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ON BIVARIATE FRACTAL APPROXIMATION

V. AGRAWAL, T. SOM, AND S. VERMA

ABSTRACT. In this paper, the notion of dimension preserving approximation for real -valued
bivariate continuous functions, defined on a rectangular domain [J, has been introduced and
several results, similar to well-known results of bivariate constrained approximation in terms of
dimension preserving approximants, have been established. Further, some clue for the construc-
tion of bivariate dimension preserving approximants, using the concept of fractal interpolation
functions, has been added. In the last part, some multi-valued fractal operators associated with
bivariate a-fractal functions are defined and studied.

1. INTRODUCTION

Following the seminal work of Barnsley [2], Navascués [I7[I8] studied the approximation of
functions using their fractal counterparts termed as a-fractal functions. In the same vein, Verma
and Masspoust [23] recently introduced the notion of dimension preserving approximation. We
use dim and Gr(f) respectively to represent fractal dimension and graph of a function of f.

Various concepts of fractal dimensions are available but we cover only those fractal dimensions
that are suitable for this article. We only need to mention the Hausdorff dimension, the box
dimension, and the packing dimension defined for nonempty subsets of R™, n € N, and denoted
by dimy, dimp and dimp respectively. To know these fractal dimensions readers are suggested
to go through, for instance, [9[I5].

The following relations are established between these fractal dimensions. (see [9]):

dimy F < dimgF < dimgF
and L
dimH F S dlmPF S dlmBF
The class of all real-valued continuous functions on & := I x J is defined by C(X) where
I =la,b] and J = [c,d].
For a bivariate function f, we denote the derivative of (k,l)-th order by DD f  that is,
8k+lf
Oxkoyl”
@) ={f:0—=R; D*fec(m), VO<k<m, 0<1<n}.
If DD f(z) > 0, V @ € O, then we say the function f is (m,n)-convex. Let g € C(0) such that
dim(Gr(g)) > 2. We may refer to [2I] for the existence of such functions. The function f: O — R

zy
defined by f(z,y) := [ [ g(t, s)dtds satisfies the following:

D®D f .= Let

dim(Gr(f)) =2 and dim Gr(DEY f) = dim(Gr(g)) > 2,

where dim denotes a fractal dimension.
Recall that the tensor product Bernstein polynomial on [ is defined as:

B ) g) = 303 Far = o Iy (m) (”) (w—a)' (b= (y— ) (d—p)" .

n (2
i=0 j=0 J
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Let us approximate a function f € Ck!(0) by By, (f), then (see [11] for several properties of
Bernstein polynomials) we have the following:
e By, (f) — f uniformly on 1.

. (D(W) (an(f))) — DD f yniformly on .

e Since B,,.(f) and DD (B, ,.(f)) are polynomials, then dim (GT(D(k’l) (an(f)))) =
dim(Gr(Bmn(f))) = dim(Gr(f)) = 2.
The above items may conclude that the approximation by Bernstein polynomials maintains the
smoothness of a function but not (necessarily) the dimensions of its partial derivatives.

The present paper explores the approximation perspective relative to fractal dimension of a
function and its partial derivatives.

The paper is structured as follows. In Section 1, we give a brief introduction and some pre-
liminaries needed for the paper. In Section 2, we start to prove some results regarding dimension
preserving approximation. In Section 3, we define some multi-valued mappings which are defined
with the help of bivariate a-fractal functions, and establish some properties of them.

2. DIMENSION PRESERVING APPROXIMATION OF BIVARIATE FUNCTIONS
Firstly, we mention the following result required for our paper:

Lemma 2.1 ( [23], Lemma 3.1). Let A CR™ and f,g: A — R™ be continuous functions. Then,
dimy (Gr(f + g)) = dimg (Gr(g)) and dimp(Gr(f + g)) = dimp(Gr(g))
provided that f is a Lipschitz function.

Remark 2.2. Note that the above lemma is also true for box dimensions.

Let us denote the class of Y-valued Lipschitz functions on X by Lip(X,Y), where (X,dx) is
a compact metric space and (Y, ||.||y) is a normed linear space. Note that this space is a dense
subset of C(X,Y’) with respect to the supremum norm.

In view of Lipschitz invariance property of dimension, one may conclude that the upcoming
theorem holds for all aforementioned dimensions.

