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PREFACE

Thermoelasticity is a branch of science that deals with the interaction of the me-
chanical field with the thermal field and vice versa. In comparison to the theory of
elasticity, which has been developed in the early seventeenth century, the thermoelas-
ticity theory is relatively younger as it was introduced by Duhamel in 1837. With
the development in technology, especially in the field of aeronautics, nuclear science,
steam turbines, etc., where the rising temperature caused due to high speed has sig-
nificant effects on the mechanical nature of the material used, demands the thorough
knowledge of thermal stresses. Moreover, the advancement in thermal processes in-
volving ultrafast laser heating, where the study of transient behavior occurred at an
extremely short time is necessary, requires the understanding of the modified theory of
generalized thermoelasticity. The equation of motion, the compatibility equations, and
the constitutive laws are the fundamental laws on which the thermoelasticity theory
has been developed. With the progress in time, profound changes have been gradually
implemented on the conventional notion of theory. The first comprehensive documen-
tation on thermoelasticity theory has been given by Biot (1956), which comprises of
Fourier’s law as one of the constitutive laws. This theory is generally referred to as the
classical theory of thermoelasticity. Due to the presence of Fourier’s law, the classical
thermoelasticity theory contains a parabolic-hyperbolic combination of partial differen-

tial equations. This combination results in infinite speed of thermal wave propagation
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which is a physically unrealistic behavior. Although, Biot’s theory has been widely and
successfully applied to study the conventional thermoelastic problems that involve large
spatial dimension and when the focus is on long time behavior, but it yields unaccept-
able results in situations involving temperature near absolute zero, extreme thermal
gradients, high heat flux conduction and short time behavior, such as laser-material
interactions. Furthermore, due to the advancement of modern technology of material
processing by pulsed sources, this conventional theory has been shown to be inadequate
in modeling laser processing of materials and high frequency response of materials. In-
tense efforts are therefore put forth since last few decades to better understand the
limitations of Fourier’s law and conventional thermoelasticity theory. Various general-
ized thermoelasticity theories, which are apparently the alternative and better version

of the classical theory, have continuously been proposed by researchers over time.

The remodeling of the classical thermoelasticity theory is broadly carried out on
two bases. Firstly, by modifying Fourier’s law and the second one is by altering the
other constitutive laws, generally keeping the Fourier’s law intact. The generalized the-
ories given by Lord and Shulman (LS) (1967) and Green and Lindsay (GL) (1972) are
among the most investigated approaches. In the first theory, Fourier’s law is replaced
by the heat conduction law consisting of one time-lag, 7, concerning heat flux. How-
ever, the second model by Green and Lindsay (1972) alters the conventional theory by
incorporating the temperature-rate term in constitutive laws. Later, in the early 1990s,
Green and Naghdi (GN) (1991, 1992, 1993) have extended the idea of classical theory
by incorporating the new constitutive variable, v, called as thermal displacement. The
authors have divided the model into a set of three and have discussed the various as-
pects of the models. These theories developed by Green and Naghdi are subsequently
being called as theories of GN I, GN II, and GN III. Further, dual-phase-lag ther-
moelasticity theory (DPL) has been developed by Chandrasekharaiah (1998), which is

based on heat conduction law with two phase-lags, 7, and 7y, proposed by Tzou (1992).
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Eventually, Roychoudhuri (2007) applied the idea of Tzou (1992) to the GN III theory
to develop the three-phase-lag thermoelastic model (TPL) having additional time-lag,
7, with respect to the gradient of thermal displacement. Furthermore, to remove the
ill-posedness found in the phase-lag theories, Quintanilla (2011) has treated the TPL
heat conduction model differently and has presented a heat conduction model with a
single delay term. Based on this model, the author has further proposed thermoelas-
ticity theory and has tested the system’s stability in that respect. Recently, to remove
the discontinuity in the displacement field under the GL model, Yu et al. (2018) have
proposed a modified Green-Lindsay (MGL) thermoelastic model by fusing strain-rate
term along with temperature-rate term. Researchers have developed many other gen-
eralized thermoelasticity theories also by combining the concept of fractional calculus,

non-local phenomenon, micro-structures etc., which can be found out in the literature.

The subject of the present thesis is to investigate various aspects of some recently
developed thermoelastic models mathematically. The thesis mainly talks about three
generalized thermoelasticity theories, namely, Quintanilla’s theory, modified Green-
Lindsay theory (MGL), and dual-phase-lag thermoelasticity theory (DPL). Hence, it
is divided into three parts on this basis. The first part discusses Quintanilla’s model,
which includes Chapter 2 and Chapter 3, whereas the second part comprises of Chapter
4 and Chapter 5, which elaborates MGL thermoelasticity theory. Further, Chapter 6,
the last part of the thesis, analyses the dual-phase-lag thermoelastic model in different
scenarios. Therefore, this work arrangement aims to understand the nature of physical
fields when the conventional theory is altered using either modified heat conduction law

or other reformed constitutive relations.
The outline of the thesis is as follows:

Chapter 1 introduces the topic of the thesis. It discusses the brief history of the
development in the thermoelasticity theory followed by a detailed literature review.

