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A. Appendix A

A.1 Proof of the Lemma 1.4

Proof. As the part (ii) is clearly followed from part (i), we provide the proof only
for the part (i).

Let A = [a,a] and B = [b, b].

Here we recall the representation (1.2) and
Ao,y B = [min{g—l_),a—g} ,max{g—l_),a—l_)}] )
Let A < B. Then, by Definition 1.4.2, we note that

A<B

= a+t(@a—a)=a(t) <blt)=b+t(b—>b) for all t € [0,1]

Conversely, let A ©,57 B < 0. Then, a —b <0 and a — b<0,ie,a<banda<b.
Depending on b < @ or a < b, we break the analysis into two cases.

e Case 1. Let b < a.

Then, a < b < a < b. We prove that a(t) < b(t) for all t € [0, 1].

On contrary, let there exists ¢y € [0, 1], such that a(ty) > b(to).

199
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Since a < b and a@ < b, therefore ¢y # 0 and ¢, # 1. Thus, = > 1.

L

Note that from a(ty) = a + to(a — a), we have

Similarly
b= L blte) - (%_1)1_).

As a(to) > b(to), % > 1 and a < b, we see that

This is contradictory to @ < b. Hence, for any ¢ € [0,1], a(t) < b(t). Thus, A < B.
e Case 2. Let a <b.

Since a(t) and b(t) are increasing functions, for any ¢ € [0, 1] we have
a(t) <a(l)=a <b=>5(0) <b(t).

Hence, A < B and the proof is complete. O

A.2 Proof of the Lemma 1.5

Proof. Let A = [0,a], B=[5,3], C = [e,d] and D = [d,d].
(i) Suppose the inequality B A4 A &, (A Sy B) is not true. Then,

B < AS,; (Ao, B). (A1)

Now, we have the following two cases.
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eCasel. Ifa—b<a@—b,then AS,y; B=[a—b,a— b and

Ao,y (Ao, B)=[bb] =B,

which is contradictory to (A.1).

eCase?2. Ifa—b < a—b, then Ao,y B = [a—b,a— b and we have the
following two possibilities:

If ASyn (A Sy B)=[a— (@—b),a— (a—1b)], by (A.1), we have

b<a—(a—b) = a—-b<a-—b

which contradicts to @ — b < a — b.

If AS,n (A S,y B)=[a— (a—1b),a— (a—"b), by (A.1), we get

b<a—(a—b) = a<a — a=a,

and we have A S,y (A ©,4 B) = B, which contradicts (A.1).
Hence, from Case 1 and Case 2, we obtain B £ A &, (A &,u B).

(i) Since

0<A — 0<gand0<a,

for any C € I(R), we have
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Therefore, we obtain

[—¢, —c] < [min{a — ¢,a — ¢} ,max {a — c,a — ¢}]

= (-1)©C < AgyyC.
Hence, for any B € I(R), we have

BAAO,;C = B£(-1)oC.

(iii) We have the following four possible cases.

eCasel. Leta—¢>a—candé—b>c—b. Then,@a—b>a—band

(AcuC)®(CoyyB)=[a—ca—d&c—bc—1

— (Ao C)a(CoyB)=[a—ba—0b=AcyB.
e Case 3. Leta—¢<a—cand¢—b>c—b. Therefore,

(AcynC)a (CogyB)=[a—c,a—@[c—bc—1b

1o

|
1o
1=

|
1o
+
ol

|
=

= (AouC)@(CopuB)=[a—c+
If possible, let

(A ©,1 C) ® (C 64 B) < A,y B. (A.2)
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— b, then from (A.2) we get

—
[ n
Q|

|
<
Y
IS

— b, then from (A.2), we have

(ol
IA
IS}

Further, if a —

@—c+c—ba—c+c—b <[a—ba—D

—c+e—b<a-b

IS}

—
—> ¢—b<c—b, which is an impossibility.

ol

Thus, (A.2) is not true.
e Case 4. Leta—¢>a—cand ¢—b < ¢c—b. Proceeding as in Case 3 of (iii)

we can prove that (A.2) is not true. Hence,

(A SF C) ©® (C S B) AA S B.

(iv) If A 40, then @ > 0. Since A < B, b > 0. Thus, B £ 0.

(v) According to the dominance of intervals, we have

Ac,;gB£0
— max{a — b,a— b} >0
—a—b>0o0r,a—b>0. (A.3)
Since C X B,

(A4)

I
IN
1o
o
=
o
al
IN
SH
IS
|
I
v
o
o
=
o
SH
|
ol
v
o
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From (A.3) and (A.4), we have

eithera—c>0ora—7¢> 0.

