2t—2)
— (r+1)[Na, (u) N N, (v)[}

>0, since |Ng,(u) " Ng,(v)| <g¢q, ¢>2,and r,¢t>1.

Case 2: If u and v are adjacent, then from the definition of EM,(G), we have

EM;(Gy) = > de, (ei)de, (¢;) + > dg, (zu)de, (uy)
e;~ej.eie; EE(Go\{u,v}) z,yENG, (u)\{v}
+ Z Z dGl (ux)dG1 (xy) + Z dGl (xv)dGl (Uy)
2€NG, (u)\{v,Ng, (v)} yENG, (x)\{u} z,y€Ng, (v)\{u}
+ Z Z dg,(vz)dg, (xy) +r(g+a+7r—1) Z dg, (zu)
zENg, (v)\{u,Ngg (u)} yENg, (z)\{v} TENG, (w)\{v}
+t(g+t—1) Z de, (zv) + Z dg, (uz)da, (zv)
zE€Ng, (v)\{u} 2ENg, (u)NNgq (v)
+ Y de(ew)de, (w)+ Y de, (av)de, (vu) + g+t — 1)dg, (uv)
zE€Ng, (u)\{v} zENg, (v)\{u}
—1 t(t—1
+r(r+q+a—1)dG1(uv)+r(r2 )(q+a+r—1)2+¥(q+t—1)2, (2.10)
EM;(Gs) = > de, (ei)da, (e5) + > (doy(ew) —r)(da, (uy) =)
ei~ej,eie; €E(Go\{u,v}) z,yENg, (u)\{v}
+ Z Z (dGI (ux) - T>dG1 (SL’y) + Z (dG1 (mu> —r)dg, (’LL’U)
2€Ng, (u)\{v,Ng, (v)} yENG, (2)\{u} €Ng, (u)\{v}
+ Y Y e (va)+r)de,(ey) + D (do,(2v) +7)de, (uwv)
€N, (v)\{u,Ng, (v)} yENg, (2)\{v} €N, (v)\{u}
+ > (dey(wv) + ey (vy) + 1)+ Y (dg, (uz) —r)(dg, (zv) +7)
z,y€NG, (v)\{u} E€Ng, (u)NNag, (v)

+r+tg+r+t=1) > (dg,(w)+7)
TENG, (v)\{u}
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(r+t)((r+t-1))

+(r4+t)(qg+r+t—1)dg, (uv) + (q+r+t—1)>2 (2.11)

2
and EM;(Gs) = > da,(ei)da, (ej) + Y (e, (wu) + 1)(da, (uy) + 1)
eirvej,eie; €B(Go\{u,v}) z,y€Ng, (u)\{v}
+ ) Yo (e (ur) +0)de, (zy) + Y (dg, (zu) + t)de, (uv)
NG, (w)\{v,;Na, (v)} y€NG, (z)\{u} NG, (u)\{v}
+ Y Y. (de(vr) = t)de, (wy) + Y (da,(@v) — t)de, (uo)
xENCo (U)\{quco (u)} yENGO (x)\{v} xENG() (U)\{u}

+(r+t)gtatr+t—1) > (do,(wu) + tNr+)(p+ 7+t — 1)dg, (w)

TENG, (u)\{v}
+O)((r+t—1
+ Z (dg, (uz) + t))(dg, (zv) — t) —I—(T )((7"2 ) (q+a+r+t—1)2 (2.12)
zENG, (u)NNg, (v)
Then,
EMy(Gs) — EMy(Gy) = —r > > de(zy)
2€Ng, (u)\{v,Ng, (v)} yENg,(2)\{u}

-7 Z [de, (zu) +dg, (uy) —r] —r(¢g+7r+a—1) Z dg, (zu)

z,yENg, (w)\{v} TENG, (w)\{v}
+r Z Z da, (xy) +r Z (dGl (LL"U)

€NG, (v)\{u,Ng,(u)} yENg, (x)\{v} z,y€Ng, (v)\{u}
+rtlg+r+t—12+dg, (vy) +7) +rlig+r+2t—1) Z dg, (zv)

z€Ng, (v)\{u}

-T Z (dGl (U.’I?) —dga, (LL"LL)) - r2|NG0 (’LL) N Ng, (U)‘ +2r(t — a’)dGI (uv)

2ENG, (u)NNg, (v)

r(r—1)

+r@=Dr+a+r+t-1)+—5—=(t—-a)2q+2r+t+a-1)

t(t—1

£L§—29q+r+2ﬁ—% (2.13)
and
EM,(G3) — EMy(Gy) =t > > da(ay)

zENg, (u)\{v,Ng, (v)} yENg,(z)\{u}

+t > (da, (zu) +da, (uy) + ) + tg+2r +t+a—1) > dg(zu)
z,y€Ng, (u)\{v} zE€NG, (w)\{v}

_4 3 Yoo demy) -t > (da(xv) +dg, (vy) — t)

zE€Ng, (V)\{u;Ngy (u)} yeNG, (2)\{v} z,yE€Ng, (v)\{u}
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—tlg+t—1) Z de, (zv) +t Z (dg, (vx) — dg, (zu))

zENg, (v)\{u} 2E€Ng, (u)NNg, (v)

— t%|Ng, (u) N N, (v)| + 2t(r 4+ a)dg, (wv) +tlg+a— 1) (r+t)(g+r+t+a—1)
rt(r—1)
2

(r4+a)2¢+r+2t+a—2). (2.14)

+rt(g+r+t+a—1)2+

n t(t2— 1)

(2¢+2r+t+2a-2)

If either of the expressions in (2.13) or (2.14) is greater than 0, then the lemma holds. Suppose
EM5(G2) — EM3(G1) < 0. We will show that EMs(G3) — EM>(G1) has to be greater than 0.

If EM3(G2) — EM3(G1) < 0 in Equation (2.13), we have

t(t—1
(=D +t)(g+r+t—1)+ ( 5 )(2q+r—|—2t—2)—|—2(t—a)dG1(uv)
1
+tg+r+t—1)%+ 5(7’ —1(t—a)2q+2r+t+a—1)—r|Ng,(u) N Ng, (v)]
< > Y de,(zy)+ > (dg, (vu) + dg, (uy) — 1)
z€NG, (w)\{v,Ng,(v)} yENg,(z)\{u} x,y€NG, (u)\{v}
+(g+r+a-1) Z de, (zu) — Z Z de, (zy)
zE€NG, (u)\{v} zE€NgG, (v)\{u,Ng, (v)} yENg,(z)\{v}
- > (de, (zv) +de, (vy) +7) = (q+7+2t—1) > dg,(xv)
z,YENG, (v)\{u} zENG, (v)\{u}
+ > (dg, (vz) — dg, (zu))
2ENG, (u)NNg, (v)
< > > de(zy) + > (dg, (wu) + dg, (uy) + 1)
z€Ng, (u)\{v,Ngy (v)} yENg,(z)\{u} z,yENgG, (u)\{v}
+(@+2r+t+a—1) Z dg, (Tu) — Z Z dg, (zy)
zE€Ng, (u)\{v} z€Ng, (v)\{u,Ng, (u)} yENG,(z)\{v}
- Z (dGl (ZL"U) + dGl (Uy) - t) - (q +t- 1) Z dG1 ((E’U)
z,yENG, (v)\{u} zENgG, (v)\{u}
+ > (da, (vz) — dg, (zu)). (2.15)

zENgG, ('u,)ﬁNc;0 (v)
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Now, substituting for the first seven terms in the right hand side of Equation (2.14) by the inequality
(2.15), we have

EMs(Gs) — EMy(Gy) > t{2(t — a)dg, (wv) + (¢ — 1)(r +t)(g+r+t—1)

1 tt—1
+5(7“—1)(t—a)(2q+2r+t+a—1)+¥(2q+7‘+2t—2)
+(@+a—-D)(r+t)(g+r+t+a—1)+2(r+a)dg, (ww)+r(ig+r+t+a—1)>

-1 t—1
+T(T2 )(2q+2r+t+2a72)+%(r+a)(2q+r+2t+a72)

+t(g+r+t—1)% = (r+1t)|Ng,(u) N Ng, (v)|}.

