Chapter 4

Generalized Hukuhara Hadamard
Semidervative of Interval-valued
Functions and its Application in

Interval Optimization

4.1 Introduction

For the first initiation to nondifferentiable optimization, semidifferentials have been
preferred over subdifferentials that necessitate a good command of set-valued anal-
ysis. The emphasis will be on Hadamard semidifferentiable functions for which the
resulting semidifferential calculus retains all the nice features of the classical differen-
tial calculus, including the chain rule. Convex continuous and semiconvex functions
are Hadamard semidifferentiable, and an explicit expression of the semidifferential

of an extremum with respect to parameters can be obtained. So, it works well for
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most nondifferentiable optimization problems including semiconvex or semiconcave
problems. The Hadamard semidifferential calculus readily extends to functions de-
fined on differential manifolds and on groups that naturally occur in optimization

problems with respect to the shape or the geometry.

4.2 Motivation

From the literature on the analysis of IVF's, one can notice that the existing deriva-
tives are neither sufficient to retain the two most important features of classical
differential calculus—Continuity of functions and the chain rule, and nor sufficient
to characterize the optimal solutions of IOPs. Although some optimality conditions
are proposed for IOPs by using gH-directional and gH-Gateaux derivatives, these
derivatives are not sufficient to preserve the continuity of IVFs and chain rule for
the composition of IVFs. Even though gH-Fréchet derivative preserves linearity and
continuity but it does not hold the chain rule for the composition of IVFs whose
lower and upper functions are equal at each points (see the example for Proposition
3.5 [75]). However, Hadamard semiderivative preserves linearity and continuity as

well as the chain rule.

4.3 Contributions

In this chapter, we define g H-Hadamard semiderivative of [VFs and prove that if an
IVF is gH-Hadamard semidifferentiable, then IVF is g H-continuous. For a convex
gH-Lipschitz continuous IVF, we show that the g H-Hadamard derivative exists and

is equals to gH-directional derivative. Further, we prove that the composition of
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Hadamard semidifferentiable real-valued function and gH-Hadamard semidifferen-
tiable IVF is again a gH-Hadamard semidifferentiable IVF. Besides, with the help
of gH-hadamard semiderivative, we provide a necessary and sufficient condition for

characterizing the efficient solutions to IOPs by using better dominance relation.
Novel derivations of this chapter are as follows:
(i) For a gH-Lipschitz continuous and gH-differentiable IVF, it is proved that
gH-Hadamard semiderivative exists at every point of the domain.

(ii) It is shown that the composition of Hadamard semidifferentiable real-valued
function and gH-Hadamard semidifferentiable IVF is a g H-Hadamard semid-
ifferentiable IVF.

(iii) Extended Karush-Kuhn-Tucker condition for constraint IOP is derived.

4.4 Hadamard Semiderivative of Interval-valued

Function

In this section, extended concepts of the gH-directional derivative, namely gH-

Hadamard semiderivatives and some results to this derivative, for IVFs is given.

Definition 4.4.1 (¢H-Hadamard semiderivative of IVF). Let F be an IVF on a
nonempty subset S of X. Forz € § and v € X, if the limit

1 _ _

lim X © (F(z + Ah) 41 F(T))

A—0+
h—v
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exists finitely, then the limit value, denoted by F,(Z)(v), is called gH-Hadamard
semiderivative of F' at T in the direction v. If this limit exists for allv € X, then F

1s said to be gH-Hadamard semidifferentiable at .

Remark 4.4.1. The existence of limit as h — v and A — 0+ in Definition 4.4.1
is equivalent to using two sequences {h,} and {\,}, with A\, > 0V n, converging to
v and 0, respectively. That is, F(Z)(v) exists if for all sequences {\,} and {h,}
with A\, > 0 for all n, lim,,_,o A\, = 0 and lim,,_,o h,, = v, we have

1 _ _ _

lim " O (F(Z 4+ Mbhy) ©gu F(Z)) = F e (T)(v).