Therefore,

(vi) Since C < B, we have
gﬁ@andégl;
— g—c>a—banda—c>a—>b

!

[min{a — ¢,a — ¢}, max{a — ¢,a — ¢}
> [min{a — b, @ — b}, max{a — b, @ — b}]

A.3 Proof of the Lemma 1.6

Proof. Let A = [a,a], B =[bb], C=|c¢| and D = [d,d].

(i) If possible, let the inequality (i) be not true. Therefore, there exists a pair of

intervals A and B for which

1Al — Bl > 1A S Bl z.
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Then,

Al @) > [[A Son Bllyg) + [1Bll ;) = [I(A Sgn B) @ Bl| g

e [Alg > (A Syu B) & Bl (A5)
According to the definition of gH-difference, we have

either A ©,5y B = [a — b, @ — b] (A.6)

If (A.6) is true, then

(ACuB)®B=la—b+ba-b+b—[aa-A

ie., ||A||I(R) = |I(A Ogn B)® BHI(R)’

which contradicts (A.5).

If (A.7) is true, then

(A S B)@B=[a—b+ba—b+D. (A8)

We now consider the following two cases.

e Case 1. Let [|A|;) = |a-

Since a < @ and |a| > [@|, a must be nonpositive, i.e., a < 0.
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In view of the relations (A.5) and (A.8), we have
la|>max{|a—b+bl||a—-b+b[}
ie, |al>]a—b+0b] (A.9)
By (A.7), wehavea —b<a—b,or,a—b+b<a<0.
Therefore,
which contradicts the relation (A.9).
e Case 2. Let [|A]|;) = [al.
Then, @ > 0 and from (A.5) and (A.8) we obtain
[@|>max{|a—b+b|[a-b+D]}
Thus,
[a[>la—-b+b]. (A.10)
According to (A.7) we have @ — b < a — b, which implies 0 < @ <

a—b+b.
Therefore,

|@|<|a—b+0b],

which contradicts the relation (A.10).

Hence, (i) must be true for all A, B € I(R).



Proof of the Lemma 1.6 207

(ii) If possible, let the inequality (ii) be not true. Therefore, there exist three

intervals A, B and C = [¢, ¢] such that
HA OgH BH[(R) > H(A OgH C) © (C OgH B)HI(R)’ (A'll)

According to the definition of gH-difference of two intervals,

either Ao,y B=[a—ba—"b or Ac,yB=[a—0ba—D0. (A.12)

Similarly,

either Aoy C=la—ca—¢ or Ac,pC=[a—¢a—(

and

CeuB=[c—bc—b or CoypB=[c—-bc—1.

Then, one of the following holds true:

(a) (A Sy C)®(CeuuB)=la—ba—1D
b) (Ao C)@(CopmB)=la—c+e—ba—c+c—1
(c) (AouC)e(CoyuB)=[a—¢+c—ba—c+ec—b

(d) (AeyuC)ad (CoyyB)=[a—b,a—1

e Case 1. Let A©yy B =[a—b,a—b] and [[A Syy B| ;) = |a—0b|. Then,

a—b<0.

(a) If (Aeyn C)® (Coyu B)=[a—b,a— 10|, then
I(A Sgn C) & (C Sy B)g) = la — b = [|A Sgn Bllrw),

which is a contradiction to the inequality (A.11).
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which has came from the fact that A ©,5 C = [a —¢,a —¢| and

Couu B =[c—b,c—1b. Thus,
a—c<a—¢c¢ and ¢—b<c—h. (A.13)
From the inequality (A.11), we obtain

la—bl>la—c+c—bland [a—b| > [a—C+c—bl. (A.14)

Since a — b < 0, irrespective of (a — ¢+ ¢ — b) is nonnegative or

nonpositive, we get from the first inequality of (A.14) that
a—b=—la—bl<—-Ja—c+c—b<a—c+c—0

Hence, ¢ —b < @— b, which is a contradiction to the inequality
(A.13).

If (AS,#C)®(Co,gB) = [a—c+c—b,a—c+c—b], then pro-
ceeding similar to the Case 1(b), we arrive at the contradicting
inequality a — c < a — ¢.

