
Journal of Statistical Mechanics:
Theory and Experiment

     

PAPER

Zeno crossovers in the entanglement speed of
spin chains with noisy impurities
To cite this article: Abhijit P Chaudhari et al J. Stat. Mech. (2022) 103101

 

View the article online for updates and enhancements.

You may also like
Ergodicity in randomly perturbed quantum
systems
Stefano Gherardini, Cosimo Lovecchio,
Matthias M Müller et al.

-

Full decoherence induced by local fields in
open spin chains with strong boundary
couplings
Vladislav Popkov, Mario Salerno and
Roberto Livi

-

Landau–Zener evolution under weak
measurement: manifestation of the Zeno
effect under diabatic and adiabatic
measurement protocols
Anna Novelli, Wolfgang Belzig and
Abraham Nitzan

-

This content was downloaded from IP address 103.151.209.210 on 18/04/2023 at 12:48

https://doi.org/10.1088/1742-5468/ac8e5d
https://iopscience.iop.org/article/10.1088/2058-9565/aa5d00
https://iopscience.iop.org/article/10.1088/2058-9565/aa5d00
https://iopscience.iop.org/article/10.1088/1367-2630/17/2/023066
https://iopscience.iop.org/article/10.1088/1367-2630/17/2/023066
https://iopscience.iop.org/article/10.1088/1367-2630/17/2/023066
https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013001
https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013001
https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013001
https://iopscience.iop.org/article/10.1088/1367-2630/17/1/013001


J.S
tat.

M
ech.

(2022)
103101

PAPER: Quantum statistical physics, condensed matter, integrable systems

Zeno crossovers in the entanglement
speed of spin chains with noisy
impurities

Abhijit P Chaudhari1,2, Shane P Kelly2,
Riccardo J Valencia-Tortora2 and Jamir Marino2

1 Department of Physics, Indian Institute of Technology,
Banaras Hindu University, Varanasi-221005, India

2 Institut für Physik, Johannes Gutenberg Universität Mainz,
D-55099 Mainz, Germany

E-mail: apravin.chaudhari.phy16@iitbhu.ac.in

Received 6 June 2022
Accepted for publication 24 August 2022
Published 5 October 2022

Online at stacks.iop.org/JSTAT/2022/103101
https://doi.org/10.1088/1742-5468/ac8e5d

Abstract. We use a noisy signal with finite correlation time to drive a spin
(dissipative impurity) in the quantum XY spin chain and calculate the dynamics
of entanglement entropy (EE) of a bipartition of spins, for a stochastic quantum
trajectory. We compute the noise averaged EE of a bipartition of spins and
observe that its speed of spreading decreases at strong dissipation, as a result of
the Zeno effect. We recover the Zeno crossover and show that noise averaged EE
can be used as a proxy for the heating and Zeno regimes. Upon increasing the
correlation time of the noise, the location of the Zeno crossover shifts at stronger
dissipation, extending the heating regime.
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1. Introduction

Impurity models represent a traditional avenue [1, 2] for developing intuition in complex
many-body problems ranging from condensed matter physics to solid state and encom-
passing cold atoms. A recent line of investigation is extensively revisiting instances of
prototypical impurity systems in a dissipative setting, with the aim to provide future
guidance in the solution of the driven-dissipative quantum many-body problem. The
effect of a localised dissipative potential can be implemented, for instance, by shin-
ing an electron beam on an atomic BEC [3, 4], and it results in a decrease of atom
losses at strong dissipation rate. This is a manifestation of a many-body version of the
Zeno effect [5–12], where the usual slowdown of transport at strong measurement is
at interplay with many-particle correlation effects [13]. Furthermore, losses provided
by a near-resonant optical tweezer at a quantum point contact, can realise a dissi-
pative scanning gate microscope for ultra-cold 6Li atoms [14, 15], offering a resource
for transport problems. As in their unitary counterparts, dissipative impurities can
also have an intrusive effect and significantly rearrange the properties of many-body
states as in the Anderson impurity problem [2, 16]. A classification of the phenomenol-
ogy of dissipative impurities is currently subject of vivid research at the interface of
quantum information, atomic physics, quantum optics and solid state [17–24]; it com-
prises driven-dissipative boundary spin problems [25–31], and the realisation of the
many-particle Zeno effect in lossy (and noisy) condensed matter systems and cold
atoms [32–42].
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The onset of the Zeno effect is marked by slowing down of the dynamics of a quantum
system, beyond a certain dissipation strength. In this work, we take one step further and
we inspect whether entanglement quantifiers can expose the Zeno crossover, traditionally
characterised by a smooth transition from facilitation (the heating regime) to suppres-
sion (the Zeno regime) of transport upon tuning the strength of local noise above the
characteristic energy scale of the system as reported in [32, 43]. Specifically, we consider
an exactly solvable instance of the problem extending previous results on locally noise-
driven free fermions [43], to evaluate the noise averaged entanglement entropy (EE) of
a bipartition of spins. The Gaussian nature of the problem allows us to average over
several noise realisations, and to follow dynamics for long times and large system sizes.
We show that the growth rate of the noise averaged EE carries a hallmark of the Zeno
crossover. In the conclusion we compare with recent analogous results on entanglement
dynamics in free fermion chains subject to localised losses [39].

