Chapter 5

A high order robust adaptive nu-
merical method for singularly per-
turbed parabolic reaction-diffusion

problems

Singularly perturbed parabolic reaction-diffusion problems are a frequently studied
class in literature. However, from the literature review we notice that the parameter-
robust convergence of high order on layer-adaptive equidistributed meshes is missing.
To fill this gap, in this chapter, we present an adaptive numerical method with

parameter-robust convergence of order four in space and of order one in time.

Let the domain be G = G U dG, where G := G, x (0,T] with G, = (0,1). Suppose
0G =T, UT, Ul with T, = [0,1]x{0}, T, = {0} x (0,7], and T, = {1} x (0,T].

On this domain we define the model problem as follows

Ly = %+£5y:f for (z,t) € G,

y(z,0) = p(x) for z € Gy, (5.1)

y(0,t) =y(1,t) =0 fort e (0,71,

\

where
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0 < € < 1 is the perturbation parameter, functions b and f are sufficiently smooth
satisfying 0 < 8 < b(z), € G,. Under these sufficient smoothness and compatibil-
ity conditions, problem (5.1) has a unique solution [5, 34]. Moreover, we have the

following bounds [132]

ap-l-sy
OxPOts

(I,t)' <C <1 +e2 <€—x\/§ + e_(l_x)\/g» , 0<p+2s<6, p,se N
(5.2)
In this chapter, we propose a high order adaptive numerical method combining the
implicit Euler scheme in time and a non-monotone finite difference scheme in space.
We construct the adaptive mesh in space using equidistribution of the monitor func-
tion, and a uniform mesh in time. We use two-step discretization of the continuous
problem, in which firstly the problem is discretized in time on a uniform mesh us-
ing the implicit Euler method to get the linear stationary differential equations in
space. Then in the second step these equations are discretized on the non-uniform
equidistribution mesh using a non-monotone finite difference scheme. This two-step
discretization technique helps us to analyse the error contribution of time and space
discretizations separately. The method is proved to be convergent of order one in
time and four in space. Further, we use the Richardson extrapolation technique to
improve the order of convergence in time from one to two. At the end, the method

is implemented on three test examples to validate the theoretical result.

This chapter is organized as follows: In Section 5.1, we consider the time semidis-
cretization of (5.1). In Section 5.2, the construction of layer-adaptive equidistribu-
tion mesh is discussed. Section 5.3 is devoted to the spatial discretization of the time
semidiscretized problem. In Section 5.4, the totally discrete scheme is given and the
convergence results are combined for both time and space discretizations. Numerical
results are given for three test problems in Section 5.5. Section 5.6 concludes the

main outcomes of the chapter.
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5.1 The time semidiscretization

We consider a uniform mesh in time defined by {t, = nAt,n =0, ..., M’} with time-

step At = % and discretize the differential equation in problem (5.1) in time using

implicit Euler scheme as follows

y" () — y"(x)

T Ly @) = F st (53)

Thus, we can rewrite (5.1) as a system of ordinary differential equations in space

variable x for each time level ¢,,1, n=0,...., M — 1, as

(

Y (x) = pl),

Forn=20,..., M —1,
(I + AtL)y™ H(x) = y™(z) + Atf (2, tnt1), @ € Gy,
y"(0) = 0,y" (1) =0,

where [ is the identity operator. Its solution gives the semidiscrete approximation
y"*1(z) to the exact solution y(z,t) of (5.1) at the time level t,,.1, n=0,..., M — 1.

Now for the operator (I + AtL.), we have

1

(I +AtL) ™|, < TT3Ar

(5.5)

It follows that the semidiscrete scheme satisfies a discrete maximum principle; thus
ensuring the stability of the semidiscrete problem (5.4). Now, for the semidiscrete

problem (5.4), we define the local truncation error e,.1 = y(z,t,41) — 9" (z), with
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~n+1

g™ (x) being the solution of the auxiliary problem

(I + AL (x) = y(@, tn) + ALf (, tns),

(5.6)
§H(0) = 0,57 (1) = 0.
Lemma 5.1.1. If
(97’y(x, t) a
WSC, (.CC,t)GG, 0<p<2,
then the local error satisfies
lensalle, < CAE.
Proof. From the above equation (5.6), we have
(I + ALY (2) — Atf (2, tsr) = y(,t0).
Since the solution y of (5.1) is sufficiently smooth, we have
tnt1 2y(z, s)
y(z,t,) = ylr,tprr) + AtLoy(x, thr1) — Atf(x, the1) + (t, 8152 ———ds

= (I +AtL)y(x, tyr) — Atf(z, ) + O(At2)

Therefore, the local error e, satisfies

(I + AtLo)enss = O(AF),

en+1(0) = €e,41(1) = 0.

Now the required result follows using (5.5). O
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To prove the uniform convergence of (5.4), we define the global error E,, = y(x,t,) —
y"(x) associated with (5.4). Hence, E,, = e, + RE,_1, where R = (I + AtL.)™ ! is
defined as follows: RE,_; is obtained with one step of (5.4) taking y" = FE,_; and

f to be zero. Thus, we get
En == Z R”_iei.
i=1

Using the stability estimate (5.5), the transition operator R satisfies
1R e, <C,i=1,...,n. (5.7)

Thus, we have the following lemma.

Lemma 5.1.2. The global error satisfies

sup || Eyllg, < CAL
nAt<T

Next, we recall the solution estimates for the semidiscrete problem (5.6) that we shall
require for the error analysis of the spatial discretization in the upcoming sections

@i (x)

dxP

<C (1 e b (e*x\/? + e*“*f)\/?)) . 0<p<6. (5.8)

Also, the solution of the semidiscrete problem is decomposed as the regular and

singular components [85]:
g (@) = 0 (2) + 0" (). (5.9)

These components satisfy the following bounds

dPo" ()

S|S0 +eT), 0<p<6, (5.10)
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and

dPu™ ()

T < (e 2 (6—1:\/? + 6_(1_:0)\/?) ., 0<p<6, z€q,. (5.11)
x

5.2 Mesh equidistribution

We generate the layer-adaptive equidistributed mesh with the help of a monitor
function. We choose a monitor function that involves the derivatives of the singular
component of the solution. Also, we notice from (5.2), that the width and location
of the boundary layers do not change in the time direction. Therefore, it is suitable
to generate the adaptive mesh at some fixed time level 0 < ¢, < T, and use it for all

the time levels. We consider

92 1/4
v , (5.12)

EraAl

where the positive constant a, is chosen so that some mesh points are assured
external to boundary layer regions. A spatial mesh GY = {0 = 29 < 2; < --- <

xry = 1} is said to equidistribute the monitor function M(y(x,t,),x) if

x; Ti41
/ M(y(z,ty), z)de = M(y(x, t,),x)de, 1<i<N-—1.