If (A©,5 C)® (COyny B)=[a—b,a—1, then

I(A Sgir C) & (C Sy B) ||y = la — bl = [|A Sg Bll1w),

which is a contradiction to the inequality (A.11).

e Case 2. Let Ao,y B=[a—ba—b]and |[A S,y Bll;g = |a — b|. Then,

a —

b>0.
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(a)

If (Acyn C)® (Coyy B) =[a—0b,a—b], then
I(A ©grr C) & (C Syt B yz) = 1@ — | = | A ©gn Blliw),

which is a contradiction to the inequality (A.11).

If (AS,s C)®(COyyB) = [a—c+c—b,a—c+c—b], then pro-
ceeding similar to the Case 1(b), we arrive at the contradicting
inequality ¢ — b>c—b.

If (Ao, C)e (ComB)=[@a—-c+c—ba—c+e—b,
then then proceeding similar to the Case 1(b), we arrive at the
contradicting inequality @ — ¢ > a — c.

If (A OgH C) NP (C OyH B) = [5—5,@—(_)], the
(A ©gu C) @ (C Sgn B)ll gy = la — b = [|A Sgu Bl 1wy,

which is a contradiction to the inequality (A.11).

e Case 3. Let AS,y B=[a—b,a—Db] and |A S, Bl = la—b|.

All the four subcases for this case are similar to the Case 2.

e Case 4. Let AO,y B=[a—b,a—Db] and |A O, Bll;g = la—10.

All the four subcases for this case are similar to the Case 1.

We notice that in all the possible subcases of the above four possible cases we

arrive at a contradiction to the inequality (A.11). Therefore, for all A, B, C €

I(R)’

HAQQH BH](R) < (A Ogtt C)e(C Ot B)H](R)-

(i) As ||B ©gn All ) = max{[b— al, |b —al|}, we break the proof in two cases.
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e Case 1. If (L =) ||B Syn Al ;) = |b— af, then
b—a|>b—a = |b—a|>b—a = b<a+L (A15)
Since b — a < |b — a, then
b<a+L (A.16)
From (A.15) and (A.16), we have
B=<AalL Ll
e Case 2. If (L =) |BSyn Al = b —al, then
b—al<|p-a = b-a<|p—a = b<a+L. (A17)
Since b —a < |b —a,
b<a+L (A.18)
From (A.17) and (A.18), we obtain
B <A®|[L,L|, where L = |BSyu Alliw).
(iv) If possible, let there exist A, B, C and D in I(R) such that
(A ©gn B) ©g11 (C Sgn D)y > |A Sgn Clliry @ [|B Sgr D1y~ (A-19)
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According to the definition of gH-difference of two intervals,

either Ao,z B=[a—ba—0b] or A,y B=[a—ba—1, (A.20)

either Co,gD =[c—d,c—d] or Co,zD=1[c—d,c—d,

either Aoy C=[a—ca—¢ or AeyB=[a—¢a—c|, (A.21)

and

@]
2.
=
D
]
vy
)
s}
Sy
w
Il
>
|
=9
S
|
=Y
o
=
vy
)
Q
I
w
Il
S
|
al
IS~
|
=,

Then, one of the following holds true:

(a) (ASyuB)Oyn (CouD)=[a~b—c+d, a—b—c+d|
(b) (ASyrB) Sy (COuu D) =la~b-ct+d, a—b—c+d
(c) (AouB)ouu (CogD)=a—b—c¢+d, a—b—c+d
(d) (AouB)ou (CopD)=a—-b—c+d, a—b—c+d

I

() 1t [[(A Sg1r B) Sytr (C Sty D)l gy = la—b— ¢+ ], then from

e Case 1. Let (Ao,uB)o,n (CoOuD)=la—b—c+d, a—b—c+

equation (A.19), we have
la—b—c+d[>la—c+|b—d[>]a-b-c+d|

which is impossible.

(b) If [|(A Sy B) ©gir (C Sy D)l ;) = [@—b—c+d], then from

equation (A.19), we have

la—b—c+d >la—ve/+|b—d >la—b—c+d|,
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which is again impossible.

e Case 2. Let (Ao,uB)o,n (CopD)=[a—b—c+d, a—b—c+d.
For this case, two subcases are similar to the Case 1 will lead to

impossibilities.

a—b<a—bandc+d<c+d. (A.22)

(a) If (A ©yn B) ©4m (C Syn D)H[(R) - ‘5_5_24“_‘”» then a —

b—c+d > 0. From equation (A.19), we have
@—b—c+d >la—c+b—d = ¢+d>c+d,

which is contradictory to (A.22).