2. Theoretical framework

2.1. Model

We study the quantum XY spin chain [44]

H0 =

L∑
i=−L

− J(1 + γ)σx
i σ

x
i+1 − J(1− γ)σy

i σ
y
i+1 − hσz

i , (1)

where σα
i , (α = x, y, z) are the Pauli matrices for the ith spin along the direction α,

and 0 � γ � 1. We set J = 1 for the rest of this work and measure all the energy
scales with respect to it. We assume periodic boundary condition (σα

i = σα
2L+1+i)

and work in the units of h̄ = 1. The system is prepared in the ground state of
H0 and at t = 0 a noisy signal is suddenly turned on which drives the spin in the center,
(dissipative impurity) i.e. at the site i = 0. The resulting dynamics is given by the time
dependent Hamiltonian

H(t) = H0 +
√
κη(t)σz

0. (2)

The noisy signal η(t) is an Ornstein–Uhlenbeck (OU) process [45] with 〈η(t)〉 = 0 and

〈η(t1)η(t2)〉 = exp
(
−|t1−t2|

τ

)
/τ . When τ → 0, η(t) is equivalent to Gaussian white noise.

In the following we will work in this limit, unless otherwise stated. The main exception is
in section 4.3, where we study the effects of finite τ . The stochastic Schrödinger equation
(SSE) with the Hamiltonian in (2) then reads

∂t|ψη(t)〉 = −iH(t)|ψη(t)〉, (3)

where |ψη(t)〉 represents a stochastic quantum trajectory for a given noise realisation.
In the Gaussian white noise limit, the SSE implies the following Lindbladian evolution
[46]

∂tρ(t) = −i[H0, ρ(t)] +
κ

2
[σz

0, [ρ(t), σ
z
0]], (4)
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where ρ(t) = 〈ρη(t)〉η = 〈|ψη(t)〉〈ψη(t)|〉η is the noise averaged density matrix, and the
symbol 〈· · ·〉η represents averaging over different noise realisations. In this paper, we
study both the average properties of stochastic quantum trajectories captured by ρ(t),
and the properties of individual stochastic quantum trajectories encoded in ρη(t). We
accomplish this by studying two types of observables: observables linear in ρη(t) and
observables non-linear in ρη(t). Observables linear in ρη(t), such as local and global mag-
netisation of spins, erase the information of an individual stochastic quantum trajectory
upon averaging and end up capturing the properties of ρ(t). However, non-linearity of
the observables such as EE of a block of spins in the interval [l,m], generally allow
them to retain the information of an individual stochastic quantum trajectory in spite
of averaging [12, 47, 48]. We explore the linear case in section 3 and the non-linear case
in section 4.

To study the dynamics of this system we employ Jordan–Wigner transformation
[44, 49] to map H(t) to a system of spinless fermions:

H(t) =
L−1∑
i=−L

− 2(c†i ci+1 + c†i+1ci)− 2γ(c†ic
†
i+1 + ci+1ci)

+ 2Up(c
†
Lc−L + c†−LcL + γc†Lc

†
−L + γc−LcL)

− h

L∑
i=−L

(cic
†
i − c†i ci) +

√
κη(t)(c0c

†
0 − c†0c0). (5)

After the transformation, the periodic boundary condition of the spin chain map to
a boundary term 2Up(c

†
Lc−L + c†−LcL + γc†Lc

†
−L + γc−LcL), where Up = ΠL

m=−Lσ
z
m is the

parity operator. Up is known to be a symmetry of H(t) [44], and this gives H(t) a block

diagonal structure in fermionic basis (ci, c
†
i). Each block is specified by the eigenvalue

±1 of Up. The block corresponding to +1 is known as the even sector of H(t) and
similarly the block corresponding to −1 is known as the odd sector of H(t). Without
loss of generality, we work in the even sector and hence the final Hamiltonian used for
simulating the dynamics generated by (3) is,