T

Alternatively, mesh equidistribution can be seen as a mapping defined from the

computational coordinates ¢ € [0, 1] to the physical coordinates x € [0, 1] given by

z(¢) 1
/0 M(y(z,t,), z)dr = C/o M(y(x,t,), x)dx. (5.13)
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For the analysis purpose we approximate the second order derivative of w from (5.11)

as
0w ’%6_3”\/57 x € [0,1/2],

—(m,t*) ~~
2
Ox —X;e*(l*f‘)\/?, x € (1/2,1],

where y; and Y5 are constants, independent of ¢ and x. Hence,

/

Using the approximate value of %(m, ty), equidistribution of (5.12), for x(§) < %

8211} 1/4
Erl

IV + x|
B/ :

deKmélel/‘l[

gives
((Z+1) = () + M1 — e FVE), (5.14)
where
A = |X1|1/4
X[V x4
Similarly, for () > %, equidistribution gives
a, a, _1-a(Q) /B
1= QG +1) = (1 —2(Q) +ha(l — e TVE), (5.15)
where
|X2|1/4

A2

—balV A e
A non-uniform mesh in physical coordinates {x;}¥, corresponds to an equispaced
mesh {¢; = i/N}Y, in computational coordinates. So, equations (5.14) and (5.15)

can be written as

1,00 Qe _z /B
(e 1) = Fai+ Ml — e %) (5.16)

and
1. 0y o

(1- )G +1) = 20 —2) + X1 _ et TVE) (5.17)



Chapter 5. A high order robust adaptive numerical method for singularly perturbed
parabolic reaction-diffusion problems 108

Hence, the equidistributed mesh points z;’s are given by the solution of the non-
linear algebraic equations (5.16) and (5.17). We assume /¢ < N, as otherwise
a uniform mesh could be used and a classical convergence analysis could be given.

The following lemmas provide some important properties of the mesh structure.

Lemma 5.2.1. The non-uniform mesh generated by (5.16) and (5.17) on taking o, =

K satisfies

T < 4\/glogN <xiy1 and T <1-— 4\/glogN <z,

where

B (4\/§NlogN+/\1(N— 1))} - {N _ % (4\/gNlogN+)\2(N - 1))}“,

and [-] denotes the integer part. Moreover, the mesh spacing satisfies

l

h; <C\/g fori=1,...,l—landi=r+1,...N —1,
with
\his1i—hi| <Ch; fori=1,..,01—1 and |hj1—hi| <Ch}, fori=r+1,.. N.

Proof. The proof follows from [56]. O

Lemma 5.2.2. The mesh widths of equidistributed mesh satisfy h; < CN~!, for

i=1,.. N.
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Proof. From (5.12), we have that K = a, < M(y(x,t,),z). Now from derivative

estimates (5.11), we have
1
/ M(y(z,t,), z)dx < Cet/?,
0
Thus, by the equidistribution principle, we get
x; 1 1
ah; < / M(y(x, ty), x)dr = N/ M(y(z,t,), z)dx < Ce/* N1,
X1 0

Hence, h; < CN~%. O

5.3 The spatial discretization and error analysis

In this section, we first introduce a non-monotone high order scheme to discretize
problem (5.6) in spatial direction. Then we discuss the stability and error analysis

of the spatial discretization.

5.3.1 The discretization strategy

We represent the time discretization scheme (5.6) as follows:

L.gm(z) = T (z), z € G,
gm0y =0, §mti(1) =0,

(5.18)

where
2

d ~
Ea = ([ + Atﬁa) = —€At@ + b(.’E)[,

b(z) = (1 +b(x)At) and [ (z) = (y(z,tn) + ALf (2, tugr)).
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Suppose a non-uniform spatial mesh GY = {x;}}¥, is considered to discretize the
domain G, with mesh width h; = 2, —2;_1, i =1,..., N and h; = (hi+his1)/2, i =

1,..., N — 1. The discrete scheme is defined by

[LonY™ Y, = —e A2V 4 DY ™+, = T[], for i=1,...,N —1,

Yot =0, Vit =o.

(5.19)
where
Un+1 Un+1 Un+1 Un+1
52yt — 1/Yih =Y _ Y - Y
Ty h; h; ’
7 1+1 7
v+l _ -7 {ntl cf vn+l +7  yntl
LY™™ ) = v bia Y27 + vib Y™ + v b YT,
rm+17 o — fn+tl c rn+1 +  rn+l
and T[f""; =v; fi'7 +vifi™ + VitaJiv1 s
. — _ 2hi—hipa c_5 + _ 2hipi—hi
with Vo= =6 V= T

5.3.2 Stability of scheme (5.19)

Note that the discrete operator z& ~ is not inverse monotone. Therefore, for the proof
of stability of scheme (5.19), we shall follow the idea used in [133] for a different
scheme. On an arbitrary non-uniform spatial mesh G2 with maximal step size Az,

we consider another discrete operator [A. y] defined by

= = hivi+ & 5~ & h; &
AN Y™ o= —e A2V — ZELp Y S Y - Y 5.20
[ N ] € 1 12h2 i—1 =+ 6 7 12711 +1 ( )
The matrix corresponding to the operator A. x has positive entries on the diagonal
and non-positive entries on off-diagonal with row sum %Bz > 0. Therefore, it is an

M-matrix and satisfies the following comparison principle.
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Lemma 5.3.1. Let "' and ¢"™ be two mesh functions that satisfy [A. yyo"]; >
Aeng™ s fori=1,...,N—1, ot >gp and ¢t > ¢t then ¢rt! > grt!

fori=0,...,N.