(b) It (A Syt B) Syst (C Syst D)l gy = la— b — &+ d, then a —

b—C+d < 0. From equation (A.19), we have
—(a=b=t+d) = la—b—t+d| > la—c|+[b—d| = c+d>ctd,

which is again contradictory to (A.22).

e Case 4. Let (Ao,zB)o,n (CopD)=[a—b—c+d, a—b—7c+d|.

All the two subcases for this case are similar to Case 3.

Hence, (A.19) is wrong, and thus the result follows.
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A.4 Proof of the Lemma 1.7

Proof. Let C = [c, €.

(i) If C > 0, then

c>0andec>0
= |z|c+ |ylc > |z + y|c and |z|c + |y|e > |z + y|c

= |z+yloC =2z Ca |y ©C.

(ii) If C < 0, then

c<0ande<0
= [z]c+ |y|c < |z + y|c and |z[¢ + |y|e < |z + ylc

= |z+yloCx=lz]oCa |y ©C.

(iii) If C £ 0, then

>0 = |zlc+|ylce>|r+ylc = |z +y|OCH# |z]©0Cd |yl © C.
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A.5 Proof of the Lemma 1.10
Proof. (i) If
F(x) A0 for all x € S, (A.23)

then due to linearity of F, we have

F(z)=(-1)0F(—xz) # 0forallz € S (A.24)

since F(—z) 4 0 by (A.23). From (A.23) and (A.24), it is clear that 0 and

F(x) are not comparable.

(ii) If F(z) 2 0 for all z € S, then due to linearity of F, we have F(z) = (—1) ®
F(—z) =0 forall z € S.
Hence, F(z) = 0.



B. Appendix B

B.1 Proof of the Lemma 2.7

Proof. First we show that
F(\(z1,29)) = A © F(xq,25) for all A € R.

e Case 1. Let A < 0. For this case, there are following four subcases.

(a) If x; < 0 and 25 < 0, then A\x; > 0 and Azy > 0. Therefore,

F(A(r1,22)) = (A1) ©[a,a] @ (M) © b5
= [Awia + Azob, Av1@ + Awob]
= A ([11@ + 22b, 10 + 12D)])
= AO ([11@, v1a] © [12b, 12D)])
= AO (210 [a,a) D xy® [b,b])

= A ® F(IL‘l,Ig).

(b) If 21 < 0 and x5 > 0, then Az; > 0 and Azs < 0. Thus,

F(A(z1,29)) = (A11) ©[a,a] ® (Azg) © [b, b]

= [Azia + Azob, A1 @ + Aob]

= AO([71@ + 22D, 710 + 720)])
= )0 ([11a, 210] & [2h, 25b))

= MO (1 0[a,a] ®zaO[b,b))
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= A0O F(Z’l,ﬂfg).

(c) If 21 > 0 and x5 < 0, then Az; < 0 and Azxy > 0. Therefore,

F(Xxy,22)) = (Ar1) ©[a,a] @ (Ar2) © [b, 0]
= [)\xlﬁ + ACL’QZ_), )\ZL’IQ + /\IQI;]
= /\@ ([ZL’1Q+ZE25,[E1E+ZL’QQ])

= A0 ([r1a, x1a] B [x2b, 22b])

= MO (r1©a,al ®xy 0 [b,b))

= A ® F(ZL‘l,ZEQ).

(d) If z; > 0 and 25 > 0, then A\x; <0 and Az, < 0. So,

F(A(z1,22)) = (Az1) © [a,a] & (Az2) © [b, b]
= [A\21T@ + Azob, Azia + Axob]
= AO ([z1a + 22b, 713 + 720))
= 2O ([11a, 1] @ [22b, 25D))

= A0 (r10[a,a] B xy®[b,0])

= A ® F(l’l,l‘g).

From all the subcases of Case 1, we have

F(A(z1,22)) = A© F(z1,22) for every A <O0. (B.1)

e Case 2. Let A > 0.
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(a) If z; > 0 and x5 > 0, then Ax; > 0 and Azy > 0. Therefore,

F(Az1,72)) = (Az1) ©[a,a] & (Ax2) @ [b, D]
= [Az1a+ Avab, Av1@ + Azab)

= MO ([z1a + z2b, 21a + 22D)])

= @O (I’l@ [Q,E] D2 © [l_)vb])

= A ® F(SL’l,"Eg).

