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ABSTRACT 

Considering the potential applications of relatively new materials like toughened 

structural polymers, metallic foams, plastics, transformation toughened ceramics, 

vertically aligned carbon nanotubes (VACNTs) etc and their limited exploration till now, 

it appears that there is a need to investigate more about the behavior of such materials 

under a wide range of loadings. Even though the effect of plastic dilatancy is neglected in 

classical plasticity theory, the above materials exhibit plastic volume changes and/or 

pressure-sensitive flow strength. In a recent study, it has been observed that the 

deformation of the entangled arrays of carbon nanotubes or VACNTs follow elastic-

viscoplastic constitutive relation which incorporates plastic compressibility, plastic non-

normality and a hardening-softening-hardening type hardness function. These VACNTs 

have prospective uses in a variety of applications like viscoelastic energy absorption, 

compliant thermal interfaces, biomimetic dry adhesives etc and hence it is useful to 

develop a predictive framework for the mechanical behavior of VACNTs under a wide 

range of loadings. In this thesis work, finite element finite deformation quasistatic mode I 

plane strain small scale yielding analysis of crack tip blunting and near crack tip fields 

was carried out for plastically compressible solids exhibiting a variety of uniaxial stress – 

strain responses. In particular solids with hardening-softening-hardening responses as can 

occur for foams and VACNTs have been considered. The novelty of this model includes 

unique characteristics as mentioned earlier like the hardening-softening-hardening 

material response, strain rate-dependence, and plastically compressible solids with plastic 

non-normality.  

As for localization studies it needs a finite strain description, using FORTRAN a finite 

element finite deformation code has been developed in this work for the simulation 



x 

 

purpose. A convected coordinate Lagrangian formulation of the field equations was used. 

Quasistatic deformation conditions have been assumed and the equilibrium equations 

were expressed through the virtual work principle. The plane strain calculations were 

carried out for a semicircular region with a blunt notch. Quadrilateral elements each 

comprised of four crossed constant strain triangular elements have been used for mesh 

generation. Such elements with a proper aspect ratio and orientation are extensively used 

to replicate localized deformation pattern at finite strains. The initial part of the 

investigation refers to crack tip blunting and field quantities analyses under monotonic 

load while in the next part studies were conducted for fatigue loading to find the key 

results of crack tip blunting and fields. Even though most of the results presented are for 

plastic normality condition, however for comparison purpose some results have also been 

illustrated for constitutive relations exhibit plastic non-normality. While to simulate 

fatigue crack growth by means of finite elements, different techniques have been 

proposed over the years, however, in this work the crack growth modelling strategy 

employed was crack tip blunting/ resharpening mechanism where it is assumed that the 

crack tip blunts during the maximum load and resharpening of the crack tip takes place 

under minimum load. The simulations attempt to explain some of the salient features, like 

crack tip opening displacement, crack tip advancement, plastic zone shape and size, 

equivalent plastic strain distribution, equivalent stress, and distribution of hydrostatic 

stress at near crack region. The influences of plastic compressibility, material softening, 

cyclic stress intensity factor range, load ratio, number of fatigue load cycles on the near 

tip deformation and stress-strain fields were studied.  

Numerical results obtained from the quasistatic mode I plane strain analysis demonstrate 

that plastic compressibility is found to give an increased crack opening displacement for a 

given value of the applied loading. The plastic zone shape and size are found to depend 
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on the plastic compressibility. Even though, material softening does not have a significant 

effect on the plastic zone size and shape, however, the near crack tip stress and 

deformation fields depend sensitively on whether or not material softening occurs. The 

combination of softening or softening-hardening material response and plastic 

compressibility leads to major deviation in the near crack tip stress and deformation fields 

from those that prevail for a hardening material. Plastic compressibility coupled with a 

softening or softening hardening material response leads to localized deformation in front 

of the initial crack tip, which in turn affects the shape of the blunted crack tip. The present 

numerical calculations show that the convergence of the cyclic trajectories of CTOD to 

stable self similar loops and plastic crack growth depend significantly on cyclic stress 

intensity factor range, load ratio, number of fatigue load cycles.  

Keywords: Finite Deformation, Mode I crack, Plasticity, Compressible Solids, Material    

Softening, Monotonic Loading, Fatigue Loading, Finite Element Method. 