Dividing (5.20) by b;, we obtain an M-matrix with row sum 2/3. Thus, we obtain

n 3| Aoyt
ooy < 32 (5.21)
b Gy
for all mesh functions ¢+ with g™ = ' = 0. This result will be used to

establish the stability of the operator Z& ~ as given in the following theorem.

Theorem 5.3.1. Let k € (0, 1) be an arbitrary but fixed number. Then, the following

stability estimate holds

G = 1—k b _
GY
for any mesh function "+ with ¢yt = %™ = 0, provided A, is bounded by

some threshold value that is independent of ¢.

Proof. Let ¢! be an arbitrary mesh function with ;" = % = 0. Then, on

using (5.19) and (5.20), we can write

hi - - -
n+1 — n+1 + n+1
by — v b — bi+1wi+1 :

n T n h’i+1~ n
[A27N77D +1]i = [La,Nq/J +1]i - bld}@jll - 127:1,1 i+1

12h;

Further simplifications give

hi
6h;

~ n h/Z ~ n hrL od g n
b1 — 6_7;1[)”1%:11 + ﬁ(bi—‘rl — bi)%fll

hita 5 T\t
+ ﬁ(bz—l bi) iy

[Aen"Y); = [Leny™tY); —
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Thus,

HAE,Nl/)nH]z‘| < ‘[zs,anH]i

" hi—l—lgz‘—i—l + hibis n hz‘|l~7i+1 — ZN%| + hz‘+1|l~7i—1 — Bz|
6h; 12h;

[0 gy

Now using equation (5.21), we have

n 3| Le, N +
e L |
GY
311 1 hi+1gi+1 + hib;_y hi’BiJrl — Bz‘ + hi+1‘l~7¢71 — I;z’
+ EW H@Nz T " ( 6b;h; * 12b;h;

(5.22)

As b is sufficiently smooth, there exists a constant v such that |b(z1) — b(z2)| <

v|zo — 21, for all z1, z5 € [0, 1]. Consequently,

hi+1l~7i+1 + hibi n hi|gz’+1 — Bz| + hi+1|l~7i—1 - Bz|
6b; i 12b;h;

1+7hmax<1+/’€7
3 38— 3

<

provided h,,q, is bounded by a value that is independent of e. Thus, from (5.22),

we have
3| Loyt 1+
[+ gy < 2|22+ B gy (5.23)
) i 2 >
Gy
Hence, the theorem follows from (5.23). O

5.3.3 Error analysis

Now we discuss error analysis of the spatial discretization scheme on non-uniform

~n+1

equidistributed meshes. Suppose n = y"* — Y1 denotes the error of the spatial
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discretization and it can be decomposed into the sum of two parts n = ¢ + ¢, where

Y, ¢ € RV = {y € RV . 4y = 4y = 0} and satisfy

~ d2gn+1
[Lennli = eAt {F{ ) }—63@”*1} . i=1,...,N—1,
T .

and
[Ae,Nn]i = [AE,N’I/}]Z—F [AE,N¢]i7 1= 17"'7N_ 17
where
A nt]i = [Zs,z\ﬂ?]i
and

hit1 i 7 _7 ¥
[AE,N¢]i = _T—;bimfl - Fﬁbimﬂ -V bi—1mi—1 — V;rbz‘+177i+1-

Let k € (0,1) be arbitrary, but fixed. Using the arguments as in Theorem 5.3.1, we

have

(14 k)5

|[Aendli| < billnllgy for i=1,....N—1,

provided N is greater than some threshold value that is independent of . Then the

stability result gives

(1+ k)
I1llay < ——lnlley-

On applying the triangle inequality we obtain

(1+ k)
Inllay < IWllay + l9llay < l¥llay + 5 7l

Thus, we obtain the bound on the error in terms of ¢ as follows

~M A'fl 2
7 =T ey < s ¥l (524)
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Now we estimate [[1|| by using the truncation error and the barrier function tech-
nique. The truncation error of scheme (5.19) can be obtained by using the Taylor

expansions. We have

- d2gn+l
oot = ekl = 2| [0 [ =] ~o2gre)| | =1 v

)

%

Now according to the decomposition of §"*!, we can split the truncation error as

2 n+1
oo [Fi] -]

dx? ;
d2@n+1 o mil anJrl N
cond [e [ <] |+ cor] o[22 ]|, o

and estimate the local truncation errors separately for the regular and singular

components. Firstly, for the regular component, we have

4 ~n+1
d*v;

dx?

dz?

1

2an+1
5At‘ [r {d v } —53@”“}

S CeAt [(hﬂ.l — hZ)Q

5an+1
d°v;

d6f1n+1 (.CE)
dx®

+ (A + hi)lhips — hil d0

T (ht, +hY)  max

Zi—1<T<Tjit1

J

which on using the bounds on derivatives of 9"*! from (5.10) and Lemma 5.2.2 gives

2 ~n+1
eAt‘ {r {d V } —53@”“}

dx?

< CeAtN 24 Cy/eAtN~3 + CAtN~*,

)

Then from the assumption N~ > /e, it follows that

dQﬁn-H S
sAt‘ {F{ e } — 050 +}

< CAtN™*. (5.26)

7

Next, for the singular component, the analysis is done in two parts: inside and

outside the boundary layer regions. Firstly, for outside the boundary layers i.e. for



Chapter 5. A high order robust adaptive numerical method for singularly perturbed
parabolic reaction-diffusion problems 115

i=1,...,r, for some 0; € (r;_1,7;11), we have

2, ~nt1 2 ~n+1 2 ~n+1
5At‘ (y_d Wi 1 A7W; L AWy )

d*mt 2 ~nt1
At||T — 0" = : . :
c H [ dz? } o ]l bodx? Vi e v dz?
dZUA}n—i-l (91)
dz?
d2wn+1 ({L’) 3 .
< 5Atm_112§2(m+1 —T (v, |+ vi+ |vf])
d2wn+1 (m)
< . PR S
o C@At(ﬂz zi—lIg;}%(zi-&-l dx? ’
where
1— 2V;, if 2h1 S 2hi+1,
©i =9 1—2uy", if 2h; > 2Ry and ;" < 0,
1, if 2]1@ > th+1 and l/;r > 0.
It is easy to see that ¢; < C'; hence
d*w

< (CeAt max

Ti—1<r<Ti11 (.CE, tn+1) )

dx?

dQﬁ)n+1 o il
o [ [ ]

(2

Now using bound (5.11), we get

—z; B
€ 3%—1\/?’ T S

(1 B
e ( z”l)\/?, x; > %

1
29

e < CAt

(2

2, ~nn+1
gAt’ [F {d v } - 55@”“}

When [ <17 and z; < %,

2, nn+1
sAt‘ [F [d d } - 53@”“}

4
§C’At(e‘l41 5) )

dx?

