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We present an exactly solvable model of a hybrid quantum-classical system of a Nitrogen-Vacancy
(NV) center spin (quantum spin) coupled to a nanocantilever (classical) and analyze the enforcement
of the regular or chaotic classical dynamics onto the quantum spin dynamics. The main problem
we focus in this paper is whether the classical dynamical chaos may induce chaotic effects in the
quantum spin dynamics or not. We explore several characteristic criteria of the quantum chaos, such

Keywords: as quantum Poincaré recurrences, generation of coherence and energy level distribution and observe
chaos interesting chaotic effects in the spin dynamics. Dynamical chaos imposed in the cantilever dynamics
NEMS through the kicking pulses induces the stochastic dynamics on the quantum subsystem. We consider

NV center spin a quantum system of two and three levels and show that in a two-level case, type of stochasticity is

not conforming all the characteristic features of the quantum chaos and is distinct from it. We also

explore the effect of quantum feedback on dynamics of the cantilever and the entire system.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Classical or quantum finite systems may show non-determin-
istic behavior when coupled to a stochastic bath (or other ex-
ternal randomness sources), or nonlinearity [1,2]. In such hybrid
systems any small perturbation destroys the regular motion and
leads to unpredictable evolution of the system. In the first case,
the stochasticity appears to be external, and in the second case,
it is an intrinsic property of the system [3]. For example, in the
case of a kicked rotator in classical regime, when the strength of
kicking is increased, the regular periodic motion is destroyed and
chaotic motion is observed. The chaotic behavior can be validated
by a diffusive growth in the kinetic energy [4,5] of the kicked
rotator. The quantum delta kicked rotators play an important role
in understanding quantum chaos and other related effects [6]. The
existence of quantum resonance can be seen using the quantum
kicked rotators [7]. Experimentally the quantum kicked rotators
and quantum chaos can be studied using ultracold atoms which
are driven by periodically kicked by optical pulses [8]. The effect
of the nonlinearity on a two-level system coupled with kicked
rotor is already studied [9]. Dynamical chaos refers to the phe-
nomenon of extreme sensitivity of phase trajectories to a tiny
disturbance. It is worth to note that in the quantum case, we do
not have phase trajectories and the chaos is manifested in the
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Gaussian statistics of the energy spectrum [10]. The remarkable
feature of quantum chaos is the termination of classically allowed
diffusive processes leading to destruction of quantum coherence
[11,12]. In this paper our interest is in a hybrid system under the
constraint such that part of the system is classical, and the rest
is quantum. In such a quantum-classical hybrid system when the
classical part exhibits dynamical chaos, we analyze the spread of
chaos to the quantum part.

In the last few years the hybrid systems consisting of the spin
and mechanical parts named as Nano-electromechanical systems
(NEMS) generated a lot of interest [13-39]. In these systems the
spin subsystem is always described quantum-mechanically and
the mechanical subsystem (i.e., the oscillator) can be considered
either in quantum or classical (linear or nonlinear) regimes. All
these cases need special mathematical description and show the
realization of a physical features. Our interest here concerns the
case when cantilever coupled to the NV center performs nonlin-
ear oscillations. For more details about the model in question, we
refer to the earlier works [31,39,40]. In particular, we assume that
kicks of the external driving field force the classical motion of
the cantilever and the overlapping of nonlinear resonances may
induce the chaotic motion of the cantilever. The chaoticity of the
motion of the cantilever extends to the quantum spin dynamics
via the cantilever-spin coupling term. The spin of the NV center is
described by spin triplet S = 1, with m; = —1, 0, and 1. States
|—1) and |1) are separated by potential barrier D§22 ~ hwgy, where
wp = 2.88GHz. In what follows we set i = 1. Hamiltonian of the
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NV center has the form [37]:

- o 2 , )
Hyy = Z (—81 li) (il + 7(IO) (il + 10) (OI)) ; (1)
i=%1

where §; and £2; are detunings and Rabi frequencies of the two
microwave (MW) transitions. In the limit of single MW field and
zero external magnetic field B, — 0, Hamiltonian equation (1)
couples the ground state |0) with bright superposition of the
excited states |b) = (|—1) + |1>)/\f2, while dark state |d) =
(|-1) — |1))/«/§ is decoupled and NV center reduces to an ef-
fective two-level model. In what follows we consider both two-
and three-level problems. In the case of coupling with the bright
state the Hamiltonian of the hybrid system of NV center and a
driven nonlinear oscillator is given as [38]

H(X,p, l') = Hg +H0(X,p)+HNL+8V(X, f)+g‘75,1\]v. (2)
Here 1:15 = luy6, is the Hamiltonian of the NV center, The

2
splitting frequency is given by wp = (w3 +82)1/2, where wy is the
Rabi frequency, and § is the detuning. The spin operator §Z,NV can
be written in the basis of NV center as [38]: §Z,NV = %(cos(a)&z +
sin(a)(64 + 8_)) with tan(a) = —wg/8 and 6, = |e)(e| — |g)(g],
6y = le)(g|, o_ = |g) (e|l. The linear part of the oscillator is

2
given by term Hy = £~ + “* and the nonlinear part is given

by Hy; = Bx>+ ux*, where w, is the frequency of the oscillations,
B and p are constants of the nonlinear terms. The term

V(x.t) =VoxT Y 8(t—nT),

n=—00
eVo=fo, ek 1, (3)

describes the driven motion of the cantilever in the microwave
field of delta pulses with frequency @ = 2 /T. The key issue
is the last term V. yv = x(t)S;nv in Eq. (2) which describes the
coupling between the classical cantilever and the quantum NV
spin. The distance and the coupling strength between the mag-
netic tip and NV spin depend on the magnetostriction effect [39].
Subject to the cantilever’s oscillations, x(t) can be either chaotic
or regular. In what follows, we show that classical dynamical
chaos leads to the stochastic phenomenon in spin dynamics.
We consider two and three level models of the NV center and
show that in both cases chaotic dynamics of the cantilever leads
to the chaotic spin dynamics. However, being stochastic, two-
level model does not manifest all the characteristic features of
quantum chaos. In the present manuscript our main focus is
a mathematical formulation of the problem. Nevertheless, we
specify the values of the parameters relevant to the NV cen-

ters [37]: 3£ = 5 MHz, ‘20—7‘; = 0.1 — 10 MHz, § = 1 kHz,

mass of the cantilever m = 6 x 10" kg, the coupling constant
% = 100 kHz, the amplitude of the zero point fluctuations

ay = +/A/2mw, ~ 5 x 103 m. The nonlinear constants are

2 2
order of B ~ “;a? nwoA “2):1'%" The energy scale of the problem

is defined by ¢V ~ w?ma ~ 10~°), and the time scale is of order
of microsecond scale t ~ ;—g microseconds. In what follows, we
explore the spreading of classical dynamical chaos on the quan-
tum system. In the quantum part of the NEMS, spin dynamics
manifest some characteristic features of the quantum chaos [41-
44], but not all of them. Therefore, we term this phenomenon
as a hybrid quantum-classical chaos. The work is organized as
follows: In Section 2, we discuss the classical chaotic dynamics
of the cantilever. In Section 3, we present analytical results for
spin dynamics of NV center spin attached to the cantilever and
discuss different aspects of the quantum chaos, namely, quantum
coherence, Poincaré recurrences and level statistics. Subsequently
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in Section 4 we study dynamics of a three-level NV system. Later,
in Section 5 we explore statistical average over various Iy and 6.
In Section 6 we study about feedback effect and finally summarize
the manuscript in Section 7.

