Chapter 2

Hausdorff fuzzy soft topological

spaces

2.1 Introduction

Topological structure of fuzzy soft sets has been introduced and studied by
Tanay and Kandemir|[113]. It was further studied by Mahanta and Das|72|, Varol
and Aygiin[115] and Cetkin and Aygiin|20], etc. Mahanta and Das|72] had in-
troduced fuzzy soft points and studied the concept of neighbourhoods of a fuzzy
soft point in a fuzzy soft topological space. They have also introduced and stud-
ied fuzzy soft closure, fuzzy soft interior, separation axioms and connectedness in

fuzzy soft topological spaces.

In this chapter, we have given an alternative definition of a ‘fuzzy soft point’and
‘belonging of a fuzzy soft point to a fuzzy soft set’. Using these concepts, we have
introduced and studied the notion of Hausdorff separation axiom in fuzzy soft
topological spaces. Several basic desirable results have been proved. In particular,
we have obtained a characterization of a Hausdorff fuzzy soft topological space, in
terms of the diagonal set. It has been further shown that Hausdorffness in a fuzzy

soft topological space satisfies productive, projective and hereditary properties.

Throughout the chapter we mean a fuzzy soft topological space in the sense of
Definition 1.21.

The contents of this chapter, in the form of a research paper, has been published in ‘Ann.
Fuzzy Math. Inform., 9(2015)247-260’.
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First, we introduce the notion of fuzzy soft subspaces of a fuzzy soft topological

space.

Theorem 2.1. Let (X, 7) be a fuzzy soft topological space relative to the parameters
set E and G C E. Then (X,7¢) is a fuzzy soft topological space relative to the

parameters set G, where

TG:{fA |GIfAET}.

Proof. (X, 7¢) is a fuzzy soft topological space relative to the parameters set G

follows from the following:

1. Since Og, 1g € 7 and 0g = 0g |g, l¢ = 1 |q, therefore Og and 14 € 7.

2. Let fGl, fG2 (S el Since fG1 = fA1 ’G and sz = fA2 |G, where fAlang €T,
SO (fGl Ml fGQ) = (fAl ‘G) Ml (fAQ ’G) = (fAl Ml fAz) ‘G . This imphes that
fa, M fa, € Tq, since fa, M fa, € T.

3. Let {fg, : i € Q} be an arbitrary family of members of 7¢. So fg, = fa, |a,
where fa, € 7. Then || fa, = (L] fa,) |, which implies that | | fa, € 76,
i€Q i€ i€Q
since | | fa, € T.
i€Q

O

Definition 2.2. If (X, 1) is a fuzzy soft topological space relative to the parame-
ters set £ and G C E, then (X, 7¢) defined in the above theorem is called a fuzzy
soft subspace of (X, ).

Mahanta and Das (|72]) had given the following definitions of ‘fuzzy soft points’and
‘belonging of a fuzzy soft point to a fuzzy soft set’:

Definition 2.3. (|72]) A fuzzy soft set g4 is said to be a fuzzy soft point, denoted
by e,,, if for the element e € A, ga(e) # 0x and ga(¢’) = 0x, Ve' € A —{e}.

Definition 2.4. (|72|) A fuzzy soft point e,, is said to be in a fuzzy soft set hg,
denoted by e,, € ha, if for the element e € A, ga(e) < ha(e).

We observe from the above definitions that the result given by the authors [72],

in Theorem 2.5(v) i.e.,

e € | |{hap s A € A} & I\ € A such that ey, Ehp
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does not hold good. A counter example is given as follows:

Example 2.1. Consider the fuzzy soft point e,, such that
eg,(e) =ax, a€(0,1)
and the family {hyp : 0 < A < a} of fuzzy soft sets over X such that

(€)= (a—=Nx, ife=e

Ox, otherwise.

Then eg, € || hap but chgNéh,\B for any \ such that 0 < X\ < av.
<A<
To retain the above result, in the Definition 2.4, ‘g4(e) < h4(e)’ must be replaced
by ‘gale) < ha(e) (ie., ga(e)(z) < ha(e)(x), Vo € X)'. In view of this modifica-
tion, any fuzzy soft point e,, € ha only if ha(e)(x) > 0,Vz € X. In this situation,
no pair of distinct fuzzy soft points e, ,and e;, can be separated by disjoint fuzzy
soft open sets, which is a requirement in the definition of Hausdorffness(cf.[72]) in

a fuzzy soft topological space.

