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Abstract

Let X be a compact Riemann surface of genus g > 3. We consider the moduli space of
holomorphic connections over X and the moduli space of logarithmic connections singular
over a finite subset of X with fixed residues. We determine the Chow group of these moduli
spaces. We compute the global sections of the sheaves of differential operators on ample
line bundles and their symmetric powers over these moduli spaces and show that they are
constant under certain conditions. We show the Torelli-type theorem for the moduli space of
logarithmic connections. We also describe the rational connectedness of these moduli spaces.

Keywords Logarithmic connection - Moduli space - Chow group - Differential operator -
Torelli theorem - Rational variety

Mathematics Subject Classification 14D20 - 14C15 - 32C38 - 14C34 - 14E05 - 14E08

1 Introduction and statements of the results

Let X be a compact Riemann surface of genus g > 3. We consider the moduli space M, (n)
of rank n holomorphic connections over X. In [31] and [32], Simpson constructed the moduli
space of holomorphic connections over a smooth complex projective variety.

Let

S={x1,....xm}

be afixed subset of X such thatx; # x; foralli # j. We consider the moduli space M. (n, d)
of logarithmic connections of rank n and degree d, singular over S, with fixed residues (see
Sect. 2 for the definition). The moduli space of logarithmic connections over a complex
projective variety singular over a smooth normal crossing divisor has been constructed in
[26].

Assumption Throughout this article, we assume that the rank n and degree d are coprime,
except for the case where we deal with the moduli space of holomorphic connections.
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Several algebro-geometric invariants like the Picard group, algebraic functions of the
moduli space of holomorphic and logarithmic connections have been studied, see [5-7, 30,
33, 35].

In the present article, our aim is to study the Chow group, global sections of certain
sheaves, Torelli-type theorems, and rational connectedness of these moduli spaces.

The structure of the article is as follows. In Sect. 2, we define the notion of holomorphic
and logarithmic connections in a holomorphic vector bundle over X, and recall their moduli
spaces.

In Sect. 3, we compute the Chow group of the moduli spaces which is motivated by the
following result in [10]. Let ¢/* (2, Ox (x9)) be the moduli space of stable vector bundles of
rank 2 with determinant Oy (x(), where xo € X. Then, in [10], the Chow group of 1-cycles
on U* (2, Ox(xp)) has been computed, and it is proved that

CHYW* 2, Ox (x0))) = CHZ(X). (1.1)

Fix a holomorphic line bundle L over X of degree d. Consider the moduli space of
logarithmic connections M;.(n, L) of rank n and fixed determinant L as described in (2.9).
Let ./\/l} (n, L) C Myc(n, L) be the moduli space of logarithmic connections (£, D) with
E stable as described in (2.10). Then, we show the following (see Theorem 3.4). For every
0 << m*—1)(g— 1), we have a canonical isomorphism

CH,+(nz_1)(g_1)(M}C(n, L)) = CH;(U*(n, L)). (1.2)
As a consequence for n = 2, we have (see Corollary 3.6),
(1) CHzg_3(M;.(2,L)) = Z.
(2) CHY,_,(M.(2, L)) = CHZ (X).
(3) CHg,_¢(M].(2. L)) = CH{(X) & Q.
Let L be a holomorphic line bundle over X of degree zero. Let M}l (n, Lo) and U* (n, Lo)

be the moduli space defined in (3.15) and (3.14), respectively. Then, we show that (see
Theorem 3.10), for every 0 <1 < (n* — 1)(g — 1), we have a canonical isomorphism

cHY

1ty M (1 L)) = CHEWU (n, Lo)). (1.3)

In Sect. 4, we study the global sections of certain locally free sheaves. Let M _(n, d) be
the moduli space described in (2.8), and ¢ an ample line bundle over M; (n,d). Fork >0,
let D¥(¢) denote the sheaf of differential operators on ¢ of order k. Consider the following
natural morphism

po: My (n,d) — U’ (n,d) (1.4)

sending (E, D) to E. Then, we have a morphism
Pos : H(T* M|, Orepq,) = HY(T*US (n, d), O1s145 (n.a)- (1.5)
of vector spaces induced from
po: T*U(n, d) — T*M,,,

where T*U* (n, d) and T*M;C are the cotangent bundles of U* (1, d) and M;C (n, d), respec-
tively.
Under the assumption that po, in (1.5) is injective, we show that (see Theorem 4.1), for
every k > 0,
H (M. (n, d), Sym* (D' (¢))) = C, (1.6)
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and (see Proposition 4.2)
HO (M, (n.d), D*(¢)) = C. (1.7)

Under the same assumption, the above result is true for the moduli spaces M; .(n, L) (see
(2.10)), M, (n) (see (2.2)) and M, (n, Lo) (see (3.15)).

In Sect. 5, we prove the Torelli-type result for the moduli space of logarithmic connections
and change the notation to emphasis on X, that is,

Mie(X) = M (X, §):=Mc(n, d)
and
M (X, L) = M;(X, S, L):=M.(n, L).

First we show that the above moduli spaces do not depend on the choice of S (see Lemmas 5.1
and 5.2), and therefore we remove S from the notation. We show the following (see Theorem
5.6).

Let (X, S) and (Y, T) be two m-pointed compact Riemann surfaces of genus g > 3. Let
M. (X, L) and M;.(Y, L") be the corresponding moduli spaces of logarithmic connections.
Then, M;.(X, L) is isomorphic to M;.(Y, L") if and only if X is isomorphic to Y.

Next, we show the universal property of the morphism (see Proposition 5.7)

G : Mje(X) — Pic%(X)

defined by sending (E, D) — A" E. Thus, M;.(X) determines the pair (Picl(X), G) up
to an automorphism of Pic?(X). In the end of Sect. 5, we present a Torelli-type theorem
for M;.(X), that is, let (X, S) and (Y, T') be two m-pointed compact Riemann surfaces of
genus g > 3. Let M;.(X) and M;.(Y) be the corresponding moduli spaces of logarithmic
connections. Then, M;.(X) is isomorphic to M;.(Y) if and only if X is isomorphic to Y.

In the last Sect. 6, we talk about rational connectedness and rationality of the moduli space.
This section is motivated by the results in [19]. We show that the moduli spaces M;.(n, d)
and My, (n) are not rational (see Theorems 6.3 and 6.4, respectively). And finally we show
that the moduli space M;.(n, L) is rationally connected (see Corollary 6.7).

2 Preliminaries

2.1 Moduli spaces of holomorphic and logarithmic connections

We recall the notion of holomorphic and logarithmic connection in a holomorphic vector
bundle over a smooth projective curve over C, that is, over a compact Riemann surface.