Theorem 2.3. Let dim(X) < 8 < dim(X) + dim(Y). Then the set Sg := {f € C(X,Y) :
dim(Gr(f)) = B} is dense in C(X,Y).

Proof. Let f € C(X,Y) and € > 0. Using the density of Lip(X,Y") in C(X,Y), there exists ¢ in
Lip(X,Y) such that
€
1f = gllooy < 5-
Further, we consider a non-vanishing function h € Sg. Let h, = g+
gives

. L .
M=y h, which immediately

€
g = helloey < 5

This together with Lemma 2] implies that dim(Gr(h.)) = dim(Gr(h)) = 5. Hence, we have
h, € Sﬁ and

1 = hallooy < f = gllocy +1lg = hallocy <e
Thus, the proof of the theorem is complete. 1

To the best our knowledge, the univariate version of the next theorem is well-known, however,

we could not find a proof of the theorem in bivariate setting. Hence, we write a detailed proof of
it.
Theorem 2.4. Let (fk) be a sequence of differentiable functions on (1. Assume that for some
(zo0,y0) € O, the sequences (fi(zo,.)) and (fi(.,y0)) converges uniformly on [c,d] and [a,b] re-
spectively.  If (DY fr) converges uniformly on O, then (fk) converges uniformly on O to a
function f, and

DUV f(x) = lim DO fi(),
— 00
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for every x € .

Proof. Let € > 0. Since (D™ f;) converges uniformly, there exists N; € N such that

€

(1,1) _ pn -
|D b fk(m) Dll fm($)| < 4(b—a)(d—c)

, VeeO, k,m> Ni.

By the mean-value theorem, see, for instance, [20, Theorem 9.40], we have

(2.1)
\fr(@+hy+ k) = oz +hy+ k) = fule+hy) + folz +hy) = fr(z,y + k) + fm(z,y + k)
+ fr(,y) = fm(2,9)]

=k [DUV(fie = fin) (2, 5)]

< hk max ‘D(l’l)fk(t, s)— DOV f (¢, s)|
(t,s)ed

= 4(b—a)(d —¢)
<

hk

1o

By the hypothesis for (xq, yo) € OJ, one can choose Ny (> N1) € N such that
€
r0,) — o, )] < S ¥ o > Ny

and
€
|fr(2,90) — fn(2,90)] < 1 VvV k,m > Ny.

Now, using the above estimates and Equation 21l we have

|fr(@,y) = fm(2,9)] Si + | fr(@,y0) = fm (@, yo)| + | fe(@o,y) — fm (20, y)]
+ |f7€(x07y0) - fm(x07y0)|

<e+e+e+e
4 4 4 4
<E,

for every (z,y) € O and k,m > Ny. This immediately confirms the uniform convergence of (f%).

The rest part follows by routine calculations, hence omitted.
O

Lemma 2.5. Let f : I — R be a Lipschitz map and g : J — R be a continuous function. A
mapping h : O — R defined by

h(z,y) = f(z) + 9(y),
then
dimg (Gr(h)) = dimy (Gr(g)) + 1.

Proof. Proof follows by defining a bi-Lipschitz mapping from Gr(h) to the set {(x,y,g(y)) : « €
I, ye J}. O

Here, let us recall some dimensional results for univariate functions. Mauldin and Williams [16]
considered the following class of functions:

Wy(z) =Y b [p(b"x +0,) — 6(0))],

n=—oo

where 0, is an arbitrary real number, ¢ is a periodic function with period oneand b > 1,0 < o < 1.
They showed that for a large enough b there exists a constant C' > 0 such that dimgy (Gr(Wp) is
bounded below by 2 — a — (C/1Inb).
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Further, a significant progress in dimension theory of functions is contributed by Shen [21] for

the following class of functions:
[o ]

(@) =D ANg(b"x)

n=0
where b > 2 and ¢ is a real-valued, Z-periodic, non-constant, C2-function defined on R. He proved
that there exists a constant Ky depending on ¢ and b such that if 1 < Ab < K| then

log A

dimp (Gr(fs,) =2+ logb’

For f € Ch(O), we get dim(Gr(f)) = 2. However, no conclusion can be drawn for dimensions
of its partial derivatives. This is evident from the following example: let Weierstrass-type nowhere
differentiable continuous function W : I — R as in [21I] with 1 < dim(Gr(W)) < 2. Now, we
define h : O — R by

hz,y) = W(z) +y.
Here, by Lemma 25 we obtain 2 < dim(Gr(h)) = dim(Gr(W)) + 1 < 3. Then for the function f

defined by
T Y
flag) = [ [ bt syieas,

we have dim(G7(f)) = 2 and 2 < dim(Gr(DMD f)) = dim(Gr(h)) < 3.

