Chapter-4

Study of electro-magneto thermoelastic
wave propagation

14.1 On electro-magneto-thermoelastic plane waves
under Green- Naghdi theory of thermoelasticity-II

4.1.1 Introduction

The present section attempts to investigate the propagation of electro-magneto-
thermoelastic plane waves in an unbounded isotropic thermally and electrically con-
ducting media with finite conductivity in the context of type-II theory of thermoe-
lasticity by Green and Naghdi (1992). During 1991-1995, Green and Naghdi have
introduced their theory as an alternative way. The propagation of heat has been
modeled in a very elegant way to produce a fully consistent theory of thermoelastic-
ity. The theory proposed by Green and Naghdi (1991, 1992, 1993, 1995) has been
categorized into three parts which have been labeled as I, IT and III. Type I is similar
to the classical theory of thermoelasticity having infinite speed of wave propagation.
Type II describes the finite speed of wave as a special case of type Il i.e. in the heat
equation of type III, the heat flux is the combination of type I and II. In addition,
type II theory predicts the transmission of heat as thermal waves at finite speeds.

It must be mentioned here that propagation of electromagnetic waves in thermoe-
lastic materials is a very interesting topic for researchers due to its several applica-
tions in various fields of science and technology namely thermal power plants, atomic

physics, industrial engineering, submarine structures, aerospace etc. Paria (1962)

!This work is published to “Journal of Thermal Stresses”.
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and Wilson (1963) have used the heat conduction equation predicted by Fourier
law along with the electromagnetic theory to explain harmonically time dependent
plane waves of assigned frequency in a homogeneous, isotropic and unbounded solid.
Agarwal (1979), Neyfeh and Nemat-Nessar (1972) have investigated electromagnetic
plane waves in solids in context of generalized thermoelasticity theory. Roychoud-
huri (1984) and Roychoudhuri and Debnath (1983) have presented propagation of
magneto-thermoelastic plane waves in rotating thermoelastic media permeated by
a primary uniform magnetic field using generalized thermoelasticity of Lord and
Shulman (1967). Chandrasekharaiah (1996) has studied propagation of harmonic
plane wave in an unbounded medium by applying GN-II theory of thermoelasticity.
Roychoudhuri and Banerjee (Chattopadhyay) (2005) have reported magneto-elastic
plane waves in rotating media under thermoelasticity of type-II model. Das and
Kanoria (2009) also studied magneto-thermo-elastic waves in a medium with perfect
conductivity in the context of Green and Naghdi-III theory. Kothari and Mukhopad-
hyay explained the propagation of thermoelastic plane waves by employing Green
and Naghdi-III theory of thermoelasticity. Prasad and Mukhopadhyay (2012) have
reported a study of propagation of plane waves in rotating elastic medium under

two temperature thermoelasticity with relaxation time parameter.

Green-Naghdi type II theory accounts for a finite speed for thermal signal. How-
ever, there is no internal energy dissipation in this model. Hence, it can be identified
as an interesting model to investigate the effects of the interactions of thermal and
magnetic fields with mechanical strain field. Due to several applications of plane
waves in various fields, we have attempted to present a detailed study of electro-
magneto-thermoelastic plane waves in the presence of magnetic field in the context of
Green and Naghdi type-II theory of thermoelasticity. Specially, we consider that the

medium is of finite electrical conductivity and accounts for the Thomson effect. Ba-



sic governing equations are modified by employing Green-Naghdi theory of type-II.
Problem has been solved by dividing it into two sub systems to extract both longitu-
dinal and transverse waves propagating through the medium. The first system that
corresponds to the longitudinal wave is found to be coupled with the thermal field.
However, the second system represents transverse wave that is uncoupled with the
thermal field. Both waves are observed to be affected with the magnetic field. The
nature of all identified waves are investigated in a detailed way by deriving analyt-
ical solution for dispersion relations. Asymptotic expansions of dispersion relation
solutions and various components of plane waves like, phase velocity, specific loss
and penetration depth are derived for high and low frequency values in all cases. In
order to observe the nature of waves in a more clear way and illustrate the analytical
results, we further carry out numerical solutions of the problem.The limiting behav-
ior of longitudinal and transverse waves are investigated. Several points highlighting
the effects of magnetic field on the behavior of different waves propagating through
the medium have been presented. The results of present study are compared with
the results of thermoelastic case and a detailed analysis on the effects of presence of
the magnetic field under this theory has been presented. The present study is be-
lieved to enhance the understanding of thermoelasticity without energy dissipation

theory for magneto-thermoelastic problems.

4.1.2 Formulation of the problem and governing
equations

We consider a problem of an infinite, homogeneous, isotropic, thermally and
electrically conducting solid. Assuming a fixed rectangular Cartesian coordinate

system x;, © = 1,2,3; we describe our problem with the following governing equations:



Equations of motion:
Tijj + (7 X ﬁ)i + peEi = pu; (4.1.1)

such that 7,7 = 1,2,3
where T;; = Xed;; + pu(u; ; + ;) —v89;; defines the stress-strain and temperature
relation.

T;; are the Cartesian components of the linear stress tensor. p. and p are the
charge density and constant mass density, respectively. Comma followed by sub-
script implies partial derivative with respect to the corresponding coordinate and
superposed dot denotes the partial time derivatives. The term (7 X ﬁ)l in equation
(4.1.1) occurs due to the Lorentz force which arises due to the interaction between

electric and magnetic fields; where 7 is the electric charge density vector and § is

the magnetic flux density vector. E; is component of electric flux density vector.

Equation of heat conduction:

Since we are employing Green and Naghdi type-II theory of thermoelasticity in

our problem, the heat conduction equation can be writen as

pCof + v0oé = K*V20 — 75 J; (4.1.2)

where the terms used in the above equations are defined as below:

C), is the specific heat at constant strain, 6 is the reference temperature.ry is the
new material parameter characteristics of GN-II theory for magneto-thermoelastic
problem.7} may be termed as rate of Peltier coefficient, where Peltier coefficient is

the material parameter connecting the charge density with the heat flow density.
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Since we have taken the media affected with magnetic field, hence equations
(4.1.1) and (4.1.2) have to be supplemented by Maxwell equations of electro-magneto-

thermoelasticity which can be stated as follows:

VxH=74+D (4.1.3)

VxE--B (4.1.4)

V.8 =0 (4.1.5)

VD =p. (4.1.6)

B=uH (4.1.7)

D=cE (4.1.8)

Further, the modified Ohm’s law is given by

7= o[ﬁ + U ?] +pl — kﬁe (4.1.9)

where ﬁ is the magnetic intensity vector, B is the electric flux vector, pu., € are
magnetic permeability and electric permittivity, respectively. o is the electric con-
ductivity. U is the displacement vector and kg is the coefficient which connects the
electric current and the temperature gradient which is known as Seebeck coefficient.

The combined effect of Peltier coefficient and Seebeck coefficient is recognized as
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Thomson effect. This is notable point of our work that we have considered Thom-
son effect of interaction through Peltier and Seebeck coefficients in the governing
equations. In most of the work on magneto-thermoelasticity, this effect is ignored
due to simplicity.

Now, if we attempt to eliminate ,0@,7,§,B from the equations (4.1.3)-(4.1.9)
and equations (4.1.1), (4.1.2), we obtain a system of non linear equations. We can
linearize them by setting ﬁ = ﬁo + F, where ﬁ represents the alteration in the

—)
basic magnetic field Hy. By assuming this, we achieve the following basic equations:

(? X ﬁ) — a[EZ + (U % f?o)] gV - E (4.1.10)

(FxE) = (4.1.11)

pU = VT + uea(ﬁ X }—IS) + uza(ﬁ X ﬁg) X ﬁg — ueko(ee X }70) (4.1.12)

POl + 700E = K*V20 + m2e(V .E) (4.1.13)

%
Here, we have neglected the products of h 7,@,9and their derivatives for con-

sidering the problem as linear.

%
After eliminating h from equations (4.1.10), (4.1.11), we obtain the following

relation:
V'E — F(VE) = ol E + (it x B — j1eko V0 + joc E (4.1.14)

Above equations (4.1.12)-(4.1.14) constitute a system of linearized equations which

are related with the displacement, thermal and electric fields.
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4.1.3 Non-dimensionalization of basic governing
equations

While doing our analysis, in order to simplify and parametrize our problem, we

introduce the following non dimensional quantities:

*x _ 2. 2 _ A2u. — 2. - 0. _ .
K* = pCycg; cg = S a= T g = 0 = 0,0,
2, . _ M2, _ ag. _peH2, . .
S = Coefle; Q= TS €9 =535 €= Toai U= 5 u= 5
/ * *eH
_ cox’. E_H,U'ECO _ 1 . o _ ww*. s _ gkobo. _x __ Tg€lipte
L= " — g VT o VT Wo=5 = 9pCv00

}73 = H7 such that n = (n1,n9,n3) denotes a unit vector in the direction of I?O
and H is the magnitude of ﬁg. V' denotes the measure of magnetic viscosity. €, and
g are the magneto-thermo-elastic and thermoelastic coupling coefficients and w* is
the characteristic frequency of the medium.

Now, introducing above non dimensional quantities in the equations (4.1.12)-

(4.1.14), we reach the following dimensionless field equations, respectively

Vi = V/(O./2—1)€7i+V,V2ui—l//a/2€997i+0126€{(ﬁ X7 )+(U X T % W—V’k'(eﬁx )Y

(4.1.15)

§—0,+¢=m(V.E) (4.1.16)

Vlslﬁ + ﬁ + (7 X ) — VKN = VVPE — V’?(?E) (4.1.17)

Primes have been removed from dimensionless quantities u’, ', 2", 8’ for the shake

of clarity. We further use above equations (4.1.15)-(4.1.17) for solving our problem.