H(t) =

L∑
i=−L

− 2(c†i ci+1 + c†i+1ci)− 2γ(c†ic
†
i+1 + ci+1ci)− h(cic

†
i − c†i ci)

+
√
κη(t)(c0c

†
0 − c†0c0), (6)

where c2L+1+i = −ci. As H(t) has now reduced to a system of non-interacting spinless
fermions, we can efficiently simulate its dynamics for large system sizes and for long
times. In addition to numerical efficiency, the Jordan–Wigner transformation reveals
the nature of the quasi-particle excitation of the Hamiltonian H0. To elucidate this
further, we use a vectorial notation

c =
(
c−L, . . . , cL, c

†
−L, . . . , c

†
L

)T
, (7)
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to express H(t) in a more compact form

H(t) = c†(M0 +
√
κη(t)L)c. (8)

M0 is the single particle Hamiltonian associated with the coherent part H0 in H(t) and
L represents the impurity term σz

0 in H(t),

(9)

whose matrix elements read

αi,j = −(δi,j+1 + δi,j−1 − δi,−Lδj,L − δi,Lδj,−L) + hδi,j , (10)

βi,j = γ(δi,j−1 − δi,j+1 + δi,−Lδj,L − δi,Lδj,−L), (11)

Li,j = δi,0δj,0, (12)

with i, j ∈ [−L,L]. The αij capture the hopping of fermions throughout the chain, while
βij are called anomalous densities, which lead to creation or destruction of two fermions
out of the vacuum; finite βij are at the root of lack of particle number conservation in
fermionic systems [44, 49].

To identify the natural quasi-particle excitations of H0, we use the standard proce-
dure outlined as follows. First, we move to Fourier space using the following definition

c̃q =
1√

(2L+ 1)

L∑
j=−L

cje
iqj, q =

2π

2L+ 1

(
n+

1

2

)
, (13)

where n = −L,−L+ 1, . . . ,L, followed by a Bogoliubov transformation [44, 49, 50]

bq = uqc̃q − ivqc̃
†
−q

b†−q = uqc̃
†
−q − ivqc̃q.

(14)

Here uq = cos(θq/2) and vq = sin(θq/2), and θq is the Bogoliubov angle defined by

tan θq =
2γ sin q

h− 2 cos q
. (15)

Finally this overall procedure diagonalises H0, such that it takes the following form in
terms of Bogoliubov fermions (bq, b

†
q)

H0 =
∑
q

ε(q)

(
b†qbq −

1

2

)
, (16)

where ε(q) = 4(
(
cos(q)− h

2

)2
+ (γ sin(q))2)

1
2 . Equation (16) reveals Bogoliubov fermions

as the natural quasi-particle excitations of H0.
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2.2. Structure of the dissipative impurity

In this subsection, we look at the structure of the dissipative impurity to understand its
effect on the dynamics. Under the Jordan–Wigner transformation followed by a Fourier
transformation, the impurity term σz

0 takes the following form,

σz
0 = 1− 2

2L+ 1

∑
p,q

c̃†pc̃q. (17)

In terms of Fourier transformed Jordan–Wigner fermions (c̃q, c̃
†
q), the impurity term only

contains local dephasing term (c̃†pc̃q) [43]. Starting from the ground state of H(t = 0−) for
γ = 0, which is a uniform Fermi-sea, this local dephasing term redistributes the Fourier
transformed Jordan–Wigner fermions already present in the Fermi-sea to the states
with momentum larger than Fermi-momentum (kF = cos−1

(
h
2

)
) [43]. For γ = 0, Fourier

transformed Jordan–Wigner fermions are the same as the Bogoliubov fermions (cf with
equations (14) and (15)) and hence serve as the natural quasi-particle excitations of H0.
However, when γ > 0, the action of the impurity on the Bogoliubov fermions changes
dramatically as σz

0 takes the following form in terms Bogoliubov fermions,

σz
0 = 1− 2

2L+ 1

∑
p,q

(−iuqvpb−pbq + iupvqb
†
pb

†
−q + vpvqb−pb

†
−q + uqupb

†
pbq). (18)

This representation of the impurity term σz
0 contains several other nontrivial terms like

two body losses and pumps (b−pbq and b†pb
†
−q, respectively) in addition to local dephasing

terms (b†pbq and b−pb
†
−q). Since we start in the ground state of H(t = 0−) in the even sector,

which is a vacuum of Bogoliubov fermions [44, 49], the two body pumps in the impurity
term σz

0 generate dynamics by emitting pairs of quasi-particles, which are subjected to
losses and dephasing during the evolution of the system.