n—oo n

Example 4.1. In this example, we calculate the gH-Hadamard semiderivative of

the IVF F(x) = ||z|]| ® C, = € R". For any v € R" and & =0, we see that

. 1 3 B ) 1
lim £ (F(@ + Ah) €y F(z)) = lim ((X ® /\) o (||n] ® 0)) = |v|® C

h—v h—v

Lemma 4.1. If f and f are Hadamard semidifferentiable at & € S C X, then F is

gH-Hadamard semidifferentiable IVF at x € S and

For()(v) = [min {£ ,,(8)(0). For @) ) } max {£ . (2)(0). F o () )}

Proof. See Appendix D.1 O

Note 8. By definitions of gH-directional derivative (Definition 2.4.1) and gH -
Hadamard semiderivative (Definition 4.4.1), it is clear that if F,(Z)(h) exists,

then Fg(Z)(h) exists and it is equal to F,(Z)(h). However, the converse is not
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true. For instance, consider the IVF F : R? — I(R), which is defined by

F(z,y) = (W) © [5, 8 if (z,y) # (0,0)

0 otherwise.

For z = (0,0) and arbitrary h = (hy, hy) € R?,

1 ) 1 2GRS
Jm, 3 © (F(z 4+ M) Sen F(z) = lim 0 (((Ahg Rz 1 A8h§) o b, 8])

= 0.

Hence, F is gH-directional differentiable at T with Fg(Z)(h) = 0.
Let A\ = = and h, = (+,25), n € N. Then, for & = (0,0) we have

n’ n3

lim )\i ® (F(Z + Mhy) ©45 F(Z)) = lim n° © [5,8]. (4.1)

n—o0 n n—oo

Hence, F(7)(0) does not ezist.

Remark 4.4.2. For an IVF F if F . (Z)(0) exists, Fy(z)(0) exists and Fy(Z)(0) =
Fjp(7)(0) = 0.

Theorem 4.2. Let § be a nonempty subset of X and F is an IVF on S. If F is

gH-Hadamard semidifferentiable at * € S in every direction v € X, then the IVF
F,p(z): X — I(R) is gH -continuous and for all 6 > 0,

F0 (Z)(0v) =6 © Fupe(z)(v) for allv € X.
Proof. For an arbitrary v € X and § > 0, we have

.1 _ _ . _ _
A}llg& O (B@+\h) 8, F(@)) = 30 (A;r& L& (F(Z + Aoh) Sy F(2)))
—v —v

= JOF(7)(v).
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Since F - (Z)(v), for all € > 0 there exists 6 > 0 such that for all A € (0,9) and

he X,

< € whenever ||h —v|| <.

H% ®© (F(f + )\h) OgH F(f)) OgH Fj;ﬂ/(i’)(v) .

As A — 0+, Fy(Z)(h) exists. Therefore, for all h € X with ||h — v|| < § we have

lim = © (F(& + Ah) Ogn F(2)) Sy Fopr(2)(0)

< €
A—=0+ A

I(R)
— [Fo(@)(h) Ogr For ()(0)]] ) < €. (4.2)

Since F4(Z)(h) = F(Z)(h), from (4.2), F () is gH-continuous IVF at every

v EX. O

The next theorem gives a necessary condition for the existence of gH-Hadamard

semiderivative of IVFs.

Theorem 4.3. Let S be a nonempty subset of X and Fis an IVF on S. If F,(Z)(0)
exists at T € S, then F is gH-continuous at . In addition, for any o € (0,1) and

e > 0, there exists 0 > 0 such that

1 F(y) Sor F(T)|| ;)
ly — xf|”

< e for all y € Bs(T).

Proof. As F»(z)(0) exists, F4(Z)(0) exists and Fy(7)(0) = F,»(2)(0) = 0. For

y # %, denoting

Yy—2I
ly — ="

— | y_'f T e
A=|ly—z|*and h= ———— = [ly — z||"
|y — Z|
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we obtain

IF ) S0 F@lliy |1 )
e = 5o @+ k) 2y Flo)

I(R)

Also, y — 7 implies A — 0+ and h — 0. Therefore,

1
A

. |F(y) Sgn F@)H[(R) :
lim — = lim
P R

O (F(z + Ah) 640 F(2))

= [[F2(2)(0)]| ;@) = 0.
I(R)

Therefore, for all € > 0, there exists 6 > 0 such that for all y € B;(z),

IF (y) Sgm F(2)| 1
IR H— ® (F(z + Ah) S, F(2)) S 0| <.
|y — z| A I(R)
This also yields g H-continuity of F at Z. O]

The next theorem gives sufficient condition for the existence of g H-Hadamard semideriva-

tive of IVFs.