4.1.4 Dispersion relation and plane wave solutions

As we have taken an isotropic solid, so without any loss in generality, we may
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assume that waves are propagating in the x;direction only. There are three compo-
nents of displacement and electric field of wave namely (uy,us,u3) and (Ey, Ey,Ej3),
respectively and they are acting in the directions 1 z9,23, respectively. Further, we
assume that the magnetic field is functioning in the z;x3 plane i.e. w =(ny,0,n3).
The choice of magnetic field is considered in such a manner that it does not effect
the significant characteristics of our problem. We assume that all the field variables
are the functions of z = (z;) and time ¢.

Applying all assumptions stated above in the equations (4.1.15)-(4.1.17), we ob-

tain the following seven equations:

Vi = vV'ul — Vgl + eonz(Ey + nytiz — nstiy) (4.1.18)
Valily = V'uly + e (ny B3 — nzBy — iy — V'k'nsd’) (4.1.19)
Vatiis = V'l — e.a’ni(Ey + nitiz — natiy) (4.1.20)
0+i — 0" =1"E] (4.1.21)

V's'Ey + Ey 4 ngily — V'K =0 (4.1.22)

V's' By 4 By + nyiis — ngiiy = v'EY (4.1.23)

V's' Es 4 B3 — nyiiy = V'EY (4.1.24)

In above equations, the primes represent differentiation with respect to the -



coordinate.

Further, we implement some conditions in above equations as given below.

We assume that magnetic field is directed only towards x;- direction i.e. n3 =0

and we have taken n; = 1. With the help of this assumptions, we achieve the

following set of equations:

iy = uf — et

/ .. /i g
Vatiiy = V'l + e.a*(E3 — 1z)

Vatiiy = V'l — e, (Ey + 13)

b+l — 0 =B,

VS Ey+ B — VK0 =0

V/S/Ez + E2 + ’EL3 = VIEg

I//S/Eg + E3 - ag = I/,Eé/

(4.1.25)

(4.1.26)

(4.1.27)

(4.1.28)

(4.1.29)

(4.1.30)

(4.1.31)

Now, subtracting equation (4.1.30) from equation (4.1.31 ) and adding equations

(4.1.26) and (4.1.27), we obtain

V/SI(EQ — Eg) + (E2 - Eg) + 713 + '&/2 = V,(Eg — Eg)

9
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V' a? (g + i3) = V' (ufy +ul) + .o ((Es — Ey) — (tiy + 13)) (4.1.33)

Let us now assume EFy — E3 = M and us +us = N. Hence, above equations imply

Vs'M+M—vM'+N =0 (4.1.34)

ValN —VN" + e.0®>(M 4+ N) =0 (4.1.35)

In what follows, we are going to deal with the five equations, namely equations
(4.1.25), (4.1.28), (4.1.29) and equations (4.1.34) and (4.1.35).

As we observe that equations (4.1.34) and (4.1.35) are independent with the
thermal field and these equations are coupled by two fields mechanical (elastic) field
and electrical field. Hence, the solutions of these two equations will constitute two
kinds of waves elastic (mode) wave and electrical mode wave. However, equations
(4.1.25), (4.1.28) and (4.1.29) are undoubtedly affected with the thermal field. Due

to this reason, we subdivide these five equations in two separate cases:

4.1.4.1 Case-1

This subsection contains the case in which system of equations are coupled with

the temperature field. The equations for this are:

iy = uf — et (4.1.36)
0+i — 0" =1"E, (4.1.37)
VSEy+FE —VE0 =0 (4.1.38)
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This system preserves the longitudinal waves in nature. Here, the equations are

affected with the x1—component of electric field i.e. Ej.

Solutions:

For finding the solutions of above equations, we take

i(—qz+wt)
)

U= ae 0 = ape’"TH) B = ggetlTartet) (4.1.39)

where ¢ is the wave number and w is the angular frequency of plane waves. Here,
we have assumed that w is real and ¢ may be complex quantity, where Im(q) <0
must hold for waves to be physically realistic.

Applying the quantities given by (4.1.39) in the equations given by (4.1.36)-
(4.1.38) and solving them for ay,ay, a3 we obtain the following dispersion relation

for case-I:

A4+ (8 + k)] = 2P —iQ] + (1 + 28w (s + m*K')) —iv/wrk’ = 0 (4.1.40)

where 2 = £ and P = 12w [m*k's’ + 25”2 + s%eqm* k"2 + 25'k'm + s*k'm€9) + (2 +
), Q=1Vwk'T*(1+ ¢€)]
In order to obtain solution of equation (4.1.40), we can write it in the following

form:

[1+ 20 (s" + 7K = P —iQ £ VX +iY (4.1.41)

where X = /P2 — Q? — 4{(1 + v2w2(s' + ™K' )2) (1 + v2s'w2(s' + m*k'))}
Y = —2PQ + 4/ wr*k (1 + v?w?(s' + m*K')?)

P and @) are already defined above.
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Asymptotic expressions for wave number:

Solution of equation (4.1.41) yields the solution for ¢. Out of four possible solu-
tions for ¢, only two solutions (g;2) correspond to Im(g) < 0. These two solutions
represent two different kinds of waves - modified (quasi) magneto-thermal wave and
modified (quasi) magneto-elastic wave. Both the waves are longitudinal in nature.
Since equations (4.1.36), (4.1.37) and (4.1.38) are coupled with the elastic field,
magnetic field as well as temperature field and we are obtaining dispersion relation
(equation (4.1.41)) from these three equations. So the waves obtained from equation
(4.1.41) are not purely elastic and not purely thermal in nature; they are affected
with the magnetic field parameters also. Due to this reason, waves are named as
modified (quasi) magneto-thermal wave and modified (quasi) magneto-elastic wave.
Now, by using theorem of complex analysis and after a long calculation, we will
derive the following approximated solutions for the cases of very high and low fre-

quency values.

High Frequency asymptotes: Assuming w to be very large and solving

equation (4.1.41), we obtain the high frequency asymptotic expressions for ¢ as

Aq 1
— 14 * 1/ ot _ |—q
W ) +mf \/AﬁV — A R e s e

Al + \/(A% — 4]//43/(3/ + W*k/)Q)AS [1 4 { Bg _ 1 }i]]
2 245 2(V(s' + k)2 w2
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1 4&%&2 + b% 1 1 a1
R N i | — il SR et
L= e Vel TR R e Y e

o SRS |
2c1  2(V(s' + k)2 w2

1+ { W — 00 (4.1.43)

Low frequency asymptotes:

Similarly, assuming w to be very small and solving equation (4.1.41), we obtain

the low frequency asymptotic expressions for ¢ as

a M b2 (I/’(S/ —I—ﬂ'*k/))Q ) ) b
=w\ s+ (5 + 55— Vo
G =w 2[+<2+8a2 5 )w] w 4
D) 1o * 1.7\ \2
- {azzzg (V' (s +27r k') 1Y, w— 0 (4.1.44)
2P (S ) ’
Q2 =W 5[ — ;2 2 }WQ] i 2d/
2P 2 /(! * Lot 2
L+ {5 + bs +27T V2w (4.1.45)

where various notations used are defined as

Ay = V2[31%K's' + s'eg(s' + k) + 25 + 1 k);

Ay = [242 — 845/ (8" + 7K)2) (A1 (4 + €9) — B2 — 4/2(252 + k2 + 3s'mK)] +
(43K (8 + k)2 — 2A,By)?%;

A, — Ag+2{A1(4+eg)—BZ—4"2(s' (s' +7* k') +(s'+7*k')?)}
3= 4(A2—4v'ts! (s +m*k)2)

A, = A2m2A1(eg) - BE A (s (s 4 K )4 (s 47 K)?)]
4 = 2V/2(A2 4/t (s/+mr k' )2) )
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— A1 . _ B1 . _ Bs
ds =1+ V(AT =4t/ (s' 4 K)2) Ap =1+ (/2(A2—4/25 (/47 k')?)) | Ar =t

A%A4+2A5B5 .
2A2 ’
5
B A2A4+2A5B5 2. / / .
Ay ==+ (T )% Bi=vmH (1 +e);

BQ = [A1(4—|—€9)—BQ 41//2 ,2] +2(4V’37T*]€,(8/+7T*k/)2—2AlBl)(47T*l//k/—Bl(4+

2¢60));

B. — 4(e2+4e9)(AZ—4v'*s' (' +7*k')2)— AZ+2B2 B, — —4(e2+4e9) (A2—Av' s (s'+7*k/)2)— AZ+2B2 |

3= 4(A2 1S (st k' )2)2 ) 4 — 2\/§(A%—4V/4S,(S/+Tr*kl)2) )
1 2+e€p _ Ba.
B5 -2 [A3 + \/(A%*4I//48/(Sl+ﬂ'*k‘/)2)j|’ 6 Ayl

Bg = *Tl[A2A4X§A5B5]2+%[2A4A6B6;-§B§+2A5BS]’ ay = 4\/5[141—\/(14% _ 4y/43/(5/ + W*k/)2)];
(4+2¢9)— Agy/ (A2 —dvs/ (s +7*k')2)

ay = ~ , by = V'mk (14eg) —/{AL(A3 — 448/ (s + k')2) };
b2 _ B4\/{A4(A%—4X;4s/(s/+7r*k/)2)}’ ¢ = [ —as + 2a1a2+bl]7

ll2 ala ala
¢y = J-ay + (PN 2t bl,], my = 2(e} + deg) [A1(4 + ) — B} —

4126 (8" + k') — 4/ (8 + K )?;
= [(Ai1(4 + €9) — B? — 4025/ (s' + m*K') — 4/ (' + 7°K)2)? + 2(€ + 4ep) (A2 —
48 (8" + 7K )?) 4+ 2(4B3 K (8 + k)2 — 2A,By) (47K — By (4 + 26p))];
ms = %[W + A4+ €p) — B — 4% (s + k) — 4/ (' + K )?;