Therefore, we give an alternative definition of a ‘fuzzy soft point’ and ‘belonging

of a fuzzy soft point to a fuzzy soft set’, as follows.

Definition 2.5. A fuzzy soft point e,, over X is a fuzzy soft set over X defined
as follows:

Ty, ife=e

Ox, ife € E—{e},

€y (6,) =

where z is the fuzzy point in X with support z and value A, A € (0, 1)([106]).

A fuzzy soft point e,, is said to belong to a fuzzy soft set fa, denoted by e,, € fa

if X < fa(e)(x). Two fuzzy soft points e,, and e/ are said to be distinct if x # y

Ys
ore#e¢e.

Example 2.2. Let X = {x!, 2%} and E = {e', e} be a universe set and a param-
eters set for the universe X, respectively. Then the fuzzy soft point (e') 1), is the
fuzzy soft set over X given by

($1)0.57 Zfe - 61

(61)(301)0.5 (e) = )

Ox, if e =e”.
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Proposition 2.6. Let {fa, : i € Q} be a family of fuzzy soft sets over X |, then
ery, € | fa, iff €z, € fa,, for some i € €.
i€Q
Proof. First, suppose that e,, € fa,, for some i € Q0. Then,
A< fae)(x)
= A< fal(e)(x) <sup fa,(e)(z)

JEQ
= €z, € I_l fAj
JEQ

Conversely, let e,, € || fa,, then

jen
A< ([ fa)(e)(w)
JEQ
= A <sup fa;(e)(x)
jen
= A < fa,(e)(x), for some i € 2

= ez, € fa,.

O

Proposition 2.7. A fuzzy soft set fa over X is the union of all the fuzzy soft

points belonging to it i.e.,
fa=| [{ex, : ey € fa}.

Proof. 1t is easy to see that | [{es, : €z, € fa} C fa.

Conversely, to show that f4 T | [{es, : €s, € fa}. First we note that fa(e’)(z') =
0,ife ¢ Aora’ ¢ suppfa(e’). Next consider the case when ¢ € A, 2/ €

suppfa(e’). Then,

| Hean s eay € fad(@)@) = supfen, (¢)(@)) < er, € fa)
= sup{el, (e)(2) : 6;; € fa}
= sup{A:ey € fa},
= fale)(z)

Thus, fa C | {ex, : €z, € fa}. Hence fa =| [{€s, : €x, € fa}. O
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Proposition 2.8. Let (X, 7) be a fuzzy soft topological space relative to the pa-
rameters set EJ. Then a fuzzy soft set fa is fuzzy soft open iff for each e,, € fa,

there exists a basic fuzzy soft open set gg such that e,, € gg T fa.

Proof. First, suppose that the fuzzy soft set fa over X is open and B denotes a
base for 7. Then f4 = | |(9p)i, where Q is an index set and (gp); € B, for each
S
i€ Q. Lete,, € fa. Then, e,, € | |(95)i = €, € (gB)i T fa, for some i € Q2.
i€Q
Conversely, assume that for each e, € fa, there exists a basic fuzzy soft open
set (gp)e,, such that

6:07- € (gB)ezT E fA'

Now, taking union, we get

|_|{6:rr,- D €z, € fA} E |_|(gB)ew,,. E fA

implying that

fa= ] (9B)e.,.

€z 6fA

Hence f, is fuzzy soft open. O

2.2 Hausdorff fuzzy soft topological spaces

Mahanta and Das (|72]) had introduced Hausdorffness in a fuzzy soft topological
space using the definitions of a ‘fuzzy soft point’and ‘belonging of a fuzzy soft
point to a fuzzy soft set’, in his sense. Here we define Hausdorffness in a fuzzy soft
topological space in terms of the modified definitions of a ‘fuzzy soft point’ and

‘belonging’, given in Definition 2.5.