2. Dynamics of the cantilever

The experimentally feasible NEMS consists of the spin of the
NV center interacting with a magnetic tip (attached to the end of
the nano-cantilever). The oscillations performed by the cantilever
can be viewed as classical or quantum, depending on the simple
criteria: At temperatures T < 27 hw, /kg, where kg is the Boltz-
mann constant and w; is the oscillation frequency, dynamics of a
cantilever is quantum, and it exerts quantum feedback effect on
a spin dynamics. Typically for @, = 1kHz, T < 50nK. At higher
temperatures, or when the cantilever is controlled externally by
a classical field, dynamics is classical. Large-amplitude nonlinear
oscillations are entirely classical. Therefore in what follows, we
neglect the quantum feedback effect.

With the purpose of simplicity, the cantilever part of the
Hamiltonian H, ; = Ho + Hn + V(x, t) can be rewritten in the
action-angle canonical variables through the transformation @ =
F +106:

d® = pdq + 6dl + (H; 9 — Hp q)dt. (4)
The canonical equations in the new variables are given as
dl 9H; v, 0) —
— =——" = T 8 (t —nT),
dt i TR D LU
n=—oo
do  9Hpy AV, 0)
— = — = o(l T §(t—nT). 5
= = te— n;%( nr) (5)

The presence of the delta function allows us to introduce the
Floquet map (I;+1, 6n+1) = F (In, 6,) and integrate Eq. (5) exactly
as

V(. 6,)
It = Iy —eT#,
ovV(I,, 6
s = On + ol )T 4 7200 6)

From the above equation we deduce the criteria of the dynamical
chaos:

dw(I)

di

Using action-angle variable to transform the cantilever part of the
Hamiltonian H, = Ho + Hy; 4 V(x, t), and taking average with
respect to the fast phase 6, the cubic part of Hy; will be zero if we
take average with respect to fast phase 6 but the quartic term in
Hy; will survive, so we obtain, from here w(I) = d(Ho + Hn)/9d1,

Ho(I) = w1 + Hy, Hy = 37 <$>2 and V = Vo(I)cos6,

Vo(I) = Vog+/2Iy/w;. Using the system specific parameters we

define the criterion for dynamical chaos as:
6 i

me?)

K = elyT , (7)

K = sIOT( (8)
K is also known as a criterion for overlapping of the resonance.
If K < 1 the phase trajectories are distinguishable from each
other and if K > 1 phase trajectories correspond to chaotic
behavior [42].

After the formation of dynamical chaos, the dynamical de-
scription of the problem loses the sense. The dynamics of the
cantilever can be explored using a standard map I,11 = I, —
Ksin6y,, 6,01 = 6, + I,+1, where K quantifies the criterion for
the dynamical chaos. For further analytic insights, we utilize the
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Fig. 1. The Phase space plot of cantilever’s dynamics constructed through the recurrence relations equation (6) in

(a) the regular regime K = 0.5 (Blue) where the

phase space is covered by two different phase trajectories: open hyperbolic and some part of closed elliptic, and (b) the chaotic regime at K = 10 (Gray) where the
entire phase space is covered by a chaotic sea. Topologically different phase trajectories are bordered by separatrix line. The values of parameters are: K = €loT -3 6”“

n,,

= 2110
& = 0.0003.

methods of non-equilibrium statistical physics and introduce the
distribution function f(6,I) such that i% = (io + 8i1), where

Liouville operators io and i1 are defined as follows (see [42] for
more details) Iy = w, and I, = —i(%L —3v3) The
critical issue is the dlfference between the time scales of the slow
action I and fast angle 6 variables. The correlation time scale in
the system is defined via ((6(t)0(0))) = exp(—t/t.). Typically
1. < T < tp, where 1p is the time spent on the substantial change
of the action variable. As we see from Eq. (5), during the interval
between the kicks T, the change of the action variable is small and
is proportional to ¢. Our interest here concerns the distribution
function for the action variable, and the Fokker-Planck equation
averaged over the fast angular variable F(I) = ({f(I, 8))). The
general structure of the Fokker-Planck equation reads [42]:

OF) 9 192
o = — 3 ADFD) + 5 < (BOFD)) (9)
where A = 1((Al))s, and B = 1({(AI)?)). After calculating

coefficients explicitly, we deduce the kinetic equation as

o (10

at 291 al

where D(I) = w&? Y_,  m?|Vn|*8(mew — pR2), 2 = 27 /T, Vi is
the Fourier component of the interaction term and m, p indices
take into account the multiple internal resonances. The solution
of the kinetic equation reads as

2 1 .2

(I(t))y =I5+Dt, D = Esv T, (11)
where D is the diffusion coefficient. The dynamics of the can-
tilever is chaotic for K > 1 and otherwise K < 1 is regular
(see Fig. 1). In the chaotic regime we observe a sea of phase
points uniformly distributed over the phase space. In the regular
regime, two different phase space trajectories cover the entire
space. For the standard map described above, if the parameter
K > K. = 0.9716, the stochastic layers start merging; thus, it will
create a domain of chaotic motion that covers whole phase space.
As K increases, the islands’ size decreases, and only the largest of
them can be found in the chaotic sea. Thus solution for cantilever
can be written in the discrete form x, = /2I,/mw;, c0s6,, p, =

—+/2lh,w,msin G,

Ip = 2x3wr, m=6x10""7 Kg, xo = ao =5x 102 m, T = 10 ps, @ = wp = 2 x 5 x 10° Hz, for chaotic case & = 0.003 and for the regular case

3. Spin-1/2 system attached to the cantilever
3.1. Evolved in time wave function

Let us consider a hybrid system of Quantum NV spin attached
to a classical cantilever whose dynamics is calculated from a
standard map. From the Hamiltonian given by Eq. (2) we see that
the effect of the cantilever in the NV spin is due the interaction
term V. nv. Therefore, the effective Hamiltonian of the NV center
attached to the cantilever can be written as:

N 1 ~
H, = EwOUz +ch,NV7 (12)

where \A/C,NV = /2I,/mw; cos 9n§zva. It is important to note here
that I, and 6, follow the Floquet map given by Eq. (6). By varying
the parameter K we change the characteristic of the term V. yy
from the regular to the chaotic dynamics of the cantilever and
explore the spin dynamics in both cases. Exploiting the Floquet
theory [45] we solve the Schrodinger equation analytically and
get the state after time t = NT as

W (¢ =NT) = 4" [(0)), (13)

where /" is the time evolution operator evolving the system
after N kicks and |y (0)) is the initial state of the system. The
Floquet map ﬁn after the nth kick is 7, = exp (—iﬁ,ﬂ) and the

evolution operator L{N is a time-ordered product of ]—‘S given as

N = ]—'N ]—'n+1]~'n]-',1 1- }'3}'2}‘1 The exact wave function
after time t = NT can be written in the form
[¥(t = NT))
-y { [Te o los 1>} el Y O)e). (1)
{an}==%

Here ang, and |@p") (o = ) are the eigenvalues and eigen-
states, respectively of the nth Floquet operator F;,.

The general form of the eigenstates is quite involved (not
shown). However, in the resonant limit tan(a) = —awg/§ > 1,
we can simplify the Floquet map ;. The spectral decomposition
of 7, is given as

| + explign} |¢n ) (on | - (15)

( xE+ad)T

Fn = exp{—ign} |07 ) (0;F

Here the quasienergy ¢, is given by ¢, = , where we
introduced the notation x, = g+/2I,/mw; cos 6,. The normalized
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Fig. 2. Poincaré sections for ((ox), (07)) and ((oy), (o)) in the regular regime

at K = 0.5 ((a) and (b)) and chaotic regime at K = 10 ((c) and (d)) . The

parameters are m =1, g =1, wp = 1, o, = 0.2, T = 1, « = 7 /2. The values
2

of the parameters in the real units are K = eloT 55 6’”‘ L= % Ih = Zx5er,
0

m=6x10""7Kg, xo =ay =5x10"3m, T = 10us,wr:(4)0:27-r><5><106 Hz,
for chaotic case ¢ = 0.003 and for the regular case ¢ = 0.0003.