Finally, it ends with the objective of the thesis.
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Chapter 2 comprises of two subchapters that deal with the Quintanilla’s ther-
moelastic model (2011). Subchapter 2.1 discusses the considered theory in terms
of mixed type boundary and initial value problem for a homogeneous and anisotropic
medium. Firstly, the uniqueness theorem is proved using a specific internal energy
function. Then, an alternative formulation of the problem using convolution is estab-
lished to prove the convolution type variational theorem. A reciprocal relation is also
established. In continuation, Subchapter 2.2 elaborates on the Galerkin-type repre-
sentation of the solution to the system of equations of motion for an isotropic elastic
homogeneous medium in presence of body force and heat source. Analogous working
is followed next to establish the Galerkin-type representation of the solution in case of
steady oscillation. Further, a general solution is established in terms of metaharmonic
functions for steady oscillation case in the absence of body force and external heat

source.

Chapter 3 aims to describe the reflection of thermoelastic waves under Quintanilla’s
theory for medium with variable material parameters. The mathematical model is ana-
lyzed along with other three thermoelastic theories, i.e., classical theory, LS theory, and
GN III theory, to highlight the nature of thermoelastic interactions under Quintanilla’s
model. The propagation of elastic longitudinal and transverse wave and the thermal
wave, is analyzed in case of incident longitudinal and incident transverse wave. The
amplitude ratio and phase velocity for various waves are obtained and are presented
graphically for various angles of incidence for the theories. The significant effect of
variable material parameters on wave characteristics and other important observations

are highlighted.

Chapter 4 starts the second part of the thesis, which addresses the modified Green-
Lindsay thermoelastic model in the context of the Galerkin-type representation of the
solution. Similar to Subchapter 2.1, Galerkin-type representation of the solution to the

equation of motion followed by representation for the case of steady oscillation is given.
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Following these theorems, a theorem is established which expresses the general solution
of the system of homogeneous equations of steady oscillation in terms of metaharmonic

functions.

Chapter 5 completes the discussion on MGL thermoelastic model by analyzing the
propagation of plane harmonic waves in an unbounded isotropic homogeneous elastic
medium. In order to investigate the effects of additional strain-rate term, the unified
governing equations related to three thermoelastic models, namely, the classical ther-
moelastic model, the GL model, and the MGL model, have been considered. The behav-
ior of different wave components for longitudinal waves is examined through graphical
representation to investigate the effects of temperature-rate and strain-rate terms on
the plane wave propagation. Significant differences in predictions by the new model as

compared to the classical and GL models are observed.

Chapter 6 is devoted to the last part of the thesis, which elaborates behavior of
physical fields under different scenarios in the context of dual-phase-lag (DPL) thermoe-
lasticity theory. It comprises of three subchapters to discuss three different problems in
the context of DPL model. Subchapter 6.1 discusses the thermoelastic interactions
in an isotropic homogeneous half-space caused due to stochastic conditions applied at
the boundary. One-dimensional problem with traction free boundary subjected to two
types of time-dependent thermal distributions is considered. The stochastic case so-
lution has been obtained by using the concept of the Wiener process and stochastic
simulation. Numerical analysis based on stochastic simulation is carried out for copper
material along different sample paths. Comparative analysis between the deterministic
and the stochastic distributions of field variables is presented. Special attention is paid
to highlight the effects of considering randomness added to the boundary conditions.
On the other hand, Subchapter 6.2 deals with the natural stress-heat-flux problem in
the context of dual-phase-lag thermoelasticity theory. The main aim of this subchapter

is to establish the domain of influence theorem for the considered problem. In this theo-
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rem, a bounded domain, D; is obtained such that outside this domain, no thermoelastic
disturbance can be observed due to the thermomechanical loading caused by heat-flux
and stress field applied at the boundary of the medium. The finite speed of propagation
is shown to be dependent on material parameters and phase-lags. Lastly, Subchapter
6.3 is concerned with the generalized thermoelasticity theory based on the recently in-
troduced non-local heat conduction model with dual-phase-lag effects by Tzou and Guo
(2010). The generalized governing equations for this thermoelasticity theory are formu-
lated, and a one-dimensional thermal shock half-space problem is considered. Special
attention is paid to investigate the effects of the non-local length parameter, A\, which is
the characteristic of this model. The results are further compared with the correspond-
ing results predicted by other existing models. The impacts of phase-lag parameters,
7, and 7y in presence of non-local parameter are also investigated in a detailed manner.

Chapter 7 incorporates the summary of the present work as well as scopes for

future work in the relevant areas.
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