3. Quantum XY chain with a noisy impurity

In this section we study the local magnetisation profile and the global magnetisation
of the spin chain to further extend the results presented in [43], before moving on
to the central result of this paper in section 4. First, we evaluate the dynamics of
the local magnetisation m(i, γ, t) = Tr[ρ(t)σz

i ], as a function of its position along the
chain i ∈ [−L,L] for different values of γ. We proceed by numerically simulating the
adjoint master equation, which takes the following form (given that the jump operator
is Hermitian) [51]

∂t〈A〉 = ∂t(Tr(Aρ(t))= i〈[H0,A]〉+ κ

2
〈[σz

0, [A, σz
0]]〉. (19)

Using the equation (19), we evaluate the equations of motions for the two point

correlators, Ci,j = Tr[ρ(t)c†icj ] and Fi,j = Tr[ρ(t)c†i c
†
j]:

https://doi.org/10.1088/1742-5468/ac8e5d 6
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Figure 1. Local magnetisation with reference to its initial value
Δm(i, γ, t) = m(i, γ, t)−m(i, γ, 0), at t = 50 and i ∈ [0,L]. We see a ballis-
tically propagating magnetisation front (shown by black stars) emitted by
the impurity, for all values of γ. The inset shows a density plot of absolute
value of the global magnetisation (M(γ, t)) with reference to its initial value
(ΔM(γ, t) = M(γ, t)−M(γ, 0)), for γ ∈ [0, 1] and t ∈ [0, 50]. These results are
obtained via numerical simulation of the adjoint master equation (20). We have
chosen L = 100, κ = 1 and h =

√
2, for the results presented here.

(20)

where � C is a matrix which contains C and F matrices as follows

(21)

In (21), I is the identity matrix of size (2L+ 1)× (2L+ 1). The local magnetisation is
straightforwardly computed via m(i, γ, t) = 1− 2Ci,i(γ, t) and it is shown in figure 1.

For γ > 0, the dissipative impurity locally perturbs the chain and results in
emission of pairs of quasi-particles which move with a velocity v(q) = ∂qε(q), where

ε(q) = 4(
(
cos(q)− h

2

)2
+ (γ sin(q))2)

1
2 [50, 52]. The dynamics of these quasi-particles

is limited by the light cone set by the maximum quasi-particle velocity |vmax | ≡
|max

q
v(q)| which is well reflected in figure 1 as the ballistically propagating mag-

netisation front occurring at i = |vmax|t. This ballistically travelling magnetisa-
tion front separates region (i > |vmax|t) where the local magnetisation has the
same value as that of the initial state, from the region (i < |vmax|t) where the
local magnetisation value differs from that of the initial state (see figure 1).
From figure 1 we observe that at any given time the spatial extent of

https://doi.org/10.1088/1742-5468/ac8e5d 7
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this light cone decreases as a function of γ. This follows from the quasi-particle velocity
expression [50, 52],

v(q) = −4 sin(q)

⎛
⎝ (1− γ2) cos(q)− h

2√(
cos(q)− h

2

)2
+ γ2 sin2(q)

⎞
⎠. (22)

An increase in γ leads to reduction of group velocity |v(q)| for any value of q. Therefore,
the maximum quasi-particle velocity |vmax| decreases as γ increases, confirming our ear-
lier observation. Increasing γ also changes the spatial oscillations that appear before the
ballistically propagating magnetisation front. In figure 1, we generally observe reduction
of oscillation amplitude and the spatial extent of the oscillations for γ > 0.

When γ = 0, the system is symmetric under rotations along the ẑ-axis, thus the
global magnetisation (M(γ, t) =

∑
i m(i, γ, t)/(2L+ 1)) along ẑ-axis remains conserved.

However, this symmetry is broken for γ �= 0 and hence to understand the effects of this
symmetry breaking on the dynamics quantitatively, we calculate the difference between
the global magnetisation and its initial value (see the inset in figure 1). Despite the
fact that, for γ �= 0 the global magnetisation along ẑ is not conserved, we observe that
M(γ, t) does not change appreciably as compared to its initial value M(γ, 0) up to time
scales of the order of 1/γ. The local magnetisation profile also reflects this behaviour.
In figure 1, for small γ (such as γ = 0.01), the local magnetisation profile does not differ
appreciably from the profile obtained for γ = 0 up to the times reached during numerical
simulation of the equation (20). However, as γ increases, the local magnetisation profile
deviates significantly from the profile obtained in the case of γ = 0.