Sn |0) — T |1),
/2 2
=, and k, = w
n + n n
Now let us consider that initially the system is prepared in
the state |(0)) = |0). Therefore, the explicit form of the evolved
wave function is calculated as

eigenstates are |p;) = 1,10) 4+ & [1), and |¢; ) =

k
where n, = —2=, §, =

[¥(t = NT))
= Anr{m exp(—ip1)(nn 10) + &n [1))} + Ar2{n1 exp(—igp1)(én |0)
=y 1)} + Az1{&1 exp(ipn)(nv 10) + én 1))}
+A22{&1 exp(ip1)(én 10) — nv 1))},

N
A= []Gulo,
=2

Gnlo}
— [EXP(_iwn)(nnnn—l + &n€n_1)

exp(—i@n )(Mnén—1 — EnMn-1)
exp(ign)(Entin—1 — Mnén-1) ] -(16)

exp(ion)(Mnn-1 + &nén-1)

For more details of the analytical solution and normalization of
the wave function, we refer to Appendices A and B. Taking into
account Eq. (14)-Eq. (16) we calculate the expectation values of
the spin components (o,), @« = X, y, z. The explicit formulas are
given in the Appendix C.

We note that ¢, = ot it where Xn = &+/2I,/mw, cos 6,
and (I,, 6,) is described by the map equation (6). Therefore,

depending on the parameter of stochasticity K, the phase ¢, can
be either non-commensurate and random or smooth and regular.
In the spirit of the work [46] we explore the interplay between
the chaotic classical (cantilever) and quantum (NV spin) dynamics
in the next section.
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3.2. Expectation values of the NV spin components

We see from Fig. 1 that the Poincaré sections for (I,;, 6,,) clearly
distinguish the motion of cantilever in the regular and chaotic
regime. Now if we attach a NV center spin to the cantilever, we
need to check whether the Poincare sections of the spin dynam-
ics show a contrast in the regular and chaotic regimes of
the cantilever or not. For this purpose we plot the Poincaré sec-
tion of ((ox), (o)) and ({o}), (0;)) in Fig. 2(a) and (b) when can-
tilever performs motion in regular regime and (c) and
(d) when cantilever performs motion in chaotic regime. We fail
to distinguish the effects due to regular and chaotic regions in the
Poincaré sections of the spin dynamics of the NV center.

The Poincaré sections of the spin dynamics evolve more or less
in the same manner for both the regular and the chaotic cases
(see Fig. 2). In order to delve deeper to identify the differences, we
calculate the Fourier power spectrzum for observances defined as

Ly, = }f:@ (Ox,y.2) exp(—iwt)dt‘ . The Fourier power spectrum

as shown in Fig. 3 displays differences in the regular and chaotic
regime. We see that when stochasticity parameter varies from
K = 0.5 (regular) to K = 10 (chaotic), the broadness of power
spectrum increases. It is much broader in the chaotic case as
compared to the regular case. The broadening of spectrum is a
signature of chaos which sets in our system for K > 1. We
see that the Fourier spectra of all spin components (oyy ), are
broadened. To see the behavior of spin dynamics, we plot the
time dependence of different spin components. While (o, )
components perform fast, chaotic oscillations in chaotic regime
(see Figs. 4 (b), (d) and (f)), they show quasi-periodic oscillation
in the regular regime (see Figs. 4 (a), (c) and (e)).

3.3. Quantum coherence

Quantum coherence is the resource for performing vast num-
ber of quantum information protocols. In many-body system the
quantum coherence is the essence of entanglement and plays
an important role in understanding some physical phenomena
of quantum information and quantum optics. Relative entropy
and 11-norm measures are also a monotone of coherence [47]. By
incoherent operations one can generate coherence that quantifies
maximal entanglement [48]. The loss of coherence in a quantum
system may happen due to two different reasons: In one case
when the system is in contact with the environment or a thermal
bath, the coupling to the environment may cause decoherence,
which is a stochastic phenomenon. In the other case, the coupling
of a quantum system with a classical chaotic system, may lead to
a loss of coherence. We focus on the second case where dynamical
chaos due to the non-linearity in the classical system [49] may
result a loss of coherence. Here we explore the problem of gen-
eration of coherence for the NV spin coupled to a nanocantilever
in a regular or a chaotic regime.

In particular, we prepare the NV center initially in a mixed
state:

p(0) = p110) (0] +p2 1) (1]. (17)

The time evolved density matrix is given by evolution operator
Eq. (13) as

p(e) = @™y~ poya”, (18)

p(t) = p1110) (0] 4+ p12 10) (1] 4 p21 1) (O] + p22 11) (1]. (19)

The elements of the time-evolved density matrix are given in the
Appendix D, where all the elements of p(t) are time-dependent.
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Fig. 3. Fourier Power spectrum density for expectation values of oy, in the regular regime ((a), (c) and (e)) at K = 0.5 (Blue), and in the chaotic regime ((b), (d)
and (f)) at K = 10 (Gray). The parameters used for the plot are m=1,g =1, wp =1, o, = 0.2, T = 1, « = 7 /2. The values of the parameters in the real units:
2

K = elpTSTL 1 = ‘;;;" Ip= 2x3wr, m=6x 107" Kg, xo = ap =5 x 107> m, T = 10 s, w; = wp = 27 x 5 x 10° Hz, for chaotic case ¢ = 0.003 and for the
T

m2o;

regular case € = 0.0003.

We quantify the quantum coherence in terms of the relative
entropy as

D(p(t)|pa(t)) = Tr{p(¢)In p(t) — A(t)In pa(t)}. (20)

Here p4(t) is the diagonal part of p(t). The eigenvalues of the
density matrix p(t) are:

Ex = %(,011 + o2 * \/,0%1 + pZ, + 4p21p12 — 2,011,022)- Now,

taking into account Eq. (16), we calculate quantum coherence in
terms of relative entropy as:

D(p(0)IPa(t)) = Ex INEy +E_INE_ — p11In p1y — o2 In pya. (21)

The stochasticity parameter K appears in the expression of p(t)
as ny, & which contain I, and 6,. The relative entropy D for
regular and chaotic cases is plotted in Fig. 5. We see that quantum
coherence in regular case is doing quasi-periodic oscillation while
in chaotic regime coherence varies abruptly. This observation
supports the fact that the chaos destroys the quantum coherence.

3.4. Quantum Poincaré recurrence

“Any phase-space configuration (I, 0) of a system enclosed in a
finite volume will be repeated as accurately as one wishes after a fi-
nite interval of time”. This statement is the essence of the Poincaré
recurrence theorem and holds in the quantum case also [50].
Any time-dependent periodic Hamiltonian would reunite itself
infinitely often over time. Suppose the system has a continuous
energy spectrum corresponding to the classical systems, then the
quantum recurrence theorem does not hold. A quantum system
that is bounded defined by a Hamiltonian Hy has a discrete spec-
trum when subjected to a nonresonant time-dependent periodic
potential V with V(t) = V(t 4 t) for an arbitrary period z. For
any initial configuration of the system, both the wave function
and the energy reunite itself over time [51]. The time passed off
during the recurrence is known as Poincaré recurrence time. The
Quantum Poincaré recurrence means that the distance between
the initial and evolved states can become smaller than the char-
acteristic €: ||¢(t) — ¢(0)|| < €. Taking Eq. (16) into account the
explicit expression for the distance of the time evolved state from
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Fig. 4. Spin dynamics for (o), (oy) and (o) in the regular regime at K = 0.5 (see (a), (c) and (e)) and (oy), (oy) and (o) in the chaotic regime at K = 10 (see