Let X be a compact Riemann surface of genus g > 3. Let E be a holomorphic vector
bundle over X. A holomorphic connection in E is a C-linear map

D:E— E®QL
which satisfies the Leibniz rule
D(fs)=[fD(s)+df ®s, (2.1

where f is a local section of Oy and s is a local section of E.
A theorem due to Atiyah [1] and Weil [38], which is known as the Atiyah—Weil criterion,
says that a holomorphic vector bundle over a compact Riemann surface admits a holomorphic
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connection if and only if the degree of each indecomposable component of the holomorphic
vector bundle is zero. Thus, if £ admits a holomorphic connection, then

deg £ = 0.
The slope w(E) of E is defined as
deg E
E) = .
w(E) K(E)

A holomorphic connection D in E is said to be semistable (respectively, stable) if for
every nonzero proper subbundle F of E which is invariant under D, that is,

D(F) C F®Qk,

we have,
u(F) <0 (resp. u(F) < 0),

where (E) denotes the slope of E.
Let M, (n) be the moduli space of semistable holomorphic connections of rank n. Then,
My, (n) is a normal quasi-projective variety of dimension 2n(g — 1) + 2. Let

R (m) C My(n)
be the smooth locus of the variety. Let
M (n) € My™(n) (2.2)

be the open subvariety whose underlying vector bundle is stable. Then, M} (n) is an irre-
ducible smooth quasi-projective variety of the same dimension as of M, (n).
We now define the logarithmic connection. Fix a finite subset

S={x1,..., xn}
of X such that x; # x; foralli # j. Let
Z=xi4+xn

denote the reduced effective divisor on X associated to the finite set S. Let Q}( (log Z) denote
the sheaf of logarithmic differential 1-forms along Z, see [29] for more details. For the theory
of the meromorphic and logarithmic connections, we refer to two excellent sources [11] and

[9].

A logarithmic connection on E singular over S is a C-linear map
D:E— E®Qk(logZ)=E®Q®0x(2) (2.3)
which satisfies the Leibniz identity
D(fs) = fD(s) +df ®s, 24

where f is a local section of Oy and s is a local section of E.
A logarithmic connection D in E is said to be semistable (respectively, stable) if for
every nonzero proper subbundle F of E which is invariant under D, that is,

D(F) C F ® QY (log Z),
we have,

w(F) < w(E)(resp. w(F) < p(E)),
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where p(E) denotes the slope of E.

We next describe the notion of residues of a logarithmic connection D in E singular over
S. We will denote the fibre of E over any point x € X by E(x).

Let v € E(xg) be any vector in the fibre of E over xg. Let U be an open set around xg
and s : U — E be a holomorphic section of E over U such that s(xg) = v. Consider the
following composition

I'(U,E) > T(U, E® Q% ® 0x(S)) - E ® 2 ® Ox(S)(xp) = E(xp),

where the equality is given because for any xg € S, the fibre g( ® Ox (S)(xp) is canonically

identified with C by sending a meromorphic form to its residue at xg. Then, we have an

endomorphism on E(xg) sending v to D(s)(xg). We need to check that this endomorphism

is well defined. Let s’ : U — E be another holomorphic section such that s’(xg) = v. Then,
(s —s/)(x,g) =v—v=0.

Let ¢ be a local coordinate at xg on U such that #(xg) = 0, that is, the coordinate system
(U, 1) is centred at xg. Since s — s’ € I'(U, E) and (s — s")(xg) = 0, s — s’ = to for some
o el'(U, E). Now,

D(s —s)=D(to) =tD(o)+dtQ@c
dt
ZID(UH-I(T@G),

and hence D(s — s")(xg) = 0, that is, D(s)(xg) = D(s")(xp).
Thus, we have a well-defined endomorphism, denoted by

Res(D, xp) € End(E)(xg) = End(E (xp)) (2.5)

that sends v to D(s)(xg). This endomorphism Res (D, xg) is called the residue of the loga-
rithmic connection D at the point xg € S (see [11] for the details).
From [27, Theorem 3], for a logarithmic connection D singular over S, we have

deg E + ) Tr(Res(D, x})) =0, (2.6)
j=1

where deg E denotes the degree of E, and Tr(Res (D, x;)) denotes the trace of the endomor-
phism Res(D, x;) € End(E(x;)), forall j =1,...,m.

Let LC(E) denote the set of all logarithmic connections in E singular over S. Then,
LC(E) is an affine space modelled over the vector space HO(X,End(E) ® ﬁ( (log Z)), that
is, if D is any logarithmic connection in E singular over S, then

LC(E) = D + H(X, End(E) ® Q% (log 2)).

Recall that an endomorphism ¢ € End(E(x;)) is said to be a rigid endomorphism if for
every global endomorphism o € H°(X, End(E)) we have

poalxj) =alxj)od,

where a(x;) : E(x;) — E(x;) is an endomorphism.
In what follows, we fix a rigid endomorphism ®; € End(E(x;)), forevery j =1,...,m,
such that for every direct summand F C E, we have

m
deg F + ) Tr(®,| ;) = 0. (2.7)
j=1
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Here, Tr(® | F(x;)) makes sense, because from [8, Theorem 1.3 (1)], for arigid endomorphism
®; € End(E(x;)), and for every direct summand F of E, we have

CDj(F(Xj)) C F()Cj).

Let LC(E; @4, ..., ®,) denote the set of all logarithmic connections singular over S
with fixed residues ®; forall j =1, ..., m, that s,

LC(E; ®y,...,Dy)
= {D | D is alogarithmic connection in E with Res(D, x;) = ®; forall j =1, ..., m}.
Then, LC(E; @y, ..., ®,) is an affine space modelled over HY(X, Q}( ® End(E)).
Notice the difference between vector spaces when residue is fixed and otherwise.
We impose some more conditions on the residues ®; for I < j < m to get a ‘well
behaved’ moduli space of logarithmic connections singular over S with fixed residues.

Suppose that the residues (rigid endomorphisms) ®; for every j = 1, ..., m satisfy the
following condition.

(P1): For every nonzero subbundle F' C E,
D;(F(xj)) C F(xj),
and

Tr(®jlry)  Tr(d;)
k(F) — tk(E)’

If we take ®; = o j1f(y;), where aj € C and 1g(y;) is the identity morphism on E(x;),
forevery 1 < j < m,then{®;} <<, satisfies (P1). In what follows, we take ®; = O{le(xj)
forevery j =1,...,m.