Theorem 4.4. Let S be a nonempty subset of X and F is a gH -Lipschitz continuous
IVF at & € §. If Fy(z)(v) exists, then F,(Z)(v) exists and equals to Fy(z)(v),
and

| Fse(2)(v) ©grt Forr(Z) (W) gy = lv — wl| for all v,w € X.

Proof. Since F is gH-Lipschitz continuous at z, f and f are Lipschitz continuous
at @ by Lemma 1.8. As F(2)(v) exists, f_(z)(v) and fo(%)(v) exist. Also, from

Theorem 3.5 of [23], f and f are Hadamard semidifferentiable at 7 and

f (@) ()= [, (T)(v) and F (@) (W) = fy(T)(v) forallv € X. (4.3)
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From (4.3) and Lemma 4.1, F »(Z)(v) exists and

Fo(7)(v) =

Similarly, F 4 (Z)(w) exists and equals to F4(Z)(w).
Let y =2+ Av and z = Z + Aw with A > 0 such that y, 2z € X. Then, from (iv) of

Lemma 1.6 and gH-Lipschitz continuity of F at z, we have

|(F(y) ©gn F(Z)) Ogu (F(2) Sgn F@))H[(R) < |F(y) Sgn F(Z)HI(R)

or. 1 © (I (B(y) Sy F(®) Syr (F) St F(@))l sy ) < llo — ] for all v,w e ¥

A
or, [|[Fo(z)(v) ©gn Fo(Z)(w)|| gy < llv — wl| for all v,w € X

or, |[Fue(2)(v) Sgrr For (2) (W) ;) < [lv — w| for all v,w € X.

]

Theorem 4.5. Let S be a nonempty convex subset of X and the function F:S —
I(R) has gH-Hadamard semiderivative at every & € S. If the function F is convex
on S, then

F(v) ogy F(z) A Fy(z)(v — ) for allv e S.

Proof. Since F is convex on S, for any z, h € S and A\, X' € (0,1] with A+ X =1,
we have

FZ+Ah—2)=FAMh+XNz) 2 AXOF(h) &N o F(z).
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Consequently,

Fz+Ah—2)6uF@) = AOFh)®NoF(z)) ouF(T)
= [min{Af(h) = Af(2), Af(h) = AF(2)},
max{\f(h) = A\f(z),\f(h) — Af(2)}]
= MO (F(h)oyu F(2)),

which implies

5O (F(@ + Alh — 7)) Sy F(2)) < F(h) Sy F(7).

From Theorem 4.3, F is gH-continuous. Thus, as A — 0+ and h — v, we obtain
F(z)(v—2) X F(v)o,u F(z) foralves. (4.4)
If possible, let
F(v') 640 F(Z') < F e (T') (v — ') for some v' € X.

Then,

F(v") ©gu F(Z') < Fop (') (v — T'),

which contradicts (5.3). Hence,

F(U) @gH F(i‘) 74 Ff/(i'>(v — Zf') for all v € S.
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Note 9. Conwverse of Theorem 4.5 is not true. For example, let us consider the [VF

F:R — I(R) that is defined by
F(z) = 2> © [~4,6] = [~427, 627).
At x =0 € R, for arbitrary h € R, we have

F (Z)(v) = }L%L % O (F(z + A\h) ©gn F(z)) = 0.
h—v

Hence, F(v) S,y F(Z) A Fy(Z)(v—1Z) for allv € R.

Howewver, f is not convexr on R. Thus, from Lemma 1.8, F is not conver on R.

Theorem 4.6. Let § be a nonempty convex subset of X and the function F :
S — I(R) be a conver gH-continuous IVF on S. Then, F is a gH-Hadamard
semidifferentiable IVF.

Proof. Since F is convex on S, for any z, h € S and A\, X' € (0,1] with A+ X =1,
we have

FZ+AMh—2)=FAMh+XNz) 2 AXOF(h) & XN o F(z).

Consequently,

F(z+Ah—17)ouFI) = AOF(h)eXNoF (7))o, F ()
= [min{Af(h) = Af(2),\f(h) = Af(2)},
max{\f(h) — Af(Z), \f(h) — Af(Z)}]

= \O (F(h) &,u F(2)),
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which implies

~ O (F(@+ MNh—17)) o4u F(z)) <F(h) O,u F(z).