Theorem 2.6. Let f € CY'(0) such that dim(Gr(DWY f)) = B for some 2 < B < 3. Then we
have a sequence (fy) in CH'(00) such that dim(Gr(DMY £1,)) = B and fr — f uniformly on CJ.

Proof. In view of Theorem 23] there exists a sequence (gx) in C(0) such that dim(Gr(gx)) = S
and g — DY f uniformly on CJ. Further, let us consider a function fi : & — R defined by

fe(z,y) 5—j79k(t,s)dtds,

Then DU fy, = g and (DY f) — DM f uniformly. Next, we have that (fe(a,y)) — 0 and
( fr(z, c)) — 0 uniformly on I and J respectively. Now, Theorem 2.4 provides the proof. O

Theorem 2.7. Let f € C(O) with f(x) > 0V & € 0. Then, for a given € > 0, there exists g € Sp
satisfying the following:
glx) >0V e and||f—glle <e

Proof. Let € > 0. Theorem [2.3] yields an element h € Sg such that
€
— Al < =.
IF = hllee < 5
We define
€
g(x) = h(z) + 7 Vxer.

Then, by Lemma 2] g € Sg, and by routine calculations, we get
€ €
o(@) = h(@) — F(@) + f(@) + 5> ~[f ~ bl + fla) + 5 > @) 20
Furthermore, one has
If = glloo < I1f = Rlloc + 12 = glloo <é,

hence the proof. (I

Theorem 2.8. Let f: 0 — R be a (m,n)-convex function such that f(a,y) = f(z,c) =0, Vz €
I, y € J. Then for e > 0, there exists (m,n)-convex function g such that D(™™g € Sp and

If = gllc <e
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Proof. Let € > 0. Using Theorem 23] there exists h € Sg such that |[D™™) f —h|| < (BN CEDR

(d—c)m
x Y Tm—1 Yn—1
we have

Yn—1
acy S|

proving the assertion. O

By choosing

Theorem 2.9. Let f € C(O). Then, for e > 0 there exists g € Sg such that
gl) < fle) Ve e O and ||f — glle <e.
Proof. Since f € C(O) and € > 0, Theorem [Z3] generates a member h € Sg such that

€
1f = hlleo <

Choose g(x) := h(x) — §, ¥ x € O. Then,

9(@) = hiw) — (@) + f(2) = 5 < |f = hlloo + f(2) = 5 < J(@).
Furthermore,

1f = 9llco < IIf = Plloc + [1h = gllc <,
establishing the proof. O

Now, we aim to show the existence of best one-sided approximation. Let 5 € [2, 3], and define
Cs(D) == {f € C(O) : dimp(Gr(f)) < B}
In view of [0, Proposition 3.4], recall that Cg(0) is a normed linear space. Let {g1,92,...,9n}

be a linearly independent subset of Cz(0J). Further, for a bounded below and Lebesgue integrable
function f : O — R, we define

yﬁ(f) {hespan{gl,gg,...,gn}:h(w)gf(w)VwEEI}.

Theorem guarantees the nonemptyness of V2 (f). A function hy € Y2 (f) is said to be a best
one-sided approximation from below to f on [ if

/IZI hy(zx) de = sup{/l:I h(z) dx: h € yf(f)}

In a similar way, we define best one-sided approximations from above. We state the next theorem
for one-sided approximation from below. Though a similar result can be proved in terms of
one-sided approximation from above, see, for instance, [7125].

Theorem 2.10. For a bounded below and integrable function f : 1 — R, there exists a member
in Yn(f) of best one-sided approximant from below to f on .