We have an easy result.

Lemma2.1 Let D € LC(E; ®@y,...,d,) with {O;}1<j<m satisfying (P1). Then, D is
semistable. Moreover, if (deg E, 1k (E)) = 1, then D is stable.

A logarithmic connection D in a holomorphic vector bundle E is called irreducible if for
any holomorphic subbundle F of E with D(F) C F ® Q;(log Z), then either F = E or
F=0.

If D e LC(E; @, ..., ®,) satisfies (P1), and (deg E, rk (E)) = 1, then D is irreducible.

Let M;.(n, d) denote the moduli space which parametrises the isomorphic class of pairs
(E, D), where by a pair (E, D) we mean that

(1) E is a holomorphic vector bundle of rank n and degree d over X, such that (n,d) = 1.
(2) D is alogarithmic connection with fixed residues Res(D, x;) = ®; satisfying (P1).

Two pairs (E, D) and (E’, D’) satisfying the above conditions (1) and (2) are said to be
isomorphic if there exists an isomorphism ¥ : E — E’ such that the following diagram

E—LE®Qk(og2)

lll} \Lw®1§l}\,(logl)

D/
E'——E'® QL (log 2)
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commutes.

From [26, Theorem 3.5], the moduli space M;.(n,d) is a separated quasi-projective
scheme over C. Since {®}< ;< satisfies (2.7), from [8, Theorem 1.3 (2)] the moduli space
Mc(n, d) is non-empty.

As we have observed that every logarithmic connection (E, D) in M;(n, d) isirreducible,
and the singular points of M;.(n, d) correspond to reducible logarithmic connections [6, p.n.
790], the moduli space M.(n, d) is smooth. Since genus g of X is greater than or equal to
3, the moduli space M. (n, d) is irreducible [32, Theorem 11.1].

Altogether, M;.(n,d) is an irreducible smooth quasi-projective variety of dimension
2n2%(g — 1) + 2. Let

M. (n,d) C My(n,d) (2.8)

be the moduli space of logarithmic connections whose underlying vector bundles are stable.
Then, from [22, p.635, Theorem 2.8(A)] M;L,(n, d) is an open subset of M;.(n,d), and
hence an irreducible smooth quasi-projective variety of dimension 2n%(g — 1) + 2.

Fix a holomorphic line bundle L over X of degree d, and a logarithmic connection Dy, on
L singular over S with residues Res(Dy, x;) = Tr(®P;) forall j =1,...,m. Let

Mic(n, L) C Mc(n,d) (2.9)

be the moduli space parametrising isomorphism class of pairs (E, D) such that

(/n\ E, D) = (L,Dy),

where D is the logarithmic connection on /\” E induced by D. Then, M;.(n, L) is an
irreducible smooth quasi-projective variety of dimension 2(n? — 1)(g — 1).
Let
Mj.(n, L) C Mye(n, L) (2.10)

be the moduli space of logarithmic connections (E, D) with E stable.

3 Chow group of the moduli spaces

In this section, we determine the Chow groups of the moduli spaces M; .(n, L), M; . d),
M, (n) and M), (n, Lo).

Before that, we recall the definition of Chow group of a quasi-projective scheme over a
field (see [15, 37]).

Let X be a quasi-projective scheme over a field K. Let Z; (X') be the free abelian group
generated by the reduced and irreducible k-dimensional closed subvarieties of X', or we can
say the free abelian group generated by k-dimensional closed integral subschemes of X'. An
element of Z; (X) is called a k-dimensional algebraic cycle on X.

Let f € K(X)*. Then, we have a divisor div(f) on X associated to the nonzero rational
function f on X.

A k-cycle « is rationally equivalent to zero, written o ~ 0, if there is a finite number
of (k + 1)-dimensional subvarieties (that is, closed integral subschemes) W; of X and f; €

K (W;)*, such that
a =Y div(f).
i
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Since 0 = div(1) and div(f ') = —div(f), the cycles rationally equivalent to zero form a
subgroup Zi (X)rqr of Zx(X).
We define the quotient group

CHi (X) := Zi(X)/ Zi(X)rar,
and call it the Chow group of k-cycles on X'. A graded sum is denoted by

dim (X)

CH,(X) = EB CH, ().
k=0

The Chow group of k-cycles on X’ with rational coefficients will be denoted by CH;(Q (X).

Let U*(n, L) be the moduli space of stable vector bundles of rank n with /\" E = L.
Then, U*(n, L) is a smooth projective variety of dimension (n® — 1)(g — 1), as we have
assumed n and deg(L) = d are coprime.

Letxp € X, and Oy (xg) the line bundle on X associated with the reduced effective divisor
xo. For n = 2, we have U* (2, Ox (xo)) the moduli space of stable vector bundles of rank 2
over X whose determinant is Ox (xg).

In [3], it was shown that

CHY, _sU* 2, Ox (x0))) = CH{ (X) P Q. 3.1)

In [10], Choe and Hwang computed the Chow group of 1-cycles on U* (2, Ox(xp)), and
they proved that
CHY U (2, Ox (x0))) = CHE(X). (3.2)

Let M be a holomorphic line bundle over X of degree d’ and
Moy = Ox (x0) ® M®2.
Then, deg(Myp) = 2d’ + 1. Define a map
Wiy U (2, Ox (x0)) — U (2, M)

by
Yy ([E]) =[EQ® M].

The map is well defined, and in fact, an isomorphism of varieties.
Thus, the above results (3.1) and (3.2) are true for /(2, L), where deg(L) is odd.
Define
p:M.(n,L)—U®n L) (3.3)

by sending (E, D) — E,thatis, p is the forgetful map which forgets its logarithmic structure.

For every E € U(n, L), p~'(E) is an affine space modelled over H(X, Q§( ® ad(E)),
where ad(E) C End(E) is the subbundle consisting of endomorphisms of E whose trace is
zero. Actually, p is a fibre bundle and using Riemann—Roch theorem and Serre duality it can
be easily computed that the dimension of p~!(E) is (n> — 1)(g — 1).

Let Qi{: n.L) denote the holomorphic cotangent bundle on ¢/*(n, L). Since n and d are
coprime, there exists a universal bundle £ on U%(n, L) x X. Let p; : U*(n, L) x X —
U(n, L) and py : US(n, L) x X — X be the first and second projection, respectively.
Then, from infinitesimal deformation theory and local property of moduli space, we have
R'pi(ad(€)) = TU*(n, L). Moreover, we have pi,(ad(E) ® p3(2%)) = wa L)+ Now,
from the fact that LC(E; @1, ..., ®,,) is an affine space modelled over HO(X, Q§( ®End(E))
as observed above, we have
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Lemma 3.1 M;C(n, L) isan Qzl/p torsor over U* (n, L).