(b), (d) and (f)). The parameters are m =1, g = 1, wp = 1, o, = 0.2, T = 1, « = 7 /2. The values of the parameters in the real units: K = €lpT

6 _ w?m
m2wf’ 2a2 "’

Io = 2x3wr, m=6x 10717 Kg, xo = ap =5 x 107> m, T = 10us, @ = wy = 27 x 5 x 10° Hz, for chaotic £ = 0.003 and for regular & = 0.0003.

the initial state is:

19(6) = (O)1 = 2 — (A%, explin )y + Ay explin )y +
A&7 exp(—ipi)ny + A5,E7 exp(—ig1)éy + Arin exp(—ig1)nw
o+ Arzn exp(—ig1 ) + Anér explign i + Az explipn)én ). (22)

The above expression of quantum Poincaré recurrences is plot-
ted for the regular K < 1 and chaotic cases K > 1 separately
in Fig. 6(a) and (b), respectively. From these figures we see a
slight difference in behavior of the system in two regimes. In the
regular case Fig. 6(a) we see a trend of quasiperiodic modulation
of the amplitude, while in the chaotic case Fig. 6(b), the distance
measure between the wave functions is the essence of a noise.
Analyses of the recurrence show the absence of the exponential
decay of Poincaré recurrence, while the exponential decay is a
hallmark of quantum chaos [52]. The effect we observe in our
system is non-conventional for quantum chaos. The reason for

the absence of the conventional quantum chaos phenomenon is
the low dimensionality of the spin space. On the other hand,
chaotic dynamics of cantilever plays the role of external noise
for NV spin and has a stochastic character rather than a dy-
namical. It destroys the nature of quasiperiodic revivals in spin
dynamics, and quantum recurrence becomes a random event. The
dynamics of the quantum system is distinct from the behavior
of the regular systems. Therefore, we term this effect as hybrid
quantum-classical chaos.

One of the interesting characteristics of the hybrid quantum-
classical chaos is the time-translation symmetry breaking (TTSB).
The Hamiltonian H, equation (12), taken at different times form
a set of noncommuting Hamiltonians: H,. The integer n defines
discrete moment of time t, = nT, where T is the period between
the pulses applied to the cantilever. Therefore, H, is a set of
elements repeated in time Hy(I,60,) = Hpir(In+ks Onik), when
canonical variables repeat their values (I, Onik) = (In, 6n)
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Fig. 6. Quantum Poincaré recurrence as a function of time (i.e. number of kicks) in (a) the regular regime at K = 0.5 (Blue) and (b) the chaotic regime at K = 10

(Gray). The parameters are m=1,g =1, wg = 1, o, = 0.2, T = 1, « = /2. The values of parameters: K = €lyT
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Ip = 2x3or, m =6 x 107" Kg,

Xo =0y =5x 1073 m, T=10 us, w, = wy = 27 x 5 x 10° Hz, for chaotic € = 0.003 and for regular ¢ = 0.0003.

i.e.,, the Floquet time crystal [53,54]. On the other hand the
quantum Poincaré recurrence occurs if the distance between state
vectors is small ||¢((n + k)T) — ¢(nT)|| < €, where € is the char-
acteristic small parameter of the recurrence. The time-translation
symmetry underlies conservation of energy, reproducibility of the
wave function and Hamiltonian. TTSB occurs if for each t, and
for every state |¢(nT)) there exists an operator .A for which at
least one of the two conditions Hy(I,,, 6,) = Hpik(Intk, Onsk) and
(1(nT)IAllg(nT)) = (l¢((n + k)T)All¢((n + k)T)) is violated. In
our case operator .A corresponds to the spin operator A = S.
We note that the conditions Hy(I,;, 6,) = Hpyx(Insk, Gnsk), and
(Inks Onsk) = (I, 6y) hold only in the regular case (elliptic trajec-
tories) and are violated in the chaotic case when invariant torus is
destroyed and dynamics is not periodic in the phase space. TTSB
occurs due to the hybrid character of quantum classical chaos,
meaning that Quantum Poincaré recurrence of the wave function
holds while the periodicity of the Hamiltonian not.

3.5. Level statistics for spin-1/2 case

The eigenvalues of the Hamiltonian I:I,, (Eq. (12)) are given
by: E") = £1 /x2+? where x, = g /%cos@n. Each

Hamiltonian from the set { I:In } has two energy levels. We explore

the distances between the levels:

2],
5= B = o (2 s,

(23)

for each Hamiltonian and construct the distribution functions
P(S,—Sp) for regular K < 1 and chaotic K > 1 cases. Here S,, is the
separation between two energy levels and Sy corresponds to the
maximum of P(Sy). We see that the level statistics is Poissonian
in the both regular K < 1 and chaotic K < 1 cases. Comparing
results of spin dynamics Figs. 3 and 4, with level statistics Fig. 7
we see that in the both cases level statistics is of Poissonian type,
while we expect it to be Gaussian in chaotic case [55]. Thus for
spin 1/2 case, in spite of the chaotic quantum spin dynamics we
do not observe statistical characteristics of quantum chaos.

4. Dynamics of a three-level NV system

We proceed to analyze a more general case and consider a
three-level NV center. The effective Hamiltonian of the NV center
for spin S = 1 attached to the cantilever can be written as:

I:In = I:INV + ch,Nv, (24)

where Hyw = Y_., (=8 1i) (il + %(IO)A(iI + 1) (0])) is the
= J/2I,/mw,

Hamiltonian of the NV center [37] and Vv
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Fig. 7. Histogram plot of level statistics of Hamiltonian A, in the regular regime
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w = Ip = 3x3w;, m =6 x 1077 Kg, xo = o = 5 x 107> m, T=10 ps,

w; = wy = 2 x 5 x 10% Hz, for chaotic case € = 0.003 and for the regular case
€ = 0.0003.

cos 9n~§z.NV is the coupling term with the nonlinear cantilever. For
spin S = 1, S, w = %(cosasz + sinaSy), where Sy, = oy (1) is
spin components for S = 1 case. For numerical calculations we
consider §+1 = 8 = 1and £+ = £ = 1. Similar to the analysis of
spin-1/2 case discussed in Section 3, we calculate time-dependent
wave function for the system equation (24) using 6+ = § and
2. = §2 can be written as:

[¥(t = NT))
N
— Z {1_[ efian¢n< ‘gﬂa" 1)} efiawq ((.07] |¢(0)> ’(plo\;N> )
{an}=1,2,3 Un=2

(25)

Here «;,¢, and }(p"‘ ) (ay = 1, 2, 3) are the eigenvalues and eigen-
states of the nth Floquet operator F;, respectively. The spectral
decomposition of F, is given as

Fn = exp{—ig,} |on) (o]
+exp(-ig?) [o2) (02| + expl-ig2) o2} 93] -

In the above equation, the quasienergy ¢, is given by ¢l'%3 =

8,% (=6 + \/82 (2xn + +/222)2)T, where the notation y, =

g4/2I, /mw, cos 6, is already defined in Section 3. In this case the
normalized eigenstates are }(pn) -, |0) 4+ &, 11) + &, 12), and
|02) = %110} + yn [1) + 21 12) and |3} = 11y [0) + vn [1) + wn [2).
The normalization constants of the eigenstates are defined in
Appendix E.

