CHAPTER 6

SOME INVESTIGATIONS ON
THERMOELASTICITY THEORY WITH DUAL
PHASE-LAGS

6.1 Stochastic Thermoelastic Interactions under Dual-
Phase-Lag Model due to Deterministic and Ran-
dom Temperature Distribution at the Boundary

of a Half-Space!

6.1.1 Introduction

The present chapter is devoted to the study of dual-phase-lag thermoelasticity theory
which is developed by Chandrasekharaiah (1998) on the basis of dual-phase-lag heat
conduction law given by Tzou (1995b; 1995¢). It has been realized by experimental ob-
servations that the fast-transient process of heat transfer in the gold film like structures
involves micro-structural interaction effects (Brorson et al. (1987), Tzou (1995a)). In
order to take into account these microscopic effects in heat transport mechanism, some
models have been developed such as phonon-scattering model (Joseph and Preziosi

(1989; 1990), Guyer and Krumhansl (1964)), phonon-electron interaction model (Bror-

!The content of this subchapter is published in Mathematics and Mechanics of Solids, 24(6), 2019.
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son et al. (1987), Anisimov et al. (1974), and Fujimoto et al. (1984)), and microscopic
two-step model (Qiu and Tien (1992; 1993)). In 1995, Tzou (1995b; 1995¢) has incor-
porated the effects of microstructural interactions in the fast transient process of heat
transport phenomenon in a macroscopic formulation and proposed a more generalized
law of heat conduction, known as dual-phase-lag heat conduction model. This dual-
phase-lag heat conduction theory includes two different phase-lags associated with the
heat-flux and the temperature gradient. The phase-lag associated to heat-flux (7,) em-
phasizes the fast-transient effects of thermal inertia while the phase-lag related to the
temperature gradient (7y) highlights the micro-structural interactions. This heat con-
duction model is further extended by Chandrasekharaiah (1998) to develop the gener-
alized thermoelasticity theory that successfully overcomes the paradox of infinite speed
of thermal waves. This theory is referred to as thermoelasticity with two phase-lags or

dual phase-lags.

Dual-phase-lag thermoelastic model has been the area of interest to many researchers
with respect to the study of the stability of the solution, various approximations, well-
posedness, quality aspects, etc. Quintanilla (2003) has analyzed the exponential sta-
bility and well-posedness of dual-phase-lag thermoelasticity theory. Quintanilla and
Racke (2006) have inspected the qualitative aspects of the dual-phase-lag theory. Roy-
choudhuri (2007b) has studied the problem of one-dimensional disturbances in an elastic
half-space under two different boundary conditions. Mukhopadhyay et al. (2011a;2014)
have presented the domain of influence theorem, uniqueness theorem, variational theo-
rem, and Danilovskaya’s problem for this dual-phase-lag theory. In the present chapter,
some aspects of dual-phase-lag thermoelasticity theory are analyzed by solving three

different unsolved problems.

The main motive of the present subchapter is to investigate coupled thermoelas-
tic interactions due to two distinct types of boundary conditions in the context of

dual-phase-lag thermoelasticity theory. It is also aimed at investigating the effects of
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stochastic temperature distributions at the boundary of a half-space in the present con-
text. A stochastic process is the mathematical tool that helps to deal with random
nature of the system. It is basically a collection of random variables. Often, it makes
the mathematical problem more realistic as compared to deterministic case due to the
involvement of more possibilities by adding randomness to the problem. It facilitates
the use of different samples along which the process can run despite the availability of
initial conditions. However, some paths may be more probable than the others (Hoel
et al. (1986), Platen and Kloeden (2006), and Lawler (2006)). There are many rea-
sons that require replacing the rigorous deterministic model by stochastic model, out of
which two reasons are worth mentioning (Bellomo and Flandoli (1989)). Firstly, incom-
plete isolation of the system that includes the interaction with a background field which
gives rise to an additional noise. Secondly, the number of variables taken into account
may not be sufficiently large in order to include all the variables representing the real
physical system thus the remaining variables may give rise to some additional noise.
Due to these reasons, there has been a popular trend to involve stochastic simulations
to analyze many physical problems. Ahmadi (1978), Chen and Tien (1967), Kellar et
al. (1978), and Tzou (1988) studied various thermal problems with random conductiv-
ity and problems in random medium. Ahmadi (1974), Chiba and Sugano (2007), and
Gaikovich (1996) further studied the problems using random initial and boundary con-
ditions. Val’kovskaya and Lenyuk (1996) considered the problems involving stochastic
internal heat generation. Sherief et al. (2013; 2017) discussed the stochastic thermal
shock problems in generalized thermoelasticity and generalized thermoelastic diffusion,
respectively. Subsequently, Kant and Mukhopadhyay (2017; 2018) discussed the effects
of the stochastic thermomechanical loading effects in the contexts of the theory of ther-
moelasticity without energy dissipation and the theory of thermoelasticity with two

relaxation parameters.

This subchapter is arranged in the following way. In Subsection 6.1.2 and Sub-
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section 6.1.3, respectively the basic equations are discussed and the problem under
dual-phase-lag model for an isotropic homogeneous one-dimensional elastic half-space
is formulated. Subsection 6.1.4 demonstrates the method of solving the problem and
derives the solution of field variables in Laplace transform domain. In Subsection 6.1.5,
the solution for temperature in physical domain is obtained. For deterministic case,
two types of boundary conditions are considered. Case-I considers the application of
thermal shock (Danilovskaya’s Problem) at the stress free boundary of the half space,
whereas Case-II considers ramp-type heating at the boundary. The solution in physical
domain is obtained by using short time approximation and inverse Laplace transform.
Analytical solutions of the field variables are analyzed. Next, in Sub-subsection 6.1.5.2,
the stochastic type boundary conditions are introduced by incorporating the white
noise to the deterministic ones and then it is described how to get the solution of the
problem using the concept of Wiener process. Further, similar method is applied to
find the solution for stress and displacement in both deterministic and stochastic case
in Subsection 6.1.6 and Subsection 6.1.7, respectively. Subsection 6.1.8 involves the
numerical computation of the problem for copper material to illustrate the problem as
the special case. The solutions for the deterministic cases are potted and comparison
with stochastic solution for different sample paths and the mean path is made. Lastly,
in Subsection 6.1.9, the results are analyzed to mark the comparison between stochastic
and deterministic type solutions of all the physical fields. It has been shown that pre-
diction of finite wave speed by the present model is indicated in both the deterministic

as well as stochastic boundary conditions.

6.1.2 Basic Equations

The dual-phase-lag heat conduction theory was proposed by Tzou (1995b; 1995¢) in
order to take into account the microscopic effects during heat transport process in a

medium and this theory was extended to generalized thermoelasticity theory by Chan-
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drasekharaiah (1998). Hence, following Tzou (1995b; 1995¢) and Chandrasekharaiah
(1998), the basic governing equations in the context of dual-phase-lag thermoelasticity
in the absence of body forces and heat sources can be written as follows:

Modified heat conduction law with dual phase-lags:

o T2 0
<1 + Tqa + Eq@) ¢=—-K (1 + Tea) 0. (6.1.1)

Energy equation:

—q;; = pTy—. 6.1.2
4ii = rTo,; (6.1.2)
Entropy equation:
TopS = chG + 6T06kk- (613)
Equation of motion:
Oij5 = pUZ (614)
Stress-strain-temperature relation:
045 = )\ekk@j + 2#61]*5951] (615)
Strain-displacement relation:
1
€ij = 5(“21 + ;). (6.1.6)

6.1.3 Problem Formulation

A problem of an isotropic and homogeneous elastic medium is taken. The formulation

of problem is done for one-dimensional half-space, i.e, x > 0 in such a way that the
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boundary of the medium is experiencing zero stress and is subjected to a time-dependent
temperature distribution. Each physical field variable is assumed to be bounded and
vanishes as ©* — oo. Therefore, for one-dimension with displacement vector as u =

(u(x,t),0,0), the governing equations can be obtained in the following way:

Using Eqs. (6.1.1-6.1.3) and Eq. (6.1.6), heat conduction equation is obtained as
CANCAL o | 140 06 0*u
K{(1 — =11 —+ == 6.1.7
( ”9015) 7 ( g T at2> (ch PTG o at> (6.0.7)

Displacement equation of motion obtained by using Eqs. (6.1.4-6.1.6) takes the form

0%u 0%u
pam = (A 2u)— - 5— (6.1.8)

Stress-displacement-temperature relation is derived using Eqs. (6.1.5-6.1.6) as

)
o = (A + Qﬂ)a—z — 0. (6.1.9)

For simplification of the problem, the following non-dimensional variables and param-

eters are involved :

! ! / 9 ! A 2 ! !
T = 6151‘7 t = C%&t 0 = 707 u = Cl(;_—Tolu)guv Tq = C%ST% Ty = C?§7-97
52T0 d ! Ozx
€= , ando,, =
piepcs BTy

where, ¢; = 4/ (’\J;Q“ is the speed of propagation of isothermal elastic waves, { = %2,

and ¢ is the thermoelasticity coupling constant.