(2
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Now, from the mesh equidistribution condition (5.16), we have

@ 1 2(0—1
eTVE = —($11+)\1— ( >>

A1 N
< (4\/ElogN+)\1 - l()q(N— 1)+4\/ElogN—4)>
B N B
< CN.

Therefore, for [ <i and z; < %, we obtain

2,~n+1
eAt’ [r {d d } - 53@”“}

dz?

< CAtN~.

7

Again, the same bound can be obtained by giving the similar argument for i < r
and z; > % Thus, fort=1,...,r,

2, ~nn+1
gAt’ [r {d v } - 53;@"“}

o < CAtN™ (5.27)

7

Now, inside the boundary layers i.e. forn =0,....M —1, ¢ = 1,...,1 — 1 and for

1=r+1,...,N — 1, we have

2,~n+1
EAt‘ [r {d = } - 55@”“}

4 ~n—+1
d*w;
dx?

dx?

< CeAt |:<h7;+1 — hz)2

i
5,5n+1
d°w;

X
da®

+ (hi +hi) max

Zi—1<e<Tit1

da®

d6wn+1 (:l?)

+ (BZpy 4 h2) |hiva — Ry

|

< CAt [hfg_le_xi\/g + h§5—3/26—wi\/§ + h;lg—Qe—xi\/?:|

< OAte2ple Ve,

where we have used the fact that

e‘”*l\/g = e_"““i\/gehi\/g < Ce‘xi\/g, using Lemma 5.2.1.
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Now, using the equidistribution principle, it holds

Z5 4 L x; 4
hfe_\/?“ < (/ e‘z\/gdx) §(€4/ M(y(a:,t*),x)dx)

< CeK!N™* <N,

Hence, we get

< CAtN™. (5.28)

d2 ~n+1
eAt‘ {r { ;‘;2 } —5};1@"“]

On combining the various bounds for the truncation errors from (5.26)-(5.28) with
(5.25), we obtain
L g 2 sn+1

1

< CAtN™. (5.29)

Combine (5.29) with the stability result 5.21 to obtain
[¢llgy < CAENT, (5.30)
Hence, using (5.30) in (5.24) we obtain
lg" ! — Y™ gy < CAENT,

Thus, we have the following theorem.

Theorem 5.3.2. Let §™! be the exact solution of (5.6) and Y™ be its numerical
approximation using (5.19) on the equidistributed mesh (5.16)-(5.17). Then the

following error estimate holds

||gn+1 _ i}n-ﬁ-lnégy < CAtN—*
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5.4 The total discretization scheme

Now we combine the time semidiscretization process with the spatial semidiscretiza-
tion process to obtain the total discretization scheme for computing the approxi-
mate solution of (5.1). Let Y™ be the numerical approximations to y(z;,t,), for

n=20,...,M,and i =0,..., N. The discretization scheme is given as

(
Y;OZ/)Z‘7 ’i:O,...,N,

LAY = QY =T[f"*], i=1,...,.N—1, n=0,...,M—1, (5.31)

\ Yyt =0, Vi =0, n=0,...,M -1,

where " = Y + At Titnn and b; = 1 + Atb(x;). Here, Q and T are the
i i +

discretization operators given as

QI =@ VI +aY + oYY TP = v i v T e Y
where
eAt ~ 2e At ~ eAt ~
- + v b, ¢ — + U°h;, - + U bi,
4; hzhz v; 1 4q; hi+1hi v; q; hi—i—lhi Vi it
_ 2hi—hip e D v 2hip— Ny
Vi = ; Vi = o Vi = 57
i 12h; 6 125
with
hi + hipa

hi =T; — ;-1 and hl = B

Now we conclude this section with the following main theorem.
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Theorem 5.4.1. Let y be the exact solution of (5.1) and Y™ be its numerical approx-
imation obtained using the totally discrete scheme (5.31) at time level ¢,,. Then the

global error at time level ¢,, satisfies
ly (@i, tn) = Villg < C(AL+ NTH).

Proof. Suppose EY = y(as,ta) — Y e = y(aita) — () and Y = 7 (a;) —

Y™ (z;). Then

EN =N +dY + RyEY |,

n

where Ry is the transition operator associated to the totally discrete scheme (5.31).
RNV is the application of one step of the totally discrete scheme (5.31), with Y = V/
and zero source term f. From the above recurrence relation, we obtain the following
inequality

n
IEN ey < D IRN e (e llay + 147 la)-
j=1

Now taking into account that the powers of the transition operator of the totally
discrete scheme R’ preserve the uniform boundedness behaviour (due to the stability

result) as observed for R/, it follows that

IENlay < C) (A1) + AN
j=1

< O(At+ N9,
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5.5 Numerical results

In this section, we perform some numerical experiments to verify the theoretical error
bound obtained in the previous section. Firstly the equidistributed mesh is generated
at a specific time level by using the De Boor algorithm [47]. Then, in the second
step, the adaptive solution is found on this mesh at each time step. The maximum
pointwise errors and the corresponding rates of convergence are calculated by using
the known solution or by using the double mesh principle if the exact solution is not
available. For the test problems, we shall observe the influence of the discretization
parameters in space and time on the maximum error and rate of convergence. The
numerical observations are given in the form of tables and figures. In our numerical
experiments the equidistributed mesh is generated at the time level ¢; and we have
taken op = 1.1 as stopping criterion in the algorithm. The smooth component V"

is approximated by

V;Ozpi, ’i:O,...7N,

(14 Atb(z)) V" = Vr + Atf(2i,tn1), i=0,...,N, n=0,..., M — 1.