Proof. Let (hy,) be a sequence in Y, (f) such that

(2.2) / hm(2) de — A as m — oo,
[

where A = sup { fD )dx:he yﬂ(f)}. With an appropriate constant M, > 0, we have

/D|h |d:13</ ’h b_aid 5 d

+Ajw—@w—@dm<M“

where I = [a,b] and J = [c,d]. Since Y7 (f) is a subset of finite-dimensional linear space, the closed
set of radius M, in Y2(f) is compact. Therefore, there exist a subsequence (h,,, ) and a function h
in V() such that the sequence (h,, ) converges to h in £(CJ). Recall a basic functional analysis
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result that every norm is equivalent on a finite-dimensional linear space. Now, from the finite-
dimensionality of Y2 (f), it follows that the sequence (h,,, ) also converges to h uniformly. Further,
since hp,(z) < f(x), ¥V & € O, and h,,, — h uniformly, we get h(x) < f(x), V & € O. Thus,
h € Y2(f). Now, by [22)), we have

/ h(z) de = lim B, (x) de = A,
O k—oo J

completing the task. O

2.1. Construction of dimension preserving approximants. First, Hutchinson [14] hinted at
the generation of parameterized fractal curves. In [2], Barnsley introduced Fractal Interpolation
Functions (FIFs) via Iterated Function System (IFSs). It is important to choose IFS appropriately
that it is fitted as an attractor for a graph of a continuous function called FIF. We refer to the
reader [2] for more study regarding the construction of FIFs.

Computation of dimensions of fractal functions has been an integral part of fractal geometry.
In [2], Barnsley proved estimates for the Hausdorfl dimension of an affine FIF. Falconer also
established a similar results in [8]. Barnsley and his collaborators [3[4[12] computed the box
dimension of classes of affine FIFs. In [4], FIFs generated by bilinear maps have been studied.
In [13], a formula for the box dimension of FIFs R” — R™ was proved. A particular case
of FIFs given by Navascués [I7], namely, (univariate) a-fractal function has been proven very
useful in approximation theory and operator theory. Using series expansion, the box dimension of
(univariate) a-fractal function is estimated in [26].

Let us recall a construction of bivariate a-fractal function introduced in [24], which was influ-
enced by Ruan and Xu [19], on rectangular grids.

Let xp = a, any = b, yo = ¢, yu = d, and f € C(O). Let us denote X = {1,2,...,k},
ko = {0,1,...k}, 0%k = {0,k} and int3, o = {1,2,...,k — 1}. Further, a net A on O is
defined as follows:

A={(z;,y;) 1 €XN0, jE€EXmpand xp < a1 < - <N; Yo <y1 < - < Ym}
For each i € ¥ and j € Xy, let us define I; = [z—1, 4], J; = [yj—1,y,] and O := I; x J;. Let
i € Xy, we define contraction mappings u; : I — I; such that
wi(zg) = 251, ui(xn) = 24, if ¢ is odd, and u;(xo) = z;, ui(xn) = xi—1, if @ is even.

Similar to the above, for each j € Xy, we define v; : J — J;, and Q;j(x) := (ui_l(az),vj_l(y)),
where z = (z,y) € Ojj.

Let o € C(O) be such that |la|lec < 1. Assume further that s € C(D) satisfying s(z;,y;) =
f(xi,y;), for all i € 0¥N0,j € 0¥ 0. By [25, Theorem 3.4], we have a unique function fg | €
C(O) termed as a-fractal function, such that

R s(@) = f(@) + a@) [R(Qii(x)) — alx) s(Qi; (),
for x € Cligs (Z,]) €EXN X XMm-
Note 2.11. In this note, we recall Theorem 5.16 in [25]. With the metric

do(@,y) = /(21 — y1)? + (22 — y2)2, where & = (1,22), ¥ = (41, 12),
we consider f and s such that
(@) — fy)] < Krdo(@,y)°,
|s(x) — s(x)] < Kody(a,y)°
for every x,y € O, and for fixed Ky, Ky > 0. Assume that for some ky > 0,09 > 0 the following
holds: for each € O and 0 < § < d¢ there exists y such that d—(x,y) < ¢ and

(2.4) |f(x) = f(y)l = krda (@, y)°.

Furthermore, we suppose N = M, z; —x;—1 = %, Yi—Yj—1 = %,Vi € XN, Jj € X and constant
scaling function a.

If o] < min{%, (kif}, then dimp (Gr(f*)) =3 —o.

(2.3)

KratK,)M?
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Remark 2.12. With the assumptions in the above note, one may construct dimension preserving
approximants for a given function, see, for instance, [23, Theorem 3.16].