Therefore, using above non-dimensional variables and parameters, Eqs. (6.1.7-6.1.9)

are transformed to the following forms:
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0\ 9% o TR\ (00 o
|y R Ay (LI B Y (i 1.1
( ”9(%) 07 ( MCP TR 8t2) (8t “am)’ (6.1.10)
Pu  Pu 00
W — @ - %, (6.1.11)
ou
Oru = 50— 0. (6.1.12)

Here, the primes are dropped for the convenience.

Initial and boundary conditions:

The boundary conditions are assumed in the following form:
Opz (T, )| z=0 = 0, u(x,t)]zm00 =0 fort >0

, (6.1.13)
O(z,t)]s=0 = 0o(t), O(x,t)]|zm0o =0 fort >0

where, 0y(t) is any function of t. On the other hand, all the initial conditions are

considered as homogeneous.

6.1.4 Solution of the Problem in the Laplace Transform Domain

After applying the Laplace transform on time, ¢ to Eqgs. (6.1.10-6.1.12), the following

equations are obtained:

(nD* —m)f(s) = emDiu(s), (6.1.14)
(D? — s*)u(s) = DO(s), (6.1.15)
Ge2(8) = Du(s) — 0(s), (6.1.16)
where,
D= %, n=(1+ms), m=s (1+qu+%(qu)2) : (6.1.17)

and u(s), 0(s), and G,,(s) represent the Laplace transform of u(t), 8(t), and o,.(t),

respectively.
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Again, applying Laplace transform to boundary conditions (6.1.13) gives

6&0&:(*1" S)|a::0 = 07 ﬂ(l‘; S)|x:oo =0

0(x,8)|emo = Oo(5), O(x,5)]rm00 =0

: (6.1.18)

where, 0(s) is the Laplace transform of 6(t).

Now, simplification of Egs. (6.1.14-6.1.15) gives decoupled equations in terms of % and 6

as

[nD* — (ns® +m + me)D? + ms?|(4,0) = 0. (6.1.19)

The corresponding auxiliary equation will be

nk* — (ns* + m + me)k* + ms* = 0. (6.1.20)

Since all the variables are vanishing as © — oo, only the roots with negative real parts of
Eq. (6.1.20) are considered to avoid the positive powers of exponential while expressing

the solution of differential equation (6.1.19).

Therefore, the solution of Egs. (6.1.14-6.1.16) is acquired using the boundary condition

(6.1.18) as
7] 0o(s) 2 2\ —kiz 2 2\ —kaz
9(1‘, S) = M[(S —k1>€ — (S —k2)€ ], (6121)
_ _ bo(s) e -
U(l’, S) = m[k’le kw _ k2€ b ]7 (6122)
= _ 529_()(8) —kox —kix
Oua(, $) = m[ ot — TR, (6.1.23)

where, —k; and —k, are the roots of Eq. (6.1.20) such that Re(k;) > 0(i = 1,2) and

are functions of s alone.
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6.1.5 Temperature Distribution in Physical (Space-Time) Do-

main
6.1.5.1 Deterministic Temperature

In order to obtain the solution of the problem in space-time domain, it is required to
take the inverse Laplace transform of the solutions obtained in the previous subsection.
Firstly, the deterministic case is considered and in order to evaluate field variables
with deterministic type boundary conditions, two different types of such conditions are
assumed. Hence, the boundary temperature 6y(t) in Eq. (6.1.13) is defined in the
following two ways:

Case-I: Thermal shock (Danilovskaya’s Problem):

01(t) = Op(t) = 0* (1) for t >0, (6.1.24)

where, 7 (t) is Heaviside unit step function and 6* is a constant temperature.

Case-1I: Ramp-type heating at the boundary:

(
0, t<0

Oo(t) = 6o(t) = 0" L, 0 <t<t, (6.1.25)
1, t>t,

where, t. is a constant time that is the fixed time of rise of ramp-type heating.

Applying Laplace transform to both the cases yields

Case-I:
0.(s) = % (6.1.26)
Case-1I:
_ o* Cis
0y(s) = tCSQ(l — et (6.1.27)
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Taking Laplace inverse of Eqgs. (6.1.21-6.1.23) to get a closed form solution of field
variables is a formidable task. Therefore, an attempt to obtain the short time ap-
proximation is made for the large value of s to obtain the approximate solution of the

problem. For this, the roots of Eq. (6.1.20) are considered as follows:

S 1 )\2
ki~ —+ = 6.1.28
! 2)\1V1 ( )
S L po
ko = — + - 6.1.29
2 2 v ( )
where,
M =a++ a2 —4f, pp=a—+/a>—4f,
va 4
)\g—b———I— f{TTg—l}
To
a v a —4
fo =b— — — f{TTg—l}
To
1
CL:TQ+2<1—|—€) b=1+(1+¢)7, (6.1.30)
7'97'2
d = 1974 + 2q,f—

B ab — 2d
T_(a2—4f>'

It is noted that a > 0 and a® —4f =

that \/a? —4f > 0.

(279 — 74)? + €27} 4 47y72e| > 0, which implies

PN

Hence, substituting boundary conditions (6.1.26-6.1.27) and expressions from Egs.
(6.1.28-6.1.29) in Eq. (6.1.21) and then taking inverse, yield the following expression

for temperature in case of deterministic distribution :
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Case-I:

0 (z,t) = 0(x,t)

T e (] - 1) mo(vi—1) X\ T T
ol - (T ) () (-

lo S
e (12 — 2
o {M _ (@(Vz D, “22) (t_ ﬁ)}h (t— ﬁ)} o (6.1.31)
) lo 5) 1V vy V2

Case-11I:

%
z 2 _ 2 _
Vl Vl 0 ]/1
A 2 Y 2 _q
+ Z>G—£—n) hG—E—Q)+eﬁ@¥%2)0_£j%)
2 1 2
— <@ (Vg _ ) i :U22> (t— r _tc> h (t— x _tc> ’ (6.1.32)
lo Vs py Vo 1%
where,
—— M2 Ao
0= "9 T "oy
vspn - Vi
I 1 1
T

It must be mentioned here that the case-I was studied by Roychoudhuri (2007a) and
Mukhopadhyay et al. (2014) and similar results were reported.
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6.1.5.2 Stochastic Temperature

Now, the temperature at the boundary of the half space is considered as stochastic

distribution in the form

Oo(t) = 0:(t) + 1o(t), (6.1.33)

where, 6;(t) (i = 1, 2) is defined as in Eqgs. (6.1.24-6.1.25) and () is a stochastic

process based on the parameter ¢, satisfying
Eyo(t)] = 0. (6.1.34)

The stochastic process, 1y, is taken to be of white noise type as it is the most common
type.

Recalling the property (Nowinski (1978) and Sherief et al. (2013)) satisfied by stochastic
process z(t) as

E[L{z(t)}] = L[E{z(t)}], (6.1.35)

and since y(t) is a stochastic process and each physical field involves boundary con-
dition, therefore, each of them also becomes stochastic process mainly because of the

random function t(t). Therefore, Eq. (6.1.21) and Eq. (6.1.34) give

éb(S)

E[0(x, s)] = L{E[(z,t)]} = CED]

(s — k2)e ™" — (s* — k2)e "], (6.1.36)

It is observed that the mean of all the sample paths of the temperature field, E[0(z, t)],
is similar to the solution for both cases given in Eqgs. (6.1.31-6.1.32) for the deterministic

case.

Next, it is considered that

ST a— L T G S P (6.1.37)
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Therefore, Eq. (6.1.21) and Eq. (6.1.37) imply

0(x, s) = 0y(s)O(x, s). (6.1.38)
Now, using Eq. (6.1.33), it is obtained that
Oz, s) = (6:i(s) + vo(s)) O(a, s). (6.1.39)

Inverting the Laplace transform in above equation by using convolution property of
Laplace inverse and the results from Eq. (6.1.21) and Eqgs. (6.1.31-6.1.32) give the

following;:
t

O(x,t) = 0'(x,1) + j¢(u)@(x, t — u)du, (6.1.40)

where, 0°(z,t)(i = 1, 2) represents the deterministic temperature for two cases expressed
as in Egs. (6.1.31-6.1.32) and O(x, t) is the Laplace inverse of Eq. (6.1.37) obtained in

the similar way as in Eqgs. (6.1.31-6.1.32). Therefore,

1[0 ((VE=1) x mo (V2 — 1) A2 x
= — 2 1v1 - — - -
O(x,t) I [e { 2 d(t ” - + W hit ”

s (et -2) (o -2
Vs 1% ly V) Havy V2

(6.1.41)
where, 0(t) represents the Dirac delta function.
Further, Eq. (6.1.40) can be written as
¢
O, 1) = 0'(x, ) + [ Oz, t —u)dW (u), (6.1.42)

0

where, W (u) represents the Wiener process.
Therefore, stochastic temperature in different cases will be of the forms as given below:

Case-I:
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t

Oz, t) = 0 (x, t) + j@(x, t—u)dW(u). (6.1.43)
Case-II:
0z, t) = 0(z, ) + [ O, t —u) dW (u). (6.1.44)

Now, recalling one more property of Laplace Transform w.r.t. auto-correlation as

(Nowinski (1978) and Sherief et al. (2013))

Ruu(s1,82) = E[E(s1)T(s2)], (6.1.45)

where, R, (t1,t2) = E[x(t1)z(t2)] represents the auto-correlation function of a stochas-

tic process z(t) and

ﬁm(sl, 82) = Lg {Rmx<t1; tg)} = f@isltl (j 6782t2f(t1, tQ)dt2> dtl, (6146)

0 0

where, Ls(.) represents the the double Laplace transform.