(b) If 1 > 0 and x9 < 0, then Az; > 0 and Azs < 0. Hence,

F(AMz1,22)) = (Az1) © o, a] & (Azz) © [b, b]
= [)\xlg + )\ZL’QZ_), )\l’la + )\1’28_)]
= )\@ ([$1Q+$25, [Ela—i‘fﬂgl_)])

= MO (1 ©[a,a] ®zaO[b,b))

= A ® F(x1,$2).

(¢) If 21 < 0 and x5 > 0, then Az; < 0 and A\xs > 0. Thus,

F(Az1,29)) = (A11) ©[a,a] ® (Azg) © [b, b]

= [)\xla + Al‘g[_?, )\ZL’IQ + )\{L‘Ql_)]

= MO ([21a + 22b, 210 + 22b))

= Ao (r10[a,a] ®x®[b,0])

= A0 F(l’l,fg).
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(d) If z; < 0 and z9 < 0, then Az; < 0 and Azxy < 0. Therefore,

F(A(z1,22)) = (A\x1) ®[a,a] ® (Az2) @ [b, ]
= [A21@ + Azob, Aw1a 4+ Axob]

= AO ([21@ + 29D, 210 + 22D)])

= A\@® (l’l@ [Q,a] D2 © [va])

= A ® F(xl,a:Q).

Hence, from all the subcases of Case 2, we have

F(A(z1,22)) = A© F(x1,25) for every A > 0. (B.2)

Next, we show that

1. when z; and x5 have the same sign, and y; and y, have the same sign,

F((x1,91) + (22,92)) = F(21,91) ® F(z2,92),

2. when x; and x5 have different signs, and y; and y, have the same sign,

F((z1,11) + (z2,92)) and F(z1,y1) ® F(22,y2) are not comparable,

3. when x; and x5 have the same sign, and y; and y, have different signs,

F((z1,y1) + (22,92)) and F(z1,y1) ® F(z2,y2) are not comparable, and
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4. when x; and x5 have different signs, and y; and y, have different signs, then

F((x1,11) + (z2,92)) and F(z1,y1) ® F(za,y2) are not comparable.

e Case 1. Let x; and x5 have the same sign, and y; and y, have the same sign. A

straightforward calculation proves that

F((z1,91)+(22,92)) = (21+22)O[a, al®(y1+y2)O[b, b] = F(z1, y1)OF (29, y2).

e Case 2. Suppose that x1 and x5 have different signs, and y; and y, have the same

sign. Since y; and y, have the same sign, evidently,

(Y1 +42) O [0, 0] = 41 © [0, 0] B y2 © [b, b].

Thus, to prove that

F((z1,y1) + (72,y2)) and F(x1,y1) ® F(xs,y2) are not comparable

it is sufficient to prove that when z; and x5 have different signs,

(x1 4+ 22) ® [a,a] and z1 © [a, @] & x2[a, @] are not comparable.

(a) For z; > 0 and x5 < 0 with x; + 25 < 0, we have

(x1 + x2) © [a,@] = [(x1 + x2)T, (x1 + x2)d]

and

1 O [a,a] ® zala,al = [r1a,710] D [22a, 220
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= [v1a + 220, 71@ + T20].

If possible let (z1+x9)®[a, @] and x1 ®[a, a]PDx2[a, a) be comparable.
Then,

either (x; + x9)a > x1a + x9a and (77 + x2)a > 10 + 22a,

(B.3)

or (1 4+ z9)a < x1a+ woa and (21 + zo)a < x1G + x0a. (B.4)

If (x1 + x9)a > xya + x9a, then

T1a 4+ Toa > 1A + ToG
or, x1a > r1a
Oor, X1G -+ X2a > XT1a + T2a

or, A+ Tea > (11 + 72)a,

which is a contradiction to the second inequality of (B.3).

If (x1 + x2)a < xya + x9a, then

ria < xr1a
or, x1a -+ Toa < 10 + T2a

or, a+ waa < (r1 + 2)a,

which is a contradiction to the second inequality of (B.4).
Hence, none of (B.3) and (B.4) is true.

Thus, (x1 +x2) ® [a,a] and 21 ® [a, @] ® x2[a, @] are not comparable.
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(b) For x5 > 0 and z; < 0 with z; + x5 < 0, the proof is similar to the

Case 2a.