Richardson extrapolation
We can further improve the theoretically proved first order rate of convergence in
time by using the Richardson extrapolation technique in time. We set the extrapo-

lated solution (Y"™).,; as

(2

(V" Dear = 233 = Y3, (5.33)

7

where Y/"'! and Y3 are the solutions of the totally discrete scheme (5.31) with

time step sizes At =T /M and At = T /2M, respectively.
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Algorithm 4: Numerical algorithm for the adaptive mesh and adaptive solution
Input: N, MeN, 0<e<1landp>1.
Output: Adaptive mesh {z;} and adaptive solution Y;” at the time level ¢,.

1. Initialise the mesh iterations {xzm} with 7 = 0 as the uniform mesh for n = 1.

2. Solve the discrete problem (5.31) for Y;"’(r), and (5.32) for Vin,(r) on {ZL’ET)}
and compute I/Vi”’(r) = y;”v(T) _ )

(2

3. Find M\ = o® 4+ |$2W™)1/4 j =1, N —1 where a(”) is defined by

N-1
a(r) _ hgr)’(ﬁWl’%(T)llM + Z hz(T)

=2

2

+ B W

7

(r) (r)
4. Set H" = <%) Wi =1,..,N, with M{? = M and

M) = MG, Then define B; by B, = ', H” for i = 1,..., N and
Bo - 0

5. Stopping criterion: Choose a constant gy > 1 defined by
o) = % max_ Hi(r). If o) < gy then go to Step 7, else continue with Step

6. -

77777

6. Define Z; = iBTN, i =0,...,N. Generate a new mesh {xf"“)} by evaluating
the interpolant of (B;, xm) at the points Z; and return to Step 2 setting

r=r+41.

7. Take {z\”} as the layer-adaptive mesh {z;} for all time levels and Y, as
the required adaptive solution Y;" at the time level n = 1.

8. Use the spatial mesh {x;} at each time level and solve (5.31) to compute the
adaptive solution Y;” forn =2.3,..., M.
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5.5.1 Numerical experiments

Ezxample 5.5.1. Consider the problem [88]

WPt (Ltaety=f(x.l), (a.t)€G,

" (5.34)

y(z,0) =0, z€G,, y(0,t)=0, y(1,t)=0, tec (0,77,

with the term f(z,t) defined according to the known solution

—(1—2x)

7 NG
) = (1—et) [ ST cos?(ma) |
14+ eve

Figure 5.1 displays the numerical solution of Example 5.5.1 for € = 107°, from which

my
my
)
)

//////////// 77777
-
Uy

)

7

7
7

T
7 7
iy

0.4

space

Surface plot of numerical solution of Example 5.5.1 for e

FIGURE 5.1:
107, N =512 and M = 16
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we can clearly observe the boundary layers at both the ends x = 0 and x = 1. For

different values of €, N and M, we calculate the pointwise errors by
NM

where Y, = Y (if scheme 5.31 is used) or Y, = (Y;*)ep (if scheme (5.31) is used
with the extrapolation technique (5.33)). Using these values the maximum errors
and the numerical rates of convergence are computed by the formulas
N,M N,.M N,M BN
€,V _ E€,1V, E,IV, _
E = max E;T, F = log, (E5,2N,2M)'

Finally, the parameter-robust errors and the parameter-robust rates of convergence
over the set of values of € are obtained by

N,M e,N,M N,M BN
E5Y =max B2, FOY =logy | o577 |-

€

8 0 AR
g 00 A AR
- R TTTT

. T ~\H! !HHNHH\HHHH\IHWIHH\IHNI\W1|\N\I\\WINNIWIW\IM“IW“IWH |
i

(a) Moving mesh trajectory

L L L L
0 50 100 150 200 250 300
Position of space mesh points

(b) Density of spatial variable

FIGURE 5.2: Mesh trajectory and final position of space mesh points with ¢ =
1077 and N = 256 for Example 5.5.1.
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TABLE 5.1: Errors E5NM - BNM and rates of convergence F&NM - FN.M y6ing
scheme (5.31) without Richardson extrapolation for Example 5.5.1.

€ N =128 | N =256 | N =512 | N =1024 | N = 2048

M=4 M=8 | M=16 | M =32 M =64

10 =1 | 5.47E-03 | 2.97E-03 | 1.56E-03 | 7.99E-04 | 4.05E-04
0.88 0.93 0.96 0.97

107! | 6.67E-03 | 3.52E-03 | 1.80E-03 | 9.15E-04 | 4.61E-04
0.93 0.96 0.98 0.99

1072 | 1.72E-02 | 9.08E-03 | 4.68E-03 | 2.38E-03 | 1.20E-03
0.92 0.96 0.98 0.99

1072 | 3.35E-02 | 1.76E-02 | 9.02E-03 | 4.57E-03 | 2.30E-03
0.93 0.96 0.98 0.99

1074 | 3.97E-02 | 2.08E-02 | 1.07E-02 | 5.39E-03 | 2.71E-03
0.93 0.96 0.98 0.99

107> | 4.12E-02 | 2.16E-02 | 1.11E-02 | 5.61E-03 | 2.82E-03
0.93 0.96 0.98 0.99

107% | 4.16E-02 | 2.18E-02 | 1.12E-02 | 5.66E-03 | 2.85E-03
0.93 0.96 0.98 0.99

1077 | 4.17E-02 | 2.18E-02 | 1.12E-02 | 5.67E-03 | 2.85E-03
0.93 0.96 0.98 0.99

1078 | 4.17E-02 | 2.18E-02 | 1.12E-02 | 5.67E-03 | 2.85E-03
0.93 0.96 0.98 0.99

ENM 1 417E-02 | 2.18E-02 | 1.12E-02 | 5.67E-03 | 2.85E-03
FNM 0.93 .96 0.98 0.99

In Table 5.1, we have presented the maximum pointwise errors and the correspond-
ing rates of convergence for the numerical solution computed by the algorithm given
above for different values of the perturbation parameter and the discretization pa-
rameters in space (N) and time (M) varying with the same ratio (N and M both
multiplied by 2) without using the Richardson extrapolation in time. In Tables 5.2
and 5.3, the solutions are computed by the above algorithm using extrapolation in

time; taking the discretization parameters N and M multiplied by 2 in earlier, and
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TABLE 5.2: Errors E5NVM - ENM and rates of convergence F&N-M - NM y5ing

scheme (5.31) with Richardson extrapolation for Example 5.5.1.