By Lemma 2.2,

F(z) Ogn F(h) =

>

Due to gH-continuity of F, we obtain

F(z) 64u F(v) < Ali%l+ % © (F(z 4+ Ah) ©,u F(2)) X F(v) 64u F(Z).

This implies that F is gH-Hadamard semidifferentiable at z.

© (F(z + A(h — 1)) ©gn F(2)) 2 F(h) ©gn F(2).

O

Note 10. The result of Theorem 4.6 is not true for convexr IVFs which are not gH -

continuous. For instance, let us consider the IVF F : [0,2] — I(R) that is defined

by
)
2, §] if x =0,
Fir)=J(1-%)o[l,2 ifo<z<2,
[1,4] if x = 2.
\
Then,
( (
2 if v =0, 8 if x =0,

f@)=4(1-2) ifo<w<2 andflz)=q2(1-2) ifo<z<2,

1 if v = 2. 4 if x = 2.

Hence, F is conver as f and f are convez on 0,2] by Lemma 1.8. Also, F is not

gH -continuous as [ and f are not continuous on [0, 2].
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Atz =0,v=1and 0 < A <2, we have

;Q(F@+M) Oen F(2)) = %@ ((1 — g) ©[1,2] ©gn [2,8}) .

This implies that Fo(z)(v) does not exist. Hence, F 4 (ZT)(v) does not exists by Note
8.

Definition 4.4.2 (Semiconvex IVF). Let S be a convex subset of R™, then the IVF
F:S — I(R) is called semiconvex on S if there exists a monotonic increasing IVF

E:R, — I(R,) such that E(0) — 0 as 6 — 0+ and
F(\zy + Mowg) 2 A O F(z1) © A © F(22) © Moz —yl| © E(||z — yl|)

for all x,y € S and A\, Xg € [0, 1] with A\; + Ay = 1.

Lemma 4.7. If F: R" € I(R) is semiconvex on a convex subset S of R", then there

exists compact interval A > 0 such that G(x) = F(z) @ ||z]|* ® A is convex on S.
Proof. Let A1, As > 0 such that A\; + Ay = 1. Then, for arbitrary A > 0, we have

G()\1$ —+ )\gy)
= FOuz +2y) @ [z + )P © A

S MOF@) el oF(@y) e |z -yl 0E(lz —yl) & Mz + ) |* © A.
(4.5)
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Let ||z — y|| = 0 and E(§) = § ® A. Then, E is a monotonic increasing IVF and

E(6) — 0 as § — 0+. Also, due arbitrariness of A, (4.5) implies

M OF(@) & X o F(y) & Mllz -yl 0 E(llz —yl)) @ [z + Ap)|* © A
— M OF@) @ MOFW) @ Mz —yP0 A Mz + AP © A
= MOFz) @ MoFw) e Mz 0Ad |y’ oA
=00 (F@) @ [z*) © 2o (F) @ [|z]?)

=M OG(x) D D G(y). (4.6)
From (4.5) and (4.6), we have
G(M7 + Ay) 2\ © G(2) D X2 @ G(y).

Hence, G is a convex IVF on S. O]
Lemma 4.8. Let F: S — I(R) be an IVF and F is semiconver on S. Then, f and
? are also semiconver on S.

Proof. See Appendix D.2 O

Theorem 4.9. Let § be a nonempty convex subset of X and the function F :
S — I(R) be a semiconvex gH -continuous IVF on S. Then, F is a gH-Hadamard
semidifferentiable IVF on S.

Proof. Since F is semiconvex, then there exists compact interval A = [a,a] > 0 such

that the IVF G(z) = F(z) & ||z||* ® A is convex on S, by Lemma 4.7.
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Also,

g(x) = f(z) + ngH2 and g(z) = f(x) +5Hw\|2

= g(x) — all|* = f(2) and g(x) —alz||* = f(2).

Since g, g, and ||| are convex and continuous on S, f and f are Hadamard
semidifferentiable on § by Theorem 4.6. Consequently, F is a g H-Hadamard semid-
ifferentiable IVF on & by Lemma 4.1. m

Theorem 4.10. Let S be a nonempty convex subset of R™ with int (S) # 0 and the

function F: S — I(R) be a semiconvex on S. Then,

(i) F has gH-directional derivative at each T € int (S) and for all direction v € R™.