(c¢) For 21 < 0 and xo > 0 with x; + x5 > 0, we have

(z1+22) © [a,@] = [(21 + 72)a, (¥1 + 22)a]

and

11O [a,al ®xy®la,al = [ria,z10] ® [120 + 2240]

= [11@+ 220, 110 + 220

If possible let (z1+22)®[a, @] and x1®[a, @] Dxz[a, @] be comparable.
Then,

either (z1 + x3)a > x1a + waa and (x1 + x9)a > x1a + X900, ,

(B.5)

or (z1 + x9)a < x1a + x2a and (x1 + x9)a < x1a + x0a  (B.6)

If (x1 + x9)a > x1a + xoa, then

xria > 114
or, x1a -+ Taa > x1aG + Taa

or, xi1a+ xea > (1 + 19)a,
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which is a contradiction to the second inequality of (B.5).

If (x1 + x2)a < 1@ + x2a, then

ria < T1Q
or, i1a+ x9a < 10 + T20

or, ma+ woa < (r1 + 2)a,

which is a contradiction to the second inequality of (B.6).

(d) For zo < 0 and z; > 0 with x; + x5 > 0, the proof is similar to the

Case 2c.

e Case 3. Suppose that x; and x5 have the same sign and y; and s have different
signs. By interchanging the role of z; and x5 with y; and y,, we note

that this case is identical to the Case 2. Hence,

F((x1,11) + (z2,y2)) and F(z1,y1) ® F(za,y2) are not comparable

e Case 4. Suppose that x; and x, have different signs, and y; and 1y, have different
signs. For this case, only in the following two subcases, we prove that
F((x1,11) + (22,y2)) and F(zq,y1) ® F(x9,ys) are not comparable. The

same conclusion can be proved analogously for all other possible subcases.

(a) Let 2y > 0 and zo < 0 with 1 +x5 > 0, and y; < 0 and yo > 0 with

y1 + y2 < 0. Then, we have

(z1+22) © [a,@] © (11 + 1y2) © [b, ]

= [(x1 4+ x2)a+ (y1 + ?/2)1_77 (z1 4+ x2)a + (Y1 + y2)b]
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and

71 ®[a,@ @y ©[b,b] ©x9 @ [a,d] ®y2 © [b, 1]

= [z10 + 1] + 228 + Yob, 1@ + 110 + 20 + Yob).

If possible let (21 + 22) © [a,a] ® (y1 + y2) © [b,b] and 21 © [a,a] ®

y1 © [b,b] ® x9 © [a,a] B yo © [b, b] be comparable. Then,

( _ )
(x1+ xa)a+ (Y1 + y2)b < x1a + y1b + 220 + y2b

either

| and (21 + 22)@ + (41 + 42)b < 210 + 416 + w20 + Y2 |

(B.7)
, _ _ )
(:1:1 + LEQ)Q + (yl + yg)b > 14 + ylb + z9a + y2l_7

or

| and (21 +22)a + (y1 + 42)b > 1@ + y1b + w20 + yabd. |

(B.8)
If the first inequality of (B.7) holds, i.e., (z1 + 22)a + (y1 + y2)b <

210+ y1b + 9@ + yb, then

Toa + Yob < Yyob + 720

or, 1@+ aa + y1b + yab < (21 + 22)a + (y1 + y2)b,

which is a contradiction to the second inequality of (B.7).

If the second inequality of (B.8) holds, i.e., (z1 +x2)a+ (y1 +y2)b >

1@ + y1b + Toa + yob, then

To@ + Yob > Toa + Yab

or, x1a+y1b+ 9@ + yob > (11 + 22)a + (y1 + y2)b,
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which is a contradiction to the first inequality of (B.8).

Thus, neither (B.7) nor (B.8) is true, and hence (x1 + 22) ® [a,a] ®
(y1 +y2) © [b,0] and 1 © [a,a] © y1 © [0, 8] © 22 © [a, @] D y2 © [b, D]

are not comparable.

(b) Let x; > 0 and 25 < 0 with 21 + 2 < 0, and y; < 0 and y, > 0 with

y1 + y2 < 0. Then, we have

(z1+22) © @, @] ® (11 + y2) © [b, ]

= [(z1 +z2)a+ (y1 + y2)b, (21 + z2)a + (y1 + y2))

and

T Ola,a®y o [QJ_?] D20 a,al By © [1_77[_?]

= [w1a+ y1b + 229G + yob, 11T + y1b + T2a + 2b].

