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Abstract. In this article, the concepts of gH-subgradient and gH-subdifferential of interval-valued functions
are illustrated. Several important characteristics of the gH-subdifferential of a convex interval-valued function,
e.g., closeness, boundedness, chain rule, etc. are studied. Alongside, we prove that gH-subdifferential of a gH-
differentiable convex interval-valued function contains only the gH-gradient. It is observed that the directional
gH-derivative of a convex interval-valued function is the maximum of all the products between gH-subgradients
and the direction. Importantly, we prove that a convex interval-valued function is gH-Lipschitz continuous if it
has gH-subgradients at each point in its domain. Furthermore, relations between efficient solutions of an

optimization problem with interval-valued function and its gH-subgradients are derived.
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1. Introduction

In real-life decision-making processes, we often face the
optimization problem with nonsmooth functions. To deal
with optimization problems with nonsmooth functions, the
concepts of subgradient and subdifferential inevitably arise.
Due to the inexact and imprecise nature of many real-world
occurrences the study of Interval-Valued Functions (IVFs)
and optimization problems with IVFs, known as Interval
Optimization Problems (IOPs), become substantial topics to
the researchers. In this article, we illustrate the concepts of
subgradient and subdifferential for IVFs and study several
important characteristics of subgradient and subdifferential
of IVFs. We also study the optimality conditions for non-
smooth IOPs. As intervals are the inextricable things in
IVFs and IOPs, before making a survey on IVFs and IOPs,
we make a short survey on the arithmetic and ordering of
intervals

1.1 Literature survey

In the literature of IVFs, to deal with compact intervals and
IVFs, Moore [1] introduced interval arithmetic. There are a
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few limitations (see [2], for details) of Moore’s interval
arithmetic; especially, Moore’s interval arithmetic cannot
provide the additive inverse of a nondegenerate interval
(interval with unequal limits). For this inefficiency of
Moore’s arithmetic, Hukuhara [3] proposed ‘Hukuhara
difference’ of intervals. Although the Hukuhara difference
provides the additive inverse of any compact interval, it is
not applicable between all pairs of compact intervals (see
[2], for details). To overcome this difficulty, a new rule for
the subtraction of intervals, i.e, ‘nonstandard subtraction’,
was introduced by Markov [4] and named as ‘generalized
Hukuhara difference (gH-difference)’ by Stefanini [5]. The
gH-difference has the property of providing additive
inverse of any compact interval.

Unlike real numbers, any linear ordering for intervals is
still undeveloped. Isibuchi and Tanaka [6] suggested a few
partial ordering relations of intervals. In [7], some ordering
relations with the help of parametric representation of
intervals are proposed. Another ordering relation is pro-
vided in [8] by a bijective function from the set of intervals
to R%. However, all the ordering relations of [7, 8] can be
derived from the ordering relations of [6]. The concept of
variable ordering relation of intervals is introduced in [9].

Calculus is one of the most important tools for opti-
mization. Therefore, alike to the real-valued and vector-
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valued functions, the development of the calculus for IVFs
is essential to study extrema of IVFs. Towards this
endeavor, the definition of differentiability of IVFs was
initially introduced by Hukuhara [3] with the help of
Hukuhara difference of intervals. However, this definition
of Hukuhara differentiability is restrictive [10]. Based on
gH-difference, the notions of gH-derivative, gH-partial
derivative, gH-gradient, and gH-differentiability for IVFs
are provided in [4, 11-15]. Lupulescu studied the differ-
entiability and the integrability for the IVFs on time scales
in [16] and developed the fractional calculus for IVFs in
[17]. The concept of directional gH-derivative for IVF is
depicted in [15, 18]. Ghosh ef al [2] have introduced the
concepts of gH-Gateaux derivative, and gH-Fréchet
derivative of IVFs. Recently, the idea of gH-Clarke
derivative is proposed by Chauhan et al [19].

Based on the existing ordering relations of intervals and
calculus of IVFs, many authors developed the theories to
characterize the solutions to IOPs. For instance, using the
concept of Hukuhara differentiability, Wu [20] proposed
KKT conditions for IOPs. In [21], Wu presented the solu-
tion concepts of IOPs with the help of bi-objective opti-
mization. Also, Wu reported some duality conditions for
IOPs in [22, 23]. Using the concept of gH-differentiability,
Chalco-Cano et al [11] presented KKT conditions for IOPs.
Ghosh et al [24] developed generalized KKT conditions to
obtain the solution of the IOPs. Further, Ghosh developed a
Newton method [12] and a quasi-Newton method [25] to
solve IOPs. The optimality conditions for IOPs using the
concepts of directional gH-derivative and total gH-deriva-
tive of interval-valued objective functions are depicted by
Stefanini ef al in [15], and using the concepts of gH-
Gateaux derivative of interval-valued objective functions
are depicted by Ghosh et al in [2]. Also, Chauhan ef al [19]
proposed the optimality conditions for IOPs using gH-
Clarke derivative of interval-valued objective function.

The authors of [26-30] proposed various optimality and
duality conditions for nonsmooth IOPs by converting them
into real-valued multiobjective optimization. However, in
this approach, one needs the closed-form of boundary
functions of the interval-valued objective and constrained
functions, which is practically difficult; even for a very
simple IVF T(py, p2) = 5i2B3er for all (p1,p,) € R2,
the closed forms of the lower boundary function ¢ and upper
boundary function 7 of T are not easy to obtain. Apart from
these, based on parametric representations of the IVFs,
some authors [7, 12, 25] studied IOPs and developed the-
ories to obtain the solutions to IOPs by converting them
into real-valued optimization problems. The authors of [31]
proposed some optimality conditions and duality results of
a nonsmooth convex IOP using the parametric representa-
tion of its interval-valued objective and constrained func-
tions. However, the parametric process is also practically
difficult since, in the parametric process, the number of
variables increases with the number of intervals involved in
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the IVFs, and to verify any property of an IVF one has to
verify it for an infinite number of its corresponding real-
valued function. For instance, see definition 9 in [31].
Furthermore, using the parametric representation of IVFs
and converting an IOP into a real-valued optimization
problem, one can obtain only one solution to the IOP.
Whereas, an IOP may have infinite solutions (see example
6) of the present article.