4. Entanglement entropy as a probe of the Zeno crossover

4.1. Observables and simulation methods

We now turn our attention to the entanglement dynamics in presence of the dissipative
impurity. We use the von Neumann entropy of the reduced density matrix to quantify
EE [53] for the block of spins within the interval [l,m]

Sη
ent(t) = −Tr[ρη[l,m] log2 ρ

η
[l,m]], (23)

where ρη[l,m] is the reduced density matrix Tr[l,m]c [ρ
η(t)] of the spins between site

l and site m, for a given noise realisation η. Here Tr[l,m]c refers to trace over the remainder
of the chain. For the rest of the paper, we choose to study Sent(t) = 〈Sη

ent(t)〉η over the
EE of a block of spins between site l and site m in the noise averaged state

Sent(t) = −Tr[ρ[l,m] log2 ρ[l,m]], (24)

where ρ[l,m] = Tr[l,m]c [ρ(t)]. Our choice stems from the fact that, the time evolution of
ρ(t) is governed by the equation (4) which does not preserve the purity of ρ(t) at all
times. Hence, Sent(t) does not serve as a proper measure of entanglement [39, 47, 48].

https://doi.org/10.1088/1742-5468/ac8e5d 8
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To compute Sη
ent(t), we use the fact that the stochastic quantum trajectory (|ψη(t)〉),

is Gaussian and the SSE (3) preserves the Gaussianity of the stochastic quantum tra-
jectory [43, 47]. Therefore the dynamics of each stochastic quantum trajectory can be
obtained by computing the evolution of the two point correlation functions

(25)

where Cη
i,j(t) = Tr[ρη(t)c†i cj] and Fη

i,j(t) = Tr[ρη(t)c†i c
†
j ].

The numerical scheme that we use for obtaining �Cη(t) discretizes time in steps of
δt. The nth instant is given as tn = (n− 1)δt with n = 1, 2, . . . and δt 
 min{h−1, κ−1}.
The correlation matrix �Cη

n = �Cη(tn) is computed from the correlation matrix �Cη
n−1 by:

�Cη
n = e−iMη δt �Cη

n−1e
iMηδt, (26)

Mη = M0 +
√
κη(tn−1)L. (27)

The operator e−iMηδt can be computed efficiently via Trotterization:

e−iMηδt ≈ e−i
√
κη(tn−1)L

δt
2 e−iM0δte−i

√
κη(tn−1)L

δt
2 ,

where M0 and L are defined by equation (9). In case of a Gaussian state, the EE is given
by [53–55]

Sη
ent(t) = −

∑
p

[λp log2 λp], (28)

where {λp} are the eigenvalues of the matrix

(29)

The notation (A)mi,j=l represents a matrix which contains all the elements of matrix A,
between l � i � m and l � j � m.

4.2. Entanglement dynamics

In this subsection we present two key features of EE dynamics for γ = 0. In particular
we focus on the Sent(t) = 〈Sη

ent(t)〉η of the spins between site l = 0 and site m = L. We
observe a linear growth of the Sent(t) (see figure 2) as expected, and a non-monotonous

behaviour of the Ṡent = ∂tSent(t) as a function of the coupling κ to the dissipative
impurity (see figure 3). Both observations can be qualitatively explained with the
quasi-particle picture of entanglement spreading [39, 40, 48, 56–59].

The dissipative impurity scatters quasi-particles from the Fermi-sea and generates
entangled pairs from reflected and transmitted quasi-particles [39, 43]. These entangled
quasi-particles travel in opposite directions and entangle any two spatial sites at which

https://doi.org/10.1088/1742-5468/ac8e5d 9
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Figure 2. The EE Sent(t) = 〈Sη
ent(t)〉η of the spins between l = 0 and m = L for

different values of κ. For each value of κ we plot the linear fit (dashed black line).
The results presented here are obtained via numerical simulation of the SSE (3)
for L = 160, γ = 0, τ = 0 and h =

√
2. They are averaged over Nη = 1.1× 104 noise

realisations.

Figure 3. Speed of entanglement spreading Ṡent = ∂tSent(t) of the spins between
l = 0 and m = L as a function of κ. The red stars separate the heating regime
from the Zeno regime for each value of τ . The results presented here are obtained
via numerical simulation of the SSE (3) for L = 160, γ = 0 and h =

√
2. They are

averaged over Nη = 1.1× 104 noise realisations.

they arrive simultaneously; this leads to the usual linear growth in time [39, 48, 56] of
the Sent(t) (see figure 2). In the thermodynamic limit the light cone that originates at
the driven site will take an infinite time to reach the edge of the system, hence the Sent(t)
of the bipartition we are studying will increase unboundedly.