Definition 2.9. Let (X, 7) be a fuzzy soft topological space relative to the pa-
rameters set F. Then (X, 7) is said to be Hausdorff if for each pair of distinct

/
Ys

that e,, € fa, ¢, € gp and faMgp = 0p.

fuzzy soft points e,,, e, over X, there exist fuzzy soft open sets f4 and gz such

Now we give an example of a Hausdorff fuzzy soft topological space as follows:
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Example 2.3. Let X = {a', 2%} and E = {e', e} be a universe set and a param-
eters set for the universe X, respectively. Consider the collection T of fuzzy soft

sets over X,
T:{OEa1E7FluF27F37F4>F57F67F7>F87F97F107F117F127F137F14}7

where F!s are as follows:

A = (2 51 A@ = (5.5 B =15 ) R = 15,5,
B = (5 S A = 5y A = {5 DL = (55,
R = (5 D) R = 1558 R = 15, ) R = (5 5y
e = (5 DL R = (5 5 R = (5 L R = (5 D)
B = (5 S} R = (55 Rl = (5 5 o) = 15,5
Fale) = 15, 50 ) = 15,58 Fale) = 15, 50 malet) = 15,2
Fis(e') = {? %2},F13(62) = {le, %2}; Fua(e') = {le, xTQ},FM(e ) = {%1, ”“"TQ}.

Then, clearly T is fuzzy soft topology over X. Also, for every pair of distinct fuzzy
soft points, there exist disjoint fuzzy soft open sets over X containing them. Hence

(X, 7) is a Hausdorff fuzzy soft topological space.

Theorem 2.10. A fuzzy soft topological space (X, T) relative to the parameters
set E is Hausdorff iff the fuzzy soft set fa, over X x X is fuzzy soft closed, where
fap 1s given by :

XAx» if e1 = ey

fAE(€1,€2) = ‘
Oxxx, ifer# es.

Proof. First, let us assume that (X, 7) is Hausdorff. To show that fa, is fuzzy
soft closed, equivalently, (fa,)¢ is fuzzy soft open, choose a fuzzy soft point
(e,€)ww), € (fay)°. Now e, and ey, are distinct fuzzy soft points over X. Since

(X, 7) is Hausdorff, there exist fuzzy soft open sets f4 and gp such that

€xy € fa, 6;“ €gp and faMNgp = 0g.
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Now, consider f4 X gg. Then

(e,€)wy)y € fa X g5 C (fay)°
as shown below:

: , ]
Since e,, € fa and €, € gp, so we have

A < fa(e)(z) and X\ < gp(e')(y)
= A < min{fa(e)(x), gs(e)(y)} = (fa x g)(e,€)(z,y)

= (6, 6l>(m,y)>\ € fA X 0B

Next, for f4 x g C (fa,)¢, we proceed as follows:
Case 1: ey # e9, this inclusion is trivially satisfied.

Case 2: e; = ey, we need only to show that

(fa x gg)(er,e1)(z,x) =0, for eache; € E, z € X,

which is true, since we have

faMgp =0p
= (faler) Nggp(er))(z) =0, for eache; € E, v € X
= min{ fa(e1)(x),gp(e1)(x)} =0, for eache; € E, x € X

= (fa x gg)(er,e1)(x,x) =0, for eache; € E, v € X.

Conversely, let fa, be fuzzy soft closed. To show that (X, 7) is fuzzy soft Haus-

dorff, let e,, and e be two distinct fuzzy soft points over X. Then (e,€’) (), €

A

(fap), where A = max(r,s). Now since (fa,)¢ is fuzzy soft open, there exists a

basic fuzzy soft open set, say fa X gp, such that

(€, €)@yn € fax g5 E (fap)’

A< (faxgp)(ee)(z,y)

A < min{fa(e)(x), g5(e’)(y)}

A < fale)(x)and X < gp(e)(y)

r <A< fale)(x)and s < X < gp(e)(y)

R R

ex, € faand € € gp
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Further, since f4 x gg C (fa,)¢, we have

(fa x gp)(er,e1)(z,x) =0, for cache; € B, z € X
= min{fa(e1)(x),gp(e1)(x)} =0, for eache; € E, v € X
= fa(e1) Ngp(e1) =0y, for eache; € F

= fallgp = 0g.