2

my = %[A% — /4 ,<5 + T*k/) % — 4(631_7:—3160»2]7 ms = m — A1(4 -+ 69) +
B2 + 41//2 /(8/ + W*k/) + 41//(5, + ,/T*k/)2;
o 1 1/624-469 o 1 —m?2 mal.
M7 = ¥ t(E+4e)? z[AL +ms 55—, ms = (2+60)+(e§+4eg)2[ 5
60+469

= (24 ¢€g) + (2 +4e9)V?, b= ms
V= By —msy S5 Py =¥ Tz

2 T (2+ep)—(egtaep)t/?

+ B, a=(2+¢€) — (€4 4ep)/?;

From the above analytical results, we can now predict the nature of waves by
determining the physical components of waves like, phase velocity, specific loss and

penetration depth with the help of the following formulae:

Phase velocity = %[q]
Specific loss = 47r|%";[[3 |

Penetration depth = | Im[q”
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Out of the two waves represented by ¢; » we assume that the first wave correspond-
ing to q; represents quasi-magneto-thermal wave and the second wave represented

by denotes quasi-magneto-elastic wave.

In the next section, using above formulae, all wave components and their limiting
values will be derived for both types of waves (quasi-magneto-thermal wave and

quasi-magneto-elastic wave ) that we have identified in this case.
Quasi-magneto-thermal wave

(A) High frequency asymptotic expressions for components of
quasi-magneto-thermal wave
(a) Phase velocity
For the present case, Phase velocity can be achieved by the following formula:
Phase velocity =V, = m

From the solution given by (4.1.42), we obtain the asymptotic solution for phase

velocity of quasi-magneto-thermal wave for very high frequency values as

Phase velocity = V; ~ /(s + k) A7 _ —1 _
Y L \/A1+\/(A2 —4u'ts! (s +mr k)2 [ { (" (s"+m k') 2}""2]

20/ (s’ +7r*k’)
A+ (A2 a5 (5 k' )2)

as w — o0

Clearly, V; tends to constant value

(b) Specific loss

Specific loss can be achieved by the following formula:

Specific loss = S; =4 |Re[[((1111]]’

From equation (4.1.42), we find the solution for specific loss of quasi-magneto-

thermal wave for high frequency values as follows:

S, N4w§1[1+{%g A} 1]

Therefore S; tends to 0 as w — oo.
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(c) Penetration depth

Penetration depth can be determined by the following formula:

Penetration depth = D, = IIml[qﬂl

Equation (4.1.42) yields, the solution for penetration depth of quasi-magneto-

thermal wave for high frequency values as follows:

2V (s'+7* k') 1— 1
\/(A1+\/ A2—qts (s'+m*k')?)) As [ {2A8 (V' (s"+m* k! )2}0.)2]

Which implies that D; tends to constant value

20" (s'+7* k")
V(AL (A= a5 (547 k)2)) As

as

W — 00.
(B) Low frequency asymptotic expressions for components of

quasi-magneto-thermal wave

(a) Phase velocity

By using solution given by equation (4.1.44), we obtain the approximated solution
of phase velocity of quasi-magneto-thermal wave for low frequency values as

Phase velocity = V; ~ \/g[l — (4 A (V'(S/+2ﬂ*k'))2)w2]

8a?

which implies that V; tends to constant value equal to \/g as w — 0.

(b) Specific loss = S; ~ —[1 - {“223 + 5+ %}MZ]

@asw—)O.

From above S; tends to constant equal to

(c) Penetration depth = D, ~ ~2_[1 + {eme lCaxuls) VY

\/E

Clearly D; becomes oo as w — 0.

Quasi-magneto-elastic wave

In a similar way as above, asymptotic expressions of all the physical components
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of second wave, i.e., quasi-magneto-elastic wave are determined from solution for ¢,
given by (4.1.43) and (4.1.45) in the following form:

(C) High frequency asymptotic expressions for components of
quasi-magneto-elastic wave

(a) Phase velocity — Relqa)

Therefore, phase velocity of quasi-magneto-elastic wave = V, ~

{4a%a2+b% i 1 }L]
8a? 2V (s'+7*k"))2 J w?

l//(S/—‘rﬂ'*k/) .
var L

Here, we note that V, tends to constant value "/(L\/gk/) as w — 00.
(b) Specific los
Using above formula, we achieve
. 4a2a +b
Specific loss = S, ~ /S 1[1 + {52 — %5 1}w2]
which shows that S. — 0 as w — oo.
(c) Penetration depth = m
With the help of formula given above we find
. Vo (s +7* k! c
Penetration depth = D, %[1 ﬁ — m}ﬁ]

D, — V2! (s'+m* k)

and clearly, Jarer

as w — .

(D) Low frequency asymptotic expressions for components of
quasi-magneto-elastic wave

(a) Phase velocity = V, ~ %[1 4 2122/3’2 L s+7r*k }w ]

which implies that V., —constant value equal to \/g as w — 0.

(b) Specific loss = S, ~ M[1 + 4?,30 + (V' (s + mk))* }w?]

which indicates that S, —0 as w — 0.
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(c) Penetration depth = D, ~ (/2% 1 [1 — 2Py | (V S+7r*k’ }w ]

b/ w2 b2

Therefore, we observe that D,— ooas w — 0.

4.1.4.2 Case-11

In the present case, as given by equations (4.1.34), (4.1.35) the system of equations

is independent of thermal field #. Equations are given as

'SSM+M—1VM"+ N =0 (4.1.46)

'a®N —VN" 4+ e.a> (M +N) =0 (4.1.47)

Dispersion relation solutions for case-11

In order to obtain the solutions of equations (4.1.46) and (4.1.47), we assume

M = age’Catet) N = ggel-amtet) (4.1.48)

On solving equations (4.1.46) and (4.1.47) for a4, as, we obtain the following

dispersion relation for the present case:

Vgt — V%0 (s + a?) —iw(l 4 a®ey)] + o’V wt —ia?w (1 + s'e,) = 0 (4.1.49)
As we can clearly observe from equation (4.1.49), we can find the four solutions
for the wave number g and out of these four possible solutions for ¢, we take only two
solutions (g3 4) that correspond to Im(q) < 0 for the wave to be physically realistic.

Hence, in the present case, two different kinds of waves are generated. Since only
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two different fields: mechanical and electrical fields are effective here, these two
solutions represent two different kinds of waves namely, quasi-electro magneto shear
wave and quasi-magneto-elastic shear wave. Here we are achieving shear waves in
nature. By solving the dispersion relation (4.1.49) and following the similar approach
as in Case-I, we derive the high frequency and low frequency asymptotic solutions

for wave number, ¢ for the second system as follows:

High frequency asymptotes:

Vs omhy 1 mb + m)y (m5(b] + /m
g =w [I+—=—]—1 [1-—— ], w— oo (4.1.50)
2 2 w 2\/ 21//8/ w (mg + m4)

V2 a2 mg. ., (m¢)* 1
i =w o 1+ 2w2] —imsV 2V a?[1 — m—’;ﬁ]’ w — 00 (4.1.51)

Low frequency asymptotes:

q3 = \/g\/ {mb + /mb}[1 + %;w} — i\/gy/{mg +/mb}[1 — m?,?w], w —0

(4.1.52)
4 / / / 2 ! \2
9 my o 1M 3W (mlo) 2
=+ [l 4+ — — 1 —0 (4.1.53
q4 4 wil + 2 ¥ |- V2 1+ {2ml (mg)? +m’10m§}w low ( )

where, all constants are given by

mA () +(mi+2mim5)?)
4(m3)? '

b =V(s'+a?), my = (V(s'=a?))?, mjy = (1+a’€), m) =

mfy = (s’ + a?) + &?(1 + ae.) — 202(1 + s'e.), my = [(=2)? — 4=2];

my my
! ! I !
/ / m / / m / MaMe
mL =b] + —2=, mg =b] — —F=, mj, = ==,
7 1 2\/m’27 9 1 21/m’2’ 10 2\/m’27
m! . — Z3mamigtmy(mg)? oy [mgmygtm(mg)?
1 0 s A

(mi)? _4m1m2 (mhy+m})?
5 T ey

myy =
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((mh)?—4m/my) |
44/m} !
((my)?—4mjmi)

164/m)

mi = (mjy —mj)* — (2V'a?)

m* m/ 274mlm/ m*
i (Pt
164/m}

Quasi-electro-magnetic-shear wave

From the analytical solutions given by equations (4.1.50) and (4.1.52), we can
predict the nature of quasi-electro-magnetic shear wave by determining the physical
components of this wave. With the help of suitable formulae stated above, we find
the asymptotic expressions of various wave components and their limiting values for
this wave as follows:

Asymptotic expansions for phase velocity, specific loss and penetration
depth for quasi-magneto-elastic shear wave

From equations (4.1.50) and (4.1.52) and with the help of desired formulae of
phase velocity, specific loss and penetration depth, we derive the asymptotic expres-
sions of the wave components and their limiting values for quasi-electro-magnetic-
shear wave in the following form:

(E) High frequency asymptotes for components of
quasi-electro-magnetic shear wave

!
w 2 [1 _ My L]
Re[qgs] Y241 x5! 2 w?