Since |[Ng, (u) N Ng, (v)| < ¢ and dg, (uwv) = (2¢+7r+t+a—2), the above inequality can be written

as

EMy(G3) — EMy(Gy) > t{2(t+a)(2q+r+t+a—2)+(q—)(r+t)(g+r+t—1)

tt—1
ljrl@q+r+%—2ﬂ%@+r+t—n2

r(r—1)
2

1(7'—1)(t—a)(2q+2r+t+a—1)+

T3

+(@+a-1)(r+t)(g+r+t+a—1)+
t—-1)

(2¢+2r+t+2a—2)

+

(r+a)2q+r+2t+a—2)+rig+r+t+a—1)>—(r+t)q}

> 0, since ¢ > 2, and r,t > 1.

Remark 2.4. If Gy = Cy, where C}, is the cycle graph on k vertices, then in Lemma 2.3, vertices u

and v have the same degree in graph Gy.

Remark 2.5. If Gy is a bicyclic graph which has no pendant vertex, see Figure 2.7. Then, in Lemma

2.3, possible degree of vertex u and v in graph Gy are p=qorp=q+1orp=q+ 2.

To estimate the upper bounds of EMs(G) for trees, unicyclic, and bicyclic graphs we will use the

transformations A, B and C.

2.2.2 Graph Transformations to Decrease the Index Value

In this subsection, we discuss three graph transformations that are useful for finding the lower

bounds of EMs(G).

Transformation D: Let Gy be a non-trivial graph and u be any vertex of Gy. Let G1 be a graph

obtained from G by attaching at u two paths P; = uujus...u, of length r and Py = uvivy... v
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of length t. Let Gy = G1 — {uu} + {viu1}; see Figure 2.4. Here G is said to be obtained from

(1 by transformation D.

Uy Uy u U1 UVt u U1 UVt uy

Uy

Gl GQ

FIGURE 2.4: Representation of transformation D

Lemma 2.6. Let Gy be a graph obtained by Transformation D from G1 as shown in Figure 2.J.
Then, EM5(G1) > EM»(G5).

Proof: Let N¢,(u) denote the neighborhood of the vertex of u in Gy. Now, we prove this lemma
by taking condition on path length r, t.
Case 1: If ;¢ > 3 then by definition of EM3(G), we have

EM,(Gy) — EMy(Go) = ) > da @)+ > (de(xu) + de, (uy) = 1)
z€NG, (u) YyENG,(x)\{u} z,yENG, (u)
+ Y (e, () + 1)dg, (uz) + (dg, (u) — 1)) + d&, (u) + 2dg, (u) — 8
z€NgG, (u)

> 0, since dg, (u) > 2.

Case 2: If r = 2,t > 3, then by definition of EM5(G), we have

EMy(Gy) — EMy(Ga) = > Yo de,@y)+ > (do,(zu) +da, (uy) — 1)
TENG, (u) YENG,(z)\{u} z,yENg, (u)
+ Y ((de, (w) + 1)dg, (uz) + (dg, (u) = 1)) + dg, (u) + de, (u) — 6
zENG (u)

> 0.
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Case 3:If r = 1,¢ > 3, then by definition of EMs(G), we have

EMy(Gy) — EMy(Ga) = > Yo da@y)+ D (do,(zu) +da, (uy) — 1)
TENG, (u) YENg,(2)\{u} z,yENGq (u)
+ Z dGl dGl (u‘r) +dG1( ) 1) +d%¥1(u> - dGl (u) -2
TENG, (u)
> 0.

Case 4: If r = 2,t = 2, then by definition of EM5(G), we have

EM(Gy) — EMy(Ga) = > Yo de,(my)+ Y. (da () + dg, (uy) — 1)
2ENG (1) YENG, (@)\{u} 2,y€ NG, (u)
+ ) ((de, () + Ve, (uz) + (da, (u) — 1)) + dg, (u) — 4
ENG, (u)
> 0.

Case 5: If r = 1,¢ = 2, then by definition of EM5(G), we have

EM,(Gh) — EMy(Ga) = ) S de@y)+ Y (da, (wu) + de, (uy) — 1)
zENG, (u) YENg,(2)\{u} z,yENgG, (u)
+ Y (doy(wde, (ux) + dg, (u) — 1) + dg, (u) — 2dg, (u)
zENG, (u)
> 0.

Case 6: If r = 1,¢ = 1, then by definition of EMs(G), we have

EM(Gy) — EMy(Go) = > Yoo de, )+ Y (da, (zu) + de, (uy) — 1)
z€NG, (u) YENgG,(z)\{u} z,yENg, (u)
+ Y (e, (w) = Vdg, (uz) + dg, (u) — 1) + dg, (u) — 3de, (u) + 2
IENGO( w)
> 0.

Remark 2.7. Note that, we can convert any tree into a path graph by repeating transformation D.

Transformation E: Let Gg be a non-trivial graph having vertices v and v. Let G; be a graph

obtain from Gy by adding two paths < w,u1,us,...,u, > and < v,v1,va,...,v; > at vertices u
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and v of length r and ¢, respectively. Let Go := G; — {uui} + {viu1}. Here, G4 is said to be

obtained from G by transformation E; see Figure 2.5.

U U1 U U
—————e
U1 Ut U1 (%7 Uy Uy
—————e —————— & ————0——@
v v
G1 Ga

FIGURE 2.5: Representation of transformation E.

Lemma 2.8. Let Gy be the graph obtained from G1 by using transformation E, then
EMQ(Gl) > EMQ(GQ)

Proof: We prove this lemma by making conditions on the path lengths r and t.
Case 1: If r > 3 and t > 3. Now we have the following subcases.
Subcase 1.1: If vertex u and v are not adjacent, then we have two subcases.