Navascués [18] developed the notion of (univariate) a-fractal function via so-called (univariate)
fractal operator. In [241125], her collaborators extended some of her results in bivariate setting.
On putting L = B,y p, in [24, Theorem 3.1], we have a unique function f3 5 € C(0J) such that
(2.5) R B, (@) = f(x) + (@) [R5, . (Qij(x)) — (@) Brnn(f)(Qis(x)),

for x € Olijs (Z,j) €EXN X XMm.
Following the work of [24], we define a single-valued fractal operator . , : C(O) — C(3) by

fr?@,n(f) = fg,Bm,n'
In [24], several operator theoretic results for fractal operator are obtained. We recall that Fy , is
a bounded linear operator, see, for instance, [24] Theorem 3.2].

Lemma 2.13 ( [5], Lemma 1). Let (X,|.||) be a Banach space, T : X — X be a linear operator.
Suppose there exist constants A1, Ao € [0,1) such that

T2 — x| < A\i||z|| + Xo|| Tz, Vz€X.

Then T s a topological isomorphism and
1-— 14+ X
v X.
— el Ve

Note 2.14. We have the following.

BnnN@) =gt 23 (1) (1) = oy

Choosing f = 1, we have

Buat(@) = s 2o 2 (1) (1) -0 a7y - epta -y

1=0 j=0
1 " m ‘ N ‘
= T Nmid_n @ —a)i(o—ax)m! N (y — e (d — )
(b—a)™(d—c) Zz;(z) ;(y)y y
_mz(?)CE_a)i(b_x)m_i(y—0+d—y)"
1=0
:m(x_“+b—$)m(y—c+d—y)n

=1.
This implies that || B, | > 1. Now, for every f € C(0) we get

BralN@) < Gl 55 (1) (M) - oyt - it -

i=0 j=0
= I flloo,
which produces || B, | < 1. Therefore, we have || By, | = 1.
Theorem 2.15. The fractal operator F5, , : C(O) — C(O) is a topological isomorphism.
Proof. Using equation (23] and note 2-I4] one gets
1 = FraDlle < Nl |75 () = B Sl = llelloo |5, (Do + lellocl1 oo

Since ol < 1, the previous lemma yields that the fractal operator F7, ,, is a topological isomor-
phism. 1
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Remark 2.16. The above theorem may strengthen item-4 of [24] Theorem 3.2]. To be precise,
item-4 tells that F, ,, is a topological isomorphism if [|alle < (141 — Bm7n||)71, which is more

restricted than the standing assumption considered in the above theorem, that is, ||a/« < 1.

Theorem 2.17. Let f € C(O) be such that f(x) >0, V& € 0. Then fore > 0, and for a € C(O)
satisfying |lafl < 1, we have an a-fractal function gx 5 satisfying

92,5, (®) 20, Ve e O and |[f = g3 5, [l <e

Proof. Note that the Bernstein operator By, ,, fixes the constant function 1, that is, By, »(1) =1,
where 1(x) = 1 on O1. Consider a € C(OJ) such that ||a||cc < 1. From Equation 23] we deduce

1928, — 9l < llallcll9R B,..,. = Bmnglloss ¥ g € C(DD).
Choose g = 1, then the above inequality gives
If& B = Uloo < il f2 5, = oo
and this further yields [|fR g, = —1lloc = 0. Therefore, f{ 5 =1, thatis, 73 (1) = L.
For € >0, @ € C(O) and f € C(O). Using Theorem 23] there exists a function hy p  such that
€
1F = P& e < 5. where B (h) = B

Define g} g (x) =h} p,  (z)+ 5 forall x € 0. Since F7;, (1) = 1,

9A.B,, . (®) =hA B, () + 51(“3) = h} g, . (T) + 51 ().

Further, since F};, ,, is a linear operator

€ €
9A B = N2 B, T §1a = Fon(h+ 51)-

Moreover,
€

gZ,Bm,n(w) = X,Bm,n(w) + 5

=M 5, @)+ 5~ [(@) + (@)

€
> f(@)+ 5~ 185, — Flle
> 0.
Further, we get
17 = 68 50, Moo S 1 = 1R 5, oo + IR 5, = 98, e
<€
2 2
= 67

completing the proof. (I

3. SOME MULTI-VALUED MAPPINGS
First, we collect some definitions and related results which will be used in this section.

Definition 3.1. ( [I]). Let (X,|.]|x) and (Y, |.]]ly) be normed linear spaces. For a multi-valued
(set-valued) mapping 7' : X = Y, the domain of T' is defined by Dom(T") := {x € X : T'(z) # 0}.
ThenT: X =Y is

(1) convex if
AT (z1) + (1= N)T'(x2) €T (Azy + (1= N)az), V 21,22 € Dom(T), A € [0,1].