(ii) For each T € int (S), there exists § > 0 such that F is gH -Lipschitz continuous
in B(z,9).

(i1i) For allv € R™, F,p(Z)(v) exists, and
| Foe(2)(v) ©gri Fopr(Z) (W) || gy = lv — | for all v,w € X.

Proof. (i) Since F is a semiconvex IVF on &, f and f are semiconvex on S by
Lemma 4.8. Also, from Theorem 5.11 of [23], f and f has directional derivative at
z € int (S) for all v € R". Consequently, F has gH-directional derivative at = €

int (S) for all direction v € R™.

(ii) Since f and f are semiconvex on S, then for each Z € int (S), there exists § > 0
such that f and f are Lipschitz continuous in B(z, ) by Theorem 5.11 of [23], and

from Lemma 1.8, F is also gH-Lipschitz continuous in B(Z, ).
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(iii) Due to gH-directional differentiability of F, F (Z)(v) exists by Theorem 4.4

and

[E e (2)(v) Sgrr Foer (T) (W) 1y = [l — w]] for all v, w € R™.
[

Theorem 4.11. Let F : R" — I(R) be an IVF and & € R™. Then, for a given

direction v € R", the following conditions are equivalent:

(i) F is gH-Hadamard semidifferentiable at z;

(ii) there exists an IVF G(Z)(v) such that for any path f: Ry — R™ with f(0) =&
for which f(0)(1) exists, we have

(Fo [)2(0)(1) = G(z)(v), where v= f7(0)(1).

Proof. (1) = (ii). Let {\,} be a sequence of positive real numbers with A, — 0+

and h, = 5= (f(An) — £(0)) for all n € N. Since f5(0)(1) exists,
i o = T 5 © (F0) = S(0) = F(0)(1) = (4.7

If F is gH-Hadamard semidifferentiable at z, then

lim — © (F(Z + Ahn) St F(2)) = Fopr(2)(0)

n—00 )\n
or, lm - © (F(FOw) S F(F(0))) = For(2)(0)
( since f(0) =z and h,, = )\in (f(An) = f(O)))
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Hence, F has g H-directional derivative at  and (Fo f)4(0)(1) = F(Z)(v). Taking

G(Z)(v) = F () (v), we get the desired result.

(i) = (i). If possible, let F be not gH-Hadamard semidifferentiable at z. Then,

there exist two sequences h,, — v and A,, — 0+ such that

1
lim " © (F(z + Ahy) ©gu F(z)) does not exist. (4.8)

n—oo n

Since h,, — v and A\, — 0+, for every ¢ > 0 there exists a natural number N and

real number a such that
el < @, ||hn, —v|| <€, and A\, < €/a for all n > N. (4.9)

By using the sequences {h,} and {\,}, we construct a function f : Ry — R" as

follows: )

z itA=0

T =Sz +Ah, if XA, <A< A\pq,n>2

T4+ A A > AL
\

The function f yields h(0) =z and f%(0)(1) = v (for details, see p. 92 of [23]). By
hypothesis, (F o f)4(0)(1) exists and equals to G(Z)(v), where v = f5(0)(1). From

the construction of f,

lim — © ((F o )(A) Sor (F o £)(0)) = G(z)(v)
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which is a contradiction to (4.8). Therefore, F is gH-Hadamard semidifferentiable

at Z.
O

Theorem 4.12 (Chain rule). Let G : R™ — R" and F : R" — I(R) be two

functions. Assume that for a point * € R™ and a direction v € R™,

(a) Gg(x)(v) exists for any v in R™,

(b) Fup(y)(k) exists, where y = G(Z) and k = G4(Z)(v).

Then,

(i) (FoG)g(z)(v) exists and

(FoG)g(z)(v) = For(y)(k), wherey = G(T),k = Go(T)(v);

(il) if G (T)(v) exists, then (Fo G) i (x)(v) exists and

(Fo G (2)(v) = Frrr(5)(R), where § = G(z), k= G (2)(v).

Proof. (i) For A > 0, define

(G(T + M) — G(T)).
(4.10)

> =

Q) =<~ 0 (F(G(z+ M)) oyu F(G(7))) and O(N\) =

Q) = 5 © (F(G(T) + M) Sy F(G())). (a.11)
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Since O(A\) — G4(Z)(v) as A — 0+, from (4.10), (4.11) and the hypothesis (b), we
have

Jim £ © (F(G(E + \0)) Syt F(G()) = Forr (5) (8

or, Jim +© ((F o G)(z + Av) S (F o G) (7)) = Fors (5) (8

or, (F o G)g(2)(v) = Fr(y)(F).