Subcase 1.1.1: If Ng,(u) N Ng,(v) = 0, then from definition of EM(G), we have

EM;(G1) = > dg, (ei)da, (e) + > de,(ux)de, (vy)

ei~vej,eqe; EE(Go\{u,v}) z€Ng( (u) yENg, (z)\{u}

+ Y de (zu)de, (uy) + > > de, (vr)dg, (zy)

z,yE€Ng, (u) TENG, (v) yYENG, (2)\{v}

+ Y de(av)de, (vy)+ Y da, (wu)dg, (uuy)

z,yENg (v) zENgG, (u)

+ Z de, (zv)dg, (vu1) + 2dg, (uuy) 4+ 2dg, (vor) + 4(r — 3) + 4(t — 3) + 4,
z€Ng, (v)

and

EM;(Gs) = > da, (ei)de, (e) + Y Y (e (ur) = 1)da, (zy)

ei~ej,eqe;€E(Go\{u,v}) T€ENG,(u) yENg, (z)\{u}
+ ) (da, (zu) = D(de, (wy) - 1)+ Y Y do, (vr)dg, (zy)
€,y€Ng, (u) 2E€Ng, (v) yENgG, (2)\{v}
+ Z dg, (zv)dg, (vy) + Z dg, (zv)dg, (vvr) + 2dg, (vvr)
z,y€ENg, (v) zENg, (v)

+A(r+t—06)+ 14,
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then,

EM5(G1) — EM3(G2) = Z Z de, (zy) + Z de, (vu)de, (uuy)

zENG, (u) YyENg,(2)\{u} NG (u)
+ > (de, (zu) + de, (uy) — 1) + 2dg, (uwuy) — 10
z,y€Ng, (u)

> dg, (zu)dg, (uur) + 2dg, (uuy) — 10

> 0, since dg,(zu) > 2, dg, (uuy) >3

Subcase 1.1.2: If Ng,(u) N Ng,(v) # 0, then from definition of EM(G), we have

EM5(Gy) = > da, (e:)da, (ej) + > > de, (ur)dg, (xy)

einvej,eine; €B(Go\{u,v}) NG, (w)\Ng, (v) yENG, (z)\{u}

+ Z de, (zu)dg, (uy) + Z Z da, (vz)dg, (zy)

z,YyE€Ng, (u) zE€NG, (v)\Ng, (v) yENg, (z)\{v}

+ Z dGl (xv)dGl (vy) + Z dGl (ux)dGl (xv)

z,yENgG, (v) zENG, (u)NNg, (v)

+ Z de, (zu)dg, (uuq) + Z dg, (zv)dg, (vv1) + 2da, (uuq)
z€Ng, (u) zENg, (v)

+2dg, (vv1) +4(r —3) +4(t — 3) + 4,

and
EM>(G2) = > de, (ei)dc, () + > > (dg, (ux) = 1)dg, (zy)
eirvej,ei e €E(Go\{u,v}) zENG, (u)\Ng, (v) yENG, (@) \{u}
+ Y (da(au) = 1)(dg, (uy) — 1) + > Y. da(va)dg, (zy)
z,yENg (u) zE€Ng, (V)\Ng, (u) yENG, (2)\{v}
+ Z da, (xv)dGl (’Uy) + Z (da, (’LL.’L‘) - 1)de, (LU’U)
z,yENG (v) zENG, (u)NNg, (v)

+ Y de,(av)da, (vv1) + 2da, (vv1) +A(r + £ — 6) + 14,
TENG, (v)
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then,
EM;y(Gy) — EMy(Gy) = > > daay)+ Y da, (wu)de, (uu)
zENG, (u)\Ng, (v) yENg, (z)\{u} NG (u)
+ Z (dg, (zu) + dg, (uy) — 1) + Z de, (zv) + 2dg, (uuy) — 10
z,yENg (u) zENG, (u)NNg, (v)

> dg, (zu)dg, (vuy) + 2dg, (uuq) — 10

> 0, since dg,(zu) > 2, dg, (uuy) >3

Subcase 1.2 If vertex u and v are adjacent then from definition of EMs(G), we have

EMy(Gh) = > da, (ei)da, (e;) + > > da, (ux)de, (zy)
e;~ej,eie; €E(Go\{u,v}) T€ENG, (u)\{v,Ng, (v)} yENgG, (x)\{u}

+ > de, (zu)de, (uy) + > Y. do,(va)da, (zy)
z,y€ENG, (u)\{v} €N, (v)\{u,Ng, (u)} yENg, (x)\{v}

+ Z dg, (zv)dg, (vy) + Z da, (zu)de, (uur)
z,y€Ng, (v)\{u} zENG, (u)\{v}

+ > de,(wv)dg, (vor) + > de, (uy)da, (yv)
TENG, (v)\{u} zENgG, (u)ﬁNGO (v)

+ Z dg, (zu)dg, (uv) + Z da, (zv)dg, (vu)
z€Ng, (u)\{v} z€Ng, (v)\{u}

+dg, (uur)de, (uww) + dg, (vo1)dg, (uv) + 2dg, (uuy) + 2dg, (vr)

+4(r—3) +4(t — 3) +4,

and
EM,(G2) = > da, (ei)dg, (e5) + > de, (zv)dg, (vy)
ei~ej,ei,e; €E(Go\{u,v}) z,yENG, (v)\{u}
+ Y. o (wu) =)(do,(wy) = 1)+ > dg,(zv)dg, (vor)
z,y€NG, (uw)\{v} z€Ng, (v)\{u}
+ Z Z (dg, (uz) — 1)dg, (zy)

NG, (w)\{v,Na, (v)} y€NG, (z)\{u}

+ > (de, (uz) = Ddg, (wo) + Y (da, (zu) = 1)(de, (uv) = 1)

zENGO(u)ﬂNGO('u) :EENGO(u)\{v}
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+ > > de(vr)de,(zy)+ > de, (av)(de, (vu) — 1)

TENG, (V)\{w;Nao (W)} yENG, (z)\{v} zE€NG, (v)\{u}

+dg, (vv1)(dg, (wv) — 1) + 2dg, (vur) +4(r + t — 6) + 14,

then
EMy(Gy) — EMy(Gy) = > > daay)+ D> dg, (xv)
2€NG, (W\{v,Ne, (v)} ¥ENG, (2)\{u} 2€NG, (1) NG, (v)
+ Y. da(@u)+de,(wy) =)+ > (de, (wu) + dg, (wv) — 1)
z,yENg, (u)\{v} zENG, (u)\{v}

+ Z da, (xv) + dg, (vur) + 2dg, (uur) + dg, (uuq)dg, (uv) — 10
zE€NG, (v)\{u}

> dg, (vv1) 4 2dg, (vur) + dg, (uuq)de, (uv) — 10

> 0, since dg, (vv1) >3, dg,(uuy) > 3 and dg, (uv) > 3.
Proof is complete for r,t > 3.
Case 2: When r = 1 and t = 3, then from the definition of EM5(G), we have
Subcase 2.1: If vertex v and v are not adjacent, then we have two subcases.