(2) process if
MT'(z) =T (\z), Ve e X, A>0, and 0 € T(0).
(3) linear if

BT (x1) + T (z2) C T(ﬂ:z:l + ’ya:z), Y 21,29 € Dom(T), B,7 € R.
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(4) closed if the graph of T' defined by Gr(T) := {(z) € X x Y : y € T(z)} is closed.
(5) Lipschitz if

T(x1) C T(x2) + )|z — 22||x Uy, V 21,22 € Dom(T), for some constant { > 0,

where Uy = {y € Y : ||y|yv < 1}.
(6) lower semicontinuous at x € X if there exists a § > 0 such that

UNT(2") # 0 whenever ||z — 2| x <6
holds for a given open set U in Y satisfying U NT(x) # 0.

Note that the above definitions are also applicable in metric spaces with obvious modifications,
see, for instance, [IJ.

Theorem 3.2 ( [6], Corollary 1.4). Let T : Dom(T) = X = Y be linear such that T'(0) = {0}.
Then, T is single-valued.

Theorem 3.3 ( [6], Corollary 2.1). Let T : Dom(T) = X =Y be such that T(xq) is singleton for
some xg € X. Then the following are equivalent:

o T is single-valued and affine.
e T is conver.

Our work in this part is partly motivated by [26].
Theorem 3.4. The multi-valued mapping WS : C(O) = C(O) defined by
WR(f) = (/85,1 m. neN)
is a Lipschitz process.

Proof. Using the linearity of F7, ,,, we have

WAAS) ={(AaB,... m, n €N} = WI(f), vV feC(T), A>0.

Again by linearity of 7, , it is plain that Wg (0) = {0}. Therefore, W3 is a process.
Let f,g € C(O). On applying Equation 2.5 we have

|f&.5,...(®) = 93 B,, (@) < If = gl + lallclI R 5,... — 925, .l
+ llalloo 1 Bm.n(9) = Bmn(f)lloos
for any « € . Further, we deduce
1+ [[allool| Bmn

HfX,Bm,n - gg,Bm,n”oo >

”f_g”oo

1—lalle
Using ||Bm.n|l =1,
1+ oo
[e3 _ (63 < e _ .
HfA,Bmw gA,Bm,nHOO =1 HO‘”oo Hf gHOO
Consequently, we have
3 le% 1 + Ha”OO
Wa(9) CWR(f) + T ol If = gllocUe (),
proving the Lipschitzness of WX, and hence the proof. O

Remark 3.5. For the multivalued mapping WS, let us first note the following:
(1) By linearity of 7 5, we have WX (0) = {0}.
(2) Since if a # 0, m # k then fR 5 # fR p,_,, hence WX : C(O) = C(D) is not single-
valued.

In view of the above items, Theorems B23.3] produce that the mapping WX : C(0J) =2 C(OJ) is
not convex.



10 V. AGRAWAL, T. SOM, AND S. VERMA

Theorem 3.6. Let a fized net A and m,n € N, the multivalued mapping 7,5, : C(0) = C(3) by

Toan(f) ={f& 5, . :a €C(O) such that ||afe < 1}
1S a process.
Proof. Let f € C(O) and A > 0,
ATRL(F) =M [ a € C(O) such that ||al|s < 1}
={A\f*: € C(O) such that ||a|w < 1}
=Tn(AS)-

Moreover, Using linearity of fractal operator, we have f® = 0, whenever f = 0. That is, 0 €
Tnﬁn(O). Therefore, Tnﬁn is a process.
O

Remark 3.7. One may see that Tnf)n is not convex through the following lines. Let f, g € C(O),

T (f+9) ={(f +9)* ¢ lalle < 1}

={f"+9% t llall <1}

S+ 97 ol < 1,118llo0 < 13

={f* lledlos < 1} +{g” : lIBllo < 1}

CTon(f) + T (9)-
Theorem 3.8. Let a fized net A and m,n € N, the multivalued mapping Tnﬁn :C(O) = C(O)
defined by