Here, the process is assumed to be probabilistic stationary. A random process, X (t), is

called stationary if for all n and for every set of time instants (¢;eT,i = 1,2, ..n),

fx (@1, xpity, o ty) = fx(@r, o xnyty + 7, oty + 7),

where, fx is joint probability density function. Therefore, the auto-correlation of a

stationary function will be function of the time interval 7 alone i.e.

E[X(tl)X(tQ)] = RX)((T), T = tl — t2. (6147)

From Eq. (6.1.21), Eq. (6.1.33), Eq. (6.1.34), Eq. (6.1.36), Eq. (6.1.37), and Eq.
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(6.1.45), the following is acquired

Ryo(z, s1,582)

= 527 2 s1))e k1(s1)z
I CIE) {< L ’ﬁ_( )
_(81 - k%(sl))esz(m)w} (kZ(Sj)(](;SQ]{;)%(SQ))[(Sg - k2(8 )) —k1(s2) (8% o kg(SQ))e k (52)93]

= R0 (51,52)0(, 51)0(z, 52) + El0(z, 51)|E[0(x, 52)], (6.1.48)

where, §¢0w0(51,82) = E [1o(s1)¢0(s2)] -
In the present chapter, v is assumed to be a white noise. Therefore, (Nowinski (1978))
yields

Ry (1, t2) = 6(7). (6.1.49)

From Eq. (6.1.46), the double Laplace of Eq. (6.1.49) can be obtained as

1
81+52'

Rupow (51, 52) = (6.1.50)

Some properties of double Laplace transform can be stated as (Nowinski (1978)):

o Ly{fi()fa(x)} = L{fi(2)} L{fa()},

Lz{foxf(x—ﬁ,y—g)dﬁ},fory>x
L2{f0yf($—€,y—€)d§},fOI'y<ZL’

o —L{fzr—&y—¢}=

Using above mentioned properties of double Laplace transform and Laplace transform,
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Eq. (6.1.48) and Eq. (6.1.50) give

Eee(xa S1, 52)

1 _ _
- 81 +52L2 {0(x,t1)O(x,t2)} + E[0(x, $1)|E[0(x, s9)]

=Ly {f@(l‘,tl — f) T,ty — } + Ly {E x, tl)]E[Q(ﬁ, tg)]}, to > t1,

which implies

t1

Ryo(z, t1,t2) = f@(x,tl —&)O(x,ty — £)dE + E0(x, t1)]|E[0(z, ta)].

Taking t; =ty =t above, implies

Rag(x, t) = E[f*(x, )] = [ ©(a,t — €)de + (E[B(x. 1)))*

Plugging t — £ = 1, gives

E0*(z,1)] = f ©2(x, 0)dd + (E[0(z, 1)))?.

Therefore, variance for the temperature distribution can be obtained as

Varlo(s, t)] = El6*(z, )] — (E[o(z, 1)) = [ ©2(z,0)dv. (6.1.51)
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6.1.6 Stress Distribution

6.1.6.1 Deterministic Stress

In view of the deterministic boundary conditions (6.1.26-6.1.27) and following the same

way as in subsection 6.1.5, the solution of stress field are obtained for both the cases in

the following forms:

Case I:
0-1 (x7 t) - O-xx (x7 t)
A 0 FELL N PR AN P P
lo lO 141 151
l() Vo Vg
Case II:

. 2
pemm (-2 ) 20 (-2 Yp(e- 2
1%) 2[0 1) 125

6.1.6.2 Stochastic Stress

Using the stochastic boundary condition as mentioned in Eq. (6.1.33) and proceeding
in the same manner as in section 6.1.5, the following is obtained:

E6ee(z, 8)] = L{E[04(x,1)]} = %[e—’m — e R, (6.1.54)
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Therefore, again it is observed that the mean of all the sample paths of the stress field,
Elo..(x, t)], is similar to the solution for both cases given in Eqs. (6.1.52-6.1.53) for

the deterministic case.

Now, considering

_ 52

RN CEE

—kox

E e k], (6.1.55)

Therefore, from Eq. (6.1.23) and Eq. (6.1.55), it is obtained that

Gox(T, 8) = O(5)T (2, 5). (6.1.56)

Further, Eq. (6.1.33) gives

Tuu(, 5) = (0:(s) + tho(t)) T(z, s). (6.1.57)

Taking Laplace inversion by using convolution and using the results of Eq. (6.1.23) and

Eqs. (6.1.52-6.1.53) vield

Oea(,t) = 0 (1) + M@)r@, t —u)du, (6.1.58)

where, o (z,t) (i = 1, 2) are given by Eqs. (6.1.52-6.1.53) and I'(z, t) is the Laplace

inverse of Eq. (6.1.55) which can be expressed as

te i {5 (t—£> —@}h<t—£>]. (6.1.59)
1] l(] 1]

Now, Eq. (6.1.58) can be rewritten as

Ore(,t) =0’ (x,1) + jF(x, t—w)dW (u). (6.1.60)

0
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Therefore, the solution for stochastic stress in space-time domain for two different cases

can be written as

Case-I:

O, t) = 0! (2,1) + fm, t— w)dW (u). (6.1.61)

0

Case-11I:

Ora(,t) = 0 (2,1) + fF(x, t— w)dW (u). (6.1.62)

Also, using the same argument as in section 6.1.5, variance for the stress distribution

can be defined as
t

Var(og(z,t)] = II’Q(x, 9)dd.

6.1.7 Displacement Distribution

6.1.7.1 Deterministic Displacement

Similar to above subsections, displacement in cases of two different deterministic bound-

ary conditions can be expressed as follows:

Case-I:

B P L AU A N S C B\ R  A  B A

n l() 141 1241 2V1 lo 2)\1 11 141

P L AT Y (T PR A PN PR (6.1.63)
1) 1%} 21/2 lo 2[,61 1) 1%5) . o
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Case-1I:

% | _ o= 1 )2 1 /myg Ao z\° T
= e — (t——=) —— =2+ ) (t—=) bha(t—=
lotc 21/1 141 6V1 lo 2)\1 141 141
2 3
0 LA PR N S C RN WU A N O PR
2V2 120} 61/2 lo 2[1,1 120} 120}
2 3
Cewm ) Lo m oy o (e o AL
21/1 %1 6V1 lg 2)\1 %1 %1
_ Moz 1 T 2 1 /mg Lo T 3 T
demmd — (t——=—t.) ——(—+ ) (t== =t ) phlt———t)].
21/2 1] 67/2 lo 2/11 1) 1]

(6.1.64)

6.1.7.2 Stochastic Displacement

Again, using the stochastic boundary condition as mentioned in Eq. (6.1.33) and pro-

ceeding in the same manner as in above subsections, the following is obtained:

go(S)

Bla(z, s)] = L{Bu(z, )} = 55

[ky e 1% — ky e™™27], (6.1.65)

Therefore, the mean of all the sample paths of the displacement field, E[u(z, t)], is
similar to the solution for both cases given in Eqs. (6.1.63-6.1.64) for the deterministic

case.

Now, consider

7 1 —kox —kix
U(I’,S) = m[@ kow _ (& k1 ] (6166)
Therefore, Eq. (6.1.22) and Eq. (6.1.66) return
u(z, 8) = 0u(s)U(z, s). (6.1.67)
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Further, from Eq. (6.1.33), it is obtained that

u(z, s) = (0;(s) +vo(t)) Uz, s). (6.1.68)

Applying Laplace inversion by using convolution property and using the results of Eq.

(6.1.22) and Eqgs. (6.1.63-6.1.64) give

u(z,t) = u'(x,t) + fw(u)U(x, t —u)du, (6.1.69)

0

where, u’(x,t) (i = 1, 2) are given by Eqgs. (6.1.63-6.1.64) and U(z, t) is Laplace inverse

of Eq. (6.1.66) which can be expressed as

1 _ oz 1 1 mo Ao T x
U ) = — 22 v - | = =z t— — hlt— —
(1) lo {6 o {Vl vy (lo +2>\1)( Vl)} ( V1>
_ _nge 1 1
i {_ _ = (@+£) (t— £>}h (t— ﬁ)} . (6.1.70)
vy Vo lo 211 ) Vo

Now, Eq. (6.1.69) can be modified as

u@j%ﬂﬂmﬂ+IU@J—uMWW) (6.1.71)

Therefore, stochastic displacement for two different cases can be written as

Case-I:

m%o:u%mw+fU@¢—umwwy (6.1.72)

0

Case-II:

u(w,t) = u¥(,t) + [ Ulx, t = w)dW (u). (6.1.73)

With the previous subsection’s discussion, variance for the displacement distribution

can be given as
t

Var[u(z,t)] = jU2(x, ¥)dd.