 

 

 

 

 

 

 

 



xii 

 

TABLE OF CONTENTS 

Certificate ii 

Acknowledgments  vi 

Abstract ix 

Table of Contents  xii 

List of Figures xvii 

List of Abbreviations and Symbols xxvi 

Chapter-1     Introduction 1-14 

1.1 Background  1 

1.2 Motivation for the Research 9 

1.3 Objectives and Scope of Study 11 

1.4 Organization of the Thesis 12 

Chapter-2    Literature Review 15-49 

2.1  Introduction 15 

2.2  Linear Elastic Fracture Mechanics   16 

2.2.1 Stress Intensity Factor 18 

2.2.2 Energy Release Rate 20 

2.2.3 Small Scale Yielding 21 

2.3 Elastic Plastic Fracture Mechanics   21 

2.3.1 The Path Independent J integral 23 

2.3.2 Crack Tip Opening Displacement  24 

      2.3.3 Relation Between J and CTOD 26 

      2.3.4 Plastic Zone Shape 28 

2.4 Fracture Mechanics of Pressure Sensitive Yielding Materials 29 



xiii 

 

2.4.1 Studies Based on Small Deformation Formulation 30 

2.4.2 Studies Based on Large Deformation Formulation 32 

2.5 Fracture Mechanics of Plastically Incompressible Materials: Crack Tip       

       Blunting and Fields 

34 

2.6 Fracture Mechanics under Fatigue Loading  36 

2.6.1 Studies Based on Small Deformation Formulation 37 

2.6.2 Studies Based on Large Deformation Formulation 38 

2.7 Fracture Mechanics of Elastic-Plastic Solids with Plastic Non-normality 39 

2.8 Crack Growth Modeling Strategies 41 

(a) Node Release Technique 41 

       (b) Extended Finite Element Method 42 

       (c) Cohesive Zone Model 42 

       (d) Crack Tip Blunting Model 43 

2.9 Computational Methods in Fracture Mechanics 43 

        2.9.1 Methods of Stress Calculations 44 

              2.9.1.1 Analytical Methods 44 

              2.9.1.2 Numerical Methods 45 

                           (a) Finite Difference Method 46 

                           (b) Finite Element Method 46 

                           (c) Boundary Element Method 47 

                           (d) Meshless Method 48 

2.10 Concluding Remarks 49 

Chapter-3     Finite Deformation Formulation 51-66 

3.1.Introduction 51 

3.2 Continuum Mechanics 52 



xiv 

 

       3.2.1 Kinematics of Deformation 52 

           3.2.1.1 Motion 53 

           3.2.1.2 The Deformation Gradient 54 

           3.2.1.3 Strain Measures 56 

           3.2.1.4 The Velocity Gradient  57 

           3.2.1.5 Stress Measures 57 

           3.2.1.6 The Rate Viewpoint 59 

     3.2.2 Fundamental/balance Laws 60 

     3.2.2.1 Conservation of Mass 60 

     3.2.2.2 Conservation of Linear Momentum 60 

     3.2.2.3 Conservation of Angular Momentum 61 

3.3. Quasi-static Deformation Histories 61 

3.3.1 Conservational Formulation 63 

3.3.2.Convected Coordinate Formulation 64 

3.4 Concluding Remarks 66 

Chapter-4    Constitutive Relationships 67-73 

4.1 Introduction 67 

4.2 Constitutive Relations 68 

4.3 Concluding Remarks 72 

Chapter-5    Numerical Procedures and Geometry Analysed 75-94 

5.1 Introduction 75 

5.2 Description of Analyses 75 

      5.2.1 Problem Formulation 76 

      5.2.2 Rate Tangent Formulation 78 

      5.2.3 Finite Element Equations 81 



xv 

 