Subcase 2.1.1: If Ng,(u) N Ng,(v) = 0, then from definition of EM(G), we have

EM;(G1) = > de,(e)da, (e;) + > > do,(ux)de, (wy)

ej~ej,eie; EE(Go\{u,v}) 2ENG, (u) yENG, (z)\{u}

+ Y de (wu)de, (uy) + Y > de,(va)dg, (vy)

z,yENG, (u) 2ENG, (v) yENG, (2)\{v}

+ Z dGl (mv)dGl (Uy) + Z dGl (xu)dGl (uul)

z,YENg, (v) zENg, (u)

+ Z de, (zv)da, (vur) + 2dg, (vur) + 2,
z€NgG, (v)

and

EM;(Gs) = > da, (e)de, (e) + Y Y. (e (ur) = 1)dg, (zy)

ei~ej,eqe;EE(Go\{u,v}) z€Ng, (u) YyENG, (x)\{u}

+ Y (e (wu) = 1)(dg, (uy) — 1)+ > Y. de (va)dg, (xy)

z,yE€Ng, (u) zE€NG, (v) yENg, () \{v}

+ > da(av)de, (vy) + > da, (w)da, (vvr) + 2dg, (vor) + 6,

x,yENg (v) zENg (v)
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then,

EMQ(G1> — EMQ(GQ) > d(;l (UI)dGl (uul) —4

> 0, since dg, (uui) > 3 and dg, (uz) > 3.

Subcase 2.1.2: If Ng,(u) N Ng,(v) # 0, then from definition of EMs(G), we have

EM(G1) = > de, (ei)de, (e5) + > > de, (ux)dg, (xy)
ei~ej.ei e €E(Go\{u,v}) zENG, (u)\Ng, (v) yENg, (z)\{u}
+ Y da,(zu)dg, (uy) + > > de, (vr)dg, (zy)
z,yENgG, (u) zENg, (vV)\Ngq (u) yENg,(z)\{v}
+ Z dg, (zv)dg, (vy) + Z de, (uz)dg, (zv)
z,yENg, (v) zE€NG, (u)NNg, (v)
+ Z de, (zu)dg, (uuy) + Z dg, (zv)dg, (vur)
zE€Ng, (v) zENg, (v)

+ 2dg, (vv1) + 2,

and
EM>(Go) = > de, (€i)dc, (e5) + > > (dg, (ux) = 1)dg, (zy)
eirvej,eire; €E(Go\{u,v}) zENg, (u)\Ng, (v) yENg, (z)\{u}
+ Y (da(zu) = 1)(da, (uy) — 1) + > Y. da(va)da, (zy)
z,yENg, (u) €N (V)\Ng, (u) yENG, (2)\{v}
+ Z da, (J’”U)dGl (Uy) + Z (dg, (uz) — 1)dg, (zv)
z,yENg, (v) zENG, (u)NNg, (v)
+ Z dg, (zv)dg, (vv1) 4+ 2dg, (vvr) + 6,
TENG, (v)
then,

EMQ(Gl) - EMQ(GQ) Z dG1 (uac)dgl (uul) —4

> 0, since dg, (uui) > 3 and dg, (uz) > 3.

Subcase 2.2 If vertex u and v are adjacent then from definition of EM3(G), we have
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EM;(G1) = > de, (€i)de, (€;) + > > de,(ux)deg, (vy)
ei~ej,eie; €E(Go\{u,v}) zENG, (u)\{v,Ng, (v)} yENg, (x)\{u}

+ Z da, (xu)dGl (uy) + Z Z da, (U.’E)dgl (my)
z,yENg, (u)\{v} zE€NG, (V)\{u,Ng, (u)} yENG, (x)\{v}

+ > da,(w)de, (vy) + Y dg, (zu)dg, (uus)
z,y€Ngq (V)\{u} zE€Ng, (uw)\{v}

+ ) da (zv)dg, (o) + > da, (uy)de, (yv)
zENG, (v)\{u} zENgG, (u)ﬁNc(J (v)

+ Z de, (zu)dg, (uv) + Z dg, (zv)dg, (vu)
z€Ng, (u)\{v} z€Ng, (v)\{u}

+dg, (uur)de, (ww) + dg, (vv1)dg, (uv) + 2dg, (vur) + 2,

and
EM;(G2) = > da, (ei)da, (e;) + > dg, (zv)dg, (vy)
ei~ej,eqe; €E(Go\{u,v}) z,y€Ngq (v)\{u}
+ > (da, (zu) = )(da, (uy) = 1)+ > dg,(2v)dg, (vvr)
@,yENg, (uw)\{v} zENg, (v)\{u}
+ Z Z (dg, (uz) — 1)dg, (zy)
z€NG, (u)\{v,Ngq (v)} yENgG, (z)\{u}
+ > (da, (uz) = dg, (z0) + > (da, (zu) = 1)(dg, (wv) — 1)
z€NgG, (u)NNg, (v) z€Ng, (u)\{v}
+ Z Z da, (vr)dg, (zy) + Z de, (zv)(de, (vu) — 1)
z€NG, (v)\{u,Ngq (u)} yENg, (z)\{v} zE€NG, (v)\{u}
+dg, (vv1)(dg, (uv) — 1) + 2dg, (vvy) + 6,
then

EM5(G1) — EM2(G2) > dg, (ux)dg, (vuy) — 4

> 0, since dg,(uui) >3 and dg, (ux) > 3.

Proof is complete for r =1, t = 3.
Case 3: When r = 2 and t = 3, then from the definition of EM5(G), we have

Subcase 3.1: If vertex u and v are not adjacent, then we have two subcases.
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Subcase 3.1.1: If Ng,(u) N Ng,(v) = 0, then from definition of EM(G), we have

EM;(Gy) = > dg, (e)da, (e) + Y > do,(ux)dg, (vy)
ei~vej,eie; EE(Go\{u,v}) 2ENG,(u) yENG, (z)\{u}

+ Y de, (wu)de, (uy) + Y > de, (vr)dg, (zy)

z,yE€Ng, (u) TENG, (v) yENG, (2)\{v}

+ Y da (@), (vy)+ Y da, (wu)dg, (uuy)

z,y€ENg, (v) TENG, (u)
+ Z dg, (zv)dg, (vv1) + dg, (uuy) + 2dg, (vur) + 2,

z€Ng, (v)

and

EMy(Gs) = > dg, (ei)da, (ej) + ) > (da, (ux) — 1)dg, (zy)

ei~ej,eqe;€E(Go\{u,v}) TENG,(u) yENg, (z)\{u}

+ ) (da,(zu) = D(de, (wy) - 1)+ Y > da, (vr)dg, (zy)

z,yE€Ng, (u) zENG, (v) yENg, (z)\{v}

+ Z dg, (zv)dg, (vy) + Z dg, (zv)dg, (vv1) 4+ 2dg, (vvr) + 10,

z,y€Ng, (v) zENg, (v)

then,

EM5(G1) — EM2(G2) > dg, (ux)da, (vu) + da, (uug) — 8

> 0, since dg,(uui) > 3 and dg, (uz) > 3.