O

Theorem 2.11. If {(X;,7;) : i € Q} is a family of fuzzy soft topological spaces
relative to the parameters sets FE;, then the product fuzzy soft topological space
(X, 7) = [,ea(Xi, i) is Hausdorff iff each coordinate fuzzy soft topological space
(Xi, 1) is Hausdorff.

Proof. First, let us assume that each (X;, 7;), @ € Q is Hausdorff. Let (] €;)(1 2
JEQ JjeQ
and (] €})(1q 4,). be any pair of distinct fuzzy soft points over X. Then [] x; #
jeQ jEQ JeQ
[T yjor [Te;# II € Let [ x5 # ] yj, then x; # y; for some i € Q. Consider
JEQ JEQ JjEQ JjeEQ jeQ
two fuzzy soft points (e;)(.,), and (€})(,,), over X; which are distinct as x; # y;.

r

T

Since (X;, ;) is Hausdorff, so there exist two fuzzy soft open sets f4, and gp, such
that

(el)(ﬂcz)r € fAN (62)(%)5 € 9B, and fA'L M gB; = OEz

Now, consider two fuzzy soft open sets over X as follows:

fa=]]14 and g5 =[] 95,

jeQ jen

where fi = lg = g5, j# iand fi, = fa, gp, = gp,. It is easy to see that

fa and gp are disjoint fuzzy soft open sets such that ([ e;)(q7 «), € fa and
ieQ ieQ
(IT €)1 v, € 98- The other case can be handled similarly.

i€ i
Conversely, let us assume that the fuzzy soft product space (X, 7) is Hausdorff.

Now, let (€;)(,), and (€)q,), be two distinct fuzzy soft points over X;. Then

T # yi or e; # €;. Let x; # y;. Consider two fuzzy soft points ([] €;)(7 «,), and
JEQ JEQ
(IT €)1t ). over X, where J] 2; and [] y; have identical j** coordinates for
jen jeQ JEQ jeQ
j # i and have i coordinates as z; and y; respectively and [] e; and [] e’ have
JEQ JEQ

" coordinates as e; and ¢, respectively.

identical j** coordinates for j # i and have 5*
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Then ([] €;)( 11 o, and ([] €})( 17 4;). are distinct fuzzy soft points over X. Since
JEQ JEQ JEQ JEQ
X, 1) is Hausdorff, there exist two fuzzy soft open sets g4 and hp such that
y g

(T e e €94 (11 eI . € hp and gaThy =0p.
J€

jeq 7 JEQ

Now, since g4 and hp are fuzzy soft open, so we can find basic fuzzy soft open
sets [[ ga,, I[ hs, such that

JEQ jeq
(H ej)(.n zj)r € HgAj L ga
jea 77 jen
and
(H e;)(n yj)s S Hth E hB
jea <8 jeQ
Now,

(H ej)(_l_[ zj)r € HgAj
JjeQ

jeQ JEQ

= r< irjlngj(ej)(xj)

= r < ga,(ej)(z;), VjeQ (2.1)
= r < ga,(e:)(zi)

= (€)@, €94,

Similarly, (€}),), € ha,.
Since, r € (0, 1), so from (2.1), we get

ga,(ej)(z;) >0, Vje (2.2)

Similarly,
th (e;)(yJ) >0, VjeQ. (23)

Next, we have to show that

ga, M hp, = O,

Suppose on the contrary that,

g4, Ml hBi 7é OEi
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Then there exist p; € F;, z; € X; such that

ga,(pi)(z) >0 and hg,(pi)(z) >0 (2.4)

Construct a fuzzy soft point (] e;')( IT =), over X such that
jen iea ’

" ej, lf] #Z
6j -
Di, lf] = i?
and
oy, it
Z‘j =
u, ifj =1,

Now, for z = [] zj, from (2.2) and (2.4), we get
jen

[Toa (e = irj;ngj(e;f)<z;>>o

jen jeQ

Similarly, from (2.3) and (2.4), we get

175, (] €)= >0

JEQ JEQ

This gives us, ga(]] e;)(z) > 0, since [ ga, E ga. Similarly, hp(]] e;)(z) > 0,

JEQ JEQ JEQ
since ] hp, C hp
jEQ
implying that
gaTlhp # 0g,

which is a contradiction.