(n,L)

We state two standard lemmas from the theory of Chow groups which we will use to
compute the Chow groups of moduli spaces.

LetY be avariety overafield K.Leti : F — Y be the inclusion of a closed subscheme. Let
j:U =Y\ F — Y be the inclusion of the complement. Since j is an open immersion, it is
flat, and i is a closed immersion, it is proper. Therefore, we have morphisms j* : CHg(Y) —
CH;(U) and iy : CHx(F) — CHg(Y) of Chow groups and j* o i, = 0, since the cycles
supported on F do not intersect U. Thus, we have what is called localisation sequence.

Lemma 3.2 [37, Lemma 9.12] The following sequence of abelian groups
CH/(F) & CH,(v) &5 CH,(U) — 0. (3.4)
is exact for everyl =0, ..., dim(Y).

Theorem 3.3 [37, Theorem 9.25] Let @ : P(E) — Y be a projective bundle with rank
tk(E) = r. Then, the map

r—1 r—1
D' - P CH 141 (Y) > CHIP(E)) (3.5)
k=0 k=0

is an isomorphism, where h € Pic(P(E)) denotes the class of the tautological line bundle
Opgy(1).

Theorem 3.4 Forevery( <[ < (n?— 1)(g — 1), we have a canonical isomorphism
CH, (2 1)(g—1y (M (n, L)) = CH; (U (n, L)). (3.6)

Proof Let G be an affine bundle modelled on a vector bundle H of rank r = (n> — 1)(g — 1)
over U*(n, L). Now, using the standard inclusion of the affine group in GL(r + 1, C), we
obtain a vector bundle F of rank r + 1 together with an embedding of G in P(F) as an open
subset with complement P(H").

Since M;C(n, L) is an QZINHVL)-torsor over U*(n, L) (see Lemma 3.1), the above con-
struction gives an algebraic vector bundle F over U*(n, L) with M; .(n, L) embedded in
P(F) such that the complement P(F) \ M;C (n, L) is a hyperplane H at infinity. Now, the
hyperplane at infinity H is canonically identified with the total space of the projective bundle
P(TU? (n, L)), the space of all hyperplanes in the fibre of the tangent bundle TU/* (n, L).

Putting F = P(TU*(n, L)), Y = P(F) and U = M (n, L) in Lemma 3.2, we get an
exact sequence

CH, (P(TU* (n, L)) <5 CH;(P(F)) 1> CH;(M;.(n, L)) — 0. (3.7)
of abelian groups for every / = 0, ..., dim(P(F)) = 2(n% — (g —1).
Since tk (F) = (n> —1)(g — 1)+ 1, and Tk (TU* (n, L)) = (n*> — 1)(g — 1), from Theorem
3.3, we have following isomorphisms
(n?=1)(g—1)
CH/P(F)= @ CH_ 2oy U (1. L)) (3.8)
k=0
and
(=1 (g—1—1

CH[(IP(TUS(I’Z, L))) = @ CHli(nzil)(g71)+1+k(Z/lS(n, L)). (39)
k=0
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From (3.7), (3.8) and (3.9), we get an exact sequence

(?=1)(g—1)—1 .
Ix
D CH_ @0 L) S

k=0 (3.10)
(n?=D)(g—1) i
P CH_ (oW (0, L) > CH(Mj,(n, L)) - 0,
k=0
which is actually a short exact sequence, because i is injective. Thus, we have
CH;(M,(n, L)) = CH_ (211, U (n, L)), 3.11)

forevery (n> — 1)(g — 1) <1 < 2(n®> — 1)(g — 1). Now, rescaling [, we will get the desired
result, and this completes the proof. O

Corollary 3.5 Forl =2(n*> —1)(g — 1) — 1, we have
CH; (M, (n, L)) = Z.
Proof See [35, Proposition 5.3]. O

Corollary 3.6 Forn =2, we have

(1) CHzg 3(M) (2, L)) = Z.
(2) CHS, (M}, (2, L)) = CHg(X).
(3) CHE, _4(M;,(2. L)) = CH(X) ® Q.

Proof From Theorem 3.4, and Egs. (3.1) and (3.2), we conclude the corollary. O

Next, let U*(n, d) be the moduli space of stable vector bundle of rank n and degree d.
Consider the following natural morphism

po: M (n,d) — U (n, d) (3.12)

sending (£, D) to E. Then, py 1(E) is an affine space modelled over the vector space
HO(X, Q}( ® End(E)). Since E is stable, the dimension of the vector space HO(X, Q}( ®
End(E)) is n2(g — 1) + 1. In view of [35, Theorem 1.1], we can show a result similar to
Theorem 3.4, which interprets the Chow groups of M);_(n, d) in terms of Chow groups of
U (n,d).

Theorem 3.7 Forevery0 <1 < nz(g — 1) + 1, we have canonical isomorphism
CH1+,,2(g_1)+1(M£C(n, d)) = CH; (U (n, d)). (3.13)

Now, we compute the same for the moduli space of holomorphic connections. Fix a
holomorphic line bundle Lq of degree 0 on X. Let U (n, L) denote the moduli space of
S-equivalence classes of semistable vector bundles of rank n and determinant \" E = L.
Then, the moduli space U(n, Lo) is known to be an irreducible normal projective variety of
dimension (n? — 1)(g — 1).

Let

U*(n, Lo) C U(n, Lo) (3.14)

be the open subvariety parametrising the stable bundles on X. This open subvariety coincides
with the smooth locus of ¢/ (n, Lg) follows from [23, p. 20, Theorem 1].
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Fix a holomorphic connection DL on L. Let My, (n, Lg) be the moduli space of holo-
morphic connections parametrising the isomorphism classes of the pairs (E, D) where E is
a holomorphic vector bundle of rank n with

(/\ E, D) = (Lo, DM,

and D is a holomorphic connection on A" E induced from D. Then, My (n, Lo) is an
irreducible normal quasi-projective variety of dimension 2(n*> — 1)(g — 1). Let

M;"(n, Lo) C My (n, Lo)
be the smooth locus of My, (n, Lg). Let
M, (n, Lo) C M5 (n, Lo) (3.15)

be the subset consisting of holomorphic connections whose underlying vector bundle is
stable. Then, M (n, Lo) is an irreducible smooth quasi-projective variety of dimension

2% — (g —1).
Let
g : Mj,(n, Lo) — U’ (n, Lo) (3.16)

be the forgetful map which forgets the holomorphic connection. Then, for every E €
U (n, Lo), g~ ' (E) is an affine space modelled over H'(X, @} ®ad(E)). In fact, M), (n, Lo)

: 1 s
is an QU(H’LO)-torsor onU*(n, Lg).