1.2 Motivation and contribution

From the literature of IVFs and IOPs, it is observed that the
concepts of subgradient and subdifferentials for IVFs are
yet to be introduced deeply. However, the authors of [32]
proposed the concepts of subgradient and subdifferentials
for n-cell convex fuzzy-valued functions (FVFs) and
proved that the subdifferentials of convex FVFs are convex.
However, other important properties of subgradient and
subdifferentials of FVFs, such as closeness, boundedness,
chain rule, etc. of subdifferentials are not found in [32]. As
IVFs are the special case of FVFs, in this article, adopting
the concept of subgradient for convex FVFs of the article
[32] we define subgradient of convex IVFs (namely gH-
subgradient). Thereafter, we illustrate the concept of sub-
gradient for convex IVFs in terms of linear IVFs. Subse-
quently, we define the subdifferential of convex IVFs
(namely gH-subdifferential) and study its various important
properties. We prove that gH-subdifferentials of convex
IVFs are closed and bounded sets. In order to prove these
properties, the norm on the set of gH-continuous bounded
linear IVFs is defined and the idea of sequences with their
convergence on the set of n-tuple of compact intervals is
described. Although the author of [33] provided the concept
of subgradients for IVFs in terms of linear functions, our
concept is more general (please see remark 7 of this article
for details).

In this article, along with the aforementioned properties
of gH-subdifferentials, several important characteristics of
gH-subgradients are also studied in this article. Interest-
ingly, it is observed that a convex IVF is gH-Lipschitz
continuous if it has gH-subgradients at each point in its
domain. It is reported that for a convex IVF, the directional
gH-derivative is the maximum of the products of the gH-
subgradients and the concerning direction. The chain rule
of a convex IVF and the gH-subgradient of the sum of finite
numbers of convex IVFs are illustrated. Also, some opti-
mality conditions of nonsmooth convex IOP without
applying the parametric approach are explored in this
article. Most importantly, it is to mention that all the pro-
posed definitions and the results of this article are appli-
cable to all the IVFs regardless of whether or not

(i) their parametric representations can be found, or
(ii) the explicit form of their lower and upper boundary
functions are readily available.
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1.3 Delineation

The article is demonstrated as follows. The next section deals
with prerequisites of interval analysis and calculus of IVFs.
The notions of gH-subgradients and gH-subdifferentials of
IVFs with their several important characteristics are illustrated
in section 3. It is shown that the gH-subdifferential of a
convex IVF is closed and bounded. It is proved that a gH-
differentiable convex IVF has only one gH-subgradient. It is
also observed that the directional gH-derivative of a convex
IVF in each direction is the maximum of all the products of
gH-subgradients and the direction. Further in section 3, it is
shown that a convex IVF is gH-Lipschitz continuous if it has
gH-subgradients at each point in its domain. Apart from these,
the chain rule of a convex IVF and the gH-subgradient of the
sum of finite numbers of convex IVFs are illustrated. The
relations between efficient solutions of an IOP with gH-sub-
gradients of its objective function are derived in section 4.
Finally, the last section is concerned with a few future
directions for this study.

2. Preliminaries and terminologies

In this section we discuss a few basic notions on intervals.
Thereafter, we describe the convexity and calculus of IVFs.
The ideas and notations that we describe in this section are
used throughout the paper. We denote

R as the set of real numbers

R as the set of positive real numbers
R" as the Euclidean space

I(R) as the set of all compact intervals
e S as a nonempty subset of R”

e X as a nonempty linear subset of R"

e X as the set of all gH-continuous linear IVF on X

2.1 Interval arithmetic, dominance relation
and sequence of intervals

We represent an interval A € I(R) in the following way
A =la,dl.

Also, we represent a singleton set {x} of R by the interval
X=1[x x with x=x=x As for example,
0 = {0} = [0,0].

In this article, along with the Moore’s interval addition (),
substraction (&), multiplication (®), and division () [1]:

UsV=u+vu+v,UeV=[u—vu—y,
U OV =[min{w, uv,av, uv}, max{uv, uv, uv, uv}|,
UoV =[min{u/v,u/v,u/v,u/v}, max{u/v,u/v,u/v,u/v}],
provided 0 € V,
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we use gH-difference (©4) of intervals because U© U #
0 for a nondegenerate interval U. The gH-difference [4, 5]
of the interval V from the interval U is defined by

U,y V= [min{u —v,u— v}, max{u — y,u — v}

Remark 1 [34] The addition of intervals are commutative
and associative, and

UsV=Ua(-1)oV.

The algebraic operations on the product space I(R)" =
I(R) x I(R) x -+ x I(R) (n times) are defined as follows.

Definition 1 (Algebraic operations on I1(R)"[34]). Let
U= (U,U,,---,U,) and V = (V{,V,, ---,V,) be two
elements of I(R)". An algebraic operation % between U
and V, denoted by UV, is defined by

UxV = (UxV,UykV,, - U, kV,),

where * € {®, ©, Sen}.

The authors of [6] defined the ordering relations of
intervals of the following types ‘ <;z’, ‘< cw’,and ‘< .
In this article, we only use the ‘ <z’ ordering relation and
simply denote it by ‘<’. Also, it is to mention that in view
of the ordering relation ‘=’, the dominance relations of
intervals are as follows.

Definition 2 (Dominance relations on intervals [34]). For
any two intervals U,V € I(R)

(i) if u<v and u <V, then we say that V is dominated
by U and write U X V;

if either u <y and u <V or u<y and u <V, then we
say that V is strictly dominated by U and write
U<V,

if V is not dominated by U, then we write Uﬁ V; if
V is not strictly dominated by U, then we write
UAV;

if UAV and VAU, then we say that none of U and
V dominates the other, or U and V are not
comparable.

(ii)

(iii)

(iv)

Now we illustrate the concept of sequence in /(R)" and
study its convergence. To do so, we need the concepts of
norms on /(R) and I(R)".

Definition 3 (Norm on I(R)
I~ [lygy : 1(R) — R, defined by

The function

(1D.

10lm) = max{lul, [#]}VU = [u,u] € I(R),
is a norm on I(R).