€ N =128 | N =256 | N =512 | N =1024 | N = 2048

M =4 M=8 | M=16 | M =32 M =64

10 =1 | 5.87E-04 | 2.74E-04 | 8.70E-05 | 2.65E-05 | 7.28E-06
1.10 1.66 1.71 1.87

1071 | 5.26E-04 | 1.62E-04 | 4.78E-05 | 1.31E-05 | 3.45E-06
1.70 1.76 1.87 1.93

1072 | 1.12E-03 | 3.23E-04 | 8.88E-05 | 2.33E-05 | 5.96E-06
1.79 1.86 1.93 1.97

1073 | 1.82E-03 | 5.18E-04 | 1.37E-04 | 3.55E-05 | 9.03E-06
1.81 1.91 1.95 1.98

107% | 2.09E-03 | 5.79E-04 | 1.53E-04 | 3.94E-05 | 9.99E-06
1.85 1.92 1.96 1.98

107> | 2.15E-03 | 5.94E-04 | 1.57E-04 | 4.04E-05 | 1.02E-05
1.86 1.92 1.96 1.98

107% | 2.17E-03 | 5.97E-04 | 1.58E-04 | 4.06E-05 | 1.03E-05
1.86 1.92 1.96 1.98

1077 | 2.17E-03 | 5.98E-04 | 1.58E-04 | 4.06E-05 | 1.03E-05
1.86 1.92 1.96 1.98

1078 | 2.17E-03 | 5.98E-04 | 1.58E-04 | 4.06E-05 | 1.03E-05
1.86 1.92 1.96 1.98

ENM 12 17E-03 | 5.98E-04 | 1.58E-04 | 4.06E-05 | 1.03E-05
FNM 1.86 1.92 1.96 1.98

N multiplied by 2 and M multiplied by 4 in later to compute the rates of conver-
gence. In each table, the last two rows represent the uniform errors and uniform

rates of convergence.

In Table 5.2, the second order convergence is seen which is because of the time
discretization error dominance in the global error over the space discretization error
for this problem. The fourth order convergence results shown in Table 5.3 clearly
confirms this assertion. Also, from these tables, we can conclude the improvement

in rate of convergence using the Richardson extrapolation technique. In Table 5.3
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TABLE 5.3: Errors ESNVM - E:N.M and rates of convergence F= MM~ FN-M yging

scheme (5.31) with Richardson extrapolation for Example 5.5.1.

c N =128 | N=256 | N =512 | N = 1024 | N = 2048
M=4 | M=16 | M =64 | M =256 | M = 1024

100 = 1 | 5.87E-04 | 8.70E-05 | 7.28E-06 | 4.92E-07 | 3.14E-08
2.75 3.58 3.89 3.97

1071 | 5.26E-04 | 4.78E-05 | 3.45E-06 | 2.25E-07 | 1.43E-08
3.46 3.79 3.94 3.98

1072 | 1.12E-03 | 8.88E-05 | 5.96E-06 | 3.79E-07 | 2.38E-08
3.65 3.90 3.97 3.99

1073 | 1.82E-03 | 1.37E-04 | 9.03E-06 | 5.71E-07 | 3.58E-08
3.72 3.93 3.98 4.00

1074 | 2.09E-03 | 1.53E-04 | 9.99E-06 | 6.32E-07 | 3.96E-08
3.78 3.94 3.98 4.00

1075 | 2.15E-03 | 1.57E-04 | 1.02E-05 | 6.46E-07 | 4.05E-08
3.78 3.94 3.98 4.00

1076 | 2.17E-03 | 1.58E-04 | 1.03E-05 | 6.50E-07 | 4.07E-08
3.78 3.94 3.99 4.00

10-7 | 2.17E-03 | 1.58E-04 | 1.03E-05 | 6.50E-07 | 4.08E-08
3.78 3.94 3.99 4.00

1078 | 2.17E-03 | 1.58E-04 | 1.03E-05 | 6.50E-07 | 4.08E-08
3.78 3.94 3.99 4.00

ENM 9 17E-03 | 1.58E-04 | 1.03E-05 | 6.50E-07 | 4.08E-08

M 3.78 3.94 3.99 4.00

we use the following formulas for orders of convergence

~ N M Ea,N7M N EN’M
Fe = lOg2 (m) and F*V = 10g2 <m)

In addition, the adaptive movement of mesh points towards the boundary layers and
the heavy density of mesh points in layer regions are shown in Figure 5.2. In Figure
5.3, we have plotted the log-log graph between maximum pointwise error and the

space discretization parameter N for the comparative convergence behavior of the
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TABLE 5.4: Errors E5NM - BN-M “and rates of convergence F&N-M - pNM yging
scheme (5.31) without Richardson extrapolation for Example 5.5.2.