Let Y be an N-dimensional smooth quasi-projective variety. Then, the Picard group
Pic(Y) ®7z Q can be identified with CH%_1 (Y). Thus, it is enough to compute Pic(Y).
The morphism ¢ as defined in (3.16) induces a homomorphism

g™ : PicU* (n, Lo)) — Pic(M),(n, L)) (3.17)

of Picard groups given by sending a line bundle M to its pull-back ¢g*M. Using the similar
techniques as in [35, Theorem 1.2], we can show the following.

Proposition 3.8 The homomorphism q* : Pic(U* (n, Lo)) — Pic(M),(n, Lo)) is an isomor-
phism of groups.

Since Pic(U4* (n, Ly)) = 7Z (see [14]), we have
Corollary 3.9 Forl =2(n* — 1)(g — 1) — 1, we have
CH;(My,(n, Lo)) = Z.
Using the exactly similar steps as in Theorem 3.4, we can prove the following.
Theorem 3.10 Forevery0 <1 < (n?— 1)(g — 1), we have canonical isomorphisms
CHH(nz,l)(g,l)(M}l(n, Lo)) = CH;(U4* (n, Ly)). (3.18)

Next, let U* (n):=U*(n, 0) be the moduli space of stable bundles of rank n and degree
zero. Then, U*(n) is an irreducible smooth projective variety of dimension n?(g — 1) + 1.
Again, we have a natural morphism

qo : Mj,(n) — U*(n) (3.19)
of varieties which forgets the holomorphic connection. Using the same method as above, we

have the following theorem similar to Theorem 3.7.
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Theorem 3.11 Forevery0 <1 < nz(g — 1) 4+ 1, we have canonical isomorphism

CHl+nz(g—1)+1(M;1 (n)) = CH; (U (n)). (3.20)

4 Differential operators on the moduli spaces

In [4], Biswas studied the global sections of sheaves of differential operators on an ample line
bundle over a polarised abelian variety. Also, in [34], Hitchin variety is defined and global
sections of the sheaf of k-th-order differential operators, and symmetric powers of the sheaf
of first-order differential operators on a line bundle over a Hitchin variety have been studied.
The moduli space of stable vector bundles over a compact Riemann surface is an example
of Hitchin variety. The moduli spaces of holomorphic and logarithmic connections are not
Hitchin varieties. In this section, we study the global sections of certain sheaves over the
four moduli spaces M;C(n, d), M},(n), ./\/lgc(n, L) and M}l(n, Lg) which we have defined
in previous sections.

Let ¢ be an ample line bundle over /\/l} ., d). Let k > 0 be an integer. Recall that a
differential operator of order k on ¢ is a C-linear map

0:¢—>¢ 4.1
such that for every open subset U of M;_.(n, d) and for every f € O M, (n.d) (U), the bracket

Olu, f1:¢lu — ¢lu

defined as
[Olu, flv(s) =0(flvs) —Olv Py (s)

is a differential operator of order k — 1, for every open subset V of U, and for all s € ¢(V),
where a differential operator of order zero on ¢ is just a Oy (4, 4)-module homomorphism
(see [17] and [28] for the definition and properties of differential operators).

Fork > 0,let D (¢) denote the sheaf of differential operators on ¢ of order k. In fact, DX (¢)
is a locally free sheaf with D°(¢) = O M, (n.d)- Given a first-order differential operator 6 on

¢, we get a section of the tangent bundle T./\/l; .(n, d) denoted by o1 (8), where o1 is called the
symbol of a first-order differential operator. For simplicity, we shall denote T M (n, d) by
TM; .- Thus, consider the symbol operator o : DY) — TM; .- This induces a morphism

Sym“(e1) : Sym* (D' (¢)) — Sym" (T M},)
of k-th symmetric powers. Now, because of the following composition
Oty iy @ Sym* 1D () = D'(¢) @ Sym" (D' (©)) — Sym* (D' (©)).

we have
Sym* 1 (D'(¢)) c SymF(D'(¢)) forallk > 1. (4.2)

Thus, we get a short exact sequence

0= Sy (D () — Sym D' (©) 2, Symk (M) — 0. (43)

Thus, we have

Sym*(D'(£))/Sym* 1 (D' (¢)) = Sym* (T M,,) forallk > 1. (4.4)
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From (4.2), we have the following chain of C-vector spaces
H (M, (1, d), O gy n.ay) € H (M (n, d), Sym" (D' (©))) C ... 4.5)

Consider the following commutative diagram,

T*M,, < T*U(n, d) (4.6)

M, (n, d) ——U(n, d)

where 7, 7" are the canonical projections and py is induced from p as defined in (3.12).
Thus, we have a morphism

Pog : HO(T*Mj,., O« pg ) = HUT*U (1, d), Orstas n.a)- 4.7
of vector spaces induced from py.

Theorem 4.1 Suppose that ﬁon in (4.7) is an injective morphism. Then, for every k > 0, we
have
HY (M (n, d), Sym* (D' (£))) = C. 4.8)

Proof Let
ME:=M;.(1,d) (4.9)

be the moduli space of rank one logarithmic connections singular over S, with fixed residues
Tr(®;) forevery j = 1,...,m, for more details, see [30] and [33]. Then, there is a natural
morphism of varieties

det : M) (n,d) —> M (4.10)

sending (E, D) — (A" E, D), where D is the induced logarithmic connection on N'E.
For any pair (L, V) € M,

det™'((L, V)) = M), (n, L).
From [30, Theorem 2], we have
0 lc —
H'(MYy, O MzXL-) =C,

and from [35, Theorem 1.4], we have

H (M (1, L), Opgy n.1)) = C.
Combining both the results and using (4.10), we have

HO (M, (n, d), Opgy n.a)) = C.
Thus, from (4.5), it is enough to show that for every k > 0, the inclusion