0
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6.1.8 Numerical Results

In this subsection, the present problem is illustrated by finding numerical solution by

considering copper material with the following materialistic data (Sherief et al. (2013)):

A =T7.76x10"" kg m~'s7?, u=3.86x10"" kg m's?, p=8954 kg m 3,

cp =3831Jk¢ 'K, By =178 x 10 °K ', K =238 Wm 'K~ T,=293K.

The value of non-dimensional entities are taken as follows:

79 =0.01, 7, = 0.015, ¢t = 0.25, t, = 0.1, 6* = 1.

The solution of the physical fields in the space-time domain is obtained for both the
cases by carrying out numerical computation of the solution obtained in Subsections
(6.1.5-6.1.7). The theory of Brownian motion or standard Wiener process is used to
compute the stochastic integration following Higham (2001). Five thousand sample
paths have been taken during the computation of all physical variables for stochastic
distribution among which five random paths have been displayed along with the deter-
ministic and the mean of all sample paths to mark the difference between deterministic
and stochastic distributions. The mean is computed numerically by considering the

mean of the values in five thousand sample paths.

Results for Case-I are shown in Fig. 6.1.1 (a,b), Fig. 6.1.2 (a,b), and Fig. 6.1.3
(a,b), whereas results for Case-II are shown in Fig. 6.1.4 (a,b), Fig. 6.1.5 (a,b), and Fig.
6.1.6 (a,b). Fig. 6.1.1 (a) and Fig. 6.1.4 (a) show the comparison between deterministic
temperature distribution and stochastic temperature distribution for five sample paths
along with mean of stochastic temperature distribution for five thousand sample paths
for Case-I and Case-II, respectively. It is noted that the stochastic temperature dis-

tribution along different sample paths show variations with deterministic temperature
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distribution for small magnitude which later coincides completely. In order to show the
comparison between deterministic temperature distribution and mean of the stochastic
temperature distribution for all the sample paths, Fig. 6.1.1 (b) and Fig. 6.1.4 (b) are
plotted separately for Case-I and Case-II, respectively. From Fig. 6.1.1 (b) and Fig
6.1.4 (b), it is clear that the mean of all the sample paths coincides with deterministic
temperature distribution which further verifies our analytical result in this respect for
both the cases. For the present values, v; = 0.9999 and v, = 9.4290 where, v repre-
sent the speed of elastic wave and v represents the speed of thermal wave. For Case-I,
temperature distribution experiences two finite jumps, one at = 0.2499 and other at

x = 2.357 while for case-1I, temperature distribution is continuous overall.

Combined plot of the deterministic stress distribution along with stochastic stress
distribution for five sample paths and mean of all the sample paths is shown in Fig.
6.1.2 (a) and Fig. 6.1.5 (a) for Case-I and Case-II, respectively. Prominent variation be-
tween stochastic stress distribution and deterministic stress distribution along different
sample paths is observed near the boundary which later coincides with deterministic
distribution. A separate plot to compare deterministic stress distribution and mean of
stochastic stress distribution is shown in Fig. 6.1.2 (b) and Fig. 6.1.5 (b) for the two
different cases. From Fig. 6.1.2 (b) and Fig. 6.1.5 (b), the analytic result for stress for
both the cases is verified as the curve of deterministic stress distribution coincides with
the mean of stochastic stress distribution for all sample paths. Finite jumps, one at
x = 0.2499 and other at x = 2.357 is seen for Case-I while for Case-I1, stress distribution

is found to be continuous.

Deterministic displacement distribution with stochastic displacement distribution
for five random sample paths and mean of all the paths are shown in Fig. 6.1.3 (a)
and Fig. 6.1.6 (a) for Case-I and Case-II, respectively. Similar to stress distribution,
significant variation between stochastic displacement distribution and deterministic dis-

placement distribution is observed near boundary. Unlike, temperature and stress,
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displacement distribution is continuous for both the cases.
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Figure 6.1.1: (a). Deterministic temperature distribution and stochastic temperature
distribution along five sample paths and its mean for Case-I1 (b). Deterministic tem-
perature distribution and mean of stochastic temperature distribution for Case-I
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Figure 6.1.2: (a). Deterministic stress distribution and stochastic stress distribution
along five sample paths and its mean for Case-I (b). Deterministic stress distribution
and mean of stochastic stress distribution for Case-I
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Figure 6.1.3: (a). Deterministic displacement distribution and stochastic displacement
distribution along five sample paths and its mean for Case-I (b). Deterministic dis-
placement distribution and mean of stochastic displacement distribution for Case-I
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Figure 6.1.4: (a). Deterministic temperature distribution and stochastic temperature
distribution along five sample paths and its mean for Case-II (b). Deterministic tem-
perature distribution and mean of stochastic temperature distribution for Case-I1
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Figure 6.1.5: (a). Deterministic stress distribution and stochastic stress distribution
along five sample paths and its mean for Case-II (b). Deterministic stress distribution
and mean of stochastic stress distribution for Case-II
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Figure 6.1.6: (a). Deterministic displacement distribution and stochastic displacement
distribution along five sample paths and its mean for Case-II (b). Deterministic dis-
placement distribution and mean of stochastic displacement distribution for Case-11
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Figure 6.1.9: Variance of displacement distribution

Comparison between deterministic displacement distribution and mean of stochastic
displacement distribution for all sample paths for two cases is shown in Fig. 6.1.3 (b)
and Fig. 6.1.6 (b), respectively which further verify the analytical result for displace-
ment as the result for deterministic displacement distribution and mean of stochastic
displacement distribution almost coincide.

Figs. (6.1.7-6.1.9) represent the variation of temperature distribution, stress distri-
bution, and displacement distribution, respectively. All the field variables vanish after
finite distance (z = 2.358) for stochastic as well as deterministic distribution which

confirms the existence of a finite domain of influence and the same region of influence.

6.1.9 Conclusion

In this subchapter, a one-dimensional half-space problem for an isotropic elastic homo-
geneous medium is solved and discussed for two types of thermal boundary conditions.
Two distinct stochastic type thermal boundary conditions are defined by adding the
white noise in the deterministic boundary conditions. The problem is analyzed by find-
ing both analytical as well as numerical solutions. The comparison is made between

deterministic type field variables and their corresponding stochastic distributions using
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five thousand sample paths and their mean for numerical results. In case of determin-
istic distribution as well as stochastic distribution, all the field variables are observed
to vanish after a finite distance at any time which shows the presence of finite domain
of influence in both the cases. This fact is also verified from our analytical solutions
which show that the distributions of the field variables consist of two coupled waves
(predominantly elastic and predominantly thermal waves) and both the waves propa-
gate with finite speed. Furthermore, the numerical results show that all field variables
vanish at the same distance which confirms the same region of influence for determin-
istic and stochastic cases. Unlike stress and displacement, temperature field shows an
insignificant difference between stochastic temperature distribution and deterministic
temperature distribution. Both analytical and numerical arguments have been given
to verify the coincidence of mean of the stochastic solution with their respective de-
terministic solution for all the physical fields. This coincidence obviously verifies the

reliability of the obtained numerical results.
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6.2 Domain of Influence Results of Dual-Phase-Lag
Thermoelasticity Theory for Natural Stress-Heat-

Flux Problem 2

6.2.1 Introduction

The domain of influence (DOI) theorem is very important to analyze the deformation
of the elastic material when acted upon by thermomechanical loadings. It mathemat-
ically proves the presence of bounded domain at any finite time such that out of the
domain, the solution of mixed initial-boundary value problem vanishes, which further
affirms the hyperbolicity of the theory. In other words, domain of influence states that
the disturbances caused due to thermomechanical loadings does not propagate in the
entire medium at a finite time. One of the application of this theorem is that it can
help in deciding the model to be used when a particular area of medium is undergoing
laser treatment. The DOI results were initially conceptualized by Nunziato and Cowin
(1979) for elastic materials with void. In 1978, Ignaczak (1978) also presented the DOI
theorem for linear thermoelasticity. Further, Chandrasekharaiah (1987b) applied the
results of DOI theorem to obtain the uniqueness of problem in elastic materials with
void. Ignaczak and Bialy (1980) proved the domain of influence theorem for thermoelas-
ticity model with one relaxation time (Lord and Shulman (1967)). The DOI results of
the generalized thermoelastic models given by Lord and Shulman (1967) and Green and
Lindsay (1972) were discussed by Ignaczak (1991) and Ignaczak and Ostoja-Starzewski
(2010). Marin (1997; 2010) extended the concept of domain of influence by Nunziato
and Cowin (1979), to thermoelastic bodies with voids and microstructural elastic ma-
terials, respectively. Cimmelli and Rogolino (2002) proved the DOI results for linear

thermoelasticity with thermal relaxation and internal variable. Carbonaro and Ignaczak

2The content of this chapter is under review in an international journal.
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(1987) considered anisotropic inhomogeneous unbounded body to establish work and
energy theorem and reciprocity theorem along with domain of influence theorem under
temperature-rate-dependent thermoelasticity theory. Moreover, Mukhopadhyay and
co-researchers (2011a; 2017a; 2021b; 2021a) articulated domain of influence results on
various thermoelastic theories and also established the comparison among them. Re-
cently, Marin et al. (2020) presented the DOI results for Moore-Gibson-Thompson

(Quintanilla (2019)) theory for dipolar medium.