If possible let (z1 + z2) ® [a,@] & (v1 + y2) © [b,b] and z; © [a,a] B

y1 © [b,0] ® xo © [a,a] B yo © [b, b] be comparable. Then,

(21 + 22)@ + (y1 + Y2)b < 10 + Y10 + 79T + yab
either

and (.Tl + SCQ)Q + (y1 + y2>l_7 < x1a + yll_) + Toa + ygl_)
(B.9)
(1 4+ z2)a+ (y1 + y2)5 > 10+ y1b + 19 + yob
or
and (21 + 22)a + (Y1 + y2)b > 1@ + Y1b + z2a + yob.
(B.10)
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If the first inequality of (B.9) holds, i.e., (x1 + x2)a + (y1 + y2)b <

214 + Y1b + 22T + yob, then

213 + yYob < T1a + yob

or, xi1a+ y1b+ xea + ZJQB < (x1 4+ x2)a+ (v1 + y2)b,

which is a contradiction to the second inequality of (B.9).

If the second inequality of (B.10) holds,i.e., (z1 +x2)a+ (y1 +y=2)b >

1@ + y1b + Toa + y2b, then

210 + yob > 1@ + yob

or, 1@+ y1b+ 2@ + yob > (11 + x2)a + (y1 + Y2)b,

which is a contradiction to the first inequality of (B.10).

Thus, neither (B.9) nor (B.10) is true, and hence (z1 +x2) ® [a, @] B
(y1+y2) © [0, 0] and 1 © [a,a] © y1 © [0, 8] © 22 © [a, ] Dy © [b, D]

are not comparable.

From (B.1), (B.2) and four cases after (B.2), we see that F is a linear IVF. O






C. Appendix C

C.1 Proof of the Lemma 3.1
Proof. (i) Since

limsup (f(z) + g(z)) < limsup f(x) + limsup g(z) and

T—T T—T T—T

limsup (f(z) +g(z)) < limsup f(z) + limsup g(x),

T—T T—T T—T

then

[lim sup(f(z) + g(x)), limsup (7(35) + ?(95))]

T—T T—T

T—=T T—T T—=T T—T

< [lim sup f(r),lim Sup?(x)} D [lim sup g(), lim supg(:r;)] ,

which implies limsup (F(z) & G(z)) < limsup F(z) & lim sup G(z).

T—T T—T T—=T

(i) Since f and f are real-valued functions, for any A > 0, we have

limsup (Af(z)) = Aimsup f(z) and limsup (Af(z)) = Alimsup f(z). (C.1)

T—T T—T T—T T—T

Hence, for any A > 0,

limsup(A® F(z)) = [limsup (Af(z)), limsup (Af(z))

T—T T—T T—T

= A©limsup F(x) by (C.1).

T—T

227
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(iii) Let f be a real-valued function. Then, [limsup f(x)| < limsup |f(z)|. By the
T—T T—T
definition of norm on I(R),
lim sup F(z) = max{ limsup f(z)|, |limsup f(z) }
=T I(R) T—=T T—T
< limsup [[F(z)[|re)-
Tr—T

C.2 Proof of the Lemma 3.2

Proof. Since f and f are upper Clarke differentiable at z. Therefore, both of the
following limits

1 1
limsup —1;(A\) and limsup —la(A)
A—=0+ A—0+

exist, where I;(\) = f(z 4+ Ah) — f(z) and Ip(\) = f(z 4+ Ah) — f(z). Thus,

1 1
limsup — (I1(A) + I5(\)) and limsup X”l(/\) — ly(N\)] exist

T—T )\ T—T
X0+ X0+
1
— limsup (ll()\) 1A\ — () — lg()\)|> and
it
. 1 .
lim sup = (ll()\) (A + (N — lg()\)|> exist
it
1 1
= limsup X (min {l;()),l2(\)}) and limsup X (max {l;(A),l2(N)}) exist
A0 puri it
1
— lmsup1© [mm{zl(x),zgu)} ,max{zl(A),zg(A)}} exists
T—T
A—0+

1
= limsup X © (F(x + Ah) ©4u F(x)) exists.
X504t

Hence, F is upper gH-Clarke differentiable IVF at x € S. m
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C.3 Proof of the Lemma 3.3

Proof. (i) Let F be gH-continuous at © € S. Thus, for any d € R" such that

T+deS,

”}liurgo (F(z+d) ©4u F(7)) = 0,

which implies

lim (f(z+d) — f(z)) = 0and lim (f(z+d)— f(z)) =0,

lldl=0 = 1] —=0

ie., fand f are continuous at Z € S.