The other case can be handled similarly. O
Proposition 2.12. Subspace of a Hausdorff fuzzy soft topological space is also
Hausdorff.

The proof is easy, hence is omitted.

Theorem 2.13. [115] Let (p, ) : (X1,71) = (X2, T2) be a fuzzy soft mapping and
B be a base for 5. Then (p,1) is fuzzy soft continuous iff (¢,) " f € 11,Vfp €
5.
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Now we prove the following theorem:

Theorem 2.14. Let (p, 1) and (¢',1") be two fuzzy soft continuous maps between
fuzzy soft topological spaces (X1,71) and (Xo, 7o) relative to the parameters sets
E| E' respectively, where (X, 72) is Hausdorff. Then the fuzzy soft set ha over X
defined as follows:

1, if@EAl,IEBl
ha(e)(z) =
0, otherwise,

where

Ay ={ee E:¢e)=1'(e)} and By ={x € X1 : p(z) = ¢'(2)},

18 fuzzy soft closed.

Proof. Here (9071/1) (X1, 1) = (Xp,72) and (SO/aW) : (X1,7'1) - (X2772) are two

fuzzy soft continuous maps. Now we define

((907,(/})7 (@lvwl)) : (Xth) — (X2 X X277—2 X TQ)

as the fuzzy soft map given by

(0, 0), (" ")) ha = (0. &), (¥, 4") ) ha, for each hy € F(Xy, E),

where (¢, ¢'): E — E' X F', (¢,¢"): X1 — X5 x X5 are given by

(0, ¢)(2) = (p(z), ¢'(2)), for each z € X1, (¢,9")(e) = (¢(e),¥'(e)), for eache € E.

Now we show that ((¢,%),(¢’,¥")) is fuzzy soft continuous. For this, consider a

basic fuzzy soft open set fa X gp over Xo x X5. Then,

(. 0), (¢, 4") " (far x g)(e) ()
= (2. ), (W) (far x gmr)(e) (@),
= (far x gp)(¥(e), ¥ (e))(0(2), ¢'(x)
(€))(
(

for eache € E,z € X,

), for eache € F,x € X

— min{fa((0)) (9()), g (1(€)) (' (@)}, for cache € B,z € X,
= (g, ) far (¢, 0) gp)(e)(x), for eache € E,x € X;
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Since, (@, ) and (¢, ¢") both are fuzzy soft continuous maps from (X, 7) to
(X3, 72), so we have (p,9) 7L f41(¢,¢") " Lgp € 7. Hence ((p,), (¢, 1)) is fuzzy
soft continuous. Therefore ((¢,v), (¢',¥")) ™ fa,,is a fuzzy soft closed over X,
since fa, is fuzzy soft closed over X5 x X,. Now we show that (¢, ), (¢',¥') ™ fa, =

ha, as follows:

((0,9), (¢, 9") 7 (fap)(e) (@)
= ((, ') (@b )t (fa,)(e)(z), for eache € E,z € X,
= (fa, YP'(e))(e(x), ¢ (x)), for eache € E,z € X,

if ¢(e) = ¢'(e) and ¢(z) = ¢'(x)
0, otherwise

= hu(e)(x), for eache € E,z € Xj.

2.3 Conclusion

In this chapter, we have introduced the notion of subspace of a fuzzy soft topo-
logical space and modified Mahanta’s definitions of a ‘fuzzy soft point” and ‘be-
longing of a fuzzy soft point to a fuzzy soft set’. Then, by using these modified
definitions, we have introduced Hausdorff(T3) separation axiom in fuzzy soft topo-
logical spaces. Further, we have obtained a characterization for Hausdorft fuzzy

soft topological spaces in terms of the fuzzy soft set fa,, where

XA)(7 lf €1 = €2
fAE(€1,€2) = ‘
Oxxx, ifer#es

and it has been shown that Hausdorffness in fuzzy soft topological spaces satisfies

productive, projective and hereditary properties.