Definition 4 (Norm on I1(R)"). For U = (U}, Uy, ---,U,)
€ I(R)", the function [| - ||,y : I(R) — R, defined by
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A~ n 2
||U||I([R{)” = Z ||Ui||1([r@)7
\/ i=1

is a norm on /(R)". To prove that the function || - ||
satisfies all the properties of a norm please see Appendix I

In the rest of the article, we use the symbols ‘| - ||’,
I ;"> and “[[ - |l;)y" to denote the usual Euclidean

norm on R”, the norms on I(R), and the norms on I(R)",
respectively.

Definition 5 (Sequence in I1(R)"). A function G : N —
I(R)" is called sequence in I(R)".

Definition 6 (Bounded sequence in I(R)"). A sequence
{(A}k} in I(R)" is said to be bounded from below (above) if

there exists an U € I(R)" (a V € I(R)") such that

U = GVn € N(G; < VVn e N),

~

where for any two elements B = (B, B,, - -
(Ci,Cy,--+,C,) in I(R)",

,B,) and C =

ﬁj(Ai<:>B,-jC,<foraui:1727...’”

A sequence {(A}k} that is both bounded below and above is

called a bounded sequence.

Definition 7 (Convergence in I(R)"). A sequence {ék}
in I(R)" with the property:

|Gk Sgu G||1(R)n — 0ask — oo,
where G el ([F\?)", is said to be convergent sequence.

Remark 2 Tt is noteworthy that if a sequence {(A}k} in

I(R)", where (A}k = (Gi1, G2, - -, G ), converges to G =
(G1,Ga, -+ +,G,) € I(R)", then according to Definition 1
and Definition 4, corresponding each sequence {Gy;} in
I(R) converges to G; € I(R) for all i =1,2,---,n. Also,

due to Definition 3, the sequences {&} and {gy} in R

converge to g; and g;, respectively, for all i.

2.2 Convexity and calculus of IVFs

An IVF is defined by the function T : S — I(R). For each
argument point p € S, the value of T is presented by

T(p) = [tp), 1(p)],

where ¢ and 7 are real-valued functions on S such that
t(p) <i(p) forall p € S.
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In [20], Wu introduced two types of convexity for IVF,
i.e., ‘LU-convexity’ and ‘UC-convexity’. However, in this
article, we only use LU-convexity for IVF and we read an
LU-convex IVF as simply a convex IVF. The definition of a
convex IVF is

Definition 8 (Convex IVF [20]). Let S be convex. An IVF
T:S—I(R) is said to be convex on S if for any

pi,p2 €S,

T(1p1 +7202) 291 © T(p1) ® 7, © T(p2)
for all y;,y, € [0, 1] with y, +7y, = 1.

It is notable that in Definition 8, we have used the
notation ‘=<’ instead of ‘<;¢’. Because the ordering relation
‘<rc’ provided in [20] is the same as the ordering relation
‘_<9.

Lemma 1 (See [20]). T is convex if both of its boundary
functions t and t are convex and vice-versa.

Definition 9 (gH-continuity [4, 12]). An IVF T on S is
said to be a gH-continuous at p € S if for any d € R" with
p+des,

HH\TO(T(ﬁJ’_ d) S T(ﬁ)) =0.

Lemma 2 (See [34]). An IVF T on S is gH-continuous if
both of its boundary functions t and t are continuous and
vice-versa.

Theorem 1 Let S be open. If an IVF T on S is convex,
then it is gH-continuous on S.

Proof Let the IVF T be convex on S. Due to Lemma 1,
both the boundary functions ¢ and 7 are convex on S.
Therefore, by the property of real-valued functions, ¢ and #
are continuous on S. Hence, according to Lemma 2, T is
gH-continuous on S. O

Definition 10 (gH-Lipschitz continuous IVF [2]). An IVF
T on S with the following property:

IT() et T(@) 0y <Kllp — allvp.g € S,

where K > 0, is known as gH-Lipschitz continuous on S.
Definition 11 (gH-derivative [4, 14]). Let T be an IVF on
Y C R. If the following limit:

. T(p+d) S T(p)
/ _ &
T'(p) = lim d

exists at a point p € ) for all d € R with p+d € ), then
T'(p) is known as gH-derivative of T at p.

Remark 3 (See [4, 35]). Let ) C R. If the derivatives of ¢
and 7 at p € ) exist, then gH-derivative of the IVF T :
Y — I(R) at p exists and
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T'(p) = [min{/(p),7 (p) }, max{¢'(p),7 () }].
But, the converse is not true.

Definition 12 (Partial gH-derivative [11, 12]). Let T be
an IVF on 8. We define a function G; by

Gi(pi) = T(py,pa, -+~

where p = (py, P, -+, D) € S. If G/ exists at p;, then the
i-th partial gH-derivative of T at p, denoted D;T(p), is
defined by

,p_ifhpi’p_H»l) T ’ﬁn)v

DT(p)=Gi(p;)Vi=1,2,---, n.
Definition 13 (gH-gradient [11, 12]). The gH-gradient of
an IVF T on § ata point p € S, denoted VT(p), is defined by
VT(ﬁ) = (DIT(ﬁ)J D2T(ﬁ)v Tty DnT(ﬁ))t

Definition 14 (Directional gH-derivative [15, 18]). Let T
beanIVFon S.Letp € Sandh € R" suchthatp+yh € S
for any small ). The directional gH-derivative of T at p in
the direction &, denoted by T'(p)(h), is defined by

1
lirgl —® (T(p + yh) ©en T(p)), provided the limit exists.
y— + ’))

Definition 15 (Linear IVF [2]). An IVF L: X — I(R)
with the following properties:
(1) L(yp) =yOL(p)vp € Sand for ally € R,
(i) for all p,q € X, either
L(p) & L(q) =L(p +q)

or none of L(p) @ L(g) and L(p + ¢g) dominates the
other,

is known as linear IVF.
Remark 4 (See [2]). The IVFL : R" — I(R) that is defined
by

Lp)=p oU=@_poU=D_p0 u
is a linear IVF, where ‘@?:l’ denotes successive addition
of n number of intervals.

Remark 5 1t is to mention that if the boundary functions /
and [ of an IVF L : R" — I(R) are linear, then the IVF L
must be linear. However, converse is not true.