Conversely, let the functions f and £ be continuous at z € S. If possible, let
F be not gH-continuous at z. Then, as ||d|| — 0, (F(Z + d) ©,a F(z)) /4 0.
Therefore, as ||d|| — 0 at least one of the functions (f(z + d) — f(z)) and
(f(z 4 d) — f(z)) does not tend to 0. So it is clear that at least one of the

functions f and £ is not continuous at Z. This contradicts the assumption that

the functions f and £ both are continuous at Z. Hence, F is g H-continuous at Z.

Let F be gH-Lipschitz continuous on §. Thus, there exists K > 0 such that

for any x, y € X we have

IE@) Spr FW)l ) < Kl —yl

= |f(&) = f)| < Kllz = yll and [f(2) = f(y)| < K|z —yl|.

Hence, f and f are Lipschitz continuous on S.

Conversely, let the functions f and f be Lipschitz continuous on S. Thus,
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there exist Ky, K5 > 0 such that for all x, y € S,

|f(z) = f(y)] < Killz =yl and |f(z) = f(y)| < Kallz —y]]
— max{‘i(at) —i(@/)| ; ’7(17) —?(y)}} < Kljz —yl,
(where K = max{K,, Ks})

= [IF(2) ©gn F(y)ll ;) < Kllz —yl.
Hence, F is gH-Lipschitz continuous IVF on S.
(iii) Let F be gH-Lipschitz continuous on S. Then, there exists an K > 0 such
that for all z, y € S, we have
IF(y) Sgn F(2) ||y < Klly — |

Forh=y—z €S,

IF(z + h) Sgn F(2)| ) < KA

—  lim [|F(2 + h) Sgn F(2)|| ;) =0
[lA]|—0

— ”}}”%0 (F(z +h) ©4n F(z)) = 0.

Hence, F is gH-continuous at x € S.



D. Appendix D

D.1 Proof of the Lemma 4.1

Proof. Since [ and f are Hadamard semidifferentiable at Z, both of the following
limits

.1 1
)\li}(r)l—i— Xh()\’ h) and )\li{(gl-‘r XZQ()\’ h)
h—v h—v

exist, where l;(\, h) = f(z + Ah) — f() and lo(\, k) = f(z + Ah) — f(x). Thus,

.1 1 :
lim X (l1(A\, h) + I3(A, h)) and )\11}1(1)1+ X'll(A’ h) — l3(\, h)| exist

A—0+

h—v h—v
1
— %%1* 5(11@, h) + L\ R) — [ R) — (), h)|> and
I i(z(Ah)+l(Ah)+]l(Ah)—z(Ah)y) ist
)\hlgl‘i- 2)\ 1 ) 2\ 1 ) PARAY) €X1s
1, 1 _
— A}l})I(I)lJFX(mm{ll()\, h),la(A,h)}) and /\}I&X(max {li(A, h), la(A\ h)}) exist
—v -

|
—  lim - ® [min{zl(A,h),JQ(A,h)},max{zl(A,h),zg(A,h)}} exists
oA

.1 :
= A}l}f& X O (F(x + Ah) &4 F(x)) exists.
—v
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Hence, F is gH-Hadamard semidifferentiable IVF at x € S, and

Fe () (v)

1
= A;l}%l* 3@ (F(z 4+ Ah) ©4u F(2))
—v

1 .
_ A}I;%I—&-X © [mln{ll()\,h),lg()\,h)} ,max{ll()\,h),lg()\,h)}]
—v

. .1 .1 .1 o1
- [mm {AIE& Xll()\’ h), ,\IE& Xlz()\’ h)} ax {Alg&r Xll()\’ h), /\ll>r(gl+ XZQ(/\’ h)}]

h—v h—v h—v h—v

= [min {f (@), F@)0) } max{ £, (@)0), For (@) (0) }]

D.2 Proof of the Lemma 4.8

Proof. Let F be semiconvex on §. Then, there exists a monotonic increasing IVF

E:R; — I(R,) such that E(§) — 0 as 6 — 0+ and
F(Azy + Aowz) A O F(21) @ A2 © F(22) @ Moz — yl| © E (||lz — y]|)

for all z,y € S and A\, A2 € [0,1] with A} + Ay = 1.
Let E(0) = [e(d),€(d)]. Then, e and € are monotonic increasing real-valued function,

by Remark 2.4.1, such that

Sz + Aawe) < A f(z1) + Aaf (22) © Midal|z — ylle ([[z — y)

and

Ty + Aawz) < Mf(1) + Aaf(22) & Mdalle = yle (o — yll)
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for all z,y € S and A\, A2 € [0,1] with A\; + Ay = 1.

Hence, f and f are semiconvex on S. [
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