The non-monotonous behaviour of the Ṡent reflects the system’s transition from the
heating regime to the Zeno regime. In the heating regime, the system heats up as κ
increases while in the Zeno regime, the system’s dynamics slow down with an increase
in κ as a consequence of the Zeno effect. Deep within the heating regime (κ 
 2), we

https://doi.org/10.1088/1742-5468/ac8e5d 10
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Figure 4. Fraction of quasi-particles scattered f(t) at t = 70 as a function of κ.
The blue stars separate the heating regime from the Zeno regime for each value
of τ . Deep in the heating regime (κ 
 2), f(t = 70) grows algebraically with κ,
while in the Zeno regime it decreases. These results were computed using the same
parameters as discussed in figure 3.

observe a very few scattering events as the coupling to the impurity is weak. This
can be seen in figure 4, where we show the fraction of quasi-particles scattered by the
impurity,

f(t) =

∑kF
q=−kF

(〈nη
q(0)〉η − 〈nη

q(t)〉η)∑kF
q=−kF

〈nη
q(0)〉η

, nη
q(t) = Tr[ρη(t)c̃†qc̃q]. (30)

Fewer scattering events lead to generation of a very few entangled quasi-particle pairs,
which can take part in entangling the left and the right halves of the system. As κ
increases, the number of scattering events goes up, leading to an increase in the number
of entangled quasi-particles pairs. Hence we observe an increase in Ṡent. However, at
κ ∼ 2, we observe a peak in Ṡent which signals the system’s transition from the heating
regime to the Zeno regime. In the Zeno regime, the number of scattering events decrease,
inspite of the strong coupling to the impurity (see figure 4) as a consequence of the Zeno
effect. This leads to a decline in number of entangled quasi-particle pairs as κ increases.
We also observe that, unlike in the heating regime where the entangled quasi-particle
pairs easily spread across the system, in the Zeno regime, most of them remain trapped
near the impurity site (i = 0). This is reflected in figure 5 where we plot the local
magnetisation profile for different values of κ. For κ = 21.0, the local magnetisation
profile strongly peaks near the impurity site as compared to κ = 0.2 in which case the
local magnetisation profile spreads out evenly across all the sites.

Both, the decrease in number of entangled pairs of quasi-particles and the increase
in the effectiveness of trapping of entangled pairs near the impurity site in the
Zeno regime, lead to decline of Ṡent as κ increases which was recently dubbed
as ‘Zeno entanglement death’ in [39]. Based on the discussion in this subsection,
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Figure 5. Local magnetisation profile m(i, γ, t) = 〈mη(i, γ, t)〉η at t = 70 and
i ∈ [−L,L], for τ = 0 and τ = 2. These results were computed using the same
parameters as discussed in figure 3.

we expect the noise averaged EE to take the following form which was also reported
in [39]

Sent(t) = G(κ)

∫ kF

−kF

dk

2π
S(k)vkt+ S0, (31)

where S(k) is the EE contribution from a single pair of entangled quasi-particles moving
with a wave vector k, S0 is the initial EE of the block of spins in the interval [0,L]
and G(κ) is the function which reproduces the Zeno crossover. After comparing the
equation (31) with the results in figure 3, we find that G(κ) transitions from Aκα to Bκ−β

as the system crosses over from the heating regime to the Zeno regime, where α and β
are both positive real exponents.

4.3. Effect of a finite noise correlation time

In this subsection we discuss the effects of finite correlation time τ of the noise on the Ṡent

in the heating regime and the Zeno regime. Deep inside the heating regime (κ 
 2), the

Ṡent reduces as τ increases (see figure 3). This happens as the fraction of quasi-particles
scattered by the impurity goes down with increasing τ and it results in generation of
lesser number of entangled quasi-particle pairs as compared to τ = 0 case.

Deep in the Zeno regime (κ  2) we observe the exact opposite: the suppression of

Ṡent reduces with increasing τ . Indeed, as τ increases the trapping of entangled quasi-
particles pairs near the impurity site (i = 0) becomes less effective (cf with figure 5) and
also the fraction of quasi-particles scattered by the impurity increases as compared to the
τ = 0 case (see figure 4). This allows more entangled quasi-particle pairs to participate
in entangling the sub-system [0,L] with its complement, thus we observe larger values
of Ṡent as τ increases. In other words, the dissipative impurity dynamics slow down at
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larger τ and the Zeno effect is expected to attenuate; this leads to a shift of the Zeno
crossover to larger values of κ (cf with figure 3).