In the previous subchapter, the finite speed of thermoelastic disturbances inside a
one dimensional half-space was observed in the context of dual-phase-lag thermoelas-
ticity theory for deterministic as well as stochastic type boundary conditions. Being
motivated by this results, the present subchapter is devoted to establish the hyperbolic-
ity of this theory. Hence, this section of the thesis focuses upon the domain of influence
results for stress-heat-flux problem under dual-phase-lag thermoelasticity theory for a
three dimensional medium of isotropic homogeneous thermoelastic material. The prob-
lem that describes a thermoelastic process in terms of stress and heat-flux is termed as
natural stress-heat-flux problem (Ignaczak and Ostoja-Starzewski (2010)). The work
is arranged in the following manner. The thermoelastic governing equations are formu-
lated in terms of stress and heat-flux along with generalized mixed initial and boundary
conditions in Subsection 6.2.2. The main objective is to extend the domain of influence
notion to DPL thermoelastic model in the considered problem. In order to prove the
theorem, an energy identity is first established in Subsection 6.2.4. Further, a detailed
proof of domain of influence is given in Subsection 6.2.5 under which an upper bound
is established for the speed of stress-heat-flux disturbances. Lastly, analogous results
for other thermoelasticity theories like Lord-Shulman (1967) and classical theory (Biot
(1956)) are recovered using the obtained theorem and it is shown that the present
analysis in special cases matches with the corresponding DOI results reported in the

literature.
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6.2.2 Basic Equations and Problem Formulation

A homogeneous and isotropic material is considered which occupies a regular region A of
three-dimensional Euclidean space. Let A denotes the closure of a bounded, connected
and open set with A denoting the boundary of A and A as the interior of A. The
components of outward unit normal to 0A is represented by n; . The fundamental

system governing the DPL thermoelasticity theory consists of the following equations:

Stress equation of motion:
0ij; + pHi = piis, (6.2.1)

Energy equation:

— ¢ii + pR = C,0 + Ty Boy, (6.2.2)

Temperature-strain-stress relation:

1 A
Cij = % (Uij - makk%) + 860i;, (6.2.3)

Heat conduction equation:

o T O? 9]
<1 + en + Eq@) ¢ =—K (1 + Tea) 0, (6.2.4)

Strain-displacement relation:

1
€ij = UGiy) = 5 (Uig +uji) (6.2.5)

where, C,, denotes the specific heat at constant stress.

Now, the present thermoelastic process is considered in view of stress and heat-flux for
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an isotropic and homogeneous material. Hence, above Egs. (6.2.1-6.2.5) for this natural
problem can be rewritten such that a pair (o;;, ¢;) satisfies the following field equations

(Ignaczak (1991) and Ignaczak and Ostoja-Starzewski (2010)):

- L /. AL T3 .. 5. L
P la(z’k,kj) - {ﬂ <Uij - m%k%) - C—UUkk5ij] +C_UQk,k5ij = C_UpﬁRdij_H(i’j)’
(6.2.6)

o\ 1 9, 2 92 0
K <1 + T.9—> roh (qrx + BLoGwr) ; — <1 + Ty + T—q—) ¢ =K (1 + 7'9—) iR,m

ot at - 2 ot? ot) C,
(6.2.7)
Where, H(i,j) = % (Hi,j —+ Hj’i) and O (ik,kj) = % (Uik,kj + Ujk,ki)~
The following assumptions are imposed on the material constants:
p>0, A\>0, u>0, K>0, C, >0, >0, Ty >0,
Te >0, 3A+2u>0. (6.2.8)
Moreover, the following relation is considered:
219 > 7. (6.2.9)

Here, it is worth recalling the fact examined by Quintanilla (2002b; 2003) that the
exponentially stability of the solutions in the context of DPL theory of thermoelasticity
is satisfied if the phase-lag constants 7, and 7y satisfy the relation (6.2.9).

Now, in view of the Eq. (6.2.6) and Eq. (6.2.7), the notations are further introduced

as follows:

1 .
i) = Huy) — 7-PBRS;, (6.2.10)
d\ p
=K (1 — | = R.. 2.11
gz < +Taat> CGR,z (6 >
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Then, Eq. (6.2.6) and Eq. (6.2.7) yield

_ L /. AL Top .. B
P Ok ) — {ﬂ (Uz’j - makkdzj) - C—Uakk:(sij:| + C_UQk,k(Sij = —Tij),
(6.2.12)
0\ 1 , o TN .
K{1 + T@a O_a (Qk,k + 5T00-kk)7i — (1 + Tq& + ?@ q; = —9Gi;- (6213)

The initial conditions on & = (x1,29,235) € A for the above Eq. (6.2.12) and Eq.

(6.2.13) are assumed in the following way:

Gi(x,0) = G (z), (6.2.14)

and boundary conditions on 0A x [0, co[ are considered as:
0ijn; = 03,
gini =q'. (6.2.15)

6.2.3 Preliminaries

Now, in order to obtain the domain of influence results for the present problem, the

following important definitions (Ignaczak and Ostoja-Starzewski (2010)) are recalled.
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Definition 1. For a fixed time ¢ € (0, 00), the set

(1) forx € A, a?j#o or d%;«éo or ¢ #0 or ¢ #0 or ¢ #0
Do(t)=qx€A: (2)for (x,7) €A X [0,t], 0, #0 or ¢ #0

(3)for (x,7) € 0A x [0,t], Fujy #0 or g; #0

(6.2.16)
is known as the thermomechanical load support at time ¢ in the context of the present
system (6.2.12-6.2.15).

Definition 2. Let V is any real parameter and an open ball Q (x, Vt) with radius

V't and center at @, then the set
D(t) = {:13 e A: Q(z, Vi) ND, (1) £ @} (6.2.17)

represents the set of all the points of A which can be affected by the thermomechanical
disturbances propagating from ®¢(t) with a finite speed less than or equal to V' (see
Ignaczak and Ostoja-Starzewski (2010)). Hence, the set ©(t) defines the domain of

influence corresponding to the thermomechanical load, Dg(?).

6.2.4 Energy Identity

In this section, the following theorem presents an energy identity for the present context
which is a counterpart of the identity acquired by Ignaczak and Ostoja-Starzewski

(2010).

Theorem 6.2.4.1.

Statement: Let a smooth solution to the mixed problem (6.2.12-6.2.15) is defined by
(04;,¢;) and a scalar field is represented by m(z) € C*(A) in a such manner that the
set

Ey = {a: cA:mz)> 0} (6.2.18)
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is bounded. Then
%/A{MO (0, m () — [m () Mo (,0) + My (, 0)] } dA

+%/A{ Om(%)M1 (@, ) dt — m () My (m,O)}dA

+/A{/Om(w> [m(m)—t]N<m,t)dt}dA+/A{/Om(m)ﬂ(m,t)m,i (m)dt} dA
:/BA{/OW) [m(m)—tm(m,t)m(m)dt} dB+/A{/Om(m) [m(w)—t]Q(az,t)dt}dA,

(6.2.19)
where,
Mo (z,t K7y 6.2.20
0(337 )_2T0 (%) ) ( 2. )
-1 ~ 1 AA A A 2 BQTO X 2
M (z,t) =p 1Uik,k0'ij7j + ﬂ (Uz‘jUz‘j - m (Ukk) ) - C. (Ukk) +
1, o Kr,+Kr,. o Kmml
— ¢ i), 6.2.21
+CO'T0 (Grg)” + T (d:) 5T, (¢ ( )
K 27,79 — T2
N (@, t) = (@) + [ =552 ) (6)?] . (6.2.22)
Ty 2
P (x t)—’lé‘é- —i—i 53 —|—LA K 1—|—T2 i (6.2.23)
i\ L, L) =p 170 jk,k C. kk TOQk,k 9875 qi, L.
S I
Q (x,t) :y(ij)m‘j + Togz‘%‘, (6.2.24)

where, for a function i = h (2, t) defined on @ € A x [0, 00, h() is denoted as follows:

- 0
=K1 — | h. 2.2
h ( —|—Tgat) h (6 5)

Proof. The proof is initiated by applying the hat operator as given by Eq. (6.2.25), on
the Eq. (6.2.12). Then, after multiplying 515 to both sides of Eq. (6.2.12), the following

equation is obtained:
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—1A X 1 N A /\ N X T /82 X 6 A X > X
P OGkkj)0ij — |5\ 0ij0i5 — 5N o CkkOkk | — OkkOkk | + 5 Qe kOkk = —9(1‘]‘)01';‘-
’ 2u 3N+ 2u C, C,™”

(6.2.26)

Now, on multiplying both sides by To’léi, Eq. (6.2.13) transforms to

0 1 2
{K (1+Tqat> C’ (Qkk—i‘ﬁTonk) }Tol%'

_ 1+ 24__28_2 T Y6 = —g. T 6, (6227)
Tqat 2 8152 Qz 0 qgi = 9i 0 q;- s

Adding Eq. (6.2.26) and Eq. (6.2.27) and then after detailed manipulations, the fol-

lowing equation is acquired:

%% {;Mo (x,t) + M (z, t)} + N (x,t) = P (z,t) + Q (x, 1), (6.2.28)

where, My, My, N, P;, and @ are given by Eqs. (6.2.20-6.2.24), respectively.