H (Mo (n, d), Opg; (n.a)) = H (M (n,d), Sym" (D' (¢)))
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is an isomorphism. From the isomorphism in (4.4), we have the following commutative
diagram

mk ag
0 — = Sym 1 (D)) — = Sym* D' ) LS ymk (T M]) —=0  (@4.11)

| | |

_ Sym*(D!
0— Symt~1 (T Mi,) —> Soistptigy —> Symi(TM;) —> 0

which gives rise to the following commutative diagram of long exact sequences

8
- = HOM (1, d), Sym*T M) —= H' (Mye(n, d)', Sym* 1 (D' (£))) —= - --

| |

= HOM! (1, d), SymFT M),) — BN (M, (n, d), Sym* ' T M) — -
(4.12)
In order to prove the theorem, it is enough to show that the connecting homomorphism
8}, depicted in the above commutative diagram (4.12), is injective for all k > 1. Again from
the above commutative diagram (4.12), §; is injective for every k > 1 if and only if the
connecting homomorphism

8 : HOM),(n, d), Sym* T M, ,) — H' (M (n, d), Sym* 1T M;,) (4.13)

is injective for every k > 1.
Let at(¢) € HI(M;C(n, d), T*M;,) be the Atiyah class of the line bundle ¢, which is
nothing but the extension class of the Atiyah exact sequence (see [1])

0— Opy — D'(@Q) > TMj. — 0. (4.14)

The Atiyah class at(¢) determines the first Chern class ¢1(¢) of the line bundle ¢. Let y; be
the extension class of the short exact sequence (4.3). Since the short exact sequence (4.3)
is the symmetric power of (4.14), the extension class y; can be expressed in terms of the
first Chern class ¢ (¢). Further, let ax denote the extension class of the following short exact
sequence

Sym*(D'(¢))

k—1 ’
0— Sym™ ™ (TM;.) — —Symk*Z(Dl(C))

— Sym* (T M;,) — 0, (4.15)

which is the bottom short exact sequence in the commutative diagram (4.11). Then, y; maps
to ag. Thus, o can also be described in terms of the first Chern class ¢ (¢).

Since a connecting homomorphism can be expressed as the cup product by the extension
class of the corresponding short exact sequence, the connecting homomorphism 6 in (4.13)
can be described using the first Chern class ¢ (¢) of the line bundle ¢ . Indeed, the cup product
with ¢ (&) gives rise to a homomorphism

©: HOWM),(n, d), Sym* T M) — H' (M| (n, d), Sym*T M), @ T*M),).  (4.16)
The canonical homomorphism

v SymFT M), @ T*M), — ST M),
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induces a morphism of C-vector spaces
vt HY M), (n, d), Sym* T M. @ T* M,.) — H (M), (n, d), Sym* 1T M;.). (4.17)
Thus, we get a morphism
t=v*otr:H'WM/.(n,d), Sym*TM),) = H' (M| .(n,d), Sym*"'TM),), (4.18)

Then, from the above observation we have T = &. It is sufficient to show that 7 is injective.
In view of the assumption that po, in (4.7) is an injective morphism, now using the similar
technique as in the proof of [35, Theorem 1.4], we can show that 7 is injective. O

Proposition 4.2 Under the hypothesis of Theorem 4.1, for k > 0, we have
H(M;.(n,d), D"(¢)) = C. (4.19)
Proof Proof follows from the similar steps as in Theorem 4.1. O
Under the same hypothesis of Theorem 4.1 for the corresponding moduli spaces, we have

Theorem 4.3 Suppose that the hypothesis of Theorem 4.1 holds for the moduli space X,
where X denote ./\/l;c (n, L), M;l (n) or M;l(n, Ly). Let ¢ be a line bundle over X. Then, for
every k > 0, we have

(1) HO(x, Sym*(D'(¢))) = C.
(2) HO(x, DX (¢)) = C.

In [6], global sections of a line bundle on the moduli space of logarithmic connections
singular exactly over one point of a compact Riemann surface have been studied. In this
section, we study global sections of line bundles over M; c(n, L).

Let £ be a line bundle over M; .(n, L). Then,

L=qe! (4.20)

for some ! € Z, where p is the morphism defined in (3.3) and © is the generalised theta line
bundle over U (n, L). Then, we have a natural generalisation of [6, p.797, Theorem 4.3], and
the same ideas can be used to prove the following.

Theorem 4.4 For everyl < 0, we have

HO(M.(n, L), ¢*®") = 0. (4.21)

5 Torelli-type theorem for the moduli spaces

In [5, Theorem 5.2], a Torelli-type theorem has been proved for the moduli space of holo-
morphic connections over compact Riemann surface, and in [7], Torelli-type theorems have
been proved for the moduli space of logarithmic connections singular exactly over one point
with fixed residue. In this section, we prove Torelli-type theorems for the moduli spaces
Mic(n, d) and M;c(n, L). We assume that ®; = Oéle(x,»), forevery j = 1, ..., m, where

o e C.
We show that the isomorphism classes of the moduli spaces M;.(n, d) and M;.(n, L)
do not depend on the choice of S. Let T = {y1, ..., y,} be a finite subset of X such that

vi # yjfori # j. Note that 1§ = ¢T.
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In this section, we use the following notations
Mie(X, §):=Mic(n, d),
and
M (X, S, L):=M.(n, L)

to emphasise S and 7. Let M;.(X, T) and M,.(X, T, L) denote the moduli spaces corre-
sponding to T'.

Lemma 5.1 There is an isomorphism between M;.(X, S) and M;.(X, T).

Proof Depending on the sets S and T, we have two cases

(1) SNT = 9.
2) SNT #9.

Suppose SNT = @. Foreveryi = 1,...,m,let L; = Ox(y; — x;) be a line bundle of
degree zero. Let D' be the de Rham logarithmic connection on the line bundle L; singular
over x; and y;, defined by sending a local section s; of L; to ds;. Then, Res(D', x;) = —1
and Res(D', y;) = 1. Define a line bundle

m
Lo = ®Li.
i=1

Then, Lo admits a logarithmic connection induced from {Di }l’.”:1 , which can be expressed as
follows

m
DO:2:1L1 ® - ®aD ® - ®1,.
i=1
Moreover, Res(Dy, x;j) = —a; and Res(Dy, yi) = «; foreveryi =1,...,m.Let (E, D) €
M(X, S). Then, E ® L admits a logarithmic connection given by
D®1.,+1g ® Dy.

Note that forevery i = 1, ..., m, we have

Res(D® 1., +1g ® Dy, x;) =0,
and

Res(D®11, + 1 ® Do, yi) = «;.
Thus, we have a morphism

WLy, Dy : M(X,S) — M(X,T)

of algebraic varieties sending (E, D) to (E ® Lo, D ® 1, + 1 ® Dy), which is an isomor-
phism.