We also observe that increasing τ leads to slower decline in Ṡent as a function of κ
in the Zeno regime (see figure 3). This suggested a possibility of existence of a τ value

at which there will be no decline in Ṡent as a function of κ, which would have served as
an indicator for the disappearance of the Zeno effect. However we carried out numerical
simulations for larger values of τ and observed that the Zeno effect never disappears as a
result of increasing τ ; the only net effect of a dissipative impurity with finite correlation
time is to extend the heating regime to larger κ

5. Conclusions

Recently, the entanglement dynamics in a free-fermion chain subjected to localised
losses was studied thoroughly in [39]. In that case, entanglement entropies do not serve
as a proper entanglement measure since the system does not remain in a pure state,
because of the non-unitary dynamics ensued by localised losses. Here we investigated the
dynamics of a quantum XY spin chain driven by a local OU process with a finite noise
correlation time (τ). In spite of the driving by an OU process, the system always stays in
a pure state for all noise realisations and hence EE serves as a proper entanglement mea-
sure. In particular, our simulations reveal that, the noise averaged EE of a bipartition
of spins grows linearly as a function of time similar to the linear growth of logarithmic
negativity observed in the case of the free-fermions with localised losses. Moreover, we
see that the speed of spreading of the noise averaged EE captures the transition from
the heating regime to the Zeno regime, thus probing the Zeno crossover. We also observe
that, increasing τ prolongs the heating regime and attenuates the Zeno suppression of
noise averaged entanglement spreading in the Zeno regime. All our results are quali-
tatively explained by employing the quasi-particle picture of entanglement spreading
similar to the entanglement spreading mechanism reported in [39, 40, 57–59].

It could be interesting to apply methods for the exact solution of boundary driven
problems [25–31] in order to extend our results to interacting versions of the free fermion
model considered here. A relevant question is the possibility to morph the Zeno effect
from a crossover into a sharp transition in the presence of interactions, and inspect the
impact of a driving noise with finite correlation time on such transition [13, 32]. Our
current efforts are directed in this direction.
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[23] Khedri A, Štrkalj A, Chiocchetta A and Zilberberg O 2021 Phys. Rev. Res. 3 L032013
[24] Maimbourg T, Basko D M, Holzmann M and Rosso A 2021 Phys. Rev. Lett. 126 120603
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[42] Moca C P, Werner M A, Legeza Ö, Prosen T, Kormos M and Zaránd G 2021 Simulating Lindbladian evolution

with non-abelian symmetries: ballistic front propagation in the SU (2) Hubbard model with a localized loss
(arXiv:2112.15342)

[43] Dolgirev P E, Marino J, Sels D and Demler E 2020 Phys. Rev. B 102 100301
[44] Franchini F 2017 An Introduction to Integrable Techniques for One-Dimensional Quantum Systems (Berlin:

Springer)
[45] Gardiner C and Zoller P 2004 Quantum Noise: A Handbook of Markovian and Non-Markovian Quantum

Stochastic Methods with Applications to Quantum Optics (Berlin: Springer)
[46] Jacobs K and Steck D 2006 Contemp. Phys. 47 279–303
[47] Piccitto G, Russomanno A and Rossini D 2022 Phys. Rev. B 105 064305