We observe that V,; becomes constant value —4%&8 w — 00.
v's

(a) Phase velocity =V,; =

T
m’2+m£l
. I VoS! (m5(b)+4/m)))? !
(b) Specific loss = S, = 4| R";[[gj I~ [l - (e + el L]
2
Hence, S,; has limiting value 0 as w — oc.
. o o 1 1 (2v/s'm/5))?
(c) Penetration depth = D, = Tl ™ \/m'2+mgl 1+ w2(m’2+ﬁf4)2]
2vV2u!s!
Clearly, D,; tends to constant value /1+ —as W — 00
2%



(F) Low frequency asymptotes for components of quasi-electro-magnetic
shear wave

(a) Phase velocity =V, ~ ——Y22___[] — m—%u]

{mly++/mb} 2

Hence,V,; tends to 0 as w — 0.

(b) Specific loss = S, ~ PR ARVALCY: mz}[l — mhwl]
{my+y/m5}

which indicates that S,; tends to constant value 47 as w — 0.

(c) Penetration depth

Penetration depth = D, ~ — V2 4 L
Ve {m’2+\/m’2}[ )

We note that D,; tends to coas w — 0.

Quasi-magneto-elastic shear wave

From equations (4.1.51) and (4.1.53) and with the help of desired formulae of
phase velocity, specific loss and penetration depth, we derive the asymptotic expres-
sions of the wave components and their limiting values for quasi-magneto-elastic-

shear wave as follows:

(G) High frequency asymptotes for quasi-magneto-elastic shear wave

(a) Phase velocity = V; = Re‘fm ~ %/2;7[ _ ;”'ZJ_g]
2v/2
V, tends to constant value é/% as w — 00.
. Im 2v2mAiV 20 o mk)? mk
(b) Specific loss = S, = 47| Re[[gﬂ |~47m Ve 11— {% + 524

which implies that Sy becomes 0 when w — oco.
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(c) Penetration depth = D L L1+ (m3)* L]

= ~Y
s |[Tm[q4]| m$\/2u/oz2 mr W

which indicates that D, tends to W when w — o0.
(H) Low frequency asymptotes for quasi-magneto-elastic shear wave

(a) Phase velocity = V; ~ ﬁ[l - mTl“uﬂ] , and Vj tends to constant - %9 as

w — 0.

!
my

. _q V3 (mfg)? om0
(b) Specific loss = S, ~ 47— méw[l + {{zmg(mg)2+m'wmg,} > tw?]

4

o

and S, tends to 0 as w — 0.

(m’10)2

- 2y (mg)2+migmy

(c ) Penetration depth = D, ~ mﬁ%[l

13 W

}wQ] , implying that

D, tends to oocas w — 0.

4.1.5 Numerical results

In the previous section, we observed that we can divide our problem into two
different cases that correspond to two different types of waves. One wave is longi-
tudinal in nature and coupled with the thermal field. For this case, we identified
two different modes of longitudinal wave: quasi-magneto-thermal wave and quasi-
magneto-elastic wave. The second case corresponds to transverse mode wave that
is uncoupled with the thermal field. Two different modes are identified for this
case too. One is quasi-magneto-elastic shear wave and other one is quasi-electro-
magnetic shear wave. We derived the asymptotic expressions of various important
wave components for all types of identified waves and found the limiting behavior
for very high frequency and low frequency values.

In this section, we make an effort to understand the nature of waves more explic-

itly for intermediate values of frequency and verify our analytical results of physical
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components of waves like, phase velocity, specific loss and penetration depth for all
cases. For this, we compute the numerical values of different wave characterization
for the intermediate values of wave frequency by direct solution of the corresponding
dispersion relations. We assume the following values of parameters for a copper like
material:

€g = 0.0168 , X\ = 7.76 x 10°° Nm=2, 1 = 3.86x 10'Nm=2, p. = 4rx 107" NA~2;

o=>57x10"Sm™, wx=1.72 x 10!1sec™, p=8954kg/m?, H = 1000C /ms

We assume following data for dimensionless parameters:

E=1,r=1

We have used software Mathematica (version 6) and by using the formulae of vari-
ous components of waves like, phase velocity, specific loss and attenuation coefficient
or penetration depth, we compute the numerical values of the wave characteriza-
tions for the different values of frequency and present them in different Figures.

Description of the nature of waves as we observe are presented below:

4.1.6 Combined analysis of analytical and numerical
results

4.1.6.1 Analysis of phase velocity

Case-1

Figures 4.1.1 and 4.1.2 represent the variation of phase velocity of quasi-magneto-
thermal mode longitudinal wave for low ad high frequency values, respectively in the
context of Green and Naghdi-II theory of thermoelasticity. Figure 4.1.1 represents
that the phase velocity of quasi-magneto-thermal mode wave starts from a constant
value, then increases for a very small range and attains a constant value near 1.08.
Here the notable point is that the phase velocity of quasi-magneto thermal wave

is constant in both the cases when w — 0 as well as when w — oo. These results
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are in complete agreement with our analytical results. We further note that the
limiting value of phase velocity of this wave as w — ocis effected with the magnetic
parameter and in the contrary, the limiting value as w — 0 is not affected with the
magnetic parameter. This is the important feature of present study in presence of
magnetic field. In contrary to this, we find that in absence of magnetic field, we
obtain a constant speed of thermal mode wave under GN-II theory all the time and

the wave speed is independent of frequency (see Chandrasekharaiah (1996)).

Figures 4.1.3 and 4.1.4 show the nature of phase velocity of quasi-magneto-elastic
mode longitudinal wave. The behavior of phase velocity of quasi-magneto elastic
mode longitudinal wave resembles with the nature of phase velocity of quasi magneto
thermal mode wave i.e. it also starts increasing from a constant value with the
increase of frequency and finally goes towards a constant limiting value. But its
constant speed is less than the phase velocity of quasi magneto thermal mode wave
and achieves the value 0.95 (Figures 4.1.3 and 4.1.4). This result is also in agreement

with our analytical results and we noted that the elastic mode wave propagates with

V2! (s'+m* k')

N as frequency tends to infinity.

the speed equal to

We observe one more important point from the analytical results that phase ve-
locities of both longitudinal waves are only dependent on thermoelastic coupling
constant €5 for low values of frequency but for high values of frequency, phase ve-

locities of both waves are affected by magnetic parameters.

Case-11

Figures 4.1.5 and 4.1.6 exhibit the nature of phase velocity of quasi-electro-
magnetic shear wave for low and high frequency values, respectively. In the present
case, the phase velocity of wave is slowly dependent on the frequency. It starts in-

creasing with the frequency and becomes constant very soon; However its constant
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value is very less and equal to is 0.2. Also from the analytical results we have reached
at the conclusion that initially phase velocity is 0 and it starts increasing against
frequency and its limiting value is equal to {‘/%7/5/ as frequency tends to infinity.
Figure 4.1.7 depicts the behavior of phase velocity of quasi-magneto-elastic mode
shear wave and here we observe that phase velocity is always constant i.e. it is
independent with the frequency and this result is proved by our analytical result.
This constant value is equal to 0.5 which is clearly less than 1. Here again we reach
at the conclusion that quasi-magneto-elastic mode shear waves propagates slowly
in comparison to quasi-magneto-elastic mode longitudinal wave. As shear waves

moves slowly in comparison to longitudinal waves, hence we are getting shear waves

in the present case having lower speed in comparison to case-I. We found from the

24/2
Va2’

analytical results that its value is equal to

4.1.6.2 Analysis of specific loss

Case-1

The objective of the present study is to understand the nature of waves predicted
under the theory of thermoelasticity of Green and Naghdi type-II , also called as
thermoelasticity without energy dissipation. The effect of the theory in presence of
magnetic field on specific loss of waves is identified in the present study. Figures
4.1.8 and 4.1.9 display the variations of specific loss for quasi-magneto thermal mode
wave for low and high values of frequency, respectively. From the numerical results
it is clear that initially the value of specific loss is 0 but it increases as frequency
increases and after reaching a maximum value it starts decreasing and goes to 0.
Although, this maximum value is small but we can conclude here that the behavior
of specific loss is dependent on frequency, w in the presence of magnetic field. This

fact is also in complete agreement with our analytical results. On the contrary, as
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reported by Chandrasekharaiah (1996), we note that when magnetic parameters are
absent, we obtain that there is no specific loss in waves. This is a distinct feature
observed in the present study.

Figures 4.1.10, 4.1.11 depict the nature of specific loss for quasi magneto elastic
mode wave for low and high frequencies, respectively. Here, we obtain that the
behavior of specific loss of quasi-magneto elastic wave is similar in nature as of
quasi-magneto thermal wave.

Case-11

This case corresponds to electrical and elastic mode shear waves. Figures 4.1.12
and 4.1.13 represent the variation of specific loss for quasi-electro-magnetic shear
wave for low and high values of frequency, respectively. Here we achieve that the
loss is in decreasing trend with the frequency, it starts from a constant value and
then decreases as frequency increases and ultimately goes towards 0. The behavior
of specific loss for quasi magneto elastic mode shear wave is observed to be very small
value near zero for all values of w. Which is also evident from Figures 4.1.7 and
4.1.11 showing that phase velocity is constant and penetration depth is of very high
value. Here, we conclude that quasi-magneto elastic shear wave has very negligible
specific loss as compared to the quasi-electro-magnetic shear waves and this fact is

in agreement with our analytical results.