We prepare the system initially in the state |/(0)) = |0). The
explicit form of the evolved wave function from Eq. (25) takes the
form

[y (t = NT)) = A1 {—n1 exp(—ig; )(—nn [0) + &n [1) + 0w [2))}

+ A1a{—n1 exp(—ig; (X [0) + yn |1) + 2z [2))}

+A13{—n1 exp(—ip{ )(uy |0)

+ vy 1) 4 wy [2))} + Aa1{x1 exp(ieF )(—nn 10) + & [1) + 1y [2)))
+ Az {x1 exp(ig? )(xy |0)

+yn 1) + 2y 12))} 4 A2z {xq explief )(uy [0) + vy [1) + wy [2))}
+As1{us exp(ip3 )(—nn 10)

+&n [1) + 1w 12))} + Asz{uq exp(ior )(xn 10) + Y [1) + 2y [2))}

+ Ass{uy exp(ie7 )uy [0) + vy [1) + wy [2))}, (27)
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where the coefficients A; are calculated from

N
A:HGn{(p}s
n=2
Gi1 G2 Gi3
Gulp}=1Ga1 G2 Ga3). (28)
G31 G Gs3

The matrix elements of Eq. (27) is defined in Appendix E.
Again, for spin-1 case we study spin dynamics and analyze the
Fourier power spectrum of operators defined as follows Is, s, 5, =

2
‘foooo (Sx,y.2) exp(—iwt)dt‘ , where Sy, , are spin components for
S =1 case. The Fourier power spectrum for Sy and S, components
is plotted in Figs. 8 for the regular K = 0.5 and chaotic K = 10
regimes. We clearly see from Figs. 8 that in the regular regime we
get a few sharp peaks but in the chaotic regime we see broad-
ening of the spectrum and many peaks which is a signature of
chaos. The continuously filled lower band manifests the essence
of the chaos in the spin dynamics. Spin dynamics for Sy and S,
components for regular and chaotic cases are plotted in Figs. 9
(a)-(d). The spin dynamics clearly differentiates between regular
and chaotic case. A quasi periodic oscillation is visible when the
oscillator is in the regular regime and a chaotic oscillation for the
oscillator in the chaotic regime. Transition from the quasi periodic
to the chaotic spin dynamics while changing the stochasticity
parameter K from 0.5 to 10 is a signature of chaos. Following the
recipes used for spin-1/2 case in Section 3 we analyze the nearest-
neighbor level statistics for spin-1 case. In the three-level system,
two nearest-neighbor spacings at nth kick are given as

St=EV —E" = (-5 + \/(2)(,1 + V2027 + 82),

s2=g" W = %(5 + \/(2;(,, +V292) + 82), (29)

We calculate the nearest-neighbor spacing for a few kicks and
plot the distribution functions. For the calculation of level-spacing
distribution of the Hamiltonians at different kicks, we notice that
the off-diagonal entries of the Hamiltonians containing I,, and 6,
having range [0, 2] with (mean ~ 3.132 and variance ~ 3.382)
are stochastic. In the chaotic case of S = 1, the distribution of
the off-diagonal entries form a Gaussian ensemble with a mean
of 0.49 and a variance 5.7 and level-spacing distribution is not
the same as that of Gaussian orthogonal ensemble [45] but the
effect of level repulsion is visible in this larger Hilbert space
which was absent in the spin-1/2. In Fig. 10 we show the level-
spacing distribution of regular and chaotic regimes for S = 1
case with a reference Poissonian P(S) o exp(—S) and Wigner-
Dyson distributions P(S) o (7S/2)exp(—n(5/2)?). We see that
the maxima of distribution functions P(S,) in the regular case are
shifted to the area of small S, and in the chaotic case to the finite
S,. Although distribution functions are not strictly Poissonian or
Wigner-Dyson type, the effect of the level repulsion is attributed
to the quantum chaotic phenomena observed.

5. Statistical average over various Iy and 6,

One of the principle differences between classical and quan-
tum chaos is the sensitivity of the classical nonlinear dynamics
with respect to the slight change of the initial conditions. Typ-
ically chaotic classical phase trajectories diverge in time when
starting from the vicinity of the same region.

We want to know if classical chaos imposes certain effects on
the quantum subsystem in the case of hybrid quantum-classical
chaos. For this aim, we considered the statistical average over
many initial values Iy and 6.



AK. Singh, L. Chotorlishvili, Z. Toklikishvili et al.

141 A *
12
10
308
506
0.41/|(a)

v W\A»/\MA_*WJ\AM -
0.0 ]

12
10

Is_(w)

S Do B O oo

oH [

L L L L L L L

-3 -2 -1 0 1 2 3
w

Physica D 439 (2022) 133418

15
310
4
0.5
0.0;° ; , ‘ , , ,
-3 -2 -1 1 2 3
w
4,
39
3y
1_
-3 -2 -1 0 1 2 3
w

Fig. 8. Fourier Power spectrum density for the components Sy, in the regular regime ((a) and (c)) at K = 0.5 (Blue), and in the chaotic regime ((b) and (d)) at
K = 10 (Gray). The parameters used for the plot are m =1, g =1, 2 =1, 8 =1, w, = 0.2, T = 1, « = 7/2. The values of the parameters in the real units:

K = elT 528 = Z
regular case 6 =0. 0003

Results of numeric calculations are presented in Figs. 11 and
12.

As we see from the plots, quantum dynamics is less sensitive
to the averaging performed on the classical part. Chaotic K > 1
and regular K < 1 characteristics of quantum dynamics are
preserved after averaging done over the classical cantilever.

6. Feedback effect

An interesting question is the feedback of the quantum sub-
system on the classical dynamics. For studying this problem one
needs to solve recurrent relations self-consistently together with
the Schrédinger equation. After transforming into the action-
angle variables we deduce:

) 2 (A + /21 cos68,) 1),

dt
%: ﬁla? - a‘gcéw = gy/2I/me, sin6 (1S, |¥)
—eavég’g)Tnima(t—nT),
%f - 8'33’9 - a%}w = —\/zi—wr,cos@ WIS, 1Y) + o) +
SBVéII,Q)Tn_iwg(r—nT). (30)

The standard procedure for solving Eq. (30) consists of two steps:
free propagation and kick. During the free propagation, the ef-
fect of kicks is absent and vice versa. We note that our system

Bx2wr, m=6x 1077 Kg, xo = ap =5 x 107> m, T = 10us, wy = wp = 27 x 5 x 10° Hz, for chaotic case € = 0.003 and for the

is inherently nonlinear, and nonlinearity is a part of the main
Hamiltonian. The nonlinearity in our case is not weak, and the
model is non-perturbative. While action I is an adiabatic variable,
angle 0 is a fast oscillating variable such that T@ > 2m. The
formal solution of the recurrent relations has a form of morphism
M = I,,6, — Iyy1,6n1, where n,n + 1 corresponds to the
values after nth and (n + 1)® kick, respectively. We have two
time scales in the problem, fast and slow. The time unit for the
evolution of I and 6 is T. Meaning that on the times shorter than
t < T variables I, 6, are constants. To go from I, 6, to I;11, Op+1
we need at least time t = T. On the other hand we have fast
time oscillations in the Schrédinger equation because wg > g.
However, these fast phase oscillations of the wave function are
distinct from the evolution of the wave function that occurs on
the larger time scale t > T due to the evolution of I, 6,,. Existence
of fast and slow time scales in the system allows us to tackle the
feedback problem in the following scheme: In order to obtain fast
time evolution of the wave function valid for t < T, we solve
the first equation in Eq. (30) for a constant I, 6, (for t < T,
variables I, and 6, are constant). We solve Schrodinger equation
analytically:

d i [/~ N
D) 2 (s + /21 ma cos03,) 1), (31)
where §z = %(cosaoz + sina(oc™ + o7)). When I, and 6, are

constants, a, = +/2I,/mw; cos 6, = Vy(I,) cos 6, is also a constant.
After solving Schrodinger’s equation analytically, we get the
evolved wave function as:

) = (':Z;) : (32)
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Fig. 10. Histogram plot of level statistics of Hamiltonian I:In = I:INV +g\7€,NV for spin-1 system (a) in the regular regime at K = 0.5 (Blue) and (b) in the chaotic
regime K = 10 (Gray). A reference plot for Poissonian statistics (Orange) and Gaussian statistics (Red) is also shown. 1000 kicks are considered. The parameters are
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z,u— 2a = 2x3w;, m=6x 1077 Kg, xg =ap =5 x 107> m

T=10 ps, w, = wp = 27 x 5 x 10% Hz, for chaotic case ¢ = 0.003 and for the regular case ¢ = 0 0003.

where Here we introduced shorthand notation £2, = ,/a2g? + wj. We

) - 5 note that wg is a large parameter of the proposed theoretical
_ —iapg sin 5t/ azg? + wj (33) model and this assumption is based on the value of wy = 2.88GHz
= = s

for NV centers. Therefore wo >> ang and /a2g% + wj ~ wo.