5.2.4 Geometry Description 85 

5.3 Finite Element Issues 87 

      5.3.1 Element Description 87 

      5.3.2 Mesh Generation 90 

      5.3.3 Material Model 91 

5.3.4 Equation Solver and Solution Control Options 93 

5.4 Concluding Remarks 93 

Chapter-6  Results and Discussion 95-170 

6.1 Introduction 95 

6.2 Problem Definition with Boundary Conditions 96 

      6.2.1 Boundary Conditions for Monotonic Loading 96 

      6.2.2 Boundary Conditions for Cyclic Loading 97 

6.3 Convergence Studies 99 

      6.3.1 Mess Convergence 99 

      6.3.2 Program Verification Analysis  102 

6.4 Some Results under Monotonic Loading (Plastic Normality Condition) 104 

      6.4.1 Applied J versus Crack Tip Opening Displacement 104 

      6.4.2 Plastic Zone Shape and Size 107 

      6.4.3 Near Crack Tip Fields 109 

6.5 Some Results under Cyclic Loading (Plastic Normality Condition) 123 

      6.5.1 Crack Tip Deformation 123 

      6.5.2 Plastic Zone Shape and Size 141 

      6.5.3 Near Crack Tip Fields 147 

6.6 Some Results under Monotonic Loading ( Plastic Non-normality 

Condition) 

158 



xvi 

 

      6.6.1 Crack Tip Deformation 158 

      6.6.2 Near Crack Tip Fields 160 

6.7 Concluding Remarks 170 

Chapter-7  Summary and Conclusion 171-175 

7.1 Introduction 171 

7.2 Numerical Investigations 171 

7.3 Recommended Future Work 173 

References 177 

List of Publications 197 

Appendix 199 

 

 

 

 

 

 

 

 

 

 

 

 

 



xvii 

 

LIST OF FIGURES 

 

Figure No. Caption Page No.  

Figure 2.1 Various basic loading modes in fracture mechanics (a) Opening 

mode (b) Sliding mode (c) Tearing mode 

17 

Figure 2.2 Coordinate system at a crack tip region 19 

Figure 2.3 Crack tip opening displacement 25 

Figure 2.4 Comparison of plane stress and plane strain plastic zone 

boundaries 

29 

Figure 3.1 Reference and deformed configurations 54 

Figure 4.1 The typical definition of the hardening-softening-hardening 

flow stress function with the transition strains denoted by 𝜖1 

and 𝜖2  and the slope of the three piece wise linear functions 

given by ℎ1, ℎ2 and ℎ3, respectively 

71 

Figure 5.1 The condensation of internal node in quadrilateral element 

comprised of four crossed constant strain triangular elements                   

82 

Figure 5.2 Triangular finite element 83 

Figure 5.3 Geometry used in the finite element simulation of small scale 

yielding with K-field boundary conditions; a) Full geometry  

and b) Portion of the geometry showing the crack tip. 

86 

Figure 5.4 Triangular finite element and it’s representation in the local 

coordinate system 

88 

Figure 5.5 The variation of hardness function g(εp)  with plastic strain 

εp .a) material B (ℎ2 = ℎ3 = 5.0) and material C (ℎ2 = ℎ3 =

1.0),  b) material E (ℎ2 = −3.90, ℎ3 = 15.0) and material G

92 



xviii 

 

( )2 3 2
3 90 15 0 5 0. , . , .= − =  =h h  

Figure 6.1 Cyclic loading used in present fatigue crack simulation 98 

Figure 6.1A Typical mesh used in the finite element simulation (near tip 

mesh) 

99 

Figure 6.2 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material B; a) 22 x 54 quadrilateral mesh,   

b) 22 x 64 quadrilateral mesh,   c) 22 x 74 quadrilateral mesh    

 

100-101 

Figure 6.3 Plastic strain distribution for plastically compressible solid, 

material B, αp = 0.28 , a) 22 x 54 quadrilateral mesh,   b) 22 x 

64 quadrilateral mesh,   c) 22 x 74 quadrilateral mesh    

 

101-102 

Figure 6.4 Stress distribution for a growing crack in material B, plastically 

incompressible, applied J-integral,  𝐽app/(𝜎0𝑏0) = 2.25 

 

103 

Figure 6.5 Curves of crack-tip opening displacement (𝑏 𝑏0⁄ − 1)  versus 

the applied J-integral, 𝐽app  for plastically incompressible and 

compressible hardening solid, a) Material B. b) Material C 

 

104 

Figure 6.6 Curves of crack-tip opening displacement (𝑏 𝑏0⁄ − 1)  versus 

the applied J-integral, 𝐽app  for plastically incompressible and 

compressible solids. a) Material E. b) Material G 

 