For instance, consider the IVF L(p) = [-1,1] ® |p| on
R. For any y € R,

Lop) =[-L1Johpl=r0 (-1, 1]op|) =7©Lp).
Further, for all p,q € R,

Lip+q)=[-1,1]0p+4q| = [-lp +4l,Ip + 4l]
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and

L(p) +L(q) = [~Ipl, Ipl] © [~lql; |4l]
= [~Ip| = lql, lq] + |ql]-

Since —|p +¢|> — |p| — |g| and |p + q| <|q| + |q|, there-
fore L(p + ¢) and L(p) 4+ L(g) are either equal or none of
them dominates other. Hence, the IVF L is linear. However,
the real-valued boundary functions /(p) = —|p| and I(p) =
|p| are not linear.

In [15], the definition of gH-differentiability for IVFs is

provided using the midpoint-radius representation {% , %}

of an IVF T. However, as our main intention in this article
is to illustrate all the things regarding IVF whether its lower
boundary function ¢ and upper boundary function 7 are
readily available or not, we consider the Proposition 7 of
[15] as the definition of gH-differentiability for IVFs, which
is as follows.

Definition 16 (gH-differentiability [13, 15]). AnIVF T on
S is said to be gH-differentiable at p € S if there exists an

IVF L;(d) = d' ® U, where d € R" and U € I(R)", an IVF
E(T(p);d) and a /2 > 0 such that

(T(P +d) Sen T(p)) = Ly(d) & ||d|| © E(T(p); d)
for all d with ||d|| <A, where E(T(p);d) — 0 as ||d|| — O.

Theorem 2 (See [15]). Let an IVF T on S be gH-differ-
entiable at p € S. Then, T has directional gH-derivative at
p for every direction d € R" and

T'(p)(d) =d & VT(p) = (—D?:]d,- © D;T(p)vd € R".
Theorem 3 (See [34]). Let S be convex and an IVF T on
S be gH-differentiable at p € S. Then

(¢ —p)' © VI(p) = T(q) Ogn T(p)Vp,q € S,

if T is convex on S.

3. Subdifferentiability of IVFs

In this section we describe the concepts gH-subgradient and
gH-subdifferential for convex IVFs and study their char-
acteristics. In order to do this, we adopt the concept of
subgradient for convex FVFs provided in [32].

Definition 17 (gH-subgradient). Let S be convex. An

element G = (G, Gy, ---,G,) € I(R)" is said to be a gH-

subgradient of the convex IVFT: S — I(R) at p € S if
(=) ©G<Tp) S TR)peS. (1)

Due to Remark 4, we can also define gH-subgradient as a
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gH-continuous linear IVF. A gH-continuous linear IVF L :
X — I(R) is said to be gH-subgradient of T at p € S if

Ly(p — p) 2 T(p) Sen T(p)Vp € S, (2)
where X is the smallest linear subspace of R" containing S.

Definition 18 (gH-subdifferential). The set 0T (p) of all
gH-subgradients of the convex IVF T : S C R" — I(R) at
p € S, where S is convex, is called gH-subdifferential of T
at p.

Throughout this article, we express an element of 0T (p)
either as as an element of I(R)" satisfying (1) or as an

element of X’ satisfying (2).

Remark 6 In view of Theorem 3, it is to be noted that if T
is gH-differentiable at p € S, then VT(p) € 0T(p).

Example 1 Let Y C R be convex and an IVF T: )Y —
I(R) be defined by T(p) = |[p| ©B, where 0 < B. If G €
I(R) is a gH-subgradient of T at p = 0, then according to
Definition 17, we have

(P=p)©G=T(p) S T(p) = GOp <BO |p|.
Therefore, for p <0, we have
Gop=x(-)oBop=(-1)©oB=G  (3)
and for p >0, we have
GoOp=2BOp= G =B 4)
With the help of (3) and (4), we obtain
(-1)©B <G =<B.

Hence, 0T(0) = {G : (—1) ©B < G < B}.

Considering B = [1,3], the IVF T is delineated in
figure 1 by the shaded region within dashed lines, and
two possible subgradients Gi, G, € 0T(0) of T are
delineated by black and dark gray regions, respectively.

Example 2 Let S be convex and an IVF T : S — I(R) be
defined by T(p) = |pj| © U, where j € {1,2,---,n} and
0=<U. If G=(Gy,Gy,--,G,) € I(R)" is a gH-subgra-
dient of T at p = (py, Py, *,P;**,Pn)> Where p; = 0, then
due to Definition 17, we have

H©G=T(p+h) S T(p)Vh € S,

which implies
P_,Gioh 2UG|h|Vh e S. (5)

Let us choose G = (0, 0,~~~,0,Gj,0,~~~0). From the
relation (5) we obtain that
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Figure 1. The IVF T of example 1 is depicted by the shaded
region within dashed lines, and two possible subgradients G; and
G, of T are illustrated by black and dark gray regions,
respectively.

G oh 2UO k.
Thus, for all & with h; <0, we get

Goh=(-)oUoh=(-1)0U=G. (6

Hence, for all & with h; >0,
GJQhJjUth:>ijU (7)
By (6) and (7), we have
(-HeU=<G;=U. (8)

Therefore, G = (0, 0,---,0,Gj,0,- "0) that satisfies the
condition (8) is a gH-subgradient of T at p.

Remark 7 Tt is noteworthy that

(i) the author of [33] in Definition 2 has proposed the
concept of subgradient for IVFs by considering L as
linear real-valued function. However, in Definition
17 of the present article, we consider L; as linear
IVF. That’s why our concept of subgradient in terms
of linear function is more general.

(ii) as IVFs are the special case of FVFs, one may think
that we can adopt the concept of subgradient for
FVFs of the article [36] as the concept of subgradient
for IVFs. However, according to Definition 3.1 of

[36], if we define the gH-subgradient G satisfying the
condition

(p-p)'©GoTE) <T(p) 9)

instead of satisfying the condition (1) in Definition
17, then Definition 17 will be quite restrictive even
for a gH-differentiable IVF. The following example
reveals that case.
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Example 3 Let an IVF T : [0,2.5] — I(R) be defined by

T(p) =[L,1]op*@0,1]6 (p* —p*+34) & [1,6]
= [p* + 1,p* +40]
= [t(p),1(p)]

Clearly, t and 7 are differentiable at p = 1. Hence, the gH-
derivative T'(p) of T at p = 1 exists due to Remark 3, and

VT(1) = T(1) = [2,4].
Since
VI(1)® (2= 1) = [2,4] < [3,15] = T(2) Sg T(1)
but
VT(1) © (2 1)@ T(1) = [4,45]£[17,44] = T(2)

therefore, VT (1) € 0T(1) with respect to condition (1), not
respect to the condition (9).