To obtain the feedback term in the explicit form we calculate
(W () S, |¥(t)) and deduce:

2
a:g* + wy

t\/T_i_ 16()0 sin = t,/a%gz +a)
CoS — azg w

T
@+ fo (W(E)]S, |w(t) dt =

10

—angwoT _ —Vo(I,) cos 6,gT
2922 2w '

(35)



AK. Singh, L. Chotorlishvili, Z. Toklikishvili et al.

08 0.6
0.6 0.4
0.4 0.2
«<0p> (2 «<0p>> 0.0
0. 02
-0.2
-0.4
oata) T LI
0 50 100 150 200 0 50 100 150 200
N N
0.6 ' ' ' ' 04f ' ' ' '
0.4 0.2
:
«gp> U K>
~02 0.2
-04 -04
-0.6 ) -0.6 d
0 50 100 150 200 0 50 100 150 200
N N
04¢
0.21
KL0>> «a>> 0.0
ot -0.2;
(e ~04(f)
0 5 100 150 200 0 50 100 150 200
N N

Physica D 439 (2022) 133418

Fig. 11. Statistical average of spin dynamics (Spin-1/2 system) for ({(ox)), {(0y)) and ((o;)) in the regular regime at K = 0.5 ((a), (c) and (e)) and in the chaotic
regime at K = 10 ((b), (d) and (f)). For calculating statistical average of spin dynamics (Spin-1/2 system) we have taken 15 different sets of (Iy, 6p). The parameters

arem=1g8=1wo =1, o =02, T =1, « = 7 /2. The values of the parameters in the real units: K = €loT

w,2 m
)
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m2wg’

nw= I = 2x2wr, m =6 x 107" Kg,

Xo=0y=5x10"3m, T = 10us, w, = wy = 27 x 5 x 108 Hz, for chaotic &£ = 0.003 and for regular ¢ = 0.0003.

Consequently Eq. (30) takes the form:

T
g1 = In + gv/21,/me, sin@n/ ()] S, [w(t)) dt — K sind,
0

cos O,

& 2maorly Jo

The explicit integrated feedback term Eq. (35) is plugged in
Eq. (36) and the generalized standard map is deduced in the form:

T
Oni1 = On + Ing1 — (W(OIS, [y(t)) de. (36)

2TV2(1
iy =1, — m sin 26, — K sin@,
o
cos? @
Oni1 = On + It + g°T . (37)
2mwywq

In Fig. 13 dynamics of cantilever with feedback effects in regular
regime for K = 0.5 is shown. We see two cases: g = 0.1 and

11

g = 0.01. When the interaction strength between NV spin and
cantilever is moderate (g = 0.1), we see in Fig. 13(a) a small
deviation from regular dynamics in presence of feedback. For
small interaction between NV spin and cantilever, as shown in
Fig. 13(b), feedback does not effect the dynamics of cantilever. In
Fig. 14, we compare the spin dynamics with and without feedback
effects. We see a minor change in the amplitude of oscillations in
regular and chaotic cases due to the feedback term. In case of the
regular regime, the feedback not much affect the magnetization
as compared to the dynamics without feedback term. Similarly,
the switching pattern is hardly affected in the chaotic regime.

7. Conclusions

In the present work, we studied hybrid quantum-classical
NEMS systems. The classical part comprised of a nanocantilever,
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of (Ip, 6p). The parameters used for the plotare m=1,g =1, wp = 1, o = 0.2, T = 1, « = 7 /2. The values of the parameters in the real units: K = elyT

2

nw= “;;T Io = 2x3wr, m=6x10""7 Kg X0 = ap =5x 107 m, T = 10us, & = wy =
0

€ = 0.0003.

and the quantum part is the NV spin. Nanocantilever performs
nonlinear oscillations in the chaotic and regular regimes. Due to
the spin-cantilever coupling, the effects of the oscillations of the
cantilever are transmitted to the spin dynamics. The problem in
question was whether the classical dynamical chaos may induce
quantum chaos or other effects of quantum stochasticity in the
quantum dynamics of the NV spin. We studied the Poincaré
section of spin-dynamics and explored the Fourier power spectral
density of the quantum dynamical observables in the chaotic
and regular regimes. We investigated the generation of quantum
coherence for the NV center coupled to nanocantilever in the
chaotic and regular regime. We also investigated the quantum
Poincaré recurrence in the chaotic and regular regime. While
the Fourier spectrum analysis clearly indicates the presence of

12

6
m2w?’

27 x 5 x 10% Hz, for chaotic case ¢ = 0.003 and for the regular case

stochasticity in the dynamics of quantum observables, some char-
acteristics of quantum chaos are absent. The dynamical chaos
imposed to the cantilever dynamics through the kicking induces
the stochastic dynamics on the quantum subsystem. However,
this stochastic dynamics of the classical cantilever does not man-
ifest all the features of quantum chaos. We also investigated a
three-level system for the quantum part considering NV spin as
spin-1 particle. We see that the Fourier power spectrum and spin
dynamics evince the effects of chaos. For spin-1 case we see
a quasi-Gaussian distribution of nearest-neighbor level spacing
for the oscillator in chaotic regime and quasi-Poissonian level
statistics for the oscillator in regular regime. We also explore the
effect of quantum feedback on classical cantilever in both cases
regular and chaotic and also see the effect on spin dynamics.
Feedback effect is negligible in the chaotic regime of the system.
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Fig. 13. The Phase space plot of cantilever’s dynamics constructed through the recurrence relations equation (37) with feedback in ((a) and (b)) the regular regime
K = 0.5 (Blue) where the phase space is covered by two different phase trajectories: open hyperbolic and some part of closed ellipse. The parameters for Fig. 13(a)
arem=1,g =0.1, wp = 10, w; = 0.2, T = 1. The parameters for Fig. 13(b) are m =1, g = 0.01, wg = 1, w, = 0.2, T = 1. The values of the parameters in the real
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units: K = elgT Io = 3x3wr, m=6x10""7 Kg, xo =ap =5 x 107> m, T = 10us, w; = wp = 27 x 5 x 10° Hz, for the regular case & = 0.0003.
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Fig. 14. Spin dynamics with feedback (Solid) and without feedback (Dashed) for (o;) in the regular regime at K = 0.5 (see (a)) and (o) in the chaotic regime at
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K = 10 (see (b)). The parameters are m =1, g =1, wp = 1, o = 0.2, T = 1, « = 7 /2. The values of the parameters in the real units: K = €T

Io = 3x3r, m=6x 107" Kg, xo =ap =5 x 107> m, T = 10us, o, = @y = 27 x 5 x 10° Hz, for chaotic ¢ =0.003 and for regular & = 0.0003.