(ii) For A > 0 and h € R™, define

QA h) = % © (F(G(Z 4+ Ah)) o0 F(G(z))) and (A, h) = % (G(Z + A\h) — G(2)) .
(4.12)

Then
QN h) = % © (F(G(z) + A2(\, h)) e, F(G(2))) . (4.13)

Since ®(A\, h) = G (Z)(v) as A = +0 and h — v, from (4.12), (4.13), and the

hypothesis (b), we have

lim < @ (F(G(z + M) Sy F(G(2))) = Forr(5) (k)

or, Jim 1 & ((F 0 G)(@ + Ah) S (F 0 G)(@))) = Fe(3) F)

or, (F o) G)(yf/ (f)(v) = Fyf/ (g)(k)

]

Remark 4.4.3. The weaker assumption—the ezistence of G4(z)(v) and Fg(y)(k)
with y = G(z),k = G4(Z)(v)—is not sufficient to prove Theorem 4.12. For the
proof of this theorem we require a stronger assumption (b) of Theorem 4.12. This

18 illustrated by the following example that the composition Fo G, of a gH-Gateauz
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differentiable IVF F and o Gateaux differentiable vector-valued function G, is not
necessarily gH-Gateaux differentiable and even not gH -directionally differentiable

in any direction v # 0.

Example 4.2. Consider the function F:R? — I(R), which is defined by

F(z,y) = (%> ©[2, 6] if (x,y) # (0,0)

0 otherwise,

and G : R — R? is defined by
G(z) = (z,2%).

It is clear that G is Gateaux differentiable function at T = 0 in every direction. Note
that y = G(z) = (0,0) and for any h € R, we have

R N 2GRS
Jm 3 © (5 +Ah) Sgn F(y)) = lim ~© ((()\hg ORIz 1 A8h§) o> 6]) -0

Then, due to linearity and gH -continuity of the limit value, F is also gH-Gateauz

differentiable IVF at y = G(T).

The composition of F and G s

%) ©[2, 6] if (z,y) # (0,0)
H(z) = (FoG)(zx) = ( ) /

0 otherwise.

Since for h # 0, the limit

.1 _ U
)\li)lgﬁi’ 3 (H(Z + Ah) Sgn H(7)) = ,\15& »n© 12,6]

does not ezxist, H= Fo G is not gH-directionally differentiable IVF at G(z) =0 in

any direction h # 0.
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Theorem 4.13. Let I be a finite set of indices and F; : X — I(R) be family of
IVFs such that F;

Tyt

(Z)(h) exists and for all x € X, F(x) = max F;(z). Then,

il

F. (Z)(h) = ir&ag) F; ., (z)(h), where A(z) = {i: Fi(z) = F(z)}.

Proof. Let x € X, and d € X be such that z + Ad € X for all A > 0. Then,

F,(z+Xd) X F(z+Xd) foralliel
or, F;(z+ A\d) ©,u F(Z) <X F(z+ Xd)o,n F(Z) foralli e I
or, Fi(z + M) 6,5 Fi(Z) < F(T+ \d) 6,1 F(z) for each i € A(Z)

1 1

A0+ C A0
d—h d=h

Fi AZ h) < F,, (Z)(h). 4.14

or, 2‘2}4%) Lo (@)(h) = Fope(z)(h) (4.14)

To prove the reverse inequality, we claim that there exists a neighbourhood N (Z)
such that A(z) C A(Z) for all z € N (Z). Assume contrarily that there exists a
sequence {xy} in X with zy — 7 such that A(xy) ¢ A(Z). We can choose i, € A(xzy)
but i, ¢ A(Z). Since A(xy) is closed, i, — i € A(xy). By gH-continuity of F we
have

Fi(z) = F(z) = Fi(z) = F(2),
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which is a contradiction to i, ¢ A(Z). Thus, A(x) C A(Z) for all z € N (Z).