Subcase 3.1.2: If Ng,(u) N Ng,(v) # 0, then from definition of EM(G), we have

EM?(Gl) = Z dGl (6i)dG1 (ej) + Z Z dG1 (U:l?)dgl (Iy)

ei~vej,eq,e;€E(Go\{u,v}) z€NG, (u)\Ng, (v) yENg, (z)\{u}

+ Z de, (zu)dg, (uy) + Z Z de, (vz)de, (zy)

z,yENG (u) 2€NG, (v)\Ng,(u) yENg,(x)\{v}

+ Y de,(av)dg, (vy) + > d, (ux)de, (zv)

z,yENg, (v) zENG, (u)NNg, (v)

+ Z de, (zu)dg, (uuy) + Z de, (zv)dg, (vur) + dg, (uuy)
zENG (u) zE€NgG (v)

+ 2dg, (vv1) + 2,
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and
EM;(Gs) = > de, (€i)de, (€;) + > > (e (ux) —1)dg, (xy)
e,iNej,e,i,ejEE(Go\{u,v}) a:eNGO (u)\NG[) (U) yeNGo (w)\{u}
+ Z (dGI (mu) - 1)(dG1 (uy) -1+ Z Z da, (’Ux)dcﬁ (xy)
z,yENG, (u) zENG, (v)\Ng, (u) yENgG, (z)\{v}
+ > da (av)dg, (vy) + > (da, (ux) — 1)dg, (zv)
z,yENg, (v) 2ENG, (u)NNg, (v)
+ Z de, (zv)dg, (vur) + 2dg, (vor) + 10,
z€Ng, (v)
then,

EMQ(Gl) — EMQ(GQ) Z dgl (ul‘)dcl (uul) + dG1 (U’Uq) -8

> 0, since dg,(uuy) > 3 and dg, (uz) > 3.

Subcase 3.2 If vertex u and v are adjacent then from definition of EM5(G), we have

EM;(G1) = > de, (€i)de, (€;) + > > de,(ux)de, (vy)
ei~vej.ei e €E(Go\{u,v}) z€Ng, (u)\{v,Na, (v)} yeENG, (@) \{u}

+ Z dGl (xu)dGl (uy) + Z Z da, (U.’L‘)dgl (Iy)
z,y€Ng, (u)\{v} zENG, (v)\{u,Ngg (u)} yENg, (z)\{v}

+ > do,(w)de, (vy) + Y dg, (zu)dg, (uuy)
z,y€Ng, (v)\{u} z€Ng, (u)\{v}

+ Y da (zv)dg, (o) + > da, (uy)de, (yv)
z€NgG, (v)\{u} zENG, (u)NNg, (v)

+ Z dg, (zu)dg, (uv) + Z dg, (zv)dg, (vu)
zE€Ng, (u)\{v} z€Ngq (v)\{u}

+ dg, (uu)de, (uww) + dg, (vv1)dg, (uv) + dg, (vuy) + 2dg, (vor) + 2,
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and
EM;(Gs) = > de, (ei)de, (€;) + > de, (zv)de, (vy)
ei~ej,eqe;€E(Go\{u,v}) z,yENgq (v)\{u}
+ Z (dGI (.T’U,) - 1)(dG1 (uy) - 1) + Z da, (mv)dGl (’le)
z,yENg, (u)\{v} zE€Ng, (v)\{u}
+ > > (e, (ux) — 1)dg, ()
2E€NG, (u)\{v,Ng, (v)} yENG, (z)\{u}
+ Z (dGl (U$) - 1)dG1 (QTU) + Z (dG1 (.’I?’U,) - 1)(dG1 (U’U) -1
zE€NgG, (u)NNg,, (v) zE€NG, (u)\{v}
+ > Y de,(va)de,(zy)+ > da, (2v)(dg, (vu) — 1)
2E€NG, (v)\{u,Ng, (u)} y€Ng, (2)\{v} zE€NG, (v)\{u}
+ dg, (vv1)(dg, (uv) — 1) 4+ 2dg, (vur) + 10,
then

EMQ(Gl) - EMQ(GQ) Z dG1 (U{E)dcl (uul) + dG1 (uul) -8

> 0, since dg,(uui) > 3 and dg, (uz) > 3.

Proof is complete for r =2, ¢t = 3.
Case 4: When r =1 and t = 2, then from the definition of EM;(G), we have
Subcase 4.1: If vertex u and v are not adjacent, then we have two subcases.

Subcase 4.1.1: If Ng,(u) N Ng,(v) = 0, then from definition of EM(G), we have

EM,(Gh) = > dg, (e)da, (e)) + Y Y. do,(ux)dg, (wy)

ei~ej,eie; EE(Go\{u,v}) z€NgG, (u) yENg, (z)\{u}

+ ) de(zu)de, (uy) + > > de, (vr)dg, (zy)

z,YENg, (u) z€Ng, (v) y€Ng, (z)\{v}

+ Z dg, (zv)dg, (vy) + Z de, (zu)de, (uuq)

z,yENg (v) z€Ng, (u)

+ Z da, (zv)dg, (vor) + dg, (vo1),
z€Ng, (v)
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and
EM;(Gs2) = > da, (ex)da, (es) + Y Y. (e (uz) —1)dg, (zy)
ei~ej,eie;€E(Go\{u,v}) TENG,(u) yENg, () \{u}
+ ) (da, (zu) = D(de, (wy) = 1)+ Y Y de, (vr)dg, (zy)
z,yENg (u) 2ENg, (v) yENg, (z)\{v}
+ Z dg, (zv)dg, (vy) + Z dg, (zv)dg, (vv1) + 2dg, (vvr) + 2,
z,yENg, (v) zENg, (v)
then,

EMQ(Gl) — EMQ(GQ) Z dG1 (u:v)dGl (uul) -2

> 0, since dg, (uui) > 3 and dg, (uz) > 3.

Subcase 4.1.2: If Ng,(u) N Ng,(v) # 0, then from definition of EM(G), we have

EM;(G1) = > de, (€i)de, (€;) + > > de,(ux)dg, (vy)
ej~ej,eqe;EE(Go\{u,v}) TENG, (u)\Ngq (v) yENg,(z)\{u}
+ Z da, (‘Tu)dGI (uy) + Z Z da, (’Ux)dG'1 (xy)
z,yENg, (v) z€ENG, (v)\Ng, (v) yENg, (z)\{v}
+ > da,(zv)dg, (vy) + > de, (uzr)dg, (zv)
z,y€ENg, (v) 2zENG, (u)NNg, (v)
+ Z de, (zu)de, (uuy) + Z de, (zv)dg, (vur) + dg, (vv1),
z€Ng, (u) zENG (v)
and
EM;(Gs) = > de, (ei)da, (e5) + > > (da(uz) = 1)dg, (zy)
eiNEj,ei,EjEE(Go\{u,’U}) $€NG0 (u)\NG[) (U) yeNGo (z)\{u}
+ Z (dG1 (‘ru) - 1)(dG1 (uy> -1+ Z Z da, (vx)dGﬁ (‘Ty)
z,yENG (u) zENG, (v)\Ng, (u) yENgG, (z)\{v}
+ > da, (av)dg, (vy) + > (da, (ux) — 1)dg, (zv)
z,y€Ng (v) zENg, (u)NNg, (v)

+ Z dg, (zv)dg, (vur) + 2dg, (vvr) + 2,
z€Ng, (v)
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then,

EMQ(G1> - EMQ(GQ) Z d(;l (UI)dGl (uul) -2

> 0, since dg, (uui) > 3 and dg, (uz) > 3.