CRediT authorship contribution statement |(pn_ ) =&,10) —n, | 1), (38)
s . where
AK. Singh: Presented idea, Developed the theory, Performed
analysis, Performed numerical calculations. L. Chotorlishvili: Pre- o = 1
sented idea, Developed the theory, Performed analysis. Z. Toklik- . /1+ k2 ’
ishvili: Presented idea, Developed the theory, Performed analysis. k
I. Tralle: Presented idea, Developed the theory, Performed analy- & = —7'12,
sis. S.K. Mishra: Presented idea, Developed the theory, Performed V1+k
analysis. w0 + /X,f N a)%
ky=—"—"——. (39)
Declaration of competing interest Xn
kn =k, so n, = n;, and &, = &;. The normalization condition of
The authors declare that they have no known competing finan- the wave function after N kicks, i.e., at t = NT has the form:
cial interests or personal relationships that could have appeared
to influence the work reported in this paper. (Y (t = IN)|¢(t = TN))
= A P{m P(nn ® + En 1)} + A5 Az {Im 1P (Ennyy
Acknowledgments — &3} + Ay Az g1 exp(ign (I P + 1w 1)}
* * * * * 2 * *
AKS would like to thank D.V. Khomitsky and Rohit Kumar +AnAn{m&Enny — &y} + AuAplim (=g + Eyid}
Shukla for his valuable suggestions. + A PUm P(nv® + &2}

+ATA21{n161 exp(2ig: (—Enny + Eyin)}
+ Ay A (€1 exp(2ipq )(1En]* + [nv]*)}
+A5,A11{m &} exp(—2igp;)(|En |
The eigenstates and eigenvalues of the nth Floquet operator + 820} + A3 A12{n1&; exp(—2ip1 ) (Enny — InER)}
have the form: 1At P& I + 1602 + A3 An {81 P (i — &im))
lon) = 1 10) + & 11) . + AnAL, (17 exp(—2ign &y — nén))
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+A1 Ay, {mE} exp(—2ip1)(|En|* + [ [*))
+ Ag1 A5y [E11P(nnEy — mién) + 1Az (16 P(nn P + 1En 17}

In the particular case, A;; = A}, and A, = A3, after simplifi-
cation one can get the form:
(Y(t =TN)|y(t =TN))
= |Anl? + |Al® + A} A21{n}&1 exp(2ip1)}
+ A}, An{n7E1 exp(2ip:)} + Ay A1 {méT exp(—2ipq)}
+A12A5, (mé&1 exp(2ip:)}. (40)
If all kicks are identical, the off-diagonal elements of the matrix .A
are zero. Therefore: [A11|> = 1, |[A|* = 0, [A3112 =0, |An|> =1

(Y(t =TN)[y(t =TN)) = 1. (41)

Appendix B. Normalization condition for the wave function
represented in Eq. (16) when G,{¢} is non-diagonal

We prove the normalization of the evolved wave function in
the general case of three N = 3 different kicks. The elements of
the G matrix in Eq. have the form:

GZ{ }: [EXP(—iwz)(ﬂzm +§2$1)

exp(—igz )(n261 — &2m1)
exp(igz)(&2m1 — m261) ’

exp(igz)(n2m + £261)
(42)

Gslg} = [e"p(—i%)(nsnz + &382)

exp(—ip3)(n3&2 — &3n2)
exp(ig3)(&3nz — n3é2) ’

exp(ips)(n3n2 + &3&2)

(43)
Therefore for .4 matrix we deduce
3
A=[]Gulo}, (44)
n=2
A1 = exp(—ipy — ip3)(n2m + &281)(n3n2 + &3&2)
+ exp(—ip; + ip3)(m2é1 — Eam)(E3n2 — m362), (45)
A1y = exp(—igpy — ip3)(m2m + §251)(1362 — &3m2)
+ exp(—ig; + ip3)(m261 — Eam1)(3m2 + &383), (46)
Az = exp(igy — ip3)(n3n2 + &283)(mé&2 — &1m2)
+ exp(igz + i@3)(n2n1 + &261)(&3m2 — n3éa), (47)
Ay = exp(ig; — ip3)(&an1 + m&1)(n3&2 — &3m2)
+ exp(ipz + i@3)(n2n1 + E261)(m3n2 + &3&2), (48)

(Yt =TN)|[Y(t = TN)) = |Anl*Im)? + [A2)*Im
+ [A21 PI&11% + A1 Ax1 {n}E1 exp(2ig1)} + Ay An (N} exp(2ip:)}
+ 1Ax2|2&11* + A3 A1 {mE; exp(—2ip;)}

+ ApA%, {m&] exp(2ip1)}, (49)
A1

= ((m&1 — m&)—n3&2 + més) coslgr — @3]

+(n1m2 + &162)(m2n3

+ &) cos[gz + @3])°

+((72861 — m&2)(—n3&2 + n283) sinfgy — s3]

+ (mm2 + £16)(m2n3 + &&3) sinfes + ¢3])%, (50)

2
|A2]

14

Physica D 439 (2022) 133418

= ((m2&1 — m&)(man3 + &283) cos[gy — @3]
+(mn2 + £162)(n3 &2

— 12&3) cos[gz + ¢3])?

+((m261 — m&2)(m2ns + &263) sin[gy — s3]
—(mn2 + &E1E) =3k + nak3)sinfe; + @3]), (51)
1A211? = ((—m2&1 + m&)mans + &63) cos[pr — @3]
+(mnz + &162)(—n3

+ 12&3) cos[ga + @31)°

+((=m2&1 + m&)(m2n3 + £283) sin[gy — @3]

+ (M2 + E162)(—n3 & + n283) sinley + ¢31)%, (52)
1Az2l® = (261 — mE)—n3&2 + m2&s) coslgr — @3]

+(min2 + &162)(2n3

+&E3) cos[p + ¢31)°

+((m2&1 — m&)(—n3&2 + m2&3) sinfga — @3]

+(mn2 + £162)(m2n3 + £263) sinf@s + @3])%, (53)

AnAY,

= — exp(2ip)(n5 + & N n31 — m&s) coslgs] — i(n3(n3&1 + més)
— & (3E1 + mé&s) + 2mE(—nins + £183)) sin[es]) (13 + &) (0103
+&1&3) cosles] + i(mi(n3ns — n3&5 + 2mEaks)

+E1(2mm382 — n3Es

+&7&3)) sin[gs]), (54)

A3 An

= exp(—2i2 N((—=m&1 + m&)min2 + &6 )(E(—n3 + &)
+1m2(n3 + &3))(n2(n3 — &3) + &2(n3 + £3))

+( 382 — 1283)(m2n3 + £253)

(=(&1(=m2 + &) + mi(n2 + &) m(n2 — &)

+&1(n2 + §2)) cos[2¢s]

+i(nT + &7 + &) sin[2¢3])), (55)

A},A2»

= exp(2ig2)(n5 + & \n3&1 — més) cos[es] — i(n3(ns&1 + mi&s)

— &€ + m&) + 2m&a(—mns + §:8)) sinles (07 + & )3
+ &1&3) cosls] + i(m(n3ns — 13&5 + 2mxés)
+&1(2mns&z — 0363

+ &5 &3)) sin[gs]), (56)
A%,A1 = exp(—2iga )(m261 — m&)min2 + £16)((—n3 + &)
+m2(n3 + &3))(m2(n3 — &3) + &2(n3 + &3)) + (m3862 — m283)(m2n3
+&8)(51(=m2 + &) + m(n2 + §))m(n2 — &2)

+&1(n2 + &2)) cos[2¢s]

—i(n} + &3 + &) sinl2¢3])). (57)
The normalization equation takes the form:

(Wt =TN)Y(t =TN)) = (n] + &7 (03 + &V 05 +&). (58)

The normalization condition holds

(Wt =TN)[y(t =TN)) = 1. (59)
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Appendix C. Expectation value of {(0,), x =x,y,2

The analytical expressions for expectation values of the spin
components used in calculations:

(o) = A PIm P(njén + Exnn) + A Avaln P(—lan* + 16n1%)
+ AT A21m161 exp(2ig1 ) nyén + nvéy)

A% A €1 exp(2igy ) — ||

+ &8 1) + AL A Im P (= In P + [&n1%)

A Im P(—nnén — Evnn)

+ A A1 €1 exp(2igr)(—nn|* + 16n %)

+AL,AnnTE1 exp(2ipr ) —nyén — nnER)

+A3, A&y exp(—2ip1)(nyén + Evnn)

+A5, A1amiE] exp(—2igy )(— v |

+1E 1) + A2 1511 (awER + Enmy) + Az Azl P (= Inn I + En 1)
+ As,Anmi&T exp(—2igr)(—nn|* + 16n %)

+A%,A12m1E] exp(—2ip1 )(—nyén

— nER) + AniAS & 1P (— v ) + 168 17)

1Az 1§ P (—nnEy — Enk), (60)

(oy) = A1 P Im [P(—inyén + i&5nn) + A Azl PG * + ilén )
+ Al1A211761 exp(2igr )(—inyén + innéy)

+A%,Anan; €1 exp(2igy )il

+ilEn]?) + A An m (=il |* — il&n]?)

AP [n P(—inyén + i&inn)

+ Ay Az Er exp(2ir )(—ilnn|* — ilén[?)

+AT,A22n761 exp(2ipr )(—inyén + innéy)

+ A3 A1méT exp(—2ip1 (—inyén + iEynn)

+A% A1ami&] exp(—2igy )(ilnn[* + ilEn )

+ |Ag1 P11 [P (inn&y — iEnm)

+A5 Ay |11 (iln * + ilEn %)

+ A5 ArimEL exp(—2igp (—ilnn[* — ilEn]?)

+A5,A12m&] exp(—2ip1 )(—inyén + innéy)

+ A1 A 61 P (—ilnn > — i16n P) + A2l € [P(innéy — iEnny). (61)

(02) = A Pl (o l® — 16w 1)

+AT Azl P (Ennpy + Exn)

+ A} A21n €1 exp(2igr )(Inv|* — [En]?)
+A71A22n7€1 exp(2ip1)(Enny + Evnin)

+ AR AnIm P Enny + Evnn) + 1Az [n1 (161> — 1n]?)
+ AT A21m161 exp(2ig1 )(Eynn + nyén)
+A1,A2n 61 exp(2ig; )I&n1* = 1nn1?)

+ A5 AnmET exp(—2ig1)(Inv|* — [€n]?)
+A3,A12miE7 exp(—2ip1)(nyén + Ennn)
+ 1A P11 (v ) — 168 1%)

+A% A &1 1P (iEn + Exnn)
+A%A1IMET exp(—2ip1)(nnEy + nyén)
A5, A& exp(—2ip:)(I6n 1> — 1)

+ A A &1 P (Exnn + nyén) + A2 PIEP(E 1 — Innl?). (62)
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Appendix D. Elements of density matrix for Eq. (19)

The elements of the reduced density matrix, analytical expres-
sions used for calculation of the coherence.
P11
= |AnlPIm P v )? + A3 Azl Pnyén + A3 AzinEr exp (2igq) |
+ AT A 1 exp (2ip)nién + Al A ImIPanEy + 1A In P&
+ AT A2 51 exp (i1 )inéy + ApAnn 6 exp (2ien)[5nI®
+ A5 Anmiéf exp (—2ig1)|nn|* + A% A&} exp (—2ig1 )nyén
+ a1 P 1&1 P nn P + A5y Ana €1 1Enny + A1iAs, exp (—2ipr )néy
+ A A5, mES exp (—2ir)|én]?

+A21AS, &1 PnEsy + [Anl?IE1 P 1En 2, (63)

P12
= A1 P ImPunéy + A AIm P 1En] + A A6 exp (2ipn)nnéy
+ AT, A& exp (2ip1)En* — A A Plon® — AP I 1*Ennj;
— Ay AyniEr exp (i) > — AT, A& exp (2ip1)nién

+ A5 A1imE exp (—2ip1)Exny + A5 Amé; exp (—2igq)|én|?
+ A1 PI& P anEyy + Ay Az &1 &N

—A11As,mET exp (—2igy) Iy |

— A Ay miET exp (=21 )nyén — AnAsy &1 1% Inn |

— A%l €11 % En R

p21 = 1A PIm Poyén — A A in P lon

+AT1A21m761 exp (2ig1)nyén

— AT An €1 exp 2ign) I |* + Al A I PlEnT? — 1Avl® I &5mw
+ A%, Axn E1 exp (2ip1 )|En > — AL, A n}Er exp (2ip1 )nnéy

+ A5 AnmiéT exp (=21 )Enny — Ay A&} exp (—2ipq)in|?

+ |Aa1 P |&1 Pnyén — Ay Anal€x ] n

+A11As,mE]} exp (—2ig:)|én [

— A A5y miET exp (—2ig1)nnéy + AnAsy &7 |En I

— Az * 1117 Ef i, (65)

022

= A1 PImP1En1? — A Avalni vy + At A& exp (2igr)|én|?
— A} AN &1 exp (ip)nnEy — AL A m Pnyén + 1A m)nn)?
— AT, A1 61 exp (2ipn nén + At Axn Er exp (2ipr) Iy |

+ A5 A1 &y exp (—2ip)lEn|* — A5 AramEf exp (—2ip1)nnéy

+ |Aa1 P 1&1 1P 1En * — A5 Ana 117 E5 3 — A11AS, exp (—2ipr1 )nyén

+ A A5, mES exp (—2igy)Inw|?

—Ani A &1 Pk EN + 1Anl1E 1P v 2. (66)

Appendix E. Normalization constants for eigenstates of flo-
quet operator for Eq. (26) and matrix elements for Eq. (28)

The eigenstates of Floquet operator for spin-1 are defined as:
‘W;) —nn [0) + &0 |1) + ¢n |2), and "p,3> =xn|0) +yn 1) + 2, 12)
and ’go,?) = Uy |0) + v, |1) + wy|2), where the normalization
constants for above eigenstates are defined as:

=_1 _ _ = —

'711 - \/E - é‘ﬂv gn —Ov Xn - \/mvyn

Zn = L U, = =
ai4bi4ck

= 7’”"
N @BAbE+c? ’

en

T Wn =

N diteith

2 nz 30 Un
dp+en+fi

fa = 26+2V2m2+22 oA+ AV 4202
2 5 2" a - f 2 » Yn — f ’
\/dn+en+ﬂ1 (vV2xn+82) 2xn+82
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= 1 d = 2@t2V2me+e? _ S/ axE 02 +AV2 2 +202

noo—ooEn = V2xm+R2 P T V2xn+2 ’
fai=1.

Matrix elements of Eq. (28) are given as.

Gi1 = exp(—igy )(Mntn—1 + &Enén—1 + Nnln—1), (67)
Gz = exp(—igy (—nXn—1 + EnYn1 + MnZn—1), (68)
Gz = EXP(—ifﬂ,: N —=nntn_1 + Envn_1 + Nawn—1), (69)
Gy = eXP(—iwﬁ)(—Xnnnq + Yn€n—1 + Zatn—1), (70)
G2 = exp(ig?)(XnXn—1 + YnYn—1 + ZnZn—1), (71)
Gy = exP(i(Przl)(xnun—1 + YaVn—1 + Znwn_1), (72)
G31 = EXP(—iﬁﬂﬁ)(—unﬂnq + vpn_1 + Wnlp—1), (73)
Gy = eXP(i(Pﬁ)(Unan + UnYn—1 + WnZn—1), (74)
G33 = eXp(i(Przl)(unun—1 + VpUp_1 + Wpwp_1). (75)
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