Let us choose a sequence {\;}, Ay — 0+ such T + \yd € N(Z) for all d € X'. Then,

F,(z) < F(z) foralliel
or, F(Z + M\d) ©,u F(Z) X F(T + M\id) Sy Fi(z) for all i € A(T)
or, F(Z + M\d) ©,0 F(Z) X Fi(T + M\d) O, Fi(z) for all i € A(x + \pd)

1 1
or, lim = O F@+Md)eyuF(z) <X lim — © (Fi(Z + M\d) ©yu Fi(Z))

RO paose
or, Fz(z)(h) < ir&a&;) Fi, (7)(h). (4.15)

From (4.14) and (4.15), we obtain

F,»(Z)(h) = max F;

icA(m) '

(z)(h)-

4.5 Characterization of Efficient Solutions

In this section, we present the characterization of efficient solutions for IOPs based

on the properties of g H-Hadamard semidifferentiable IVFs.

Theorem 4.14 (Necessary condition for efficient points). Let S be a nonempty
subset of X, F: S — I(R) be an IVF, and & € S be an efficient point of the IOP
(1.5). If the function F has a gH-Hadamard semiderivative at T in the direction

(v—2x) for any x € S, then

Fp(z)(v—12x) £ 0 forallv e S. (4.16)
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Proof. Let ¥ € S be an efficient point of the IVF F. For any point x € X, the

gH-Hadamard semiderivative of F at T in the direction (v — &) is given by

F o (7) (v — 7) = Ali}r&% © (F(z + Mh — 7)) 8,1 F(2)). (4.17)

Since the point Z is an efficient point of the function F, for any h € X and A > 0

with Z + A(h — Z) € S, we get

F(z + Xh—17)) AF(z)

or, F(z+ Ah—2)) c,u F(z) £0.
This implies that
max { f(Z + Mh — 2) — f(2), f(Z+ A(h—Z) — f(z)} > 0.
Since A > 0, we obtain

lim %max [F@+Mh—7) — f(2), F@ + Ah—7) — F@)} >0

A—0+ -

or, max { i@@)(v)j@(f)@)} >0, (4.18)
By Lemma 4.1,

Foe(@)(v) = [min{f . (@)0), T (@) @) } max { £, @)@). T @) (0)}] (419)
From (4.17), (4.18) and (4.19), we have

Fo(Z)(v—2) £0foralvesS.
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]

Note 11. One may think that in Theorem /.14, instead of using the “not better
strict dominance” relation of compact intervals (Definition 1.4.3), we may use “not
strict dominance” relation of compact intervals (Definition 1.4.2). However, this

assumption is not sufficient. For instance, consider X = R, § = [-1,7], and the

IVF F:S — I(R) that is defined by
F(z) = [2° — 42 + 4,2° + 5].
For any ©,h € § such that © + A\h € S, we have the following for any v € X:

.1
A}I& X O (F(x + A\h) &y F(z)) =200 [z — 2,z].
—v

Hence, Fy (Z)(v) =20 ©® [T —2,Z]. Note that T = 0 is an efficient point of the IOP
(1.5) because
F(y) £ F(z) for ally € S.

However, F(Z)(v) < 0 for all v > 0.

Theorem 4.15 (Sufficient condition for efficient points). Let S be a nonempty con-
ver subset of X and F : & — I(R) be a convex IVF. If the function F has a

gH-Hadamard semderivative at T € S in the direction (v — x) with
Fyp(Z)(v—2) £ 0 for allv e X, (4.20)

then T is an efficient point of the IOP (1.5).
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Proof. Suppose at T € S, for each direction (v — Z), we have
Fo(Z)(v—2) A0 foralveX.

If possible, let = be not an efficient point of F. Then, there exists at least one y € S

such that F(y) < F(z). Therefore, for any A € (0, 1], we have

AOF(y) < A0 F(@)
o, \OFy) N OF(z) < A\OF@) @& XN 0 F(z), where ' =1— )\

o, \OF(y) @ N oF(I) <A+ \N)oF(z) =F(z).
Due to the convexity of F on S, we have

Fz+Xy—12)=F\y+XNz) = A0F(@y) e XN oF(x) < F(z)
or, F(Z + ANy — 7)) ©,u F(Z) <0

1

] — T — T T)) <

or, i, 5 (P(& + Xy~ 7)) O F(@)) 0
Yy—v

or, F . (z)(v—z) <0. (4.21)
From (4.21), we have the following two possibilities.