Subcase 4.2 If vertex u and v are adjacent then from definition of EM5(G), we have

EM;(G1) = > de, (€i)da, () + > > de,(ux)de, (wy)
ei~ej,eq,e;€E(Go\{u,v}) z€NG, (u)\{v;Ng( (v)} yENG, () \{u}

+ > de, (zu)de, (uy) + > > do,(va)da, (zy)
z,y€Ng, (u)\{v} 2€NG, (v)\{u,Ng, (u)} y€Ng, (2)\{v}

+ Z da, (l'v)dGl (vy) + Z da, (xu)dGl (uul)
z,y€Ngy (v)\{u} zENG, (u)\{v}

+ > da,(wv)dg, (vor) + > de, (vy)da, (yv)
TENG, (v)\{u} zENG, (u)ﬁNGO (v)

+ Z da, (zu)dg, (uv) + Z da, (zv)dg, (vu)
z€Ng, (u)\{v} zE€Ng, (v)\{u}

+ dg, (uur)de, (ww) + dg, (vv1)dg, (uv) + dg, (vur),

and
EM>(Gs) = > de, (ei)de, (e5) + > de, (zv)de, (vy)
ei~ej,ei,e; EE(Go\{u,v}) z,y€Ng, (v)\{u}
+ > (da, (xu) = 1)(dg, (uy) = 1)+ > da,(zv)dg, (vvr)
z,yENg, (u)\{v} 2ENG, (v)\{u}

+ Z Z (dGl (um) - 1)dG1 (my)

TE€NG, (w)\{v,Ng, (v)} y€NG, (z)\{u}

+ > (do, (uz) = dg, (@v) + > (da, (zu) = 1)(dg, (wv) — 1)

TENG,(u)NNg, (v) zENG (u)\{v}
+ Z Z da, (’U‘T)dcﬁ (my) + Z da, (‘Tv)(dGl (Uu) - 1)
zENg, (v)\{w,Ng, (v)} yENg, (z)\{v} zENg, (v)\{u}

+dg, (vv1)(dg, (wv) — 1) + 2dg, (vvr) + 2,
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then

EMQ(Gl) - EMQ(GQ) Z d(;l (UZ‘)dGl (uul) -2

> 0, since dg, (uui) >3 and dg, (uz) >3

Proof is complete for r =1, t = 2.
Case 5: When r = 2 and t = 2, then from the definition of EM;(G), we have
Subcase 5.1: If vertex u and v are not adjacent, then we have two subcases.

Subcase 5.1.1: If Ng,(u) N Ng,(v) = 0, then from definition of EM(G), we have

EM>(G1) = > da, (ei)da, (ej) + Y > de, (ur)de, (zy)

ei~vej,eire; EE(Go\{u,v}) zENg, (v) yENG, (2)\{u}

+ Y da@wdew)+ Yo Y de(vr)da,(w)

z,yE€Ng, (u) zENg, (v) yENg, (2)\{v}

+ Z dGl (xv)dcl (Uy) + Z dGl (xu)dGl (uul)

z,yENgG, (v) z€Ng (u)

+ Z dg, (zv)dg, (vv1) + dg, (uur) + dg, (vvr),

zENg, (v)

and

EM>(Go) = > dg, (ei)da, () + > (dg, (ux) — 1)dg, (zy)
ei~ej,ei,e;EE(Go\{u,v}) z€NgG, (u) yENgG, (z)\{u}

+ Y (do(wu) = D(da, (ug) = 1)+ Y Y. da(va)dg, (zy)

z,yENg, (u) TENgG, (v) yENg, (z)\{v}

+ Z de, (zv)dg, (vy) + Z de, (zv)dg, (vur) + 2dg, (vvr) + 6,
z,yENg, (v) zENg, (v)

then,

EM5(G1) — EM3(G3) > dg, (ux)dg, (uuy) — 6

> 0, since dg,(uui) >3 and dg, (uz) >3

Subcase 5.1.2: If Ng,(u) N Ng,(v) # 0, then from definition of EM>(G), we have

EM(G1) = > de, (ei)de, (e5) + > > da, (ur)de, (zy)

e;~ej,e;,e; EE(Go\{u,v}) z€Ng, (u)\Ngq (v) yENg,(z)\{u}
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+ Y do, (zu)de, (uy) + > Y. da(va)dg, (zy)
z,yENg, (u) z€Ng, ('U)\NG() (w) yENg, (z)\{v}
+ Z dg, (zv)dg, (vy) + Z da, (uz)dg, (zv)
z,yENg, (v) z€Ng, (u)NNg, (v)
+ Z dg, (zu)dg, (uur) + Z de, (zv)da, (vvr) + dg, (vuy)
ENG, (u) z€Ng, (v)
+dg, (vvr),
and
EM;(Gs) = > de, (€i)da, (€;) + > > (e (ux) = 1)dg, (xy)
e;~ej,eie; €E(Go\{u,v}) z€Ng, (u)\Ngq (v) yENg, (z)\{u}
+ Y (do (zu) = 1)(dg, (uy) — 1) + > > do,(va)de, (zy)
z,y€Ng, (u) 2€NG, (v)\Ng, (u) y€NG, (€)\{v}
+ > da(av)dg, (vy) + > (de, (ux) — 1)dg, (zv)
x,yENg (v) 2ENG, (u)NNg, (v)
+ Z dg, (zv)dg, (vur) + 2dg, (vv1) + 6,
z€Ng, (v)
then,

EMQ(Gl) — EMQ(GQ) Z d(;l (UIZZ)dGl (uul) — 6

> 0, since dg, (uui) > 3 and dg, (uz) > 3.

Subcase 5.2 If vertex u and v are adjacent then from definition of EMs(G), we have

EM(Gy) = > de, (€:)dg, (e5) + > > da, (ur)de, (vy)

eirvej,eire; €B(Go\{u,v}) TENG, (w)\{v,Ng, (v)} y€NG, (2)\{u}

+ Z de, (zu)de, (uy) + Z Z da, (vzr)da, (zy)

z,y€Ng, (u)\{v} z€Ng, (v)\{u,Ng, (u)} yENg, (x)\{v}

Y de@de )+ Y de (au)de, (uw)

z,yENG, (v)\{u} TENG, (w)\{v}

+ > de,(zv)dg, (vor) + > da, (uy)de, (yv)

x€Ngq (v)\{u} zENg, (u)NNg, (v)

+ Z dGl (xu)dGl (’U,U) + Z dG1 (xv)d(h (’UU)

IENGO(U)\{’U} :L’ENGO('U)\{u}
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+ dg, (uu)de, (uwv) + dg, (vv1)da, (wv) + dg, (uuy) + dg, (vor),

and

EM5(Gs) = > de, (€i)dc, (e;) + > de, (zv)de, (vy)

EiNE’]‘,ei,EjGE(GO\{UaU}) iE,yENGO(’U)\{u}

+ Y de(ru) = Do, (uy) ~ 1)+ Y de,(wv)ds, (vo)

z,yE€Ng, (w)\{v} TENG, (v)\{u}

+ Z Z (dGI (um) - 1)dG1 (xy)

NG, (w)\{v,Ng, (v)} y€NG, (z)\{u}

+ > (de, (uw) = da, (@v) + > (dg, (zu) = 1)(dg, (wv) — 1)

zENG, (u)NNg, (v) TENG, (uw)\{v}

+ > Y de,(vn)de, (zy)+ Y da, (zv)(da, (vu) - 1)

TENG, (V)\{u,Ng, (u)} yeNg, (x)\{v} TENG, (v)\{u}

+dg, (vv1)(dg, (wv) — 1) + 2dg, (vvr) + 6,
then

EMy(G1) — EM3(G2) > dg, (ux)dg, (uuy) — 6

> 0, since dg, (uui) >3 and dg, (uz) >3

Proof is complete for r =2, t = 2. O

Remark 2.9. By suitable and repeated application of transformations D and E to any unicyclic
graph on n vertices and having girth k, we can obtain a (k,n — k)-tadpole graph. We denote a
(k,n — k)-tadpole graph by Ck.