Remark 8 One may think that the study of gH-subgra-
dients and gH-subdifferentials of an IVF T is equivalent
to the study of subgradients and subdifferentials of its
real-valued boundary functions ¢ and 7 together. Practi-
cally, it is not true. The following two reasons clarify the
fact.

(i) From the definition of subgradient (Definition 17), it
is clear that a gH-subgradient of an IVF T is a linear
IVF (L say); also, it is well known that the
subgradients of the real-valued boundary functions ¢
and 7 are linear. Therefore, one may think that the
boundary functions of the subgradient L. must be
linear. However, Remark 5 reveals that real-valued
boundary functions of a linear IVF are not necessar-
ily linear. Hence, just by the properties of the
boundary functions of L, one cannot expect to
capture the properties of gH-subgradient of the IVF
T.

(i) Faurther, it is noteworthy that the subgradients g and g
of the real-valued boundary functions ¢ and 7 can be
defined by

(p—p)'g+1(p) <1(p)
and
(p—p)g+1(p) <i(p)
respectively. However, example 3 shows that we

cannot define gH-subgradient of the IVF T by the
relation (9).

So, it can be said that gH-subgradients and gH-subdiffer-
entials of an IVF T are not the obvious extension of the
subgradients and subdifferentials of the real-valued
boundary functions ¢ and 7 together.
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Now we provide an example of gH-subdifferential as a
collection of gH-continuous linear IVF through Theorem 4.

To do so, we introduce the concept of a norm on the set X of
all gH-continuous linear IVFs on a linear subspace X of R".

Definition 19 (Norm on X ). A norm on the set X of all
gH-continuous linear IVF L on X is defined by the function

Il - H; : X — R, such that

L
IIL||~ = supw7wherep €.
Y0 lpll
To prove that the function || - ||} satisfies all the properties

of a norm please see Appendix II.
Lemma 3 Let L € X’ be such that
L(p) 2BO[plvp € &,

where B € I(R). Then,

L)1) < 1Bl llPlIVP € X

Proof Please see Appendix III. O
Theorem 4 Let T : X — I(R) be a convex IVF, defined
by

T(p) =B o |pl|Vp € &,
where B € I(R,). Then,
aT(0) = {Lo € X | [ILoll5 < |IB s }-
Proof Let Ly € 0T(0). Therefore, for all nonzero p € X,

Lo(p — 0) X T(p) ©4u T(0)
=Lo(p) =B O lp||
= [Lo(P)llyr) < 1Bl I, by Lemma 3

Lo ()l
—® < Bl ;(r)
1Pl
ILo() s
= sup—— L < Bl
o S|

= [[Loll <[IBl|;-

Hence,
OT(0) = {Lo € & | Lol < 1B }-

O

Next, we show that a gH-differentiable convex IVF has
only one gH-subgradient, which is the gH-gradient of the
IVF. Thereafter, we show that on a real linear subspace if
the gH-subgradients of a convex IVF at a point exists, then
the directional gH-derivative of the IVF at that point in
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each direction is the maximum of all the products of gH-
subgradients and the direction.

Lemma 4 Let S be convex and T be a convex IVF on S.
Then, for an arbitrary p € R"

OT(p) = {@ € IR)" | h' © G < T'(5)(h)Vh € S}.
Proof For an arbitrary G € OT(p), we have
(P—p)'©G 2T(p) S T(P)Vp € S.
Replacing p by p + yh, where y > 0, we get

(7h)' © G = T(p + yh) Sgn T(p),

which implies

~ 1
4 G < lim = © (TG4 5h) o T(P)
=i © G <T(p)(h).
O

Theorem 5 Let an IVF T on S is gH-differentiable at
p €S, then

0T(p) = {VT(p)}.

Proof LetG € OT(p). Since T is gH-differentiable at p, in
view of Theorem 2 and Lemma 4, we have

HoG=<hoVT(p)VheR" (10)
Replacing i by —h in the last relation we get

(=h)' ® G = (=h)' @ VT(p),
which implies

W ©VT{E) =k GVhe R (11)
Thus, the relations (10) and (11) together yield

W ©VT(p) =h' © GVh € R". (12)

For each i € {1,2,--- n}, by choosing h = ¢;, we have
D/T(p) = G;.

Therefore,
VT(p) = G

and hence,

aT(p) = {VT(p)}.
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Theorem 6 Let an IVF T be a convex and gH-continuous
IVF on X. If gH-subdifferential dT(p) of T at p € X is
nonempty, then

T (5)(h) = max{h’ ©G|Ge 6T(p‘)}Vh c X

Proof Let gH-subdifferential 0T(p) of T at p € X is
nonempty. Since T is convex on X, the directional gH-
derivative of T at p in every direction h € X exists due to
Theorem 3.1 in [2]. By Lemma 3.1 in [2], we have

L0 (T4 71) S (7)) < TP +1) S4n T(P),
where y > 0
=T (p)(h) 2 T(p+h) Sen T(p)

for all 1 € X. Hence, in view of Lemma 4, we obtain
T'(p)(h) = max{é’ Oh|Ge 6T(ﬁ)}Vh €X.

O

Next, we show that gH-subdifferentials of a convex IVF
are bounded and closed. To do so, we use the mapping
W I(R)" — R" defined in [2] by

W(U) =W(Uy, Uy, - - -, Uy)
=(wuy + Wi, wiy + Wi, -+, wiu, + Wi,
(13)
where w, w' € [0, 1] with w +w' = 1.

Lemma 5 Forany U cI(R)" and d € R",
doU < e, c] = d’W(fJ) <2c,

where the map W is defined by (13).
Proof Please see Appendix IV. O

Lemma 6 For any U € I(R)",
||w(ﬁ) lis finite = [| U], gyis finite,

where the map W is defined by (13).
Proof Please see Appendix V. O

Theorem 7 Let S be compact and convex and T be a

convex IVF on S. Then, | 0T(p) is bounded.
peS

Proof We claim that the set |J OT(p) is bounded. On
peS

contrary, there exists a sequence {py} on S and an
unbounded sequence {(Ek}, where Gy € 0T (pk), such that

0<[|Gell <[|Gisrl. k € N,
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w(G,)
(Gl
by (13). By Definition 17 we have

Let us take d; = , where the mapping W is defined

d © Gy = T(pe + di) Sn T(pr)
= max{t(px + di) — t(pi), 1 (px + di) — t(pr) }

=d, ® Gy < [e, ], where max{#(p)|p € S} <¢

:>d,’(W((A}k) <2c¢,by Lemma 3
:>|\W(f}k> | < 2.