Next suppose that S N T # . Without loss of generality, we assume that x; = yj, x =
2, ..., X, =y for r < m. In this case, we consider the line bundle

m
Lo= ) Ox(yj—x)).

j=r+1

Now, using the above steps, we can get a logarithmic connection Dg in Lg. A morphism
similar to Wz, p,) can be defined, which turns out to be an isomorphism. O
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A similar result is true for the moduli space M;.(X, S, L).
Lemma 5.2 There is an isomorphism between M;.(X, S, L) and M;.(X, T, L).

Thus, for the simplicity of the notations, we write M;.(X) in place of M;.(X, S) and
M;:(X, L) in place of M;.(X, S, L).

Now, we shall compute the cohomology group of M;.(X) and M;.(X, L).

Let M; (X):=M;_(n,d), and M; (X, L):=M;_(n, L). Then, let

po : M (X) —> U (n,d)

be the morphism defined in (3.12). Since a fibre of pg is an affine space modelled over a
vector space, which is contractible, we get an isomorphism

po H U (n, d), Q) — H (M) (X), Q) (5.1)

of rational cohomology groups for every i > 0. For the cohomology of U/* (n, d) see [2] and
[20].
Let Z:=M.(n, L) \ ./\/lfc(n, L). Then, from [7, Lemma 3.1], we have

Lemma 5.3 The codimension of the Zariski closed set Z in M;.(n, L) is at least (n — 1)(g —
2) + 1. In particular, if n > 2, g > 3, then codim(Z, M;.(n, L)) > 2.

Similarly, let p : M;C(X, L) — U*(n, L) be the morphism defined in (3.3). Then, p is a
fibre bundle with fibres as affine spaces modelled over vector spaces, and since affine spaces
with the usual topology are contractible, the induced homomorphism

p*H U (n, L), Z) — H(M,.(X, L), Z) (5.2)

of cohomology groups, is an isomorphism for all i > 0.

Let ) be a complex algebraic variety. For every i > 0, there is a mixed Hodge structure
on the cohomology group H! (), Z). This result is due to Deligne, for more details see [12,
13].

The isomorphism p* in (5.2) is an isomorphism of mixed Hodge structures. Moreover,
the cohomology group H’ (M;.(X, L), Z) is equipped with pure Hodge structure of weight
i for every i > 0, because U*(n, L) is a smooth projective variety over C, and from [12] the
cohomology group H' (U* (n, L), Z) is endowed with a pure Hodge structure of weight i, for
every i > 0.

Let A be a smooth complex analytic space. For every integer k > 0, the (k + 1)-th
intermediate Jacobian variety J k+1(A) of I is defined as follows.

T A):=H (4, R)/H* (A, Z) (5.3)

The space J*+!(A) carries a canonical structure of complex manifold. We consider that the
moduli space M;.(X, L) is equipped with the complex analytic topology.

Proposition 5.4 The second intermediate J 2(/\/llc(X , L)) is isomorphic to the Jacobian
J(X):=Pic®(X) of X.

Proof First we show that the mixed Hodge structure on M. (X, L) is in fact a pure Hodge
structure. Let Z:=M; (X, L) \ /\/l;c (X, L) as in Lemma 5.3. Then, we have a long exact

sequence of relative cohomology groups,

H3 (Mo (X, L), Z) — H (Mie(X, L), Z) S H (M| (X, L), Z) 2> HY (Mie(X, L), Z)
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where ¢* is induced by the inclusion map ¢ : M;C (X, L) — M;.(X, L) and 9 is the boundary
operator. We show that (* is an isomorphism. From Alexander duality [18, Theorem 4.7,
p-381], we have an isomorphism

H,(M(X, L), Z) — HEM .(Z,7),

where N = 2(n? — 1)(g — 1) is the complex dimension of the moduli space M;.(X, L) and
HEM is the Borel-Moore homology. In view of Lemma 5.3, we have

codim(Z, M.(X, L)) > 2,
therefore the real dimension of Z is at most 2N — 4. Thus,
HEY (z,7) =0, fori=0,1,2,3,
and hence
H3, (M (X, L), Z) = 0.

This implies that ¢* is an injective morphism. Let I' be a smooth compactification of
Mie(X, L), and

Z' =T\ M;(X,L).
Then, from [12, Corollaire 3.2.17], we have a surjective morphism
H'(, Q) — H (M (X, L), Q)
of mixed Hodge structures, and since
codim(Z’,T) > 3
from [36, p.269, Lemma 11.13], we have an isomorphism
H3 (I, Z) — H*(M)(X, L), Z)

of Hodge structures. Then, we have a commutative diagram

H3(T, Q)

.

L

H (Mie(X, L), Q) ——> H (M} (X, L), Q)

and from the above facts, the vertical and diagonal arrows are the surjective morphisms of
mixed Hodge structures induced from their respective inclusion maps. Now, because of the
commutativity of the diagram, L(B is a surjective morphism of mixed Hodge structures. Since
H3 (M; (X, L), Z) (being isomorphic to H3 WU (n, L), Z)) is torsion-free Z-module of finite
rank [24, Theorem 3] and ¢* is an injective morphism, H3(M;.(X, L), Z) is torsion free. In
order to show that ¢* is surjective, we need to show that H‘é (Mjc(X, L), Z) is torsion free. In
fact, if Z has codimension > 3, this group is zero; if Z has codimension 2, it is isomorphic
to H%G’If 4(Z, Z), which is the top homology group and necessarily torsion free. Thus, t* is a
surjective morphism, and hence the mixed Hodge structure on H3(M;(X,L),Z) is a pure
Hodge structure of weight 3. Therefore, the second intermediate Jacobian J>(M;.(X, L)) is
isomorphic to J 2(./\/l;L,(X , L)), and the latter is isomorphic to J 2U(n, L)). Thus, from [24,
Theorem 3], J 2(/\/lzc(X , L)) is isomorphic to J (X). This completes the proof. O
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Let © be the theta divisor on the Jacobian J(X). The pair (J(X), ®) is called a prin-
cipally polarised Jacobian. Then, the classical Torelli theorem says that the pair (J(X), ®)
determines the compact Riemann surface X up to isomorphism.

In view of Proposition 5.4, the moduli space M;.(X, L) determines the Jacobian J(X)
of the compact Riemann surface X. But this does not qualify for the determination of X,
because two non-isomorphic compact Riemann surfaces can have isomorphic Jacobian.

Nevertheless, from [25, p.125, Corollary 1.2], there are, up to isomorphism, only finitely
many compact Riemann surfaces having a given abelian variety as the Jacobian. Thus, there
are, up to isomorphism, only finitely many compact Riemann surface ¥ such that M;.(Y, L)
is isomorphic to M;.(X, L).