Note: A (p, q)—tadpole graph is a special type of unicyclic graph obtained by attaching a path

graph on ¢ vertices to a cycle graph on p (at least 3) vertices with a bridge.

Transformation F: Let Gy be a graph containing a path of length at least 2, say < u,z1,v >.
Let G be the graph obtained from Gg by attaching a path < x1,x9,...,2 >,(k > 1) at x1. Let
Gy := Gy —{x1v}+{zkv}; see Figure 2.6. We say that G is obtained from G by transformation
F.

Lemma 2.10. If Go is obtained from G1 using transformation F, then EM2(G1) > EMy(G2).
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Tk

T2

Gl G2

FIGURE 2.6: Representation of transformation F

Proof: From the definition of EM>(G) and using the fact that dg,(uz1) = dg, (uzi) — 1,

de, (zrv) = dg, (x1v) — 1, we have

EMQ(Gl) — EMQ(GQ) >dg, (u.%‘l)dgl (3?1’[)) +2d¢, (ux1) + 2dg, (331’1))
— 2dg, (uzq) — 2dg, (ziv)

= dG1 (u:cl)dgl (:vlv) +4 > 0.

Remark 2.11. Similarly, repeated application of the transformations D and E to a bicyclic graph
will result in such a bicyclic graph where a path is attached to one of the graphs in Figure 2.7 and
finally applying transformation F to the resultant graph will result in exactly one of the graphs in

Figure 2.7.

OO £

(a) D}(p,q) (b) D% (p, ;1) (c) D} (p,q,1)

FIGURE 2.7: Bicyclic graphs which has no pendant vertices
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2.3 Bounds of Second Reformulated Zagreb Index

In this section, we compute the upper and lower bounds for trees, unicyclic, bicyclic and tricyclic

graphs using the six transformations discussed in sections 2 and 3.

2.3.1 Trees

It is well known that the path graph is the only tree on 3 vertices and EM>(Ps) = 1. For trees on

at least 4 vertices we have the following theorem.

Theorem 2.12. IfT # {P,, S,} is a tree onn > 4 vertices, then dn—12 = EMs(P,) < EM(T) <

EMy(S,) = 1(n— 1)(n — 2)3.

Proof: Since any tree T can be transformed into a star S,, by using the tranformations A and C,
it follows immediately from Lemma 2.1 and Lemma 2.3, EM>(S,,) > EM>(T).

Similarly, for the lower bound, we can see that the result follows directly from Lemma 2.6 and
Remark 2.7.

By direct computation using the definition of the second reformulated Zagreb index, it follows that

EM5(P,) = 4n — 12 and EM>(S,) = 4(n— 1)(n — 2)3 and hence the theorem holds.

From the above theorem, it is immediate that among the trees on n vertices, the path graph attains
the least value and the star graph attains the greatest value for the second reformulated Zagreb

index.

2.3.2 Unicyclic Graphs

Before finding the upper bounds for the unicyclic graph, let us fix some notation. Let UF denotes
the unicyclic graph obtained from the cycle Cy of girth k by attaching n — k& pendent vertices to
any one vertex on Cy. Let C* denotes the tadpole graph with girth &, that is, the cycle of girth k

is connected to a path P,,_j with a bridge.

Theorem 2.13. If G is a unicyclic graph on n vertices and girth k, then EMy(G) < EMy(UF).
Equality holds if and only if G ~ UF

Proof: Proof follows from Lemma 2.1 and Lemma 2.3 as any unicyclic graph can be transformed

into U¥ by using transformations A and C.
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Corollary 2.14. For fited n > 4 and girth 4 < k <n, EMy(UF) < EMy(UF™1).
Proof: From the definition of EMs(G), we have upon simplification

EMy(UY) = %(n k12— k)2 43— k+2)] + (4n—3)
Therefore,

1
EMy(UF) — EMy(UF1) = — 5(n=k)(n =k +1)(4n - 4k + 5)
—6(n—k+2)n—k+1)-2(n—-k+2) -1
<0.
Hence the proof.
Theorem 2.15. U3 is the unique graph with the largest EMo(G) among all the unicyclic graphs.

Proof: From Theorem 2.13 and Corollary 2.14, the result follows immediately. The value of

EM,(U2) can be directly computed and is given by
1
EM,(U3) = 5(n —3)(n —4)(n —2)* + (n — 1)(2n* — 9n + 15).

Theorem 2.16. Let G be a unicyclic graph on n wvertices. If G # {C,,CF}, then EMy(G) >
EMy(Ck) > EMy(C,,), where C¥ is a tadpole graph.

Proof: From Remark 2.9, Lemma 2.6, Lemma 2.8, and Lemma 2.10, the result follows immediately
and we have EMy(G) > EMy(CF) > EMy(C,,).

dn+ 17, n=k+1;

Theorem 2.17.The value of EMy(Cy,) = 4n and EM3(CF)= < 4n + 22, n =k +2;

n+23 n>k+3

Proof: Proof follows by direct computation.
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2.3.3 Bicyclic Graphs

Before proving the bounds of bicyclic graph, we define some notations. Let B(n,n + 1) be the set
of bicyclic graphs with n vertices and n 4+ 1 edges. Any bicyclic graph belongs to any one of the

following collection of bicyclic graphs.

1. Let BL(p,q) C B(n,n + 1) be the set of bicyclic graphs on n vertices, where p + ¢ — 1 < n,
such that if G € BL(p, ¢), then two cycles Cp and O are attached by a common vertex in G.
Let DL (p,q) C BL(p,q) be the set of graphs having exactly n = p + ¢ — 1 vertices, that is, if

G € D} (p,q), then G has no any pendant vertex, see Figure 2.7(a).

2. Let B2(p,q,1) C B(n,n+1) be the set of bicyclic graphs on n vertices, where p+q+1 < n+1,
such that if G € B2 (p, ¢,1), then the two cycles Cp and O, are connected by a path of length
[ >1in G. Let D2(p,q,1) C B2(p,q,1) be the set of graphs having exactly n+1=p+q+1

vertices, that is, if G € D?(p,q,1), then G has no pendant vertex, see Figure 2.7(b).

3. Let B2 (p,q,1) C B(n,n+1) be the set of bicyclic graphs on n vertices, where p+¢—1 < n+1,
such that if G € B3(p, q,1), then the two cycles Cp and Cy have a common path of length
[ >1in G. Let D3(p,q,1) C B3(p,q,1) be the set of graphs having exactly n+1=p+q — [

vertices, that is, if G € D2 (p,q,1), then G has no pendant vertex, see Figure 2.7(c).

Theorem 2.18. F32 is the unique graph which has the largest value of EMy(G) among all bicyclic
graph.

Proof:Let G € B(n,n + 1) be a bicyclic graph. G lies in one of the classes of bicyclic graphs

B} (p,q), B2(p,q,1), B (p, q,1).