Since T is convex on R”, in view of Theorem 1 and
Lemma 2, t and 7 are continuous on R". As {p;} and {dk}
are bounded and the boundary functions ¢ and 7 are
continuous, by the property of real-valued function, c is

finite. Thus, ||W(Gk) || is finite and hence, due to Lemma

6, ||ak||1<Rn) is finite. Therefore, the sequence {Gy} is
bounded, which is a contradiction. Hence, the set

J 0T (p) is bounded.
peS

Theorem 8 Let S be convex and T be a convex IVF on S.
Then, for every p € S, 0T (p) is closed.

Proof Let {ék} be an arbitrary sequence in 0T (p) which

converges to G € I(R)", where Gy = (Gu1,Gr2s -+, Grn)
and G = (G1, Gy, -+, Gy).
Since, (A}k € 0T (p), for all d € S we have
d'® Gy 2 T(p+d) Sen T(p),
i.e.,
P di © G X T(p+d) S T(P). (14)

In view of Remark 1, without loss of generality, let the first
m components of d be nonnegative and the rest n —m
components be negative. Therefore, from (14), we get

P di © Gy & @;;mﬂd,- O Gy 2T(p+d) o T(P)
ﬁ@, 1|:gkldl7gkl z:| 69@1 mi1 |:gkjdj7gkjd:|
= TP +d) S T(p)
:{Z&dﬁ > 2gd; ngzd - Z 8k ]
i=1 j=m+1

<T(p+d)Sen T(p).

Therefore, we get

n
gud;i + Y gd; < min{e(p + h)
i=1 Jj=m+1

—1(p), 1(p+h) —1(p)}

'Mi
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m

ngld + Z gk]

di < max{t(p +h) —t(p),{(p+h) —#(p)}

(16)

~

Since the sequence {(A}k} converges to G, in view of

Remark 2, the sequences {&} and {gx} converge to g;

and g;, respectively, for all i. Thus, by (15) and (16), we
have

(o £) (- 524

Jj=m+1 Jj=m+1
< min {1(p + h) - 1(p),
ip+h) ~1(p) |

and

(Z 2ud; + Z gyd

Jj=m+1

) )

Jj=m+1
< max {1(p + 1) - 1(p).
ip+h) ~1(p) }.

Hence,

DTS TS v TS o]

jemtl et
= T(p+d) o T(p)
:>®, 1[81‘11781 } @@j ml [gjdj,g]d}
=< T(p+d) o T(p)
=406 oD, 406 IT(p+d) S T(p)
—d' ©G <T(p+d) O T(p)

for all d € S. Therefore, G € 0T (p) and hence, 0T (p) is
closed. |

In the following theorem, we prove that if a convex IVF
has gH-subgradients in all over its domain, then the IVF is
gH-Lipschitz continuous on its domain.

Lemma 7 For any p € R" and U= (U1,Uy,---,U,)
e I(R)",

P02 pl® (1000 101
Proof Please see Appendix VI. U]

Lemma 8 Let T be an IVF on S such that

T(p) ©en T(q) B O |lp — ql|Vp,q € S,
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where B = [b,b| = [b, b]. Then,

IT(P) St T(q) sy <bllp = qlVp1q € S.
Proof Please see Appendix VII. O

Theorem 9 Let S be compact and convex, and T be a
convex IVF on S such that T has gH-subgradient at every
p € S. Then, T is gH-Lipschitz continuous on S.

Proof SAince T has gH-subgradient at every p € S, there

exists a G € I(R)" such that
(a-p)' © G = T(g) Seu T(p)

— (1o ((p-9)'©G) 2T(g) S T(p)

—T(p) S T(q) < (P —9)' © G

—T(p) Ogn T(q) % Ip = all © [I1G |z 1G]
by Lemma 3

—>(T(p) Sett T(@)l 52 < |G |y llp — all, by Lemma 3.

Considering K =  sup ||§|| 1(ry's We have

GelJorp)

peS

IT(P) ©er T(9)|lym) < Kllp — qllVp,q € S.
Hence, T is gH-Lipschitz continuous on S. O

Now we show another two important characteristics of
gH-subdifferential of a convex IVF.

Theorem 10
be defined by

(Chain rule). Let S be convex and an IVF T

T(p) = H(Ap)¥Vp € S,

where H : R" — I(R) is a convex IVF and A is a m X n
matrix with real entries. Then,

AT(p) = {A'® Gy | G,y € OH(Ap)},

where G,, € I(R)" andp € S.

Proof By the definition of gH-subdifferentiability of H at
A(p), for any p € S, we have a Gm € I(R)" such that

(Ay — Ap)' © G, = H(Ay) ©, H(Ap)Vq € S,

which implies

(A(g—p))' © G,y =< H(Ay) S, H(Ap)
=(q—p)' © (A" ® G,) < H(Ay) Oy H(Ap)
—=(q—p) ©(A"® G,) 2 T(q) Oen T(p).

Since (A' ® G,,) € I(R)", by Definition 17,
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OT(p) = {A'® G, | G,, € 0H(Ap)},

whereG,, € I(R)"andp € S. O

Remark 9 (gH-subdifferential of a sum). Let S be a con-
vex set and an IVF T be defined by

T(p) = P, T:(p)Vp € S,

where each T; : S — I(R) is a convex IVF on S. We write
T(p) = H(Ap)vp € S,

where A is a matrix, defined by Ap = (p,p,---,p)" for all
p € Sand H: R™ — I(R) is an IVF, defined by

H(q) =H(q1,92, -, qm) = D" Ti(q:)Vg € R™.

Thus, by Theorem 10, we have

oT(p) =P, dTi(p)Vp € S.

4. Convex IOP and its optimality conditions

Here we explore the relation of efficient solutions (ESs) to
the following IOP:

minT(p), (17)

where S is convex and T is a convex IVF on S, with the
gH-subgradients of T. The IOP with convex IVFs is known
as convex IOP.