Recalling the following relation (Ignaczak and Ostoja-Starzewski (2010)):

/O%) Pyi[m () — t]dt = /Om(m) {[H (@, 1) [m (x) = t]] ; = P (2, t) m,; ("’)} at

m(x) m(x)
_[/0 R-(a:,t)[m(w)—t]dt] —/0 Py (@, t)m, () dt.

N3

(6.2.29)

Therefore, taking double integration of Eq. (6.2.28) over ¢ from t = 0 to t = m (x) and

using Eq. (6.2.29), gives as follows:

%[Mo(a:,m(m))—Mo(w,o)— () My (,0)|

/ M (x,t)dt — m (x) My (x,0)

m(x) m(x)
+/0 [m (x) —t]| N (x,t) dt +/0 P (z,t)m; (x)dt

m(x)
_ [/0 P, (a,t) [m () — £] dt

m(x)
+ /0 m (@) — 1) Q (x,1) dt. (6.2.30)

Each term in Eq. (6.2.30) is bounded since the set Ej is bounded from the definition
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of Eq. (6.2.18). Therefore, integrating Eq. (6.2.30) over A and applying the divergence
theorem in the R.H.S., the Eq. (6.2.19) is obtained. This completes the proof of

Theorem 6.2.4.1.
Next, the domain of influence results is established under DPL thermoelastic model in

view of a natural stress-heat-flux problem in the following theorem.

6.2.5 Domain of Influence Theorem

Theorem 6.2.5.1.
Statement: Let V' denotes a real number which satisfies the following inequality:

V Z maX(‘/la‘/Qv‘/?)a‘/ll)? (623]‘)

where,

Vi = (2“)2, (6.2.32)
}2, (6.2.33)

}2 , (6.2.34)

, (6.2.35)

and, Cg denotes the specific heat at constant strain which satisfies the relation with
C, as follows:

C, = Cg +35% (3N +2u) Tp. (6.2.36)

Then, for the set © (¢) defining the domain of influence for thermomechanical load
Do (t) at time ¢t and the pair (o;;,¢;) defining a smooth solution of mixed problem
(6.2.12-6.2.15), the following results hold:

0i; =0, ¢=0, on {A - @(t)} % [0,4]. (6.2.37)
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Proof. Let

A=ANQ(w,Vr),
where, (w,7) € {A—2(t)} x (0,t) is a fixed point.

Then, consider the following:

T—%le—wl, forxeAl
mT(fL'): )

0, forx ¢ A

where, V represents a parameter as given in inequality (6.2.31).

(6.2.38)

(6.2.39)

Since 7 < t and employing the definitions of domain © (¢) and A as given by the Eq.

(6.2.17) and Eq. (6.2.38), respectively, it is found that

ANDy (1) = 0.
Therefore,
Oiin; = 0, qin; = 0, on (A N (914) X [O,t] ,
and
fnjnj = 0, qmz = 0, qlnl = O, on (A N GA) X [O,t] ,
ey(ij) :0, gi :O, on A x (O,t)
Furthermore,

Oij (iL‘, O) = UZJ (mv O) =4q; (CE, 0) = QZ (CU, O) = QZ (m; 0) , Oon A.

Now, using the Eq. (6.2.23), Eq. (6.2.39), and Eq. (6.2.42), give

/ {/mT(m) [m (x) — 1] P; (z,t) n; () dt} dB = 0.

(6.2.40)

(6.2.41)

(6.2.42)

(6.2.43)

(6.2.44)

(6.2.45)

Similarly, in view of the Eq. (6.2.24), Eq. (6.2.39), and Eq. (6.2.43), it is obtained that
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Further, using the definitions of My (x,t), M; (x,t), and m, (x), it is acquired that

_ My (x,m, (x)), forx e A
My (x,m, (x)) — My (x,0) — m, (x) My (2,0) = :

0, forx ¢ A
(6.2.47)
and
me () o mr (@) M (z,t)dt, forx e A
/ M, (@, ) dt — m, () M, (x,0) = . (6.2.48)
0

0, for x ¢ A

Now, on substituting m, () into the Eq. (6.2.19) and making use of the Eqs. (6.2.45-
6.2.48), yield

/Moa:mT ))dA + = //mm (a,1) dtd A
+ ()[mT( )=t N (xz,t)dt p dA = — mT(w)R(m,t)mT,i(a:)dt dA.
TS At

(6.2.49)

Since, Eq. (6.2.9) imply that N > 0 on A. Therefore, from the Eq. (6.2.39) and Eq.

(6.2.49), the following inequality is found:

me) mr(x)
/Moa:mT ))dA+ = // a:tdtdA<—// P; (x,t) dt| dA.

(6.2.50)
Now,
Gii 1 1 0 Gi
B <p' |26, K1 .
| P V(T]k,k C’ 50kk+TOQkk < +Teat) %
_110; 5 K¢ + K1yq; K¢ + Ktyg;
<1 ‘7] ’6| ’ '
<p |6 ]kk’-i- Okk % C To |G k| - v
(6.2.51)

To calculate each term of the R.H.S. of Eq. (6.2.51) and simplify the Eq. (6.2.51), the

following relation of real numbers is used:
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1
Vab < 5 (ea+e7'b) (6.2.52)

€ represents a dimensionless positive parameter and a and b are non-negative physical

fields of same dimension.

2 2
To calculate the first term of Eq. (6.2.51), a = (6,44)°, b= (%) , and € = 1 are used

in Eq. (6.2.52) and then it is obtained that
6y

v

~ ]- ~ ~ ]_ e >
|0k k] < 2 (Uij,jaik,k + V_Uijaij) . (6.2.53)

Further to calculate the second term of Eq. (6.2.51), the following is employed:

1 o Ckg Cg

N -3
= (6 b= —— (K¢ + K6, —(1-=) . 2.54
a (Ukk> ’ V2 (5T0)2< 4 + K9G;) € C. < Ca) (6.2.54)

Therefore, using Eq. (6.2.54) in Eq. (6.2.52) gives

1] Cg Cg ~3 SN2 O, Cr 3 1 ' .
<-{ZE(1-=ZE Co (o CE | |
2 {CG (1 Ca) () + Cr (1 cg> yagerg K+ Kmoi) }

Gy
E

L[ Cp (0 O\ E e 2 Co\* K® o
<3 {C_a (1 — C_a) (Ukk> + (1 — C_a) WzTOQ [(Qz) + 75 (Gi) }
K27'9 CU CE % d - \2
¢ o122} 2 (6)2. 2.
+ 2v262T02 CE < Cg) dt (qz) (6 55>

Now, by fixing a = (Gex)”, b= (W)Q, and € = 1 in Eq. (6.2.52), the last term of

Eq. (6.2.51) is obtained as

. K¢+ Krpgi| 1, . o 1 . L \2
i Ll L) R — (K ‘
|G| v =3 {(Qk,k) T (Kdi + KT96i) }
1 R ) 1(2 ) 2 /.0\2 -KQT@ d ©\2
<= — (g i —(¢:;)". (6.2.56
—2{<Qk,k) + 5 @)+ 7 @) + Sy g (@) (6:2.56)

Thus, Eq. (6.2.51), Eq. (6.2.53), Eq. (6.2.55), and Eq. (6.2.56) yield
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1 p*1 o 1
v Ig ST (Uij,jaik,k + VZU”U”)

5Ty | Cp Cr _%2 2 Gy CE% K? N2 2 a2
HEToRl WAl L) (6w e\ G ) v @) @]

K27 c, Cp\?
i b T (It )
el { e ( Cg)

Further, the relation (6.2.36) implies that

BT 1 Cr
= 1-—. 2.
C, 3G+ ' G, (6:2.58)

_|_

(6.2.57)

V]
—
e
S
e

Therefore, from Eq (6.2.50), Eq. (6.2.57), and the relation (6.2.58), the following is

obtained:

mTa: . 1
(o) [/ (“”‘é 53) (35 - gouty Jaa

K Cg mr (2)
— 1+ Gy — ) dtdA
+T0 Tq+7'9 C«ng{ E O > } // q
Ky 7‘q2 Ky C, Cg //mf(x
—fa 1+ - £ )2dtdA
T2 o { CE c, ) } (@)
1 1 Cg Cg my ”3> 2
- “Eli-(1-=2£ dtd A
3 3>\+2,uC’U{ C) } V2 // 0’“’“

K

1o

7—2 KT@ O CE %
4 _ 1+ -2 (1-== :)2dA < 0. 2.
s X { s ( CU) [raso o250

Now, with respect to Eq. (6.2.31), the non-negativity of the coefficients of each integrals
in Eq. (6.2.59) is acquired. Thus, equality sign must hold in Eq. (6.2.59) which

therefore, implies that each term of Eq. (6.2.59) vanishes on A.