(a) If Fp(z)(v— ) = 0, then Fy(Z)(v — Z) = 0. By Lemma 4.1 and Theorem 4.4

we have

f,(&)(v—12)=0and fo(@)(v—17)=0. (4.22)

Due to Lemma 1.8, f and f are convex on S. From (4.22), we observe that 7 is
a minimum point of f and f. Consequently, 7 is an efficient point of F. This is

contradictory to the assumption that Z is not efficient point of F.
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(b) If F e (Z)(v—2) < 0, then this contradicts the assumption that F . (z)(v—2) A

OforallveX.

Hence, 7 is the efficient point of the IOP (1.5). O

Note 12. Converse of Theorem 4.15 is not true. For example, consider X = R,

S =1[-1,2|, and the IVF F: S — I(R) that is defined by
F(z) = [42® — 4z + 1,22° + 75].

Since [ and f are convex and Lipschitz continuous on S, F is conver and gH-
Lipschitz continuous IVF on S by Lemma 1.8 and Lemma 3.3. Also, from Theorem
4.4, F has gH-Hadamard semiderivative at & = 0 € S in every direction v € X.
Since

.1 _ _
AIE& " O (F(z 4+ A\h) 6, F(7))

h—v
1

= Jim +© ([4(AR)* — 4(AR) + 1,2(Ah)* 4+ T5] ©gn [1,75])
h—v

= vO[—4,0],

Fyp(2)(v) =v©[—4,0] for allv € X. From Figure 5.1, it is clear that T =0 is an
efficient solution of the IOP (1.5).

Howewver, for all v > 0 we have Fy(z)(v) < 0.

Example 4.3. In this example, we show that the condition ‘F . (Z)(v—2) £ 0’ for
a gH-Hadamard differentiable IVF in Theorem /.15 is sufficient for convexr IOPs
but not sufficient for nonconvex IOPs. Let us consider X =R, X = § and the [VF
F:S — I(R) that is defined by
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FIGURE 4.1: The IVF F of Note 16

Since f is not convexr on S, F is not a convex IVF on S by Lemma 1.8. At T =0,

for arbitrary h € §, we have

1 ) i}
Aii‘él § @ (F(@ + M) &y F(7)) = 0.
—v

Hence, F(z)(v) = 0. Note that F,(Z)(v) 4 0, but T is not an efficient point of
the IOP (1.5) because

F(y) < F(z) forally € S and y # Z.

Theorem 4.16 (Extended Karush-Kuhn-Tucker sufficient condition for efficient
points). Let S be a nonempty convez subset of X; F: S — I(R) and G; : S — I(R)
onS,1=1,2,...,m be interval-valued gH -Hadamard differentiable convex function

on S. Suppose T € S be a feasible point of the IOP:

min  F(z)

subject to G;(Z) X0, i=1,2,--- ;m ¢ (4.23)

x€S.
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If there exist real constants uy,us, ..., Uy, for which

(

Fu(z)(v) ® D0 1w Gy (T)(v) £ O for allv € S,

uw; © Gi(Z) =0, i=1,2,--- ,m, and

w>0,i=12--,m

then T is an efficient point of the IOP (}.23) under consideration.

Proof. By the hypothesis, for every v € § satisfying G;(v) < Oforalli =1,2,--- ,m

we have
F(7)(v—7) @ Z wGiy (T)(v =) A0
— (F(v)e,m F(z (Z u; (G;(v) 64n Gi(T ))) # 0 from (4.4) of Theorem 4.5
= (F(v) 0,u F(7) (Zul i )740
— F(v) 5,0 F(Z) £ 0 since G;(v) <
= F(v) AF(z).
Hence, 7 is an efficient point of IOP (4.23). O

4.6 Concluding Remarks

In this chapter, a concept of g H-Hadamard semiderivative for IVFs has been studied.
It has been observed that gH-continuous is necessary condition and gH-Lipschitz
continuity is sufficient condition for existence of gH-Hadamard semiderivative. It

has been proved that a gH-Hadamard differentiable IVF follows the chain rule and



Chapter 4. Concluding Remarks 124

max rule. In addition, by using this derivative, the optimality condition to find the
efficient solutions of IOPs has been derived. Moreover, for constraint IOPs, it has
been proved extended KKT sufficient condition to characterize the efficient solutions

by using g H-Hadamard semiderivative.

Rokookosk oKk sk kokok >k