The following definition reveals the concept of an ES to
the IOP (17).

Definition 20 (ES 2D. Let pES. If
T(p)AT(p)Vp(# p) € S, then p is known as an ES to the
IOP (17).

Remark 10 Let S be a convex set and T : S — I(R) be a
convex IVE. If 0¢ OT(p) for some pe€S, where
0=(0,0,---,0), then p is an ES to the IOP (17). The
reason is follows. If 0 € OT(p), then for all p € S,

(p—p)' ©0 < T(p) Ogn T(p) =0 < T(p) Son T(p)
=T(p) < T(p)
=T(p)AT(p).

Hence, p is an ES to the IOP (17).

An important point to note for the result in this remark is
that the result is applicable for any general convex IVF,
irrespective of gH-differentiability. Thus, this result is not
identical to Theorem 3 in [37], which is applicable only for
gH-differentiable IVFs.

The following two examples reveal that Remark 10 is
true.

Example 4 Consider the following IOP:
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[—2,5]6eu[-1,0]® |p — 2|, for
min  T(p) = 1<p<3
PES=[-26] [2,3]@[1,2] ®|p—2|, otherwise.
(18)

Choosing p =2 we have

[Oa |p - 2”’
2lp —2|-2,p—2]],

for 1<p<3

for 0 <p<1

and 3<p <4
otherwise.

T(p)SenT(p) =
lp —2[,2|p — 2| - 2],

Thus,

0=(p—p) ©0=T(p) S T(p)¥p € S.

Therefore, 0 € 0T (p).

The graph of the IVF T is presented by the gray shaded
region in figure 2. From figure 2, it is to be observed that
there does mnot exist any p(#p)€ S such that
T(p) < T(p) = [-2,5]. Hence, p = 2 is the ES to the IOP
(18).

Remark 11  As in example 4, the result has been tested at
p =2, which is an ES of the problem (18), readers may
wonder how to determine the point of interest in general
cases. For a detailed answer to this aspect, we refer to the
article [38].

Example 5 Consider the following IOP:

min

T(p) =12,7 1,3 6,15].
T ) = 2710 | @ [1.3]6 2| @ [6.1]

(19)
Taking p = (0,0) we have

T(p) Sen T(p) = [2,7] © |p1| @ [1,3] © |pa

Therefore,
Y
10
8 |-
6 |-
4 |
2r /

-2 o 2 4 6 X
2k

Figure 2. IVF T of the IOP (18) is depicted by gray region.
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Figure 3. IVF T of the IOP (19) is illustrated by gray region and
the value of T(p) is represented by blue line.

0=(p—p) ©0 X T(p) Oen T(p)¥p € S.

So, 0 € AT(p).

The graph of the IVF T is shown by the gray region in
figure 3 and the interval T(p) is represented by the vertical
line near T(p). From figure 3, it is to observe that there does
not exist any p(# p) € S such that T(p) < T(p) = [6, 13].
Hence, p = (0,0) is an ES to the IOP (19).

The converse of Remark 10 is not true, which will be
proved by the next example.

Example 6 Consider the following IOP:
minT(p) = [1,2] ©p* ©[0,2]© (p+ 1) @ [4,6], (20)
P

where S = [—1,2].

Since t(p) = p* — 2p + 2 and #(p) = 2p* + 6 are convex
on S, the IVF T is convex on S by Lemma 1. Further, as ¢
and 7 are differentiable in S, the IVF T is gH-differentiable
in & by Remark 3. Hence,

OT(p) = (VI(p)} = {[2.4] 0 p© [0,2]}vp € &.

The graph of the IVF T is presented by the gray shaded
region in figure 4. From figure 4, It is clear that for any
p € [0, 1], there does not exist any p(# p) € S such that
T(p) < T(p). Therefore, each p € [0, 1] is an ES to the IOP
(20). The region of the ESs of the IOP (20) is illustrated by
bold black line on the x-axis in figure 4. However, for each
p € [0,1],

VT(p) = [2p —2,4p] # 0
and hence, 0 ¢ 0T (p).
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Il L L L L Il L L L L b . d L L L L Il L L L L Il X
-1.0 -0.5 " 0.5 1.0 1.5 2.0

Figure 4. IVF T and ESs of the IOP (20) are depicted by gray
shaded region and bold black line on x-axis, respectively.

Theorem 11 (Optimality condition). Let S be convex and

T : S — I(R) be a convex IVF. If there exists a G € OT(p)
for some p € S, such that

(p—P) © GAOVp € S, (21)

then p is an ES to the IOP (17).

Proof Let there exists a G € 0T(p) for which the relation
(21) is true. Then, by definition 17 of gH-subgradient and
the relation (21), we obtain

T(l’) OgH T(ﬁ)%ﬂ
=T(p)AT(p)

for all p € S. Hence, p is an ES to the IOP (17). O

Remark 12 The converse of theorem 11 is not true. For
example, consider the IOP (20) of example 6. We have seen
that each point p € [0, 1] is an ES to the IOP (20). However,
at p =0,

(P=p)©G=(p-p)OVIP) =[-200p=<0

for all p € (0,2] C S.

5. Conclusion and future directions

The concepts of gH-subgradients and gH-subdifferentials of
convex IVFs with their several important characteristics
have been provided in this article. It has been shown that
the gH-subdifferential of a convex IVF is closed (Theo-
rem 7) and convex (Theorem 8); the gH-subdifferential of a
gH-differentiable convex IVF contains only gH-gradient
(Theorem 5). It has been observed that on a real linear
subspace if the gH-subgradients of a convex IVF at a point
exists, then the directional gH-derivative of the IVF at that
point in each direction is the maximum of all the products
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of gH-subgradients and the direction (Theorem 6). Also, it
has been shown that a convex IVF is gH-Lipschitz con-
tinuous if it has gH-subgradient at each point in its domain
(Theorem 9). The chain rule of a convex IVF (Theorem 10)
and the gH-subgradient of the sum of finite numbers of
convex IVFs (Remark 9) have been depicted. Furthermore,
the relations between ESs of an IOP with gH-subgradient of
its objective function have been illustrated (Remark 10 and
theorem 11).