In particular, it can be stated that

Gi; (x,m-(z)) =0, ¢ (z,m.(z)) =0 on A. (6.2.60)
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Now, smoothness property of (o;5,¢;) and definition of m, (x) imply that
61‘]’ (.’L‘, mT(a:)) — OA'U (w,T)
asxT — w. (6.2.61)
¢ (€, m-(x)) — ¢; (w,7)
Consequently, taking the limit  — w in Eq. (6.2.60), Eq. (6.2.39) yields

Gij (w,7) =0, ¢ (w,7) =0 on {21 —@(t)} % [0,1]. (6.2.62)

Since (045, ¢;) is sufficiently smooth in A x [0, o[ and since (w, 7) is an arbitrary point
of {fl - C‘D(t)} x (0,1), therefore, it is found that
Gi; =0, ¢ =0 on {[1 - @(t)} % [0,1]. (6.2.63)

Now, in view of (z,7) € {A 9 (t)} % [0,4], Eq. (6.2.63) yields

015 (®,7) = 0i; (2,0) + {1 - e*%f} 1065 (,0), (6.2.64)

and

¢ (z,7) = qi (x,0). (6.2.65)

From the definition of ®(t), it is concluded that

oi; (2,0) = 635 (2,0) = ¢; (x,0) =0 on {21 9 (t)} . (6.2.66)

Hence, Eq. (6.2.64) and Eq. (6.2.65) combining with Eq. (6.2.66) finally give
0;=0, ¢=0 on {A - @(t)} % [0,4]. (6.2.67)

Therefore, the required result is proved.

6.2.6 Conclusion

In the present subchapter, a theorem is established that states that if the condition
(6.2.9) holds then the pair (o;;,¢;) satisfying the system (6.2.12-6.2.15) in view of the
DPL theory, generates no stress-heat-flux disturbance outside the bounded set © (¢) for
a finite time ¢ and a prescribed bounded support of thermomechanical loading. Fur-

thermore, this theorem also find that the stress-heat-flux disturbance propagates with
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finite speed less than or equal to V' defined by inequality (6.2.31), when the relation
given by (6.2.9) holds. Clearly, V' depends on the material parameters including the two
phase-lags, 7, and 7y, and the other thermoelastic parameters. Further, it must be men-
tioned that in early twenty-first century, Quintanilla (2002b; 2003) stated a condition
for the exponential stability of the solutions in the context of DPL theory. According
to that condition, the exponential stability is attained if the phase-lag constants, 7, and
Ty satisfy the relation (6.2.9).

After further analyzing the results, it can be clearly noted that in the special case
of only one thermal relaxation parameter (i.e., when 79 = 0,7, > 0), the present
inequality given by Eq. (6.2.9) reduces to the same inequality as reported by Ignaczak
and Ostoja-Starzewski (2010) for the Lord-Shulman thermoelastic model. Moreover,
when both the phase-lag parameters in the results are vanished, the propagation of
thermoelastic wave generated by the pair (¢;;,¢;) is obtained to be of infinite speed.
This result corresponds to classical thermoelasticity theory as plugging both phase-lags
as zero reduces the current thermoelastic model to the classical model. Hence, the
domain of influence theorem proves the hyperbolicity of the DPL theory as described
by the present system of governing equations and from this theorem, one can find the

upper bound of the speed of stress-heat-flux variations.
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6.3 A Study on Generalized Thermoelasticity Theory
Based on Non-Local Heat Conduction Model with

Dual Phase-Lags®

6.3.1 Introduction

Further to elaborate the discussion on dual-phase-lag thermoelasticity theory, this sub-
chapter investigates the extension of the dual-phase-lag thermoelasticity theory con-
sidering the non-local effects in heat conduction. Non-local continuum theory helps
to analyze the influence of all the points of the body at any particular material point
(Eringen (2002)). Involvement of non-local factor, i.e., size effect enhances pronounce
microscopic effects in heat transport process at a macroscopic level. The non-local
response is same as the lagging response in space as the latter in time. As discussed
by Tzou (1997), the phase-lag captures the ultrafast response in femtosecond domain.
However, the non-local response enlightens the physical mechanism at nanoscale level.

In recent times, a heat conduction model is proposed by Tzou and Guo (2010) which
brings out the notion of thermomass by introducing the non-local response in dual-
phase-lag heat conduction model without actually using the concept of thermomass.
Thermomass is defined according to Einstein’s mass-energy relation as the equivalent
mass of phonon gas in dielectrics. The concepts of thermal as well as mechanical
fields are employed in the thermomass heat conduction theory. Subsequently, Wang
et al. (2014) has developed a thermoelastic theory based on the heat conduction with
thermomass concept. Moreover, Tzou and Guo (2010) have developed a new heat
conduction law which considers non-local behavior with thermal lagging. Therefore,
the main objective in this subchapter is to propose the general thermoelasticity theory

based on the non-local heat conduction model given by Tzou and Guo (2010).

3The content of this subchapter is published in Journal of Thermal Stresses, 42(9), 2019.
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This subchapter of the thesis starts by introducing the general basic governing
equations of the proposed model. Then in order to analyze the prediction of the present
non-local model, a one-dimensional problem is investigated for an isotropic half-space
medium. The Danilovskaya’s problem is considered and then the problem is formulated
in Laplace transform domain. Further, the solution is obtained numerically by finding
the Laplace inversion through Stehfest method (Stehfest (1970)). An attempt is made
to analyze the specific predictions of the non-local model with previously developed
models. However, special attention is paid to investigate the effects of the non-local
length parameter and phase-lags on physical fields. The effects of different parameters

is elaborated by plotting various graphs of field variables in the last subsection.

6.3.2 Basic Governing Equations

In this subsection, the governing equations are formulated in the context of generalized
thermoelasticity theory based on the non-local heat conduction law with two phase-
lags. The basic equations in the coordinate form in the same context for isotropic
homogeneous medium can be constituted as follows:

Modified heat conduction law for non-local model (Tzou and Guo (2010)):

0 0 0

Energy equation:

— i = plo—o;- (6.3.2)

Entropy equation:

TopS = pcpb + BThers. (6.3.3)
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Equation of motion:

82ui

il = P——o- 6.3.4
U]:] P atQ ( )

Stress-strain-temperature relation:
Oij = Aekkél’j + 2/JJ€,LJ*B95U (635)

Strain-displacement relation:
1

€ij = 5 (Ui + uj). (6.3.6)

2

Here, (A;)x is the component of non-local length vector.

The first governing equation is obtained by combining Egs. (6.3.1-6.3.3) and Eq. (6.3.6)

to get the heat conduction equation in the form

0 0 0 00 0
K1 — 1 0u=114+(N). — — — To— (ui;) | - 3.
( +Tgat) ( (), Oz, +T"8t) (ch o T o <u”)) (6:3.7)
Next, by using Egs. (6.3.4-6.3.6), the displacement equation of motion takes the form

as

821,61'
P o2

= ()\ + /L)Uj,ji + pu; i — 5972 (638)

Lastly, stress-displacement-temperature relation, using Eqs. (6.3.5-6.3.6), is obtained

as follows:

0ij = Mukk0ij + pui; + uzs)—B500;. (6.3.9)

Hence, the Eq. (6.3.7) and Eq. (6.3.8) along with Eq. (6.3.9) represent the basic
governing equations of the generalized thermoelasticity theory based on non-local heat

conduction model given by Tzou and Guo (2010).
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6.3.3 Problem Formulation

A problem of one-dimensional half-space (z > 0) is investigated for an isotropic elastic
homogeneous medium in the respect of proposed non-local model. The formulation of
problem for traction free boundary of the medium is considered that is subjected to a
time-dependent temperature distribution. All the physical field variables are assumed
to be bounded and vanish as © — oo. Therefore, @ = (u(z,t),0,0) is considered as one-
dimension displacement vector and the governing equations for one-dimension obtained

from Egs. (6.3.7-6.3.9) are as follows:

9\ %0 o 0 00 0%u
0%u 9%u 00
p—at2 = ()\ + 2#)@ - 8_13, (6'3'11)
ou
e = 04 20022 0 (63.12)

For the simplification of the problem, the following non-dimensional variables and pa-

rameters are used :

’ ’ ’ 0 ’ Cl()\+2,u)£u ’
r =céx, t =it 0 = T u = T, T, = €7,

O-."L’il‘

BTy’

! - 2 / . ! -
Ty = C1&To, A\, = c1§Ay, ando,, =

where, ¢ = ,/(’\Jr—pz") is the speed of propagation of isothermal elastic wavesand £ =

PCE
=

By using above non-dimensional variables and parameters, Eqs. (6.3.10-6.3.12) are

transformed into the following forms:
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0\ 0%0 0 0 00 0%u

1 — = =14+ )X= — | = 6.3.13
( +T€8t> o2 ( T +Tqat) (875 +58x8t> ’ (6.3.13)

Pu 0*u 00
- -7 3.14
otz oz Oz’ (6:3.14)

ou
Oz = 5 ( )
where, € = pfz,fiz is the thermoelastic coupling constant. Here, the primes are dropped
1

for the convenience.