Ton(f) ={f& 5, lale <q<1},
satisfies the following:
1Tl < 1 T2 = Bl

Proof. We have
(0, 7,2, (f))
|78, = sup — —rmts
recim  Iflleo
e w1
rec@) FoeTa (0 I/

< swp (147080 g g, )
fec(D) 1= flefles

< swp (1+ = |1d = Byl)
fec(@) 1=q

q
=1+ ——|/{d — Bpull,
L

hence the proof. O
Theorem 3.9. For a fized net A\ and operator L, the multivalued mapping T,5,, : C(03) = C(O)
defined by

Toon() = {8 5, Il <1}
is lower semicontinuous.
Proof. Let f € C(O)), let f~ € ’Tnﬁn(f) and a sequence (f) in C(O) such that fi — f. Since the

fractal operator is continuous, we have f* — f®. It is clear that f{* € ’Tnﬁn (fx). Therefore, the
result follows. O
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Theorem 3.10. Let A be a net of @O and m,n € N. The multi-valued mapping Tnﬁn C(O) =
C(O) defined by

Ton () = {f2 5, : lalle < g <1},
is Lipschitz.

Proof. Let f,g € C(OJ). Equation (Z1) yields

& 5, (®) = 9% 5, . (@)] =If = gllsc + @l R 5, — 92 5, .l
+ llalloo | Br,ng = B flloo,
for every € . Further, we deduce
1+ [[loo [ Bmonll
1—lalo

1 = 9gllso-

||fg,Bm,n - QZ,Bm,n” >
Since ||allso < g and [|By | = 1, we get
1+g¢q
HfZ,Bm,n _QZ,BM,HH < I—Hf - 9”
—q
Choosing | = }#, we have
q
A A
Tm,n(g) C Tm,n(f) +1 ||f - g”OOUC(l:I)a
proving the assertion. 0

Theorem 3.11. For a fized admissible scale vector o and m,n € N, the multivalued mapping
Vi C(O) = C(O) defined by

V() ={fR B, t all possible net A}
1S @ process.
Proof. Let f € C(00) and A > 0, then
AVin(f) =M 2 B, :all possible net A}
={\f2,B,,, :all possible net A}
={(Af)A,B,, ., : all possible net A}

=Vinn(Af)-
The third equality follows from the fact that the fractal operator Fy; , is a linear operator. More-
over, using linearity of the fractal operator, we have fX p = 0, whenever f = 0. That is,

0 € V5, .(0). Therefore, V5, |, is a process.
[l

Theorem 3.12. For a fixed admissible scale function « and m,n € N, the multivalued mapping
Vin 18 lower semicontinuous.

Proof. Let f € C(O), let fX 5 € V5, ,(f) and a sequence (fx) converges to f in C(CJ). Since the
fractal operator is continuous, we have (fx)X p =~ — fR p . By definition of V53, ., (fx)X 5 . €

Vi n(fx). Hence, the lower semicontinuity of Vy, ,, follows.
O

Theorem 3.13. The multi-valued function ® : [dim(X), dim(X) +dim(Y)] — C(X,Y") defined by
(p) :={f € C(X,Y) : dim(Gr(f)) = B}
1s lower semicontinuous.

Proof. Let U be an open set of C(X,Y). In the light of Theorem [Z3] that is, ®(a) = S, is a dense
subset of C(X,Y), we obtain

S(@)NU #0, ¥V a e [dim(X),dim(X) + dim(Y)].

Now, by the very definition of lower semicontinuous, the result follows. O



12 V. AGRAWAL, T. SOM, AND S. VERMA

Remark 3.14. Note that the multivalued mapping ® is not closed. To show this, let f € C(X,Y)
with dim(Gr(f)) > dim(X). Consider a sequence of Lipschitz functions (fy) converging to f
uniformly. It is obvious that dim(Gr(f;)) = dim(X). Now, we have (dim(X), fx) — (dim(X), f)
as n — oo. Using (dim(X), fx) € Gr(®) and (dim(X), fx) — (dim(X), f) with dim(Gr(f)) >
dim(X), we get the result.

4. CONCLUSION

This paper has been intended to develop a newly defined notion of constrained approximation
termed as dimension preserving approximation for bivariate functions. The later work of the
paper has introduced some multi-valued operators associated with bivariate a-fractal functions.
The notion of dimension preserving approximation is new, and demands further developments. In
particular, dimension preserving approximation of set-valued mappings may be one of our future
investigations.
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