€ N =128 | N =256 | N =512 | N =1024 | N = 2048

M =4 M=8 | M=16 | M =32 M =64

10 =1 | 6.79E-03 | 5.51E-03 | 3.51E-03 | 2.08E-03 | 1.14E-03
0.30 0.65 0.76 0.86

1071 | 1.71E-02 | 9.64E-03 | 5.14E-03 | 2.66E-03 | 1.35E-03
0.83 0.91 0.95 0.95

1072 | 2.63E-02 | 1.50E-02 | 8.02E-03 | 4.16E-03 | 2.12E-03
0.81 0.90 0.95 0.97

1073 | 2.76E-02 | 1.57E-02 | 8.45E-03 | 4.39E-03 | 2.23E-03
0.81 0.90 0.95 0.97

107% | 2.77E-02 | 1.58E-02 | 8.50E-03 | 4.41E-03 | 2.25E-03
0.81 0.89 0.94 0.97

107> | 2.77E-02 | 1.58E-02 | 8.50E-03 | 4.41E-03 | 2.25E-03
0.81 0.89 0.94 0.97

107% | 2.77E-02 | 1.58E-02 | 8.50E-03 | 4.41E-03 | 2.25E-03
0.81 0.89 0.94 0.97

1077 | 2.77E-02 | 1.58E-02 | 8.50E-03 | 4.41E-03 | 2.25E-03
0.81 0.89 0.94 0.97

1078 | 2.77E-02 | 1.58E-02 | 8.50E-03 | 4.41E-03 | 2.25E-03
0.81 0.89 0.94 0.97

ENM 12 7TTE-02 | 1.58E-02 | 8.50E-03 | 4.41E-03 | 2.25E-03
FNM 0.81 0.89 0.94 0.97

scheme (5.31) with and without the Richardson extrapolation for two values of € and
for different discretization parameter ratios between space and time variables. Here,
from the slopes of these plots we can clearly see that for Example 5.5.1 the rate of
convergence of the scheme (5.31) is increased to second order from first on using
the Richardson extrapolation technique. Certainly, these results highly validate the

theoretical results.
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TABLE 5.5: Errors E5NM - BNM and rates of convergence F&NM - FN.M y5ing

scheme (5.31) with Richardson extrapolation for Example 5.5.2.

3 N=128 | N =256 | N =512 | N =1024 | N = 2048

M =4 M =8 M =16 M = 32 M =64

10° =1 | 1.40E-03 | 1.51E-03 | 6.78E-04 | 2.23E-04 | 6.51E-05
1.12 1.16 1.60 1.78

1071 2.19E-03 | 6.51E-04 | 1.79E-04 | 6.51E-05 | 1.21E-05
1.75 1.86 1.46 2.42

1072 3.63E-03 | 1.09E-03 | 3.01E-04 | 7.92E-05 | 2.03E-05
1.73 1.86 1.93 1.96

1073 3.88E-03 | 1.17E-03 | 3.23E-04 | 8.51E-05 | 2.18E-05
1.73 1.86 1.93 1.96

104 3.90E-03 | 1.18E-03 | 3.26E-04 | 8.57E-05 | 2.20E-05
1.73 1.86 1.93 1.96

107° 3.90E-03 | 1.18E-03 | 3.26E-04 | 8.57E-05 | 2.20E-05
1.73 1.86 1.93 1.96

1076 3.90E-03 | 1.18E-03 | 3.26E-04 | 8.57E-05 | 2.20E-05
1.73 1.86 1.93 1.96

1077 3.90E-03 | 1.18E-03 | 3.26E-04 | 8.57E-05 | 2.20E-05
1.73 1.86 1.93 1.96

10~8 3.90E-03 | 1.18E-03 | 3.26E-04 | 8.57E-05 | 2.20E-05
1.73 1.86 1.93 1.96

ENM 1 390E-03 | 1.18E-03 | 3.26E-04 | 8.57E-05 | 2.20E-05
FN-M 1.73 1.86 1.93 1.96

Ezample 5.5.2. Consider the problem [88]
% _ g% + (1 + 22+ %)y =€ — 1 +sin(rz), (z,t) € G,
(5.35)
y(2,0) =0, z€G,, y(0,t)=0, y(1,t)=0, te(0,7].

For this test example we do not know the exact solution. Therefore, for numerical
errors and rates of convergence we shall use a variant of the double mesh principle.

For this purpose we bisect the spatial mesh into 2N intervals and the time mesh
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TABLE 5.6: Errors ESNVM - EN.M and rates of convergence F&NM — FNM yging

scheme (5.31) with Richardson extrapolation for Example 5.5.2.

c N =128 | N =256 | N =512 | N = 1024 | N = 2048
M=4 | M=16 | M =64 | M =256 | M = 1024

10° = 1 | 1.40E-03 | 6.78E-04 | 6.50E-05 | 4.61E-06 | 2.98E-07
1.05 3.38 3.82 3.95

10-1 | 2.19E-03 | 1.79E-04 | 1.21E-05 | 7.73E-07 | 4.86E-08
3.61 3.89 3.97 3.99

102 | 3.635-03 | 3.01E-04 | 2.03E-05 | 1.29E-06 | 8.12E-08
3.59 3.89 3.97 3.99

103 | 3.88E-03 | 3.23E-04 | 2.18E-05 | 1.39E-06 | 8.73E-08
3.58 3.89 3.97 3.99

10~ | 3.90E-03 | 3.26E-04 | 2.20E-05 | 1.40E-06 | 3.94E-08
3.58 3.89 3.97 3.99

10-° | 3.90E-03 | 3.26E-04 | 2.20E-05 | 1.40E-06 | 3.94E-08
3.58 3.89 3.97 3.99

106 | 3.90E-03 | 3.26E-04 | 2.20E-05 | 1.40E-06 | 3.94E-08
3.58 3.89 3.97 3.99

107 | 3.90E-03 | 3.26E-04 | 2.20E-05 | 1.40E-06 | 3.94E-08
3.58 3.89 3.97 3.99

10-% | 3.90E-03 | 3.26E-04 | 2.20E-05 | 1.40E-06 | 3.94E-08
3.58 3.89 3.97 3.99

ENM [73.90E-03 | 3.26E-04 | 2.20E-05 | 1.40E-06 | 3.94FE-08

M 3.58 3.89 3.97 3.99

into 2M and 4M intervals so that now the pointwise errors are calculated by

N,M 2N,2M N,M
e S

when scheme (5.31) is used, and

Y

E,i;i\hM _ |(2}/;n,2N74M . Yvin,QN,QM) . (2}/;n,N,2M . }/;n,N,M)L
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TABLE 5.7: Errors E5NM - BNM and rates of convergence F&NM - FN.M y5ing
scheme (5.31) without Richardson extrapolation for Example 5.5.3.