Initial and boundary conditions:

All the initial conditions are considered as homogeneous and the boundary conditions

are assumed as follows:

Ope(T, ) |p—0 = 0, u(z,t)|pece =0 fort >0
(@, 1)]=0 (2, 1)] | (6.3.16)
O(x,t)|pm0 = 00 (t), O(x,t)|p=00 =0 fort >0

where, 7(t) is Heaviside unit step function and 6, is a constant temperature. The

above initial and boundary conditions constitute the Danilovskaya’s problem.

6.3.4 Solution of the Problem in the Laplace Transform Domain

After applying the Laplace transform on time, ¢ to Egs. (6.3.13-6.3.15), the following

equations are obtained:

(nD* —m — \,;sD)f = e(mD + \,;sD?)u, (6.3.17)
(D? — s*)u = D@, (6.3.18)
Goz = D — 0, (6.3.19)
where,
d
D=—  n=(14ms), m=s(1+1s), (6.3.20)

dx
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and @(s), 0(s), and 7,,(s) represents the Laplace transform of u(t), 0(t), and o,.(t),

respectively with s as the Laplace Transform parameter.

Again, applying Laplace transform to boundary conditions (6.3.16) gives

Ora(X,8)|z=0 = 0, U(x,S)|r=00 =0,
(@5 e =0, ala5) 601

0(z,5)|om0 =2, 0(z,5)|s—00 = 0.

Now, solving the Egs. (6.3.17-6.3.18) gives decoupled equations in terms of @ and @ as

[nD* — (14 e)\;sD? — (ns* +m + me)D* + \,s° D + ms?](a,0) = 0. (6.3.22)
The corresponding auxiliary equation will be
nk* — (14 &)A\sk® — (ns® +m +me)k? + N’k +ms® = 0. 6.3.23)
q q

Since, all the variables are vanishing as x — oo, only the roots with negative real
parts of Eq.(6.3.23) are considered to avoid the positive powers of exponential while

expressing the solution of differential Eq. (6.3.22).

Therefore, the solution of Eqs. (6.3.17-6.3.19) is acquired using the boundary condition

(6.3.21) as
2] to 2 20Nk 2 2N~k
= — 1w —k 2z 6.3.24
9('7:7 S) S(k%—k%)[(s kl)e (3 2)6 ]7 ( )
0o K K
= = 2T 6.3.25
u(zx, s) S0 =) [k e ko e 1, ( )
~ s 0o —k —k
= 2T 1w 6.3.26
Uxi(xv S) (kf% _ k‘%)[ € ]7 ( )

where, —k; and —ky are the roots of Eq. (6.3.23) such that Re(k;) > 0(i = 1, 2).

Therefore, Eqs. (6.3.24-6.3.26) give the solution of physical fields in the Laplace trans-

form domain.
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6.3.5 Numerical Results and Discussion

In this subsection, the solution to the problem is found numerically. The aid of math-
ematical softwares, MATLAB and Mathematica is used to compute the roots of the
auxiliary Eq. (6.3.23). The Stehfest method (Stehfest (1970)) is used to compute the
Laplace inversion involved in the solutions obtained in previous subsection. The main
aim of this subsection is to analyze the newly developed model on the basis of pa-
rameters involved and also by comparing it to the corresponding results of previously
established generalized thermoelasticity models. The discussion is made by considering

the numerical data for copper material as following (Sherief et al. (2013)):

A=T7.76x10"" kg m's™?, 1 =3.86x10"" kg m's72, p=8954 kg m 3,

cp=3831 kg 'K ', 3 = 1.78 x 107°K ™}, K = 386 Wm 'K, Ty = 293 K.

The effects are analyzed at two non-dimensional time, one at ¢ = 0.1 and other at
t = 0.5. The dashed line in each figure represents the result for ¢ = 0.1 while the solid

line represents the result for ¢ = 0.5.

6.3.5.1 Effect of )\,

The effect of \; is analyzed by taking the five values : 0,0.012, 0.12, 1.2, and 12 and
by keeping 7, = 0.015 and 7y = 0.01 fixed. Here, the case of A, = 0 corresponds to DPL
model. Further, the case of A, = 0 and 7y = 0 corresponds to the LS model. Figs. (6.3.1-
6.3.3) show the distributions of non-dimensional temperature, stress and displacement
fields, respectively for different values of \;,. An attempt is made to analyze the effects
of non-local model by comparing the results for A\, # 0 with the corresponding results
for LS model and DPL model. The main effect that is observed is the change in domain
of influence. The domain of influence increases with increase in value of \,. However,

at a particular time, the nature of graphs remains the same for different values of A,
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i.e., behavior does not alter significantly with the change in value of \;. The graphs of
non-local model show minute variation with that of LS model and DPL model for small
values of A\, whereas for higher values of \;, a significant difference can be observed in
the results. Like, for A\; = 0.012, it is noticed that the results predicted by DPL and
LS models almost coincide with that of the non-local model but for higher values of
Mg, the significant variation in the predictions by non-local model and other generalized
thermoelastic models is observed. However, it is noticed that as the time increases the
effect of A\, diminishes in case of temperature. A similar effect is observed in case of
stress and displacement fields. Further, the increase in the domain of influence with
increase of time is observed for each field. It can be concluded from these observations
that the involvement of non-local length parameter, A\, have significant effects that

make the non-local thermoelastic model different from previous other models.

6.3.5.2 Effect of 7,

The effect of 7, on the behavior of physical fields is analyzed by taking the five values
of 7, as 0.0015, 0.015, 0.15, 1.5, and 15 and keeping A\, = 0.012 and 7y = 0.01 fixed.
Figs. (6.3.4-6.3.6) show the effect of 7, on non-dimensional temperature, stress, and
displacement, respectively. Effect on the domain of influence is significant. However,
the effect of this parameter is lesser than the effect due to the non-local parameter, \,.
The effect of time on domain of influence is clearly visible in this case too. The nature
of graphs of each field is same for the first two values, but it changes for higher values.
Further, for higher values of 7,, the negative values for temperature is reflected in the
graph. Such behavior in the temperature field is not observed for smaller values of 7,.
In case of displacement, unlike the effect of A,, the magnitude of displacement decreases

as the value of 7, increases for small values of x.
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Figure 6.3.2: Effect of non-local parameter, A, on stress distribution
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Figure 6.3.6: Effect of phase-lag, 7, on displacement distribution
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Figure 6.3.9: Effect of phase-lag, 7y on displacement distribution

6.3.5.3 Effect of 7

The values of 7y are considered as 0.001, 0.01, 0.1, 1. and 10 with A\, = 0.012 and 7, =
0.015. Figs. (6.3.7-6.3.9) show the effect of 7y on non-dimensional temperature, stress
and displacement, respectively. A prominent effect of 7y on each field is observed. The
effect increases with increase of time and it is more significant in temperature and stress
as compared to displacement. The domain of influence for each field is significantly

affected by 7y, and it is more visible at higher time.

6.3.6 Conclusion

The new non-local heat conduction model introduced by Tzou and Guo (2010) that
involves thermal lagging in the form of dual phase-lags, has given the insight of ther-
momass effect. Further, the inclusion of non-local factor, i.e., size effect enhances the
microscopic effects in heat transport process at a macroscopic level. However, the heat
conduction model in this theory has been formulated without actually using the concept

of thermomass. In this subchapter, an effort has been made to extend the concept of
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this new non-local heat conduction model to the generalized thermoelasticity theory.
The basic governing equations for the generalized thermoelasticity theory in the context
of this non-local heat conduction model have been formulated and a one-dimensional
problem has been investigated. The predictions of the new thermoelastic model have
been analyzed by specially paying attention to the effect of non-local length parameter,
Ag, which is the characteristic of this non-local heat conduction model. A significant
effect of this parameter is observed on the behavior of physical fields like, displacement,
temperature and stress. The results of the present context are further compared with
the corresponding results of the other existing models, like LS model and DPL model.
The variation of LS and DPL model from this non-local model increases with an in-
crease in value of \,. The effect of )\, is also observed to be prominent on the domain
of influence of the field variables. The impacts of phase-lag parameters, 7, and 7y, in
presence of \, are also investigated. It is observed that the effect of phase-lag, 7, is more
prominent as compared to the phase-lag, 7y. It is believed that the present investigation
will help in understanding the non-local effect of heat conduction in mutual interac-
tions due to thermomechanical loading in a medium. Further study in this direction

will result in developing better and more appropriate model of thermoelasticity.
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