https://doi.org/10.1088/1742-5468/ac8e5d 14

https://arxiv.org/abs/0809.3474
https://doi.org/10.1103/physrevlett.109.020405
https://doi.org/10.1103/physrevlett.109.020405
https://doi.org/10.1103/physrevlett.110.035302
https://doi.org/10.1103/physrevlett.110.035302
https://doi.org/10.1063/1.523304
https://doi.org/10.1063/1.523304
https://doi.org/10.1063/1.523304
https://doi.org/10.1063/1.523304
https://doi.org/10.1103/physreva.41.2295
https://doi.org/10.1103/physreva.41.2295
https://doi.org/10.1103/physrevlett.89.080401
https://doi.org/10.1103/physrevlett.89.080401
https://doi.org/10.1103/physreva.54.r3750
https://doi.org/10.1103/physreva.54.r3750
https://doi.org/10.1103/physreva.63.042108
https://doi.org/10.1103/physreva.63.042108
https://doi.org/10.1038/35014537
https://doi.org/10.1038/35014537
https://doi.org/10.1038/35014537
https://doi.org/10.1038/35014537
https://doi.org/10.1103/physrevb.98.205136
https://doi.org/10.1103/physrevb.98.205136
https://doi.org/10.1103/physrevlett.126.170602
https://doi.org/10.1103/physrevlett.126.170602
https://doi.org/10.1103/physrevlett.122.040402
https://doi.org/10.1103/physrevlett.122.040402
https://doi.org/10.1103/physrevlett.123.193605
https://doi.org/10.1103/physrevlett.123.193605
https://doi.org/10.1103/physreva.100.053605
https://doi.org/10.1103/physreva.100.053605
https://doi.org/10.1103/physrevlett.122.040604
https://doi.org/10.1103/physrevlett.122.040604
https://doi.org/10.1063/1.5100157
https://doi.org/10.1063/1.5100157
https://doi.org/10.1103/physrevresearch.2.032003
https://doi.org/10.1103/physrevresearch.2.032003
https://doi.org/10.1103/physreva.103.043304
https://doi.org/10.1103/physreva.103.043304
https://doi.org/10.22331/q-2021-08-19-528
https://doi.org/10.22331/q-2021-08-19-528
https://doi.org/10.1088/1367-2630/17/9/093036
https://doi.org/10.1088/1367-2630/17/9/093036
https://doi.org/10.1103/physrevb.102.125124
https://doi.org/10.1103/physrevb.102.125124
https://doi.org/10.1103/physrevresearch.3.l032013
https://doi.org/10.1103/physrevresearch.3.l032013
https://doi.org/10.1103/physrevlett.126.120603
https://doi.org/10.1103/physrevlett.126.120603
https://doi.org/10.1088/1742-5468/2010/08/p08016
https://doi.org/10.1103/physreve.83.011108
https://doi.org/10.1103/physreve.83.011108
https://doi.org/10.1088/1751-8113/48/37/373001
https://doi.org/10.1088/1751-8113/48/37/373001
https://doi.org/10.1103/physreve.92.042143
https://doi.org/10.1103/physreve.92.042143
https://doi.org/10.1103/physrevlett.123.230604
https://doi.org/10.1103/physrevlett.123.230604
https://doi.org/10.1088/1367-2630/abd124
https://doi.org/10.1088/1367-2630/abd124
https://doi.org/10.1103/physrevb.105.054303
https://doi.org/10.1103/physrevb.105.054303
https://doi.org/10.1103/physrevb.101.144301
https://doi.org/10.1103/physrevb.101.144301
https://doi.org/10.1088/1742-5468/ab4e8e
https://doi.org/10.1103/physrevresearch.3.013086
https://doi.org/10.1103/physrevresearch.3.013086
https://doi.org/10.1103/physrevb.101.075139
https://doi.org/10.1103/physrevb.101.075139
https://doi.org/10.1103/physrevlett.125.080402
https://doi.org/10.1103/physrevlett.125.080402
https://doi.org/10.1103/physrevb.104.155431
https://doi.org/10.1103/physrevb.104.155431
https://doi.org/10.1103/physreva.103.l060201
https://doi.org/10.1103/physreva.103.l060201
https://doi.org/10.21468/scipostphys.12.1.011
https://doi.org/10.21468/scipostphys.12.1.011
https://doi.org/10.1103/physrevb.103.l020302
https://doi.org/10.1103/physrevb.103.l020302
https://arxiv.org/abs/2112.05180
https://arxiv.org/abs/2112.15342
https://doi.org/10.1103/physrevb.102.100301
https://doi.org/10.1103/physrevb.102.100301
https://doi.org/10.1080/00107510601101934
https://doi.org/10.1080/00107510601101934
https://doi.org/10.1080/00107510601101934
https://doi.org/10.1080/00107510601101934
https://doi.org/10.1103/physrevb.105.064305
https://doi.org/10.1103/physrevb.105.064305
https://doi.org/10.1088/1742-5468/ac8e5d


J.S
tat.

M
ech.

(2022)
103101

Zeno crossovers in the entanglement speed of spin chains with noisy impurities

[48] Cao X, Tilloy A and De Luca A D 2019 SciPost Phys. 7 24
[49] Mbeng G B, Russomanno A and Santoro G E 2020 The quantum Ising chain for beginners (arXiv:2009.09208)
[50] Calabrese P, Essler F H L and Fagotti M 2012 J. Stat. Mech. P07016
[51] Breuer H P and Petruccione F 2010 The Theory of Open Quantum Systems (Oxford: Oxford University Press)
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