€ N =128 | N =256 | N =512 | N =1024 | N = 2048

M=4 M=8 | M=16 | M =32 M =64

10 =1 | 6.60E-08 | 4.24E-09 | 2.45E-10 | 1.43E-11 | 1.39E-12
3.96 4.11 4.10 3.37

1071 | 3.35E-08 | 1.90E-09 | 1.01E-10 | 7.10E-12 | 3.95E-13
4.14 4.24 3.82 4.17

1072 | 1.50E-07 | 7.14E-09 | 4.35E-10 | 3.55E-11 | 2.56E-12
4.40 4.04 3.62 3.79

1072 | 2.10E-06 | 9.00E-08 | 4.77E-09 | 3.70E-10 | 3.45E-11
4.55 4.24 3.69 3.42

107% | 8.34E-06 | 3.86E-07 | 1.90E-08 | 1.66E-09 | 9.06E-11
4.43 4.34 3.52 4.20

107> | 1.05E-05 | 6.16E-07 | 3.46E-08 | 2.69E-09 | 1.69E-10
4.08 4.15 3.68 4.00

107% | 1.77E-05 | 8.33E-07 | 4.11E-08 | 3.02E-09 | 2.08E-10
4.41 4.34 3.77 3.86

1077 | 1.72E-05 | 1.04E-06 | 4.92E-08 | 3.17E-09 | 2.81E-10
4.05 4.41 3.96 3.90

107% | 1.67E-05 | 8.23E-07 | 4.83E-08 | 3.62E-09 | 2.49E-10
4.34 4.09 3.74 3.86

ENM 11 7TE-05 | 8.33E-07 | 4.92E-08 | 3.62E-09 | 2.81E-10
FNM 4.40 4.08 3.76 3.69

when scheme (5.31) is used with extrapolation technique (5.33). Using these values,

maximum errors for each value of € and the rates of convergence are calculated by

N e,N,M
E,N,M — €,1V, EzNaM o S —
E - H,}%X Ei,n ) F - 10g2 (Ea,QN,QM) :
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TABLE 5.8: Errors E5NM - NM and rates of convergence F&NM - PN.M y5ing

scheme (5.31) with Richardson extrapolation for Example 5.5.3.

€ N =128 | N =256 | N =512 | N =1024 | N = 2048

M =4 M=8 | M=16 | M =32 M =64

10 =1 | 6.59E-08 | 4.24E-09 | 2.45E-10 | 1.42E-11 | 5.20E-12
3.96 4.11 4.11 1.44

1071 | 3.25E-08 | 1.87E-09 | 9.97E-11 | 7.00E-12 | 7.26E-13
4.12 4.23 3.83 3.27

1072 | 1.50E-07 | 7.14E-09 | 4.35E-10 | 3.55E-11 | 2.56E-12
4.40 4.04 3.62 3.79

1072 | 2.10E-06 | 9.00E-08 | 4.77E-09 | 3.70E-10 | 3.45E-11
4.54 4.24 3.69 3.42

107% | 8.32E-06 | 3.86E-07 | 1.90E-08 | 1.66E-09 | 9.06E-11
4.43 4.34 3.52 4.20

107> | 1.04E-05 | 6.16E-07 | 3.46E-08 | 2.69E-09 | 1.69E-10
4.08 4.15 3.68 4.00

107% | 1.76E-05 | 8.33E-07 | 4.11E-08 | 3.02E-09 | 2.08e-10
4.40 4.34 3.77 3.86

1077 | 1.72E-05 | 1.04E-06 | 4.92E-08 | 3.17E-09 | 2.81e-10
4.04 4.41 3.96 3.50

107% | 1.67E-05 | 8.23E-07 | 4.83E-08 | 3.62E-09 | 2.49E-10
4.34 4.09 3.74 3.86

ENM 11 76E-05 | 8.33E-07 | 4.92E-08 | 3.62E-09 | 2.81e-10
FNM 4.40 4.08 3.76 3.69

Then the parameter-robust errors and parameter-robust rates of convergence over
the set of € are obtained by

N,M e, N,M N,M ENM
EY = max =" s Y :10g2 m .

£

Figure 5.4 displays the numerical solution of Example 5.5.2 for € = 107°. Again, we
observe the boundary layers at = 0 and x = 1. From Tables 5.4 and 5.5, we see

that the order of parameter-robust convergence of the discretization scheme (5.31)
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10 T 5
€=10"“ (With Extrapolation)
—H5— N=128,256,512,1024,2048
102§ M=4,16,64,256,1024
£=10'5(With Extrapolation)
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N

FI1GURE 5.3: Log-log plot for maximum error vs N for Example 5.5.1.

is increased from first to second order on using the Richardson extrapolation in

time. Also, Tables 5.5 and 5.6 show the orders of convergence of the discretization

scheme (5.31) with the Richardson extrapolation in time when the discretization

parameter in time (M) is doubled and quadrupled, respectively. Clearly, these

numerical results are in good agreement with the theoretical results. In Table 5.6

the orders of convergence are computed using the formulas as defined for Table 5.3.

Ezxample 5.5.3. Consider the problem [87]

WPy (1+ae)y = f(x,1),

(z,1) € G,

y(2,0) =0, z€G,, y0,t)=0, y(1,t)=0, t€(0,T],

with the term f(z,t) taken according to the exact solution given by

vt =1

-z
eve +e

(5.36)
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FiGURE 5.4: Surface plot of numerical solution of Example 5.5.2 for ¢ =
1075, N =512, and M = 16.
For this problem we have the exact solution, so for the pointwise errors, maximum
errors and parameter-robust rates of convergence we can use the same formulas as
defined for Example 5.5.1. Similarly, the parameter-robust errors and parameter-
robust rates of convergence are calculated. In this problem the contribution of the
error corresponding the time discretization to the global error is negligible. That is
why even without the Richardson extrapolation in time we are getting the fourth
order convergence as shown in Table 5.7. In Table 5.8, the maximum pointwise
errors and rates of convergence are shown for the scheme (5.31) with the Richardson
extrapolation in time. So, for this test example, the results also authenticate the

validity of the theoretical results.
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5.6 Conclusions

We presented a high order parameter-robust convergent adaptive numerical method
for singularly perturbed time dependent reaction-diffusion problems. The problem is
discretized firstly in time using the implicit Euler scheme on a uniform mesh. Then
the obtained semidiscrete problems are discretized in space using a non-monotone
finite difference scheme. After that the totally discrete scheme is defined and it is
proved to be convergent of order one in time and four in space, independent of the
perturbation parameter. Further, the Richardson extrapolation technique is applied
to improve the order of convergence in time from one to two. Numerical results are

given in support of the theory.
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