4.1.6.3 Analysis of penetration depth

Case-1

Figures 4.1.14 and 4.1.15 depict the nature of penetration depth for quasi-magneto-
thermal mode longitudinal wave and quasi-magneto-elastic mode longitudinal wave,
respectively. In the present case, the trend of variation of penetration depth is sim-

ilar in nature for both the waves. It starts from infinity and goes on decreasing
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and becomes constant. But their constant limiting value (minimum value) is very
high. However, comparatively the value of depth is less for thermal mode wave in
comparison with elastic mode wave. This is also in complete agreement with our

analytical results and we observed that at very low frequency we achieve the infinite

22V (s'+7* k')
A1+\/(A%74V’4s’(s’+7r*k/)2)148
2

value of depth but their limiting values when w — oo are \/

and % for quasi-magneto-thermal mode and quasi-magneto-elastic mode

longitudinal wave, respectively.

Case-11

From the analytical results, we can say that the nature of penetration depth
for the present case is in such a manner that initially it starts from infinity and
then decreases as the frequency increases and ultimately it becomes constant. This
constant has a very high value. This fact is also verified by our numerical results

presented in Figures 4.1.16 and 4.1.17.
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Figure 4.1.1 Phase velocity for quasi-magneto thermal wave (low
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Figure 4.1.15 Penetration depth for quasi-magneto elastic wave
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4.1.7 Conclusions

In the present study, we deal with a detailed investigation of electro-magneto-
thermoelastic plane waves in the presence of magnetic field in the context of Green
and Naghdi type-II theory of thermoelasticity. We have subdivided our problem
in two sub cases. For the analytical results, small and high frequency asymptotic
approximation technique have been employed. We identify different mode waves and
analyze each type by deriving asymptotic expansions of various wave components.
Numerical results have also been presented. From analytical and numerical results

in two cases, we can conclude the following features:

1. We obtain longitudinal and transverse mode waves corresponding to two sepa-
rate cases in which the transverse mode wave is completely independent of the
thermal field, but mechanical and electrical fields are coupled together. Hence,
we identify quasi-magneto-elastic shear wave and quasi-electro-magnetic shear

wave.

2. The longitudinal wave is coupled with thermal field. We identify quasi-magneto
elastic mode longitudinal wave and quasi-magneto-thermal mode longitudinal
wave. Both waves are almost similar in nature. They are dispersive in na-
ture and show constant limiting speed as frequency increases to high value.
However, both waves propagate with negligible specific loss and very high

penetration depth.

3. Presence of magnetic field plays a very important role in the results of longi-

tudinal waves which can be understood from the following discussion:
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when we put all magnetic field parameters equal to 0 in equation (4.1.41), we obtain
the dispersive relation coupled with purely elastic and thermal fields. The dispersion

relation equation is given by

¢ —{w*2+e)}® +w' =0 (4.1.54)

Solution of above equation gives four real roots. From all the roots of above
equation, we take two positive roots of ¢ i.e. g1 2 and with the help of them we can
calculate phase velocity of purely elastic mode and purely thermal mode longitudinal

waves as

V2
\/(2+€9):|: Ve + deg

It is clear from above results that phase velocity of elastic and thermal waves

Vip= (4.1.55)

are constant and are frequency independent. They have no imaginary parts in
the absence of magnetic field. However from our analytical and numerical results
we achieve that phase velocity is dependent on the frequency in the presence of
magnetic field. We can again say that since imaginary parts are absent in the roots
of dispersive relation (equation (4.1.55)), hence specific loss will be completely zero
and penetration depth will be infinite that means there is no decay of waves and
waves will penetrate the materials till an infinite depth in materials. Similar results
are reported by Chandrasekharaiah (1996) for the thermoelastic case. In the present
study, we considered the presence of magnetic field and due to that we observe that
phase velocity of elastic mode wave and thermal mode wave is slowly dependent
on frequency w. It starts from a constant value and then increases as the frequency
increases but it finally becomes constant. Further more, we note a small value of

specific loss and very high value of penetration depth in presence of magnetic field.
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4. We obtain quasi-electro-magnetic shear wave and quasi-magneto-elastic shear
wave in which phase velocity of quasi-magneto elastic mode shear wave is always
constant, i.e. frequency independent and its value is 0.5, however quasi-electro-
magnetic shear wave is slowly dependent on frequency. Like the case of longitudinal
waves, for the transverse mode waves, the specific loss shows very less value and
penetration depth has a very high constant limiting value, although they are disper-
sive in nature. It is believed that the results of the present investigation highlight
several specific features of magneto-thermoelastic interactions under thermoelastic-
ity without energy dissipation which has not been investigated by any researcher in

this direction.
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4.2 On magneto-thermo-elastic wave propagation
in a finitely conducting medium under thermoelas-
ticity of type- I, II and III

4.2.1 Introduction

In the present section, we investigate the propagation of electro-magneto-thermoelastic
plane waves of assigned frequency in a homogeneous, isotropic and finitely conduct-
ing elastic medium permeated by a primary uniform external magnetic field in the
context of Green and Naghdi of type-III (GN-III). We formulate our problem to
account for the interactions between the elastic, thermal as well as magnetic fields.
A general dispersion relation for coupled waves is deduced to ascertain the nature of
waves propagating through the medium. Perturbation technique has been employed
to obtain the solution of dispersion relation for small thermo-elastic coupling param-
eter and identify three different types of waves. We specially analyze the nature of
important wave components like, phase velocity, specific loss and penetration depth
of all three modes of waves. We attempt to compute these wave components numer-
ically to observe their variations with frequency. The effect of presence of magnetic
field is analyzed. The results under theories of type GN-I and II have also been
exhibited as a special cases in which we have found that the coupled thermoelastic
waves are un-attenuated and non-dispersive in case of Green-Naghdi-II model which
is completely in contrast with the theories of type-I and type-III. Some specific fea-
tures of type-II1 model are highlighted. We achieve significant variations among the

results predicted by all three theories.

1

This work is in ’under review’ in Journal “Archives of Mechanics”.



4.2.2 Problem formulation and basic governing
equations

For our present study, an infinite, homogeneous, isotropic, thermally and electri-
cally conducting solid permeated by a primary magnetic field By = (B1, By, Bs) is
considered. The media is characterized by the density p and Lame elastic constants
A and p.

Using a fixed rectangular Cartesian coordinate system (z,y,z) and employing the
thermoelasticity theory of Green and Naghdi (1991-1993), the equations of motion
and the equation of heat conduction in the presence of magnetic field in the absence
of external body force (mechanical) and heat sources can be represented in the

following manner:

Equation of motion:

uV2i+ A+ p)V(V.@) + J x B—~V0 = pii (4.2.1)

Equation of heat conduction (1991):

K*V?0 + KV?%0 = pC,0 + Tyl (4.2.2)

where J is the current density vector and J x B is the electromagnetic body force

(Lorentz force).

B =B+ b is the total magnetic field which is assumed to be small so that the
products with b and @ and their derivatives can be neglected for the linearization of
the field equations. b= (by, by, b,) is the perturbed magnetic field. Dots denote the

derivatives with respect to the time t.

Notice that if we put K* = 0 in equation (4.2.2), then the equation is acknowl-
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edged by the heat conduction equation for GN-I theory of thermoelasticity and if
we substitute K = 0 in equation (4.2.2), we obtain the heat conduction equation of
GN-IT theory of thermoelasticity.

Since magnetic field has been applied in the medium, hence the equation of mo-
tion needs to be supplemented by generalized Ohm’s law in a continuous medium
with Maxwell’s electromagnetic field equations.

Maxwell equations (where the displacement current and charge density are ne-

glected) are given by

VxH=J (4.2.3)
. - 0B

where B = ueﬁ and i is the magnetic permeability.

V.B=0 (4.2.5)
Generalized Ohm’s law is given by
— — a —
J=olE+ 2L x B] (4.2.6)
ot
Here, % is the particle velocity of the medium. Small effect of temperature gradient

on J is neglected.

4.2.3 Dispersion relation and its analytical solution

We assume that plane waves are propagating towards z-direction. Due to this all

i(kz—wt)

the field quantities are proportional to e , where £ is the wave number and w

is the angular frequency of plane waves. Here we have assumed that w is real and
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k may be complex quantity, where I'm(k) < 0 must hold for waves to be physically
realistic. In the context of above consideration, we can write all the quantities in

the following manner:

i = (u,v,w) = (ug, vy, wo)e'*kr=

0 = Qoei(kxfwt% E = (ELE7Ey7 EZ)’ 7 = (jlaj?:j?))ei(kxiw’t)? g: (bxa by7bz) = (blaan bS)ei(kxi‘Ut)

where ug, vo, Wo; J1, Jo2, J3, b1, b2, b3, Oy are constants.

With the help of Maxwell relations, we achieve the following relation:
_>
divb =0 (4.2.7)

Above relation implies that b, = 0. Using equation (4.2.3) we obtain

it =V x b (4.2.8)

which is in agreement with the following value of 7

» kb, kb
J =0, -, (4.2.9)
T

and

Tx B, = [_ik(szg + byBQ)’ ikbyBl’ ikb, B

4.2.10
” R (4.2.10)

%
Thus the term 7 X ﬁ can be replaced by the term 7 X By.
Substituting values of the quantities 4 and # in the equation of heat conduction ,

we achieve the following relation:



0 = aug (4.2.11)

where
ivhokw?

= 4.2.12
K*k? — iKk*w — pCyw? ( )

«

We obtain E = (E,, By, E,) = (B,, %=, —“)
Now, making use of the field quantities , J and E and comparing both sides of the
modified Ohm’s law (in which B is replaced by By), we achieve the following three

relations:

o[E; —iw(¢Bs —rBs)] =0 (4.2.13)
J[sz —iw(rBy; — pBs)] = _ kb (4.2.14)
k e
U[—%by —iw(pBy — qB1)] = Ziby (4.2.15)

Further, substituting the values of field quantities 7,7,50,5 in the equation of

motion, we achieve the following relations:

k

to(—pw? + (A + 20)k? + ivak) + — (bsBs + byBs) = 0 (4.2.16)
9 9 1k

vo(—pw” + pk*) — —(beBy) =0 (4.2.17)
9 9 1k

wo(—pw* + pk*) — —(bsB1) =0 (4.2.18)



Equations (4.2.14) and (4.2.15) can be rewritten as

upo (iwB3) + wo(—oiwBy) + b3[;_k — %] —0
; - ik ow
oo (—iwBsy) + vo(ciwBy) — bZ[M_ + ?] —0

(4.2.19)

(4.2.20)

Equations [(4.2.16)-(4.2.20)] constitute a system of five equations with five unknowns

namely ug, vy, wq, by, bs3.

We can make further assumptions: we have taken that b is directed along y-axis

and we consider wy = 0 provided that (uk* — pw? # 0) so that by = 0 (equation

(4.2.18)). Hence, applied and perturbed magnetic field are taken as (Ei , §§, 0) and

%
(0, bg,0), respectively. Applying the above assumptions in the equations [(4.2.16)-

(4.2.20)], all above five equations reduce into three following homogeneous equations

having three unknowns ug, vy and by as

kB
ol=ps + (-4 20+ k] + T2 g
1k B1b
vo(—pw? + puk?) — W22 _
e
' , 1k ow
ug(ciwBy) — voo (iwBy) + bz(u— + 7) =0

(4.2.21)

(4.2.22)

(4.2.23)

In order to have a solution for ug, vy and by of the above three equations, we must

have
—pw? + (A + 2p)k? + ivak 0 “L%
2_ 2  —ikB
0 wk® — pw .
iow By 0 (L—]Z + %)




Now, we assume that the initial magnetic field is directed towards y axis i.e. By =
(0, By,0) i.e. By = 0 in the above equation (4.2.23). For simplifying the expansion
of above determinant, we introduce above the following non dimensional quantities:

) _kCl _W*VH
X_Jag_w*ueH_ c§1

1
Heo’

Tov?
= =0 =
€0 02C, C% sy VH

_ _K* _ Kw*
k ,vac1

PCv
(A2
/+uc_[

where ¢y is the longitudinal elastic wave velocity and ¢, is the transverse elastic wave

velocity. We further assume that
B3

— C2 —
S = e’ RH pC%/.Le'

where Ry is the magnetic pressure number. Substituting the value of a from eqn.
(4.2.12) and employing all dimensionless quantities in the expansion of the above

determinant, we find the following dispersion relation:

(% = XH(E = XD (k1 — X*) — ihaoX(E — XP) — &\ }H(x + iE%€n)

+RHX52{<52]<1 - X2) - ik2£2x}] =0 (4.2.24)

The first part (s2¢? — x?) = 0 in (4.2.24) corresponds to a transverse elastic wave
which is clearly found to be uncoupled by thermal and magnetic field. Hence, we

take the second part of (4.2.24) as

{(E =X (Ek—x?) —ika&?X (2 —X?) —€o€?X*} (X +i€%€em )+ Rux§*{ (£ k1 —x?) —ikal?x} = 0
(4.2.25)

Above equation is clearly identified as the dispersion relation for coupled thermal-

dilatational-electrical waves propagating in the medium in the present context. (If

ks = 0 in equation (4.2.24) (i.e. for Green-Naghdi-II); we will achieve the equa-



tion which matches completely with equation (3.29) of Roychoudhuri and Banerjee
(2005)). With the help of equation (4.2.25), we will characterize the behaviour of
plane waves propagating in the present context. We will specially concentrate on
the analysis of the important wave characterizations like, phase velocity, specific
loss and penetration depth. For solving equation (4.2.25), we attempt to find the
perturbation solution of the dispersion equation for small values of €,. Therefore,

substituting ey= 0 in the dispersion relation, we achieve the following solutions:

£ = Ax? (4.2.26)

k1+ikax ;
where A = =qq + b
k3 +k3x2 1 1

(€% = X*)(x + %) + Rax&?] = 0 (4.2.27)

Equation (4.2.26) being an equation of degree 4, we consider the roots of above

equation (4.2.27) as ajand +as.

where
aj, =M, (4.2.28)

where

1
ix?eg — x(1+ Ry) £ {x*(1 + Rp)? — x*¢% — 2X3(1 + Ry)egi + dieg X3}
2i€H

M22,1 =
(4.2.29)

On simplifying above equation, we obtain its more simplified form given by

M2 = ay + iby (4.2.30)
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and

M7 = as + ibs (4.2.31)

2
_ Xlem+bs _ x(1+Rpy)—as3.
where a, = Tyt by = Ser ;

_ XPen—bs be — X(+Ry)+tas.
a5 = 2¢g 5 — 2en )

a3 =\ —5—, by=\—F—;
as = X*(1 + Ry)? — x*e%, by =2x%u(1 — Ry)
Since we are trying to find the perturbation solution for small values of thermoe-

lastic coupling constant e5. Then we write £2 in the following forms:

& = af + nieg + O(e7) (4.2.32)
& = a3 + naeg + O(ep) (4.2.33)
& = Ax* + nzeg + O(e}) (4.2.34)

Substituting equations (4.2.32), (4.2.33) and (4.2.34) in equation (4.2.25) and com-
paring the lowest power of €y on both sides of equation and neglecting the terms of

O(e€2), we obtain the following solution:

P2
£ = a2l + Ae(;x?%ﬂ] (4.2.35)
1
-2
€2 Z 21 4 Aegy2 Xt iv2en), (4.2.36)
Gy
Aegy®(1 + iA
€2 = AN + cox (1 + idxen) (4.2.37)

(A—1)(x>+idegx?) + Ry Ax3

9



where

Gip = ((X+ia%,2€H>(O‘%,2_X2)+XRHOC%,2)+(O‘%,2_XQ)((1+RH)X+2iO‘%,2€H_iEHXQ)

(4.2.38)

Further simplifying equation (4.2.38), we obtain
Gl = ag + Zb6 (4239)
G2 = a7+ Zb7 (4240)

where ag = (x —bsen) (a5 — x*) —asbsenw + xRuas+ (a5 — x?) (14+ Ry ) x — 2bsen) —
2asbsem + bsemx?

be = bs(x — bser) + asem(as — x?) + xRubs + b5(1 + Ry)x — 2b2en + (2asey —
enx’)(as — x?)

ar = (x — bsegr)(as — X*) — asbscg + xRyas + (ag — X*)((1 + Ry)x — 2bser) —
2a4bsem + bienx?

by = by(x — bseg) + aseg(ag — x?) + xRubs + bs(1 + Ry)x — 2b3eg + (2auey —
enx?)(as — x%)

Clearly, the above expressions for &;,7 = 1,2,3 (with Im(& < 0) correspond to

three modes of plane waves propagating inside the medium.

4.2.4 Analytical expressions of various components
of magneto-thermo-elastic plane wave

In order to calculate several components of waves like, phase velocity, specific loss

and penetration depth, we use the following formulae:

10



Phase velocity:

X
Vies = ———— 4.2.41
123~ Relgrag “241)
Specific loss:
Im[§) 23]
S1o3 = 4| ——2= 4.2.42
b2 | Re[& 23] | ( )
Penetration depth:
1
Diga= — 4.2.43
129 = el 4:249)

Now, substituting expressions of a, a3, G, G, and A in equations (4.2.35), (4.2.36)
and (4.2.37) and further solving them, we obtain their more simplified form in the

following manner:

asx*(Prag + Q1) — bsx*(agQ1 — be P1)
az + b2

£f = a5+€9[

]

bsx*(Prag + Q1be) + asx*(acQ1 — b P1)

b 4.2.44
Hilbs + el p I (2
2 2
asX” (Poar + Q2b7) — byx*(a7Q2 — b7 Ps)
€5 = a4+ € o ]
bax*(P: b 2 — b P
by + eg[X (Foar + Qo 7)2+ X (arQ2 = br 2)]] (4.2.45)
a; + b7
€2 = x*lar + Ceg +i(by + Dep)] (4.2.46)

where P; = a;x — aibseg — biasey, Q1 = bix — bibsey + asaiep;

Py = a1x — arbseyg — biagey, Q2 = bix — bibsey + asaiepy;

C = aragP3+a1bgQ3—bi1agQ3+b1bs Py D = biag P3+b1bgQ3+ai1agQs—aibsPs .
- a2+b2 9 - a2+b2 b
8 T08 81708

Py = a1x® = 2a1biepx?, Qs = bix® — biemx?;
as = a1x*(1 4+ Rg) — 2a1biegx?, bs = bix*(1 + Ry) — biegx?
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With the help of theorem of complex analysis (Ponnusami (2001)), we obtain real

and imaginary parts of £, &, &3 in the following manner:

Vas + a2+ B2 N o i

Re[&1] = [X*S + (Sas + S'bs) 55
Y N N @t + )
(4.2.47)
Imle] = Vo VR L =25+ (— S+ ') — )]

V2 e vETR) (0
(4.2.48)

__ra5(Prag+Q1bs)—bs(acQ1—bsP1)1 1 __ [b5(Pras+Q1be)+as(asQ1—bsP1)
where § = | s 18" = prs ]

Similarly,

as + /a3 + b 4
gy = Yt VIR0 L .

[ 2T + (TCL4 + T/b4)ﬁ)]
VNN N == @+ %)
(4.2.49)
Im[§,] = \/_a4 Vet b4+ & [—X2T+(—Ta4+T/b4)2X—42
R A (b

)]

(4.2.50)
where T' — [a4(P2a7+Q2b;§;Z§(a7Q2—b7P2)]’T/ _ [b4(P2a7+Q2b;%i¢Z§(a7Qz—b7P2)]
X\/a1+\/a2+b2 Cay + Db
Relg;] = R & 04+ EU 20 (g5

+
V2 W o+ ETE  Vath
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_X\/—a1+\/a%+b%+ Yeo

]m[fg,] _ [—C —Ca1 + Dbl

y ZCut D
\/§ 2\/5\/_&1_'_ /a%—l—b% a%—i—b%

(4.2.52)

From the solutions obtained as above, we can clearly observe that there are three
modes of waves which are dissimilar to each other. We denote the first wave as
modified (quasi-magneto) elastic (dilatational) wave, the second one as modified
(quasi-magneto) thermal wave and the third one as (quasi-magneto) electrical wave.
It is observed that both the elastic and thermal mode wave are influenced by the
thermoelastic coupling constants €y, magneto-elastic coupling constant ey, as well as
magnetic pressure number Ry. We will specially concentrate on these two modes.
Using equations [(4.2.47)-(4.2.52)| in the formulae given by [(4.2.41)-(4.2.43)], we
can obtain the various components of magneto-thermoelastic plane wave like, phase
velocity, specific loss and penetration depth for all three kinds of waves regarding
GN-III theory of thermoelasticity. For all the waves considered here, we consider

the cases when Im(&;) < 0.

For special cases, if we assume k; = 0 in the above solutions then obtained solution
is acknowledged by solutions for GN-I theory of thermoelasticity and similarly, if
we substitute ky = 0 in above solutions, then we obtain the case of GN-II theory of

thermoelasticity.

4.2.5 Numerical results

From the analytical results obtained above, we conclude that three various modes
of waves have been extracted from the coupled dispersion relation (equation (4.2.25))
which are named as modified (quasi-magneto) elastic (dilatational) wave, modified
(quasi-magneto) thermal wave and (quasi-magneto) electrical wave. In order to

illustrate the analytical solution and to have a critical analysis of the nature of waves
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with the variation of frequency, we will now make an attempt to show the variations
of various wave components of the identified waves with the help of numerical results.
We will also assess the limiting behavior of wave components for very high and low

frequency values.

We make an attempt to represent the plane wave characterizations numerically
with the help of computational work by using programming on mathematica. Cop-
per material has been chosen for the purpose of numerical evaluations. The physical
data for our problem are taken as follows Ezzat (2004):
eg = 0.0168
A =T7.76 x 10" Nm 2
p=3.86 x 101°Nm=2
e = 4% 107" Nms?/C?
o=57%10"Sm™!

w* =1.72 % 10" sec™!
p = 8954K gm ™3
We assume the non-dimensional values of ko = 1.

We will specially analyze the physical parameters of waves like, phase velocity,
specific loss and penetration depth. Using the formulae given by equations (4.2.40)-
(4.2.42), we compute these components of waves of different modes and display
our results in various Figures. Our analytical work is devoted to GN-III theory
of magneto thermoelasticity for a finitely conducting medium. Furthermore, in
order to make a comparison between GN-I, GN-II & GN-III models, we carry out
our computational work for these two special cases too. Due to this reason, we
have considered five different cases in each figure. These cases are differentiated
as we have taken five values of the non dimensional thermal conductivity rate i.e.

ki =0,0.5,1,2,3. k; = 0 represents the case of GN-I model and other four values of
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kyrepresent the case of GN-III model of thermoelasticity. In each Figure, the thin
solid line is used for k; = 0(GN-I), thick dotted line is for k; = 0.5 , thin dashed line
is for k; = 1, thick solid line is for k1 = 2 and thick dashed line is used for k; = 3.
We find that the trend of all the wave components of the third mode wave, i.e.,
electric mode wave are almost similar in the contexts of GN-I and GN-III model.
However, a prominent difference in the results under GN-I model and GN-IIT model
is indicated for the quasi-magneto elastic wave and quasi-magneto thermal mode
wave. It is further observed that for the two cases when k; = 0 and k; = 0.5, i.e.,
when k; < 1, the nature of waves under GN-III model are very similar to the nature
of waves under GN-I model. However, when the value of dimensionless thermal
conductivity-rate is greater than 1, the nature of waves are changed i.e. the cases of
k1 > 1 give more prominently different results of GN-III theory of thermoelasticity as
compared to GN-I model. Figures for the case of GN-II model have been presented
separately. We highlight several specific features arisen out of the numerical results

in the following sections:

4.2.5.1 Analysis of phase velocity

Using the formula given by (4.2.40), we compute the phase velocity of all three
modes of waves. Figures 4.2.1 and 4.2.2 display the variation of phase velocity of
modified (quasi-magneto) elastic (dilatational) wave for the high and low frequency
values, respectively. The important observation from Figure 4.2.1 is that the nature
of plots for the cases k1 = 0,0.5 are almost similar to each other, but other three
plots are different from them. However, in other three cases there is a significant
difference in variations of phase velocity of this mode, although surprisingly in all
cases each figure goes towards a constant limiting value which is nearer to 1. It is

further noted that for the first two cases ( when k; = 0,0.5), the phase velocity of
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magneto-elastic wave starts increasing from 0 value with the increase of frequency
and after achieving a local maximum value starts decreasing and become constant
value 1. But in the cases when k; > 1, phase velocity continuously increases to
reach to its constant limiting value 1 without showing any local maxima. This is
more clearly understandable from Figure 4.2.2. Hence from the above description,
we can conclude that modified elastic wave behaves differently in the context of

GN-III theory of thermoelasticity as compared to GN-I theory.

Figures 4.2.3 and 4.2.4 show the variations of modified (quasi-magneto) thermal
wave in the contexts of GN-I and GN-III models for high and low frequencies,
respectively. In the present context, waves are propagating from a constant limiting
value greater than 0 when frequency tends to zero value and then starts increasing
with respect to frequency and goes towards infinity. The differences of results under
GN-I and GN-III is more significant for low frequency values (see Figure (4.2.4)) and
as frequency increases the differences decrease. We observe that wave propagates
with faster speed in GN-I case in comparison to GN-III model of thermoelasticity,
although the case k; =0.5 of GN-III model shows very similar behaviour like the
case of GN-I. Further we notice that in three cases when k; =0, 0.5 and 1, we locate
a minimum value of speed of modified (quasi-magneto) thermal wave nearer to 1
for a critical value of frequency and thereafter speed of wave starts increasing with
respect to frequency. When k; > 1,wave moves with increasing speed and goes
towards infinity (without showing any local minimum value) with the increase of
frequency.

Figures 4.2.5 and 4.2.6 present the behavior of phase velocity of (quasi-magneto)
electrical wave in GN-I and GN-III models of thermoelasticity for high and low
frequency, respectively. Here, phase velocity of waves increases rapidly with respect

to frequency in both Figures. In the present case, wave is unaffected with the values
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of k1 and the predictions of GN-I and GN-III model is almost similar in nature.

4.2.5.2 Analysis of specific loss

Specific loss is defined as the loss of energy per stress cycle as defined by formula
(4.2.41). Figures 4.2.7 and 4.2.8 exhibit the variations of specific loss of modified
(quasi-magneto) dilatational mode wave for high and low frequencies, respectively.
In high frequency case, initially specific loss is 0 but it starts increasing with respect
to frequency and giving a maximum value of specific loss it starts decreasing and
goes towards 0 value. This maximum value is different for different values of kjand
this difference is more clear from Figure 4.2.8. It is further evident from Figure
4.2.8. that the maximum value of loss for GN-III model is less than that of GN-
I model and results are very close in nature for k&; = 0 and k& = 0.5. There is
no prominent difference in results for small values of ki, specially where k; is less
than 1 but for the cases when the value of k; is greater than 1, difference among
the results of specific loss in GN-I and GN-III is more prominent. Figures 4.2.9 and
4.2.10 depict the variation of specific loss of modified (quasi-magneto) thermal mode
wave. Here, we obtain significant differences between GN-I and GN-III for both high
and low frequency values, although the specific loss of magneto-thermal wave in all
cases show a constant limiting value nearer to 4, ultimately. However, the trends
of variation of plots in various cases are different. When k; = 0 i.e. in case of
GN-I model, specific loss suddenly increases and reaches to its constant value 4w
but as thermal conductivity rate increases from the value 1, the specific loss slowly
increases to reach to the same constant value 47 which is realistic in physical point
of view. Differences among plots are more prominent in low frequency cases ( see
Figure 4.2.10). The specific loss of (quasi-magneto) electrical wave is observed to to

be constant in all cases and it is unaffected with the values of thermal conductivity

17



rate, kq(see Figures 4.2.11, 4.2.12)

4.2.5.3 Analysis of penetration depth

The behaviour of penetration depth of modified (quasi-magneto) elastic dilata-
tional wave can be seen from Figures 4.2.13, 4.2.14 which show that it decreases
from infinite value as the frequency increases and reaches to constant limiting value
119. But we observe significant differences among the plots of this field for different
thermal conductivity rate. We see that this difference is more prominent for lower
frequency values, although in all cases, it finally reaches constant value 119. Further
more, it is noted that their mode of variation with respect to frequency is different.
When k;is small, specially when it is less than 1, the trend of plots is almost similar.
It starts decreasing from infinity as frequency increases but its mode of variation
is not smooth when k;is less than 1. While deceasing, penetration depth shows a
corner point before it becomes constant and this peak value decreases as thermal
conductivity rate increases. When k;>1, depth decreases smoothly and becomes

constant value 119 and no minimum peak value is observed.

From Figures 4.2.15 and 4.2.16, we obtain the behaviour of penetration depth of
modified (quasi-magneto) thermal mode wave for high and low frequencies, respec-
tively. Difference among plots for various values of k;is not prominent for very high
frequency values, but the trend of variation in all cases is decreasing from infinity
to a very low constant value nearer to 0. When we concentrate on Figure 4.2.16
which shows the variation for low frequency cases, we note prominent disagreement
of GN-I theory with GN-III theory. Although, this wave field shows a decreasing
trend from infinity in all five cases but their mode of variation is different. In the

plot of GN-I, behaviour of plot is not smooth for all frequency values and it gives a
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corner point for a critical value of frequency. For the case when k; = 0.5, the plot
is similar in nature to that of GN-I. Here the mode of variation of wave is also not
smooth and gives a corner point. However, in this case, the value of penetration
depth at the corner point is higher than that in case of GN-I model. However, for the
cases when k; > 1, the trend of variation of plots is smooth and decreases smoothly

from infinity to a very less value nearer to 0.

Penetration depth of quasi-magneto electrical wave exhibits rapidly decreasing
behaviour with respect to frequency and becomes constant with the finite value in
both the GN-I and GN-III models of thermoelasticity (see Figures 4.2.17 and 4.2.18)
and there is no significant differences in the results predicted by GN-I and GN-III

models.
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Figure 4.2.1 Phase velocity of quasi-magneto-dilatational wave (low
frequency): Thin line: k3 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Figure 4.2.2 Phase velocity of quasi-magneto-dilatational wave (high
frequency): Thin line: k; = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line:
ki1 =1, Thick line: k; = 2, Thick dashed line: k1 = 3

Frequency

Figure 4.2.3 Phase velocity of quasi-magneto-thermal wave (low fre-
quency): Thin line: k1 = 0 (GN-I), Thick dotted line: k3 = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Figure 4.2.4 Phase velocity of quasi-magneto-thermal wave (high fre-
quency): Thin line: k1 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line:
ki1 =1, Thick line: k; = 2, Thick dashed line: k1 =3
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Figure 4.2.5 Phase velocity of quasi-magneto-electrical wave (low fre-
quency): Thin line: k1 = 0 (GN-I), Thick dotted line: k3 = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Figure 4.2.6 Phase velocity of quasi-magneto-electrical wave (high fre-
quency): Thin line: k; = 0 (GN-I), Thick dotted line: k1 = 0.5 , Thin dashed line:

k1 =1, Thick line: ki = 2, Thick dashed line: k1 = 3
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Figure 4.2.7 Specific loss of quasi-magneto-dilatational wave (low fre-
quency): Thin line: k1 = 0 (GN-I), Thick dotted line: k3 = 0.5 , Thin dashed line:

k1 =1, Thick line: k; = 2, Thick dashed line: k; =3
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Figure 4.2.8 Specific loss of quasi-magneto-dilatational wave (high fre-
quency): Thin line: k& = 0 (GN-I), Thick dotted line: k3 = 0.5 , Thin dashed line:
k1 =1, Thick line: ky = 2, Thick dashed line: k1 = 3
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Figure 4.2.9 Specific loss of quasi-magneto-thermal wave (low frequency):
Thin line: k; = 0 (GN-I), Thick dotted line: k; = 0.5, Thin dashed line: k; =1, Thick
line: k1 = 2, Thick dashed line: k; = 3
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Figure 4.2.10 Specific loss of quasi-magneto-thermal wave (high fre-
quency): Thin line: k1 = 0 (GN-I), Thick dotted line: k3 = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Fig.4.2.11 Specific loss of quasi-magneto-electrical wave (low frequency):
Thin line: k1 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line: k; =1, Thick
line: k1 = 2, Thick dashed line: k; = 3
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Fig.4.2.12 Specific loss of quasi-magneto-electrical wave (high frequency):
Thin line: k3 = 0 (GN-I), Thick dotted line: k1 = 0.5 , Thin dashed line: k; = 1, Thick
line: k1 = 2, Thick dashed line: k& =3
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Figure 4.2.13 Penetration depth of quasi-magneto-dilatational wave
(low frequency): Thin line: k3 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin
dashed line: k; = 1, Thick line: k; = 2, Thick dashed line: k; = 3
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Figure 4.2.14 Penetration depth of quasi-magneto-dilatational wave
(high frequency): Thin line: k; = 0 (GN-I), Thick dotted line: k1 = 0.5 , Thin
dashed line: k1 = 1, Thick line: k1 = 2, Thick dashed line: k1 =3
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Figure 4.2.15 Penetration depth of quasi-magneto-thermal wave (low
frequency): Thin line: k; = 0 (GN-I), Thick dotted line: k1 = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Figure 4.2.16 Penetration depth of quasi-magneto-thermal wave (high
frequency): Thin line: k3 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Figure 4.2.17 Penetration depth of quasi-magneto-electrical wave (low
frequency): Thin line: k3 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3
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Figure 4.2.18 Penetration depth of quasi-magneto-electrical wave (high
frequency): Thin line: k3 = 0 (GN-I), Thick dotted line: k; = 0.5 , Thin dashed line:
k1 =1, Thick line: k1 = 2, Thick dashed line: k1 = 3

4.2.6 Special case: (GN-II model)

As we have already stated above that when ky = 0, we obtain the equations
for Green and Naghdi-IT (GN-II) model of magneto-thermoelasticity. We have pre-
sented the numerical results in context of this theory too. Figures 4.2.19 and 4.2.20
display the nature of propagation of modified (quasi-magneto) elastic dilatational
wave and modified (quasi-magneto) thermal wave, respectively. In this case, we
achieve completely different nature of thermal wave in comparison to the results
predicted by two models GN-I and GN-III. Here we obtain that phase velocity of
quasi-magneto dilatational wave as well as of quasi-magneto thermal mode wave
show almost similar trend of variation and have constant limiting value. Phase-
velocity of thermal wave is greater that the phase velocity of elastic mode wave and
both of them reaches to constant value as we increase the frequency. We have al-

ready identified that the speed of modified (quasi magneto) thermal wave increases
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with the increases of frequency in cases of GN-I and GN-III models and goes to-

wards infinity, but it is constant in GN-II model and this is the special feature of

is always finite in this case.

GN-IT model of magneto-thermoelasticity that the speed of magneto-thermal wave
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Figure 4.2.19 Phase velocity of Quasi-magneto-dilatational wave for

GN-II
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Figure 4.2.20 Phase velocity of Quasi-magneto-thermal wave for GN-I1
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4.2.7 Conclusions

In the present work, dispersion relation solutions for the plane wave propagat-
ing in a magneto-thermoelastic media with finite electrical conductivity have been
determined by employing Green and Naghdi theory of thermoelasticity of type-III.
We have made a comparative study of GN-I and GN-III theory of thermoelastic-
ity in presence of an external magnetic field. From the derived dispersion relation
solution, transverse and longitudinal plane waves are investigated. We find that
transverse mode elastic wave is uncoupled from the thermal and magnetic field;
Further a general dispersion relation associated to the coupled dilatational-thermal
and electrical wave is identified and we make attempt to extract three different
modes of waves from this coupled dispersion relation. These waves are identified
as quasi-magneto-elastic wave (dilatational wave), quasi-magneto-thermal wave and
quasi-magneto-electrical wave. The quasi-magneto-electrical wave is found to have
similar variation under GN-I and GN-II theory. However, significant differences are
obtained in other two modes, namely modified (quasi-magneto) elastic and modified
(quasi-magneto) thermal mode wave predicted by three different models. Hence,
we pay attention to these two modes and analyze various wave components like,
phase velocity, specific loss and penetration depth. The behavior of the wave com-
ponents in limiting cases of frequency values have been investigated with the help
of graphical plots. Various features are highlighted. The results under GN-II theory
of thermoelasticity have also been presented numerically as a special case. It is
believed that this study would be useful due to its various applications in different

areas of physics, geophysics etc.
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The most highlighted features of the present investigation can be summarized as
follows:

1. Significant resemblance and non- resemblance among the results under GN-I,

GN-IT and GN-III theory of thermoelasticity have been identified.

2. The phase velocity of thermal mode wave is found to be an increasing function

of frequency under GN-I and GN-III models.

3. Quasi-magneto dilatational and thermal mode waves propagate faster in the
theory of type GN-I in comparison to GN-III theory of thermoelasticity. How-
ever, phase velocity of quasi magneto-electric wave is unaffected whether we
employ GN-I theory or GN-III theory. Quasi-magneto dilatational and ther-
mal wave is found to be non-dispersive, i.e., propagate with constant speed
and there is no significant variation on the phase velocity of both the modi-
fied elastic wave and modified thermal wave with respect to frequency in the

context of GN-II theory of thermoelasiticity.

4. Penetration depth has a less finite value in the case of GN-I and GN-III theory
of thermoelasticity. However in GN-II, we see that penetration depth for both
waves namely, quasi-magneto dilatational wave and quasi-magneto thermal
wave is infinite since waves are propagating with constant speed and there is

no specific energy loss of waves. This is a very distinct feature of GN-II model.

5. In view of above points, we can conclude that for coupled magneto-thermoalstic
problem, GN-IT model exhibits realistic behaviour in comparison to GN-I and
GN-III models w.r.t. phase velocity of thermal wave, but when we analyze the
behaviour of penetration depth, we find that predictions of GN-I and GN-III

theory is more realistic as compared to GN-II model as we obtain in this case
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an infinite penetration depth which is also physically unrealistic prediction by

GN-IT model.

. It is observed that when thermal conductivity rate, k; < 1, the plots of all
wave fields in the context of GN-III theory shows much resemblance with the
plots of GN-I. This implies that the results of GN-III model of thermoelasticity
are more prominently different as compared to GN-I model when the thermal

conductivity rate is greater than 1.
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