105 

Figure 6.7 Distribution of plastic strain, 𝜀p , for material B with 𝐽app/

(𝜎0𝑏0) = 2.25   a) Plastically incompressible solid, 𝛼p =

0.333333. b) Plastically compressible solid, 𝛼p = 0.28 

 

108 

Figure 6.8 Distribution of plastic strain, 𝜀p , for material G with 𝐽app/

(𝜎0𝑏0) = 2.25    a) Plastically incompressible solid, 𝛼p =

0.333333. b) Plastically compressible solid, 𝛼p = 0.28 

 

108 



xix 

 

Figure 6.9 Field distributions in the crack tip vicinity for material B (a 

hardening material) with 𝛼p = 0.28 at 𝐽app/(𝜎0𝑏0) = 2.25 . a) 

Plastic strain, 𝜀p b) Hydrostatic stress, 𝜎h 𝜎0⁄  

110 

Figure 6.10 Strain distributions in the crack tip vicinity for material E at 

𝐽app/(𝜎0𝑏0) = 2.25 . a) Distribution of 𝜀p  for a plastically 

incompressible solid, 𝛼p = 0.333333. b) Distribution of 𝜀p  for 

a plastically compressible solid, 𝛼p = 0.28. c) Distribution of 

𝜀vol  for a plastically compressible solid, 𝛼p = 0.28 

 

111-112 

Figure 6.11 Distributions of normalized hydrostatic stress 𝜎h 𝜎0⁄  in the 

crack tip vicinity for material E at 𝐽app/(𝜎0𝑏0) = 2.25 . a) 

Plastically incompressible solid, 𝛼p = 0.333333.b) Plastically 

compressible solid, 𝛼p = 0.28  

 

113 

Figure 6.12 Distributions of normalized effective stress measures in the 

crack tip vicinity for material E at 𝐽app/(𝜎0𝑏0) = 2.25 . a) 

𝜎e 𝜎0⁄  for a plastically incompressible solid, 𝛼p = 0.333333 . 

b) 𝜎e 𝜎0⁄  for a plastically compressible solid, 𝛼p = 0.28 . c) 

𝜎M 𝜎0⁄  for a plastically compressible solid, 𝛼p = 0.28  

 

114-115 

Figure 6.13 Distributions of plastic strain, 𝜀p  in the crack tip vicinity for 

material G at 𝐽app/(𝜎0𝑏0) = 2.25.a) Plastically incompressible 

solid, 𝛼p = 0.333333 .b) Plastically compressible solid, 𝛼p =

0.28.c) Distribution of 𝜀vol for a plastically compressible solid, 

𝛼p = 0.28  

 

117-118 

Figure 6.14 Distributions of normalized hydrostatic stress 𝜎h 𝜎0⁄  in the 

crack tip vicinity for material G at 𝐽app/(𝜎0𝑏0) = 2.25 . a) 

Plastically incompressible solid, 𝛼p = 0.333333.b) Plastically 

compressible solid, 𝛼p = 0.28 

 

119-120 

Figure 6.15 Distributions of normalized effective stress measures in the 121-122 



xx 

 

crack tip vicinity for material G at 𝐽app/(𝜎0𝑏0) = 2.25 . a) 

𝜎e 𝜎0⁄  for a plastically incompressible solid, 𝛼p = 0.333333 .b) 

𝜎e 𝜎0⁄  for a plastically compressible solid, 𝛼p = 0.28. c) 𝜎M 𝜎0⁄  

for a plastically compressible solid, 𝛼p = 0.28  

 

Figure 6.16 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material B with 𝐾max = 0.5 and 𝐾min = 0 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid, 𝛼p = 0.28 (up to 10th cycle) 

125 

Figure 6.17 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material B with 𝐾max = 1.0 and 𝐾min = 0 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid, 𝛼p = 0.28  (up to 10th cycle) 

 

125 

Figure 6.18 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material B with 𝐾max = 1.5 and 𝐾min = 0.5 

; a) Plastically incompressible solid   b) Plastically 

compressible solid, 𝛼p = 0.28 (up to 10th cycle) 

 

126 

Figure 6.19 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material E with 𝐾max = 0.5 and 𝐾min = 0 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid, 𝛼p = 0.28  (up to 10th cycle) 

 

126 

Figure 6.20 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material E with 𝐾max = 1.0 and 𝐾min = 0 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid,  𝛼p = 0.28 (up to 10th cycle) 

 

127 

Figure 6.21 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material E with 𝐾max = 1.5 and 𝐾min = 0.5 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid, 𝛼p = 0.28 (up to 10th cycle) 

127 



xxi 

 

 

Figure 6.22 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material B with 𝐾max = 2.0 and 𝐾min = 0 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid, 𝛼p = 0.28, with overload, (up to 10th cycle) 

 

128 

Figure 6.23 Crack-tip opening displacement δt(= b b0 − 1⁄ ) versus applied 

J-integral, 𝐽app  in material E with 𝐾max = 2.0 and 𝐾min = 0 ; 

a) Plastically incompressible solid   b) Plastically compressible 

solid, 𝛼p = 0.28, with overload, (up to 10th cycle) 

 

129 

Figure 6.24 Crack-tip deformations for plastically incompressible solid, 

material B, 𝐾max = 2.0 and 𝐾min = 0 ; a) At the end of loading 

phase, 𝐾 →  𝐾max     b) At the end of unloading phase, 𝐾 →

 𝐾min for 5th cycle 

131 

Figure 6.25 Crack-tip deformations for plastically compressible solid, 

material B, 𝛼p = 0.28 ,  𝐾max = 2.0  and 𝐾min = 0 ; a) At the 

end of loading phase, 𝐾 →  𝐾max    b) At the end of unloading 

phase, 𝐾 →  𝐾min for 5th cycle 

 

132 

Figure 6.26 Crack-tip deformations for plastically incompressible solid, 

material E, 𝐾max = 2.0 and 𝐾min = 0 ; a) At the end of loading 

phase, 𝐾 →  𝐾max     b) At the end of unloading phase, 𝐾 →

 𝐾min for 5th cycle 

 

133 

Figure 6.27 Crack-tip deformations for plastically compressible solid, 

material E, 𝛼p = 0.28 ,  𝐾max = 2.0  and 𝐾min = 0 ; a) At the 

end of loading phase, 𝐾 →  𝐾max    b) At the end of unloading 

phase, 𝐾 →  𝐾min for 5th cycle 

 

134 

Figure 6.28 Normalized crack extension (∆a/b0)  versus normalized time 

(t/t0 ) in plastically incompressible and compressible solids, 

136-137 



xxii 

 

material B; a)  Kmax = 1.0  and  Kmin = 0  b)  Kmax = 2.0 

and  Kmin = 0  c)   Kmax = 1.5  and  Kmin =0.5 d)   Kmax = 2.0 

and Kmin=1.0 

 

Figure 6.29 Normalized crack extension (∆a/b0)  versus normalized time 

(t/t0 ) in plastically incompressible and compressible solids, 

material E; a)  Kmax = 1.0  and  Kmin = 0  b)  Kmax = 2.0 

and  Kmin = 0  c)   Kmax = 1.5  and  Kmin =0.5 d)   Kmax = 2.0 

and Kmin=1.0 
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Figure 6.30 Normalized crack extension (∆a/b0)  versus normalized time 

( t/t0 ) in plastically incompressible and compressible solids 

with overloading, material B; a)  Kmax = 1.0 and Kmin = 0 b) 

 Kmax = 2.0 and Kmin = 0  
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Figure 6.31 Normalized crack extension (∆a/b0)  versus normalized time 

( t/t0 ) in plastically incompressible and compressible solids 

with overloading, material E; a)  Kmax = 1.0 and Kmin = 0 b) 

 Kmax = 2.0 and Kmin = 0  
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Figure 6.32 Fatigue crack growth da/dN versus ΔK for plastically 

compressible solids, 𝛼p = 0.28 , (a) Material B and (b) 

Material E, (with R=0) at 5th cycle 
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Figure 6.33 Distribution of plastic strain, for plastically incompressible 

solid, material B,  Kmax = 1.0 and Kmin = 0 ; a) At the end of 

loading phase, 𝐾 →  𝐾max    b) At the end of unloading phase, 

𝐾 →  𝐾min for 10th cycle 
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Figure 6.34 Distribution of plastic strain, for plastically compressible solid, 

material B, 𝛼p = 0.28 ,  Kmax = 1.0 and Kmin = 0 ; a) At the 

end of loading phase, 𝐾 →  𝐾max    b) At the end of unloading 
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phase, 𝐾 →  𝐾min for 10th cycle 

 

Figure 6.35 Distribution of plastic strain, for plastically incompressible 

solid, material E,  Kmax = 1.0 and Kmin = 0 ; a) At the end of 

loading phase, 𝐾 →  𝐾max    b) At the end of unloading phase, 

𝐾 →  𝐾min for 10th cycle 
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Figure 6.36 Distribution of Plastic strain, for plastically compressible solid, 

material E, 𝛼p = 0.28 ,  Kmax = 1.0 and Kmin = 0 ; a) At the 

end of loading phase, 𝐾 →  𝐾max    b) At the end of unloading 

phase, 𝐾 →  𝐾min for 10th cycle 
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Figure 6.37 Distribution of plastic strain, for plastically incompressible 

solid, material B,  Kmax = 1.0  and  Kmin = 0 ; at the end of 

loading phase in 5th cycle a) With overload b) Without overload 

 

145 

Figure 6.38 Distribution of plastic strain, for plastically compressible solid, 

material B, 𝛼p = 0.28,  Kmax = 1.0 and Kmin = 0 ; at the end 

of loading phase in 5th cycle a) With overload b) Without 

overload 
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Figure 6.39 Distribution of plastic strain, for plastically incompressible 

solid, material E,  Kmax = 1.0  and  Kmin = 0 ; at the end of 

loading phase in 5th cycle a) With overload b) Without overload 
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Figure 6.40 Distribution of plastic strain, for plastically compressible solid, 

material E, 𝛼p = 0.28,  Kmax = 1.0 and Kmin = 0 ; at the end 

of loading phase in 5th cycle a) With overload b) Without 

overload 
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Figure 6.41 Plastic strain distribution for plastically compressible solid, 

material B, 𝛼p = 0.28 ,  a)  Kmax = 0.5  and  Kmin =

0 b)   Kmax = 1.0  and  Kmin = 0  c)  Kmax = 1.5  and  Kmin =

0.5 ; at the end of loading phase for 10th cycle 
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Figure 6.42 Plastic strain distribution for plastically compressible solid, 

material E, 𝛼p = 0.28 ,  a)  Kmax = 0.5  and  Kmin =

0 b)   Kmax = 1.0  and  Kmin = 0  c)  Kmax = 1.5  and  Kmin =

0.5 ; at the end of loading phase for 10th cycle 
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Figure 6.43 Hydrostatic stress for plastically incompressible solid, material 

B,  Kmax = 1.0 and Kmin = 0 ; a) At the end of loading phase    

b) At the end of unloading phase for 10th cycle 
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Figure 6.44 Hydrostatic stress for plastically compressible solid, 𝛼p =

0.28 , material B,  Kmax = 1.0 and Kmin = 0 ; a) At the end of 

loading phase    b) At the end of unloading phase for 10th cycle 
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Figure 6.45 Hydrostatic stress for plastically incompressible solid, material 

E,  Kmax = 1.0 and Kmin = 0 ; a) At the end of loading phase    

b) At the end of unloading phase for 10th cycle 
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Figure 6.46 Hydrostatic stress for plastically compressible solid, 𝛼p =

0.28 , material E ,  Kmax = 1.0 and Kmin = 0 ; a) At the end of 

loading phase    b) At the end of unloading phase for 10th cycle 
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Figure 6.47 Distributions of normalized effective stress measures for 

plastically compressible solid, αp = 0.28 , material B,  Kmax =

1.0 and Kmin = 0 ; a) At the end of loading phase    b) At the 

end of unloading phase for 10th cycle 
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Figure 6.48 Distributions of normalized effective stress measures for 

plastically compressible solid, 𝛼p = 0.28 , material E,  Kmax =

1.0 and Kmin = 0 ; a) At the end of loading phase    b) At the 

end of unloading phase for 10th cycle 
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Figure 6.49 Crack-tip opening displacement 𝛿t(= 𝑏 𝑏0 − 1⁄ ) versus applied 

J-integral, 𝐽app , 𝐽app/(𝜎0𝑏0) = 2.25 a) Material B, b) Material 
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E, plastically incompressible and compressible conditions  

(𝛼p = 𝛽p = 0.28), c) Material E, plastically incompressible and 

compressible conditions (𝛼p =0.28 & 𝛽p =0.20) 

 

Figure 6.50 Distribution of accumulated plastic strain εp at the crack tip of 

maerial B,   𝐽app/(𝜎0𝑏0) = 2.25.  a) Plastically incompressible, 

b) Plastically compressible ( 𝛼p = 𝛽p = 0.28 ), c) plastically 

compressible (𝛼p =0.28 & 𝛽p =0.20) 
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Figure 6.51 Distribution of accumulated plastic strain εp at the crack tip of 

maerial E,   𝐽app/(𝜎0𝑏0) = 2.25.  a) Plastically incompressible, 

b) Plastically compressible ( 𝛼p = 𝛽p = 0.28 ), c) plastically 

compressible (𝛼p =0.28 &  𝛽p =0.20) 

 

163-164 

Figure 6.52 Distribution of volumetric strain εvol  at the crack tip,   𝐽app/

(𝜎0𝑏0)  = 2.25.  material E a) 𝛼p = 0.28 &  𝛽p = 0.20 b) 

𝛼p =  𝛽p =0.28 
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Figure 6.53 Normalized hydrostatic stress distribution at the crack tip 

vicinity for material E, 𝐽app/(𝜎0𝑏0)  = 2.25. a) Plastically 

incompressible, b) Plastically compressible (𝛼p = 𝛽p = 0.28), 

c) Plastically compressible (𝛼p = 0.28 &  𝛽p =0.20) 
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Figure 6.54 Effective  stress  distribution at the crack tip vicinity for 

material E,  𝐽app/(𝜎0𝑏0)  = 2.25. a) Plastically compressible 

( 𝛼p = 𝛽p = 0.28 ),  b) Plastically compressible ( 𝛼p =

0.28 &  𝛽p =0.20) 
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LIST OF ABBREVIATIONS AND SYMBOLS 

 

FEM  Finite Element Method 

BEM Boundary Element Method 

 

LEFM Elastic Fracture Mechanic 

EPFM Elastic Plastic Fracture Mechanics 

CTOD Crack Tip Opening Displacement 

VACNT Vertically Aligned Carbon Nano Tube 

PFM Probabilistic fracture mechanics 

SSY Small Scale Yielding 

HRR  Hutchinson, Rice and Rosengren 

 

X-FEM Extended Finite Element Method 

CZM Cohesive Zone Model 

FDM Finite Difference Method 

ij  Stress Tensor 

 xx yy zz, ,    Stress Components in x, y and z direction 

  Poisson ratio 

  Shear modulus 

K  Stress Intensity Factor 

tr  Radius 

xx yy zz, ,u u u  Displacement  in x, y and z direction 

ICK   Mode I Critical Stress Intensity Factor 

U  

V 

W 

tS  

E 

Potential Energy 

Volume of the Body 

Strain Energy Density 

Part of the body Subjected to Traction 

Young’s Modulus 

G  Energy Release Rate 
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  Contour Enclosing the Crack Tip 

n Unit Outward Normal on Γ 

T  Surface Traction  

iT  Traction Vector 

yr  Irwin Plastic Zone Correction 

d Crack Tip Opening Displacement 

a Half Crack Length 

appJ  Applied J integral 

ijF  Deformation Gradient 

ije  Eulerian Strain Tensor 

ijD   Deformation Tensor 

ijL  Velocity Gradient 

ijW  Velocity tensor or spin tensor 

ρ Density 

ij̂  Jaumann rate of Kirchhoff stress 

p   Plastic Strain Rate 

e  Effective Equivalent Stress 

ij  Kronecker Delta 

ijp  Deviatoric Kirchhoff Plastic Stress Tensor 

ijklL  Tensor of elastic Moduli 

0  Reference Strain Rate 

m Rate Hardening Exponent 

0  Reference Stress 

p  

 

Plastic Compressibility 

Symbols not listed here, are defined as they appear in text. 

 

 