Remark 5.5 Let © be the canonical polarisation on the second intermediate Jacobian
J 2(2/1 (n, L)). Then, from [24, Theorem 3], we have

(J2WU(n, L)), ©) = (J(X), ©).

In [7, Section 4], Biswas and Munoz constructed the principal polarisation ® on the second
intermediate Jacobian of the moduli space Mfco (X) of logarithmic connections singular
exactly over one point xo of the compact Riemann surface X with fixed determinant such that
the principally polarised abelian variety (J 2(/\/1;19 (X)), @) is isomorphic to the principally
polarised abelian variety (J 2WU(n, L)), ©). Imitating the similar technique as in [7, Section
4], a principal polarisation can be constructed on M; (X, L).

From Lemma 5.2, the moduli space M, (X, L) does not depend on the choice of S. Thus,
we have

Theorem 5.6 Let (X, S) and (Y, T) be two m-pointed compact Riemann surfaces of genus
g > 3. Let M;.(X, L) and M;.(Y, L") be the corresponding moduli spaces of logarithmic
connections. Then, Mj.(X, L) is isomorphic to M;.(Y, L) if and only if X is isomorphic
toY.

Next, we show the Torelli-type theorem for the moduli space M;.(X). Let
G : Mje(X) — Pic?(X) (5.4)

be the map sending (E, D) — /\" E. Note that the morphism G is surjective. Since d, n
and ®; = ale(Xj) for j = 1,..., m satisfy (2.7), from [8, Theorem 1.3 (2)] E admits a
logarithmic connection with residues ;1 (y;) atx; € S.

Now, we have a natural generalisation of [5, p.431, Lemma 5.1] and [7, p.313, Proposition
5.1].

Proposition 5.7 Let A be a complex abelian variety, and
fiMpe(X) — A (5.5)
a regular morphism. Then, there exists a unique regular morphism
fo: Pict(X) — A

such that
fooG=Ff, (5.6)

where G is defined in (5.4).
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Proof Consider M;C(X)::M;C(n, d) C Mj.(X) asin (2.8). Let
po s M (X) — U(n, d)

be the morphism defined in (3.12). For E € U(n, d), it has been observed that p, ! (E)is an
affine space modelled over the vector space HO(X, Qi, ® End(E)), and hence p, ! (E)is a
rational variety. Restricting f to p, YE), we get a map

|
f|p61(E) * Py (E) — A,

which is a constant map, because any regular morphism from a rational variety to an abelian
variety is constant.
Now, consider the determinant map

F:Umn,d) — Pic?(X)

defined by sending E to /\" E. Then, F is a surjective map. For any L € Pic?(X), F~1(L)
is nothing but the moduli space U (n, L). Thus, we get a regular morphism

Yolp-1z) UM, L) = F7(L) — A.

on each of the fibres of F. From [19, Theorem 1.2], U(n, L) is a rational variety, and hence
the regular morphism ¢ -1z, is constant. This completes the proof. O

Let M l{ be the moduli space defined in (4.9). Then, we have a morphism
8 ME — Pic?(X) (5.7)
defined by (L, D) — L. Then, 8~ 1(L) is an affine space modelled over HO(X, Q;). Then,
G = § odet,

where G is defined in (5.4), and det : M;.(X) — Ml{ defined in (4.10). Thus, we have a
morphism
n:G Y L) — Mi(X,L) (5.8)

which is a fibration and each fibre is an affine space modelled over HO(X, Q;). Since the
fibre of 7 is contractible, we have an isomorphism

n* H (Mye(X, L), Z) — H (GT(L), Z)
of cohomology groups for all i > 0. Therefore, we have
P (Mie(X, L)) = J2(G™H(L)).

As mentioned in Remark 5.5, similar steps give a principal polarisation ®onJ 2G—(Ly)
such that

(JH(Mye(X. L)), ©) = (JHG(L)). ©).
Thus, in view of Lemma 5.1 and using Theorem 5.6, we get

Theorem 5.8 Let (X, S) and (Y, T) be two m-pointed compact Riemann surfaces of genus
g > 3. Let M (X) and M. (Y) be the corresponding moduli spaces of logarithmic connec-
tions. Then, M.(X) is isomorphic to M,.(Y) if and only if X is isomorphic to Y.
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6 Rational connectedness of the moduli spaces

In [33], we have shown that the moduli space of rank one logarithmic connections with fixed
residues is not rational. In this section, we show that the moduli space M;.(n, d) is not
rational. For the theory of rational varieties, we refer to [21].

Recall that a smooth complex variety V is said to be rationally connected if any two
general points on V can be connected by a rational curve in V. The following lemma is an
easy consequence of the definition.

Lemma 6.1 Let f : Y — X be a dominant rational map of complex algebraic varieties with
Y rationally connected. Then, X is rationally connected.

Theorem 6.2 ([19], Theorem 1.1) The moduli space U(n,d) is birational to J(X) X
A(”Z_l)(g_]), where J(X) is the Jacobian of X.

Note that J(X) is not rationally connected, because it does not contain any rational curve.
Therefore, U (n, d) is not rationally connected.

Proposition 6.3 The moduli space M;.(n, d) is not rational.
Proof Tt is enough to show that the moduli space M;.(n, d) is not rationally connected. Let
Do : M;c(n, d) — U, d)

be the morphism of varieties defined in (3.12). Suppose that M (n, d) is rationally connected.
Then, from Lemma 6.1, U (n, d) is rationally connected, which is not true. Thus, M;C (n,d)
is not rationally connected and hence not rational. Since M;_(n, d) is an open dense subset
of M;.(n,d), Mjc(n,d) is not rational. O

A similar argument gives the following.
Proposition 6.4 The moduli space My, (n) is not rational.

Lemma 6.5 ([16], Corollary 1.3) Let f : X — Y be any dominant morphism of complex
varieties. If Y and the general fibre of f are rationally connected, then X is rationally
connected.

Proposition 6.6 The moduli space M;_.(n, L) is rationally connected.

Proof Consider the dominant morphism
p: M (X,L) — Un, L)

defined in (3.3). As observed earlier every fibre of p is an affine space and hence rationally
connected. Since U/ (n, L) is rationally connected, from Lemma 6.5, ./\/lg .(n, L) is rationally
connected. O

Corollary 6.7 M;.(n, L) is rationally connected.

Proof 1t follows from the fact that rationally connectedness is a birational invariant, and
M;C(n, L) is a dense open subset of M. (n, L). ]

Therefore, we have a natural question.

Question 6.8 Is the moduli space M;.(n, L) rational ?
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