Suppose G € Bl (p,q) or G € B2(p,q,1): By repeated and suitable application of the operations A,
B and C on graph G, G is transformed into one of the graphs of the form F! or F? as shown in
Figure 2.8(a) or 2.8(b), respectively. Hence by Lemma 2.1, Lemma 2.2 and Lemma 2.3, we have
EMy(G) < EMy(F}) or EMy(G) < EMs(F?2), respectively.

Similarly, if G € B2(p,q) and upon repeated application of the transformations A, B and C
suitably we can convert the graph G into one of the graphs of the form F3 or F?* as shown in
Figure 2.8(c), 2.8(d), respectively. Hence by Lemma 2.1, Lemma 2.2 and Lemma 2.3, we have
EMy(G) < EMy(F3) or EM3(G) < EMy(FY).
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(a) F, (b) F (o) Fy (d) Fy

n

FIGURE 2.8: Some bicyclic graphs which are using in upper bounds

As a resultant, we only need to compare the values of EMs for graphs in F!, F2 F3 and F*. By

direct computation, we obtain the following.

1
EM,(F) :§{n4 — n® +26n? — 36n + 36},

1
EM,(F2) :§{n4 — 15n® + 92n% — 240n + 406},

1
EM,(F3) :§{n4 — 7n® 4 26n* — 28n + 56},

1
EM,(F?) :§{n4 — 11n® + 53n? — 101n 4 172}.

Thus, by comparing the above values, we get
1
EM,y(G) < 5{n‘* —7n® +26n* — 28n + 56} = EM,y(F?)

Theorem 2.19. If G is a bicyclic graph on n > 8 vertices, then EMy(G) > 4n + 58. Equality
holds if and only if either G € D2(p,q,1) for 1 >3 or G € D3(p,q,1) forp>6,q>6,1> 3.

Proof: From our observation in Remark 2.11, it is immediate that any bicyclic graph G on n
vertices can be transformed into a graph in one of the classes D} (p,q), D2 (p,q,1), or D3(p,q,1) on
n vertices using repeated application of transformations D, F and F. Hence by Lemmas 2.8 and

Lemma 2.10, the smallest value of EMs(G) is attained by the graphs in one of the above classes.

As a resultant, we only need to compare the value of EM, for graphs in each of the class D} (p, q),

D2(p,q,1), and D3 (p,q,1). As the computations are straight forward, we present the values directly.
For a graph H € D} (p,q), EMy(H) = 4n + 108, n > 5.

For H € D?%(p,q,1), the cycles C, and C, are connected by a path of length [ > 1. By direct
caluclation, we have EMy(H) = 4n + 66, n > 6 and H € D2(p,q,1).
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EMy(H) =4n+59,n > 7 and H € D2(p,q,2).
EMy(H) =4n+ 58, n > 8 and H € D2(p,q,l) for | > 3.

For H € D3(p,q,1), recall in H, the cycles C, and C, have a common path of length [ > 1.

3

1. Ifn=4or (p=3,¢g=3and [ = 1), then EM5(D3(3,3,1)) = 84.
2. If H € D3(p,3,1) for n > 5, and p > 4, then EMy(H) = 4n + 67.
3. If He D2(p,q,1) for n > 6, p>4, and q > 4, then EMy(H) = 4n + 66.
4. Ifn=>5o0r (p=4,q=4and | =2), then EM5(D3(4,4,2)) = 81.
5. If H € D3(p,4,2) for n > 6 and p > 5, then EMs(H) = 4n + 60.
6. If H € D3(p,q,2) forn>7, p>5and ¢ >5, then EMa(H) = 4n + 59.

7. If H € D3(p,q,1) forn>8 p>6,q>6andl >3, then EMy(H) = 4n + 58.

Thus, from the above values we get the desired results.

2.3.4 Tricyclic Graphs

Before proving the bounds of tricyclic graphs, we will fix some notations that will be used in our
proof. Let X" be the set of tricyclic graphs of n vertices. We define two interesting sub collections

of tricyclic graphs that are required.

1. Let X§ C X" be the set of tricyclic graphs of n vertices such that if G € X{j, then G has no
pendent vertices. There are 15 possible collections of graphs in X}, whose representation is

given in Figure 2.9.

2. Let X7 C X{ be the set of tricyclic graphs such that if G € X7, then G has maximum vertex
degree three and any two vertices of degree three are connected by a path of length atleast

two in G. Representation of graphs in X7 is given in Figure 2.10.

Theorem 2.20. Let G € X" be a tricyclic graph of vertex n. Then

EMy(G) < =(n* — ™% + 30n% — 20n + 176),

N =

where the equality holds if and only if G ~ v or G ~ ¢, as in Figure 2.11.
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FIGURE 2.9: Representation of tricyclic graphs in Xg which has no pendant vertices.
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FIGURE 2.10: Tricyclic graphs in X7
Proof: If, we are repeating transformations A, B and C, then, the tricyclic graph G can be

converted into one of the six graphs shown in Figure 2.11. Then, from Lemma 2.1, Lemma 2.2

and Lemma 2.3, we have EM3(G) < EM3(y), @ = 1,...,6. Hence, as before, we only need to
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(e) 3 (d) ¢

(a) 71

(e) 73 () g

FIGURE 2.11: Tricyclic graphs which attains the upper bounds

compare the value of EMs(y}), i = 1,...,6. By direct computation we have

1
EM(v7') =5(n" = Tn® + 300" — 28n + 118),
n 1 4 3 2
EMs(y3) =5(n" = Tn” 4 30n% — 36n + 82),
1
EM(vy) =§(n4 — 0% 4 30n% — 44n + 62),
1
EM(vy) =§(n4 —23n% + 210n? — 844n + 1682),
n 1 4 3 2
EMy(7) =5 (n* = T + 30n% — 20n + 176),

1 )
EMy(7§) =5 (n* = 0 + 30n® — 20n 4 176).
Thus, by comparing the above expressions, we get

EM,(G) < =(n* = n® + 30n* — 20n + 176).

N | =

Hence we see that G' attains the upper bound when G is isomorphic to a graph in 7§ or .

Theorem 2.21. Let G € X" be a tricyclic graph of vertex n. Then
EM5(G) > 4n + 116. Equality holds if and only if G € XT.

Proof: By repeated application of the operations D, F and F to the tricyclic graph G, we can
transform the graph G into one of the 15 tricyclic graphs as shown in Figure 2.9. From Lemma

2.6 , Lemma 2.8, and Lemma 2.10, we have EM3(G) > EMy(al), where o € X, for 1 < ¢ < 15.
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Among the graphs in X}, we observe that the five collection of graphs in X} attain the lowest value

of EMs;. By direct computation, we get

where 8} € X7 C X, j=1,...,5.

2.4 Summary

In this chapter, we have presented a simple approach to find the upper and lower bounds of the
second reformulated Zagreb index, EMs(G), by using six different graph transformations. We have
proved that these operations significantly alter the value of reformulated Zagreb index. With the
help of these transformations we have identified those graphs with cyclomatic number at most 3,
namely trees, unicyclic, bicyclic and tricyclic graphs, which attain the upper and lower bounds of

second reformulated Zagreb index.
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