Although in this article, we have studied various prop-
erties of gH-subgradients and gH-subdifferentials of convex
IVFs, we could not make any conclusion about the
nonemptiness of gH-subdifferentials. In the future, we shall
try to make a conclusion about the nonemptiness of gH-
subdifferentials. Also, based on the proposed research,
future research can be performed in the following
directions.

e The concept of subdifferential of the dual problem of a
constrained convex IOP can be illustrated.

e A gH-subgradient technique to obtain the whole
solution set of a nonsmooth convex IOP can be
derived.

e The derived results can be applied to solve lasso
problem with interval-valued data.

e The notions of quasidifferentiability for I[VFs without
the help of its parametric representation can be
illustrated.

e As IVFs are the special case of FVFs and IOPs are the
special case of fuzzy optimization problems, similar
results can be extended for FVFs and nonsmooth fuzzy
optimization problems.

Appendix L. Proof of norm on /(R)"

A~ n 2
11y = /> Iilli),
i=1

(i) For any element U = (Uy,Uy,---,U,) € I(R)", we
have

Proof

n

HﬁHl(R)” = Z HUiH?(R) > 0, since||Uj| ;) = OVi

i=1
and
10|y =0 <= [|Uil g = OVi

— U; =0Vi
— U=0=(0,0,---,0).
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(ii) For any y € R and an element U € I(R)"

17O Ullymy =4/ > Iy © Uillrg
i=1
. 2
=lrly/ > Uillzg
i=1

=710l (g)

(iii) For any two elements fJ, Vel (R)", we have

U@ Vgy = \/Z IU;: @ Vill7g)-
i=1

Without loss of generality, due to Definition 3, let

Ui & Villyw)

_ |M1+21| f0ri=l,2,---,m(§n)

— [; +v;| fori=m-+1,p+2,---,n
Therefore,

\/Z |U; @Vz’H?(R)
P

n
v+ S [+ vl
1 k=m+1

|

J

< Z| 2+ Z jiel®
k=m+1
Zl Pt >
k=m+1

by Minkowski inequality

< \/Z U + \/Z | V;]|*due to Definition 2.1.

Thus,

IUe ‘A’||1<R)" < Z 10i1* + Z IVil|?
p p

Hence, the function || - [|;z) is a norm on I(R)". O

Appendix II. Proof of norm on Y

Proof

(i) Since [[L(p)]l ) >0 and [lp]| > 0,

, We obtain
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L)l 1(g)
=sup—————

I~ = >0vp € X,
X p#0 ||pH

and

L
L~ =0 <> supwzo
x p20 |lPll
<= L)l =0VpeX
<~ L(p)=0pecX

<= Lis the interval-valued zero mapping;

by an interval-valued zero mapping we mean an IVF

which maps each element of its domain to
0 =[0,0].
(i) LetL € X and y € R. Then,

1OL) ()1
Yy © L)||~ =sup—————
1oLl S

(iii) Let L;,L, € X. Then,

= BlLi

L1 (p) & La(p)llyw)

L1 & Lol =s
v Il
up L1 () ) + L2 (Pl yw)
T A0 Il
—[ILill, + Ll
O
Appendix III. Proof of Lemma 3
Proof For all p € X, we have
L(p) 2B |p, (22)
1.e.,
1), 1(p)] = [blpll, BlIpll].
Therefore,
l(p) <blp|| and I(p) <b|lp]. (23)
Replacing p by —p in the relation (22), we get
L(-p) 2BO |p||
=(=1D)OL(p) ZBO|p|
=(-1) ©Bo |p| 2 L(p)
= [=bllpll, —2llpll] = [1p),1(p)],
which implies
l(p)> = blpllandi(p) > — blpl. (24)
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By the inequalities (23) and (24) we obtain

—bllp|l <i(p) <bllp|land — b|p|| <I(p) <b|p|
=l(p)| < max{[b]lp|l, [Bllp]l}

and|l(p)| < max{[p|[p|, [Bllp] }
= max{|l(p)|, [I(p)|} < max{|]||p|, [BllIp| }
=Ll ;r) < 1Bl [Pl

forall p e X. ]

Appendix IV. Proof of Lemma 5

Proof In view of Remark 1, without loss of generality, let
the first m components of d be nonnegative and the rest

n —m components be negative. Therefore, d' ® U can be
written as

doU=Q dou;
_G_)z ld ®U 69@” . d ®U

j=m+1

=D, [wid;, wid;] ® @j:mH {Ejdjv ”jdj}
Zu,d—i— Z u;d; Zu,d—i— Z u; ]

Jj=m+1 Jj=m+1
Therefore,
doU=<cd
= Soud+ 3w 3o 3w
i=1

j=m+1 Jj=m+1

=>w2ﬂdi+W’ZEdi§20

i=1 i=1

= Z(wm +w)d; <2c

i=1

—dW (ﬁ) <2

Appendix V. Proof of Lemma 6

Proof Let

(0

/Oy + W Y+ (wity + W)+

+ (wu, + w’ﬁn)z.

be finite. Therefore, all u;’s and u;’s are finite. Hence,
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1Oy = \/Z iz = \/Z max { |, |7 }*
=1 i=1

is finite. O

Appendix VI. Proof of Lemma 7

Proof Letp' ® U=V. According to Definition 3, we have
P OU =V =Vl Vi |

which implies

P 0 2 1pll © [0l 10y ]

because
IVl =Pt ©U1 & p2 0 U @ -+ @ p © U |y
<Pt © Uillymy + [IP2 © Uzl @) +
+lpn © UnHI([R)
=lpillIUllm) + P2llU2ll;) + - - + [Pall[Unll )
< 1P (01 gy + 02llyy + -+ + 10l ey )
=PIy
O

Appendix VIIL. Proof of Lemma 8

Proof Since T(p) S,uT(q) <BO |lp—g|, for all
p,q € S, we have

t(p) —t(q) <b|lp — gl and#(p) — #(q) <bllp — ql|-

Interchanging p and g in the inequalities (25), we obtain

t(p)

(25)

—t(q) <b|lp — qlland#(p) —#(q) <bllp — q|[Vp,q € S.
(26)

With the help of the inequalities (25) and (26), we get

|t(p) — t(q)| < b|p — qll and
[t(p) —t(q)| <bllp — qllVp,q € S,

which implies

IT(p) St T(q)llm) <bllp — 4